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Representations of Abelian Groups

Let G be abelian. How many 1-dimensional representations does it have? We are looking for all
homomorphisms p : G — C*. By the Fundamental Theorem of Abelian Groups, G decomposes as
direct sum of cyclic groups

Denote the generator of Z/m;Z by x;. This yields a representation

p=p1D...0pN

where each p; : Z/m;Z — C* is defined by sending the generator x; to some m;-th root of unity
¢ (so ¢™ =1). Observe that there are m; choices for each p;, and so there are [, m; = |G|
one-dimensional representations of G.

More on Irreducible Representations of S3

In the previous lecture we found three irreducible representations of Ss:

‘ ‘ dimension
U | Trivial 1
U’ | Sign 1
W | Standard 2

We will now prove that these are the only irreducible representations of Ss.

Theorem. The only irreducible representations of S3 are the trivial, sign, and standard represen-
tations.

Proof. Recall that Ss is generated by the two elements o = (1,2) and 7 = (1,2, 3), which satisfy
the relation

or ! =10
Let H = (1) be the cyclic group of order 3 generated by 7, and let V' be an arbitrary representation
of S3. Then, V is certainly a representation of H (i.e., the representation of H over V is the

restriction of the representation p : S5 — GL(V) to H).
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Let V) be the subspace of V' corresponding to the eigenvalue A of 7, i.e.,
Ww={veV:rv=JX}

Since H is cyclic of order 3, as discussed above, the eigenvalues of 7 are the third roots of unity,
namely, 1, ¢, and ¢? (where ¢ = (3 is a primitive third root of unity). So we may write

V:%EBVC@VCQ.

How does o act on each of the pieces of V? Let v € V), with A =1, ¢, or ¢2. Then, 7v = Av, and
7(ov) = o(t7 ) = oA Tv) = A (ow),

that is, ov € Vy-1. So, o maps V; onto Vi, Vi onto V2 (since ¢ =¢?) and V2 onto V¢, In
particular, if {v1, ..., v, } be a basis for V¢, then {ov1,...,0vy,} is a basis for V2. We further have:

v; =Cv;  and  7(ov;) = C(ow;).

Thus, for each 7, the representation generated by v; and ov; is isomorphic to the standard repre-

sentation W':
(vi,ov;) ~ W,

and so

Ve ® Vo = W™,

for some integer m.

Now, consider again Vi; it is fixed by both ¢ and 7. The element ¢ is of order 2, so V; decomposes
as

Vi=vtev-,
with
Vi={veV:iov=v} and V ={veV:ov=—-v}
and 7 still acting trivially on both pieces (i.e., for all v € V,7v = v). But this implies that VT

is just some number, say k, copies of the trivial representation U, and V'~ is some number, say I,
copies of the sign representation U’.

Evidently, we have just shown that
VeieVieVieUre U) awm

Since U, U’, and W are irreducible, there can be no further decomposition, thus showing that the
only irreducible representations of S5 are the trivial one U, the sign one U’, and the standard one
wW. O



Characters

Definition. Let p: G — GL(V) be a representation. The character associated to p (or V) is map
Xp : G — C defined by

Xo(9) = xv(g) = Tr(g)
where Tr(g) is the trace of p(g) as an element of GL(V).

It is easy to check that x, is well-defined and depends only on the isomorphism class of p. Notice
in particular that if p is one-dimensional, then x,(g) = p(g).

Further, the character is constant on conjugacy classes of G, for

Xo(g1997 ") = Tr(g199; ") = Tr(g).

Definition. A function that is constant on conjugacy classes of G is called a class function.

Definition. A character table for a group G is the list of (values of) the characters of all the
irreducible representations of G.

We can easily compute the character table for S3. S3 has three conjugacy classes: one corresponding
to the identity, one corresponding to the two-cycles, and one corresponding to the three-cycles. For
the 1-dimensional representations, the characters are just the values of the representation. For the
standard representation, we recall that it maps ¢ = (1,2) and 7 = (1,2, 3) to the matrices

BRI R

respectively. Thus, the character table is

1] (1,2) | (1,23)
Ull] 1 1
! 1
wi2] 0 —1

Character Table of S;3

First, notice that the value of the character at the identity is always the degree of the representation,
or, equivalently, the dimension of the vector space. Further, observe that the table is apparently
square, implying that the number of irreducible representations is equal to the number of conjugacy
classes. Moreover, the "matrix” obtained from the table has non-zero determinant, implying that
the rows are linearly independent. This means that all class functions are linear combinations of
the characters, and that every representation is completely determined by its characters. All the
necessary information is contained in the character table.

Suppose G acts on some set X, and p is a permutation representation. Then Tr(p(g)) is the
number of points of X fixed by g. To see this, notice that 1 appears on the diagonal of the matrix
corresponding to g if and only if g fixes that coordinate, i.e., 1 appears in position k if and only if
ger = egr, = €. Thus, in a permutation representation, the character entries are all nonnegative
integers.



For example, let S3 act on {1,2,3}. Then, the permutation representation has character x:

1] (1,2) | (1,2,3)
x[3] 1 ] o0

Using the table for irreducible representation of S5 above, it’s easy to check that x = xy + xw and
soV=UgW.

Tensor Products

Two representations V and W of a group G define a representation V' ® W defined by
g(v@w) = g(v) @ g(w).

Using the properties of the tensor product,

XVeWw = XVXW-

To see this, if py (g) = [a;;] is the matrix for g under V and pw (g) = [b;;] is the matrix for g under
W, then the matrix for g in V @ W is

a11[bi] | ara(bij] | ... | ainbij]
az1[bi;] | azz[bij] azn [bij]
anl[bij] anz[bij] e ann[bij]

and its trace is precisely

anTr([bij]) + .. + apn Tr([bij]) = Tr([ai]) Tr([bij]) = Tr(pv (9)) Tr(pw (9))-

We can work out W ® W for S3. Since W is 2-dimensional, W ® W is 4-dimensional. Using the
character table for S3 and the fact that xwew = X%V, we find
[1]@12) | (123
x|4] 0o | 1

To illustrate how the tensor product works, we can construct the representation W ® W explicitly.
Recall that ¢ and 7 correspond to

ad] = 58]

respectively, in GL(W'). Consequently, in GL(W ® W), o and 7 correspond to

0 ¢ 0 ¢ 00 0 ¢?
04204420 1001 0
2[ 0 CT] [0 ¢ “10 10 0
C@o 20 ¢ 00 0



and

¢ 0 Ogo 2000
Co@ 0 ¢? 0o 100
OCOC2CO 10 01 0]

0 ¢2 0 ¢? 0 00 ¢

respectively. Taking the traces of these matrices we obtain the character above.

We can decompose W @W into irreducible representations by noticing that xwew = xXv+xv’+Xw,
andso WoW=UaU o W.

Dual Representation

Given a representation p of a group G over V' we want to define a representation on the dual space
V*. (The dual space V* is the space of all linear maps V' — C.) Define the pairing

()V:V*xV = C

by (v*,v) = v*(v). It is clear that this is a bilinear map. We would like to make it G-stable, i.e.,
one that satisfies

(" ()", p(g)v) = (v*,v)
for all g € G, v € V, and v* € V*. This defines the action of G on V* uniquely, as follows.

For any map ¢ : V — V, there exists the transpose map ‘¢ : V* — V* (with {(!¢) = ¢). Then, the
condition above implies that

(v", (0" (9)p(g)v) = (v",v)

for all v* € V*. But this means that *(p*(g))p(g) is the identity map on V. So we can define

p*(9) = ((p(g) " = “(p(g™")).

To verify that the stability condition holds, notice that

(p* ()™, p(g)v) = (p(g™ )™, plg)v) = (p(g~"p(g)v) = (v*,v).

Definition. The representation p*(g) defined above is the dual representation for p.

We can easily find the character of p*. First, notice that since Tr(p)(g) is the sum of the eigenvalues
Ai of p(g),
Xp(g) = Z i
i
Now, the eigenvalues of p*(g) = *(p(g™!)) are A\; ! = \;, since ); are roots of unity. Therefore,

Xp+(9) = in = Xp(9)-

For S3 all the characters are real, so every representation is isomorphic to its dual.



Complete Reducibility

Now we would like to prove the following theorem that we used in finding the standard represen-
tation of S3:

Theorem. Let V' be a representation of a group G. If W C V is a subrepresentation, then there
exists a subrepresentation W' CV such that V=W @& W’'.

Proof. Suppose that we have a G-stable inner product H, i.e., an inner product H satisfying
H(gv1, gve) = H(v1,v2)
for all g € G and v1,v2 € V. Then, put
W' ={w' eV :Hw, w)=0for all w e W}.

Since H is G-stable and W/ N'W = (), we have W' also G-stable, and thus a subrepresentation of
V,and V =W & W/, verifying the claim in the theorem.

It remains to find the inner product H. Let {v1,...,v,} be a basis for V. Let Hy be the Hermitian

inner product defined by
HO(Z a;v;, Z biv;) = Z a;b;.

Next, put
1
H(v,w) = — Z Hy(gv, gw).
Gl =2
Since Hy is Hermitian, so is H. It is clear from the definition of H that it is also G-table. O

Note: An alternative way of proving this theorem would be to find a G-stable projection 7 : V' — W.
Then, ker m would be a complement of W and a subrepresentation. In general, the idea of averaging
over the group to obtain a G-stable object will be very useful to us.



