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These notes are based on lectures I gave at the University of Chicago in the fall of 1987. The
reader should be warned that these notes are still fairly rough in a few places (particularly in §6
and §7, which are incomplete). This is the preliminary version of a book, which I will probably not
finish for at least another year. The book will go on to develop the theory of superconnections, de-
terminant line bundles, and n-invariants associated to families of Dirac operators. (That optimistic
assessment was written a long time ago!)

I have endeavored to keep the prerequisites to a minimum. A course in basic differential and
Riemannian geometry as well as some background in Hilbert space theory should suffice. In par-
ticular, I use little or no topology (aside from de Rham cohomology) and develop the necessary
analysis from scratch. There are many exercises scattered throughout these notes. Some of these
do make more demands on the reader’s background. While it is perhaps the author’s laziness which
breeds exercises, only the reader’s laziness can defeat their intent.

There are two excellent books covering similar material. John Roe [R] treats the index theorem
for a single operator (we have particularly profited from his work), and then goes on to discuss the
Lefschetz theorem, Morse inequalities, and index theorem for covering spaces. The second book, by
Berline, Getzler, and Vergne [BGV] takes a different approach to the analysis. They also include
material on families of Dirac operators. We hope the student of the index theorem will profit by
having available three complete accounts from varying viewpoints.

I have benefited greatly from my collaboration with Jean-Michel Bismut, as well as from dis-
cussions with Ezra Getzler, Richard Melrose, Duang Phong, and John Roe. I thank those who
attended my lectures and offered valuable insights and comments. Of course, this material also

reflects the influence of many teachers and colleagues.

The author is partially supported by an NSF Postdoctoral Research Fellowship
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I welcome any comments, suggestions, corrections, criticisms, ... .



Daniel S. Freed PRELIMINARY VERSION (~ 1987)

Contents

81 Overview
§1.1 The Riemann-Roch Theorem
§1.2 The Atiyah-Singer index
§1.3 The heat equation method
§1.4 New Techniques
§1.5 Summary of Contents

§2 The Dirac Operator
§2.1 Clifford algebras and spinors
§2.2 Spinors on manifolds

§2.3 Generalized Dirac operators

83 Ellipticity
§3.1 Sobolev Spaces
§3.2 Elliptic Theory for Dirac Operators

§4 The Heat Equation
§4.1 Solution on E”
§4.2 Heat Flow on Compact Manifolds
§4.3 The Heat Kernel
§4.4 The Asymptotic Expansion

§5 The Index Theorem
§5.1 Chirality
§5.2 The Atiyah-Bott Formula
§5.3 Mehler’s Formula
§5.4 The scaling argument
§5.5 The Index Theorem for Generalized Dirac Operators

86 Superconnections
§6.1 Review of Connections
§6.2 Superconnections in finite dimensions
§6.3 The super Chern character
§6.4 K-Theory

Geometry of Dirac Operators



Daniel S. Freed PRELIMINARY VERSION (~ 1987)

§7 Families of Dirac Operators
§7.1 Families of Riemannian Manifolds

§7.2 The Bismut Superconnection

Appendix: Exponential Coordinates

Geometry of Dirac Operators



Daniel S. Freed PRELIMINARY VERSION (~ 1987) Geometry of Dirac Operators

§1 OVERVIEW

The circle of ideas surrounding the Atiyah-Singer index theorem is so large that a comprehensive
account could be the subject of a book in itself. The historical survey in this chapter is selective and
incomplete. Our goal is to place the new developments in the theory, which are the major subject
of these notes, into a larger context. We also take the opportunity to introduce some basic notions
and results. Unfortunately, greater demands will be made on the reader in this chapter than in any
subsequent chapter. Thus while here we treat characteristic classes abstractly, in later chapters
they appear as differential forms via Chern-Weil theory. Some concepts that we mention here—for
example, from algebraic geometry, topology, and probability theory—will never recur. Others will
be explained at length later. With this in mind the reader may wish to skim this chapter now,
referring back at his leisure.

The commentaries in [A6] (cf. [A6,Vol. 3,p.475]) provide a firsthand historical account of the

development of the index theorem.

§1.1 The Riemann-Roch Theorem

Let X be a smooth connected projective curve over C, i.e., a one dimensional compact connected
complex submanifold of some complex projective space. A divisor D is a finite set of points on X,
with an integer ord, (D) attached to each point x € D, and a divisor determines a holomorphic
line bundle on X. Let £(D) denote the space of holomorphic sections of this bundle. We can
describe £(D) as the space of meromorphic functions on X which have a pole of order < ord;(D)
at each z € X. A basic problem in the theory of curves is: Compute the dimension of £(D). While
this is quite difficult in general, there is a topological formula for dim £(D) — dim L(K — D), where

K is a canonical divisor of X. This is the classical Riemann-Roch! formula:
(1.1.1) dim £(D) — dim L(K — D) = deg(D) — g + 1.

Here g is the genus of the curve X, its basic topological invariant, which is defined to be % rank H'(X).
Also, deg(D) = Y ord,(D) is the sum of the integers used in the definition of D. In the special
case deg(D) > 2g — 2, it can be shown that L(K — D) = 0, so that (1.1.1) provides a complete
solution to the problem stated above.

Let us immediately note one consequence of the Riemann-Roch formula. Take D = O to be the
trivial divisor consisting of no points. Then £(O) is the space of constant functions and L(K) is

the space of holomorphic differentials. We deduce that the latter has dimension g. It follows that

1Roch was Riemann’s student. Riemann [Ri] proved the inequality dim £(D) > deg(D)—g+1 and then Roch [Ro]
proved the more precise (1.1.1).
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g is an integer, a fact which is not at all apparent from the definition of g. Therefore, one-half the
Fuler characteristic of X is an integer, our first example of an integrality theorem.

More generally, let X be a nonsingular projective variety of complex dimension n and V a
holomorphic vector bundle over X. Then the cohomology groups H*(X, V) can be defined by sheaf

theory, or alternatively as the cohomology of the Dolbeault complex
(1.1.2) 000X, V) 2 0% (x, V) L Q02X V) — ... — QO(X, V).

Here O is the Cauchy-Riemann operator. The cohomology groups are finite dimensional and the

Euler characteristic or indezx of (1.1.2) is defined by

(1.1.3) X(X,V) = zn: (—1)"dim H*(X, V).
=0

As before one wants to compute dim H°(X, V), which in general depends on more than simply
topological data. But the index x(X, V) does have a topological formula in terms of the Chern
classes ¢;(X) and ¢;(V'). The case dim X = rank V' = 1 is covered by (1.1.1). For X a projective
algebraic surface (n = 2) and V the trivial bundle of rank one, the result is commonly known as

Noether’s formula:

L (2(X) + e2(X) [X].

(1.1.4) () = —

In (1.1.4) the Chern classes are evaluated on the fundamental class of X given by the natural
orientation. Notice that the denominator of 1/12 gives an integrality theorem for the Chern numbers
of a projective surface.

The formula in higher dimensions (and for arbitrary vector bundles) was first proved by Hirze-
bruch [H1] in 1954, though there are earlier partial results of Todd and others. Hirzebruch’s formula
is expressed in terms of the Todd polynomials and the Chern character. Suppose that the tangent
bundle TX = L; @ --- @ L, splits as a sum of line bundles, and set y; = ¢1(L;) € H?(X). Then
the Todd class is

(1.1.5) Todd(X) =[] %
=1

This is a cohomology class of (mixed) even degree. Similarly, if V = K; @ --- @ K, is a sum of line
bundles, with z; = ¢;(K;), then the Chern character is

(1.1.6) ch(V) = i e’
i=1
6
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The theory of characteristic classes allows us to extend these definitions to arbitrary T X and V.

Finally, Hirzebruch’s formula states
(1.1.7) X(X, V) = Todd(X) ch(V)[X].

We emphasize that Hirzebruch proved (1.1.7) only for algebraic manifolds.

The first step in Hirzebruch’s proof is the derivation of his signature theorem. Recall that
on a compact oriented real differentiable manifold X of dimension 4k there is a nondegenerate
symmetric bilinear pairing on the middle cohomology H?*(X;R) given by the cup product followed

by evaluation on the fundamental class:

H?**(X;R)® H**(X;R) — R

(1.1.8)
a  ® B r(a-p)X]

The signature Sign(X) of this pairing is called the signature of X. Now the L-class is the polynomial

in the Pontrjagin classes of X determined by the formal expression

2k
Yi
(1.1.9) Lx)=1] fanhg
i=1 v

where y;, —y; are the Chern roots of the complexified tangent bundle. Then Hirzebruch proves
(1.1.10) Sign(X) = L(X)[X].

His proof uses Thom’s cobordism theory [T] in an essential way. Both sides of (1.1.10) are invariant
under oriented bordism and are multiplicative. Therefore, it suffices to verify (1.1.10) on a set of
generators of the (rational) oriented bordism ring. The even projective spaces CP*" provide a
convenient set of generators, and the proof concludes with the observation that the L-class is
characterized as evaluating to 1 on these generators. The Todd class enters (1.1.7) in a similar

manner—its value on all projective spaces CP" is 1 and it is characterized by this property.
EXERCISE 1.1.11. Derive (1.1.1) and (1.1.4) from (1.1.7).

EXERCISE 1.1.12. In the context of the classical Riemann-Roch formula prove that if deg(D) >
2g — 2, then L(K — D) =0 (cf. (2.2.33) and EXERCISE ON KODAIRA VANISHING).

One consequence of the Riemann-Roch-Hirzebruch theorem is that the characteristic number
on the right hand side of (1.1.7), which a priori is a rational number, is actually an integer. This

integer is identified as a combination of dimensions of cohomology groups by the left hand side. On
7
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the other hand, the right hand side is defined for any almost complex manifold. Hirzebruch was
led to ask (as early as 1953) whether the Todd genus Todd(X)[X] of an almost complex manifold
(much less a non-algebraic complex manifold) is an integer [H2]. He also asked analogous questions

for real manifolds. Define the A-class? of a real manifold X** by the formal expression

2k

z B vi/2
(1.1.13) AX) = [ iy

Then the Todd class of an almost complex manifold can be expressed as
(1.1.14) Todd(X) = e (X2 A(X).

In particular, Todd(X) depends only on the Pontrjagin classes and the first Chern class. Recalling
that the mod 2 reduction of ¢; is the second Stiefel-Whitney class, it is reasonable to ask: If a real
manifold X#* has wy(X) = 0, then is A(X)[X] an integer?® This was later proved true (initially
up to a power of 2) by Borel and Hirzebruch [BH] in the late 50’s using results of Milnor [Mi]. Still
the question remained: What is the integer A(X)[X]?

While these topological questions were being formulated and attacked, the Riemann-Roch-
Hirzebruch theorem was extended in a new direction by Grothendieck [BS] in 1957. A decisive
step was Grothendieck’s introduction of K-theory. Let X be a smooth algebraic variety. Then
K (X) is the free abelian group generated by coherent algebraic sheaves on X modulo the equiva-
lence F ~ F' + F” if there is a short exact sequence 0 — F' — F — F” — 0. One can replace
‘coherent algebraic sheaves’ by ‘holomorphic vector bundles’ in this definition, and one fundamen-
tal result is that the group K (X) is unchanged. Thus Chern classes and the Chern character are
defined for elements of K (X). (Grothendieck refines these to take values in the Chow ring of X.) If
f: X — X' is a morphism of varieties, and F a sheaf over X, then the direct image sheaf R’ f,(F)
is the sheaf on X’ associated to the presheaf U’ — H'(f~1(U’), F). The map

(1.1.15) L F— > (-1)'R'fu(F) € K(X)

extends to fi: K(X) — K(X’), as can be seen from the long exact sequence in cohomology.

Now let f: Z — Y be a proper morphism between nonsingular irreducible quasiprojective
varieties. There is a pushforward f, in cohomology (or on the Chow rings). Grothendieck’s theorem
states that for z € K(Z),

(1.1.16) ch(fi(2)) Todd(Y) = f.(ch(z) Todd(Z)).

2Hirzebruch had previously defined an A-class which differs from the A-class by a power of 2, whence the
notation A.

30r, more generally, if a real manifold X admits an element ¢ € H?(X) whose reduction mod 2 is w2 (X), and
Todd(X) is defined by (1.1.14) (where c replaces ¢1 (X)), then is Todd(X)[X] an integer?

8
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This reduces to Hirzebruch’s theorem (1.1.7) upon taking Y to be a point and z the K-theory class
of a holomorphic vector bundle.

The Todd class enters the proof via the special case where f: Z — Y is the inclusion of a
divisor and z is the class of the structure sheaf Oz. Now R'f,(Oz) =0 for i > 1 and Rf,(Oyz) is
Oz extended trivially to Y. Let L be the line bundle defined by the divisor Z. Then the exact

sequence

(1.1.17) 0—L1' =0y -0z —0
shows that
(1.1.18) Oz =0y — L1

in K(Y). Notice here that f*(L) is the normal bundle to Z in Y. Set = ¢;(L). Then from (1.1.18)
ch(fi(0z)) =1—€".

On the other hand
fe(ch(0z)) = f.(1) = z.

Thus f. och = chof; up to the Todd class of L.
It is instructive at this stage to consider the inclusion of the zero section f: Z — FE in a rank k
vector bundle 7: E — Z. Then the sheaf R°f,0, = O fits into the exact sequence

(1.1.19) 0—mAE* - N'E* - ... 5 7B — O — 05 — 0

of sheaves over E. (Compare (1.1.17)). Here E* is the (sheaf of sections of the) dual bundle
tom: E — Z, and the arrows in (1.1.19) at e € E are contraction by e. Thus in K(E) we have

(1.1.20) fi(Oz) = N*(E").

Note that 7: E — Z is the normal bundle to Z in FE.

When Atiyah and Hirzebruch learned about Grothendieck’s work, they immediately set out to
investigate possible ramifications in topology. The first step was to define K-theory for arbitrary
CW complexes X [AH1]. The definition is as for algebraic varieties, but with ‘topological vector
bundles’ replacing ‘coherent algebraic sheaves.” The basic building blocks of topology are the

spheres, and the calculation of K (S™) quickly reduces to that of the stable homotopy groups of
9
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the unitary group. By a fortunate coincidence Bott had just computed (in 1957) these homotopy
groups [B1], [B2]|. His periodicity theorem became the cornerstone of the new topological K-theory.
What results is a cohomology theory which satisfies all of the Eilenberg-MacLane axioms save one,
the dimension axiom. Thus was born “extraordinary cohomology.” Its efficacy as a tool for solving
topology problems was immediate [Al], [Ad1], [Ad2] and lasting.

Returning to the Grothendieck program, Atiyah and Hirzebruch formulated a version of Riemann-
Roch for smooth manifolds [AH2], [H3]. Let f: Z — Y be a smooth map between differentiable

manifolds, and suppose f is ‘oriented’ in the sense that there exists an element ¢; € H?(Z) with
(1.1.21) c1 =wa(Z) — ffwa(Y) (mod 2).

Recall that Grothendieck’s theorem (1.1.16) is stated in terms of a map fi: K(Z) — K(Y). In the
topological category we cannot push forward vector bundles, as we could sheaves in the algebraic
category, so we need a new construction.* Here we restrict our attention to immersions of complex
manifolds to simplify the presentation.® Then (1.1.18) and (1.1.20) indicate the appropriate defi-
nition. Let m: £ — Z be the normal bundle of Z in Y. By the tubular neighborhood theorem we
can identify E with a neighborhood N of Z in Y. The Thom complex \"E* is defined on the total
space of E by contraction (compare (1.1.19)):

(1.1.22) 0= ANE 1L oA e Y B o

Notice that (1.1.22) is exact for e # 0, so the resulting K-theory element is supported on Z. By
the tubular neighborhood theorem it is also defined on IV, and extension by zero yields the desired
element fi(1) € K(Y). If V — Z is a vector bundle, then fi(V) is defined by tensoring (1.1.22)
with 7*V.

EXERCISE 1.1.23. Compare the algebraic f; to the topological f;. Can the topological definition
be imitated in the algebraic setting? If not, where does the construction break down? What is the

relationship between (1.1.2) and the dual complex to (1.1.22) (defined by exterior multiplication)?

The differentiable Riemann-Roch theorem states

(1.1.24) ch(fi(z)) Todd(Y) = f.(ch(z) Todd(Z)), 2z € K(Z).

4The definition of f; was not given in the original paper [AH2], but at least for the case of immersions all of the
essential points appear in [AH2,§4].

5By embedding Z in a sphere, we can factor an arbitrary map f: Z — Y into an immersion followed by a
projection: Z — SN x Y — Y. Bott Periodicity is used to calculate the “shriek map” K(SV x Y) — K(Y).
For immersions of real manifolds (with an orientation of the normal bundle) Clifford multiplication on spinors
replaces (1.1.22).

10
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Given the definition of f, the proof is a routine exercise in topology, comparing the Thom iso-
morphisms in K-theory and cohomology. (See [AS1], [Ad3,54-85] for example.) Specialize now
to the case where Y is a point, and suppose wz(Z) = 0. Then we can choose the orientation
class ¢; € H?(Z) to be zero, so taking z = 0 in (1.1.24) we deduce, in view of (1.1.14), that
A(Z)[Z] = fi(1) € K(pt) = Z is an integer. This argument provided a new proof of the integrality
theorem discussed earlier, now with a topological interpretation of the integer A(Z)[Z].

One more point deserves mention here. We have used the Thom complex (1.1.22) and Todd
class (1.1.5) to stress the analogy with Grothendieck’s picture. But the spin representation of the
orthogonal group and the A-class will prove more fundamental to our considerations. In fact, the
original version of the differentiable Riemann-Roch theorem [AH2] is stated in terms of the A-class.
A complete treatment of the spin group and Clifford algebras, and the relationship to periodicity
and K-theory was given later by Atiyah, Bott, and Shapiro [ABS].

§1.2 The Atiyah-Singer index
The de Rham theorem is a precursor of the index theorem. Let X be an n-manifold, and consider
the complex of differential forms

(1.2.1) QX)L a(x) L. L anx),

where d is the exterior derivative of Elie Cartan. The de Rham cohomology vector spaces are

defined by

_ ker[d: QP(X) — QPTH(X)]
~imfd: LX) — QP(X)]

(1.2.2) HY L (X)

The theorem de Rham proved in his 1931 thesis [deR]| states that there is a natural isomorphism
HYL(X) = HP(X;R) of the de Rham cohomology with the usual real cohomology defined via
singular cochains. (This is modern language; de Rham proved that there is a closed form with
specified periods, unique modulo exact forms.) Notice that HE (X) relates to a differential oper-
ator and HP(X;R) comes from topology. Hodge,® motivated by questions in algebraic geometry,
proved that on a closed Riemannian manifold there is a unique “best” form in each cohomology
class. Namely, Hodge defined a duality operation *: QP(X) — Q" P(X), which depends on the
Riemannian metric, and for compact manifolds asserted [Hod] that in each de Rham cohomology

class there is a unique form w satisfying

(1.2.3) dw =0, d(xw)=

6For a review of Hodge’s life and work, see [A5].
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Such forms are termed harmonic.

Of course, analysts were developing techniques to handle more general differential equations
than the system (1.2.3). By the late 50’s there was much effort devoted to the study of elliptic
boundary value problems in the plane. (For a historical review of these developments, see [Se2].)
These workers derived formulae for the index of such elliptic systems. (The first example of such
a formula dates back to work of F. Noether in 1921.) The index is defined to be the dimension
of the space of solutions to the equations minus the dimension of the space of solutions to the
adjoint equations. Also at this time the nature of the symbol of a singular integral operator was
clarified in work of Calderén-Zygmund, Horvath, Kohn, Mikhlin, and Seeley. These developments
led I. M. Gel’fand [G] to conjecture (in 1960) that many important properties of the solutions are
invariant under certain homotopies of the equations. In particular, he conjectured that the index
is a topological invariant.

We set up the index problem on a closed manifold X. Let E*, E~ be vector bundles over X,
and suppose P: C*°(E1) — C*(E™) is a differential operator of order k. In local coordinates we

have

Ok

1.2.4 Pu = qghizein 2 :
( ) u=a oxitoxiz ... 0zt

+ lower order terms,
k

where a2 is a bundle map ET — E~ depending symmetrically on the ¢;, and we sum over
the indices ¢;. This top order piece transforms as a symmetric tensor under coordinate changes, so

defines the symbol
(1.2.5) o(P): SH(T*X)® EY — E~.

View o(P) as a homogeneous polynomial of degree k in T*(X) with values in Hom(E™*, E~). The
differential operator P is elliptic if its symbol is invertible; that is, if for each nonzero 6 € T* X the
bundle map o(P)(6,...,0) is invertible. It follows from elliptic theory that P has finite dimensional

kernel and cokernel. The index of P is
(1.2.6) ind P = dimker P — dim coker P.

The primary geometric example is the Dirac operator on an even dimensional compact spin
manifold; other geometric operators (the 0 operator on a Kihler manifold, the signature operator
on an oriented Riemannian manifold) are simple modifications of this basic operator. Dirac is a

first order operator acting on sections of the spinor bundles S*, and its symbol

(1.2.7) c:T*X®ST — S~
12
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is Clifford multiplication on spinors. The Dirac equation first entered physics to provide a rela-
tivistic equation for electrons [D]. In mathematics the Dirac operator has immediate topological
significance—its symbol (1.2.7) defines an element of K(7T*X) (which is roughly ST — S~ over the
zero section and trivial elsewhere). This is exactly the K-theory element Atiyah and Hirzebruch
used in their Riemann-Roch theorem.

While the Dirac operator is natural from the viewpoint of K-theory, in view of Gel’fand’s asser-
tion that homotopies of elliptic operators should provide a key to the index problem, it was natural
to consider more general operators. Their symbols (1.2.5) also determine elements of K (7™ X) [A1].
In fact, to fully realize the “topology of elliptic operators” the newly developed pseudodifferential
operators of Kohn, Nirenberg [KN] and Hérmander [Ho] were used.” The index (1.2.6) is then a

homomorphism
(1.2.8) ind: K(T"X) — Z,

i.e., it depends only on the symbol.

On the topological side another homomorphism K(7T*X) — Z, the topological indez, is easily
defined. We already saw that for manifolds with an integral lift of wy (cf. (1.1.21)) there is a direct
image map fi: K(X) — Z. This is analogous to the integration map H*(X) — Z determined by
an orientation class [X| € H,(X) in ordinary homology. Now without an orientation on X there
is still an integration H*(T*X) — Z, since the cotangent bundle carries a natural orientation.®
Similarly, the cotangent bundle has a natural orientation in K-theory, and the topological index

map
(1.2.9) t-ind: K(T*"X) — Z

is the resulting shriek map. The Riemann-Roch formula (1.1.24) translates (1.2.9) into cohomolog-
ical terms.

We can now state the Atiyah-Singer index theorem.
Theorem 1.2.10 [AS2]. The analytic index (1.2.8) equals the topological index (1.2.9).

This theorem realizes Gel'fand’s goal as it expresses the index in terms of homotopy theoretic data.

For the Dirac operator D the index formula reads

(1.2.11) ind D = A(X)[X].

"The algebra of pseudodifferential operators was developed from the singular integral operators of Calderén and
Zygmund [CZ] and Mikhlin [M] (cf. [Se2]). We do not describe these in any detail here; indeed, one of the main
points of these lectures is to illustrate that for Dirac operators the analysis is much simpler and more classical.

8We take cohomology with compact supports.
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Finally, we have an analytic realization of the integer A(X)[X]—it is the index of the Dirac operator.
The index theorem (1.2.10) also proves the Riemann-Roch formula (1.1.7) for nonalgebraic complex
manifolds. Many more applications of the index theorem can be found in [Pa] and [AS1].

The original proof (announced in [AS2] and carried out in detail in [Pa]) was based on Hirze-
bruch’s bordism argument. There is a set of axioms which uniquely characterizes the index homo-
morphism, and both (1.2.8) and (1.2.9) were shown to verify the axioms. The trickiest part of the
proof comes in the verification that the analytic index is a bordism invariant. As in Hirzebruch the
actual index formula is essentially derived by checking enough examples.

A proof modeled on Grothendieck’s work appeared in [AS3]. Thus the construction of the
topological index—which is carried out by embedding the manifold X in a sphere, multiplying
the symbol by the Thom class of the normal bundle, extending the result to the whole sphere,
and applying Bott periodicity—is mimicked with pseudodifferential operators. The Thom class is
represented by a standard operator (roughly half the de Rham complex), and the multiplicative
and excisive properties of pseudodifferential operators give an operator on the sphere. In this way
one is reduced to checking the index formula on spheres (it is enough to check S?).

The advantage of this second proof is that it generalizes easily. In particular there is an index
theorem for fibrations w: Z — Y. The map 7 defines a family of manifolds, parametrized by Y,
and a family of elliptic operators P = {P,} determines an element in K(7(Z/Y’)), the K-theory
of the tangent bundle along the fibers. The topological index

(1.2.12) t-ind: K(T(Z/Y)) — K(Y)
is defined as before. Now the analytic index is
(1.2.13) ind P = ker P, — coker P,

a formal difference of parametrized families of vector spaces. If dimker P, is constant in y, then
each term in (1.2.13) determines a vector bundle, and so ind P makes sense as an element of K(Y').
In general one makes sense of (1.2.13) as an element of K-theory, but this requires more argu-

ment [A2,Appendix].
Theorem 1.2.14 [AS4]. The analytic index (1.2.13) equals the topological index (1.2.12).

The Riemann-Roch formula (1.1.24) then gives an explicit formula for the Chern character of the

index in the rational cohomology of Y. For families of Dirac operators it asserts (compare (1.2.11))

(1.2.15) chind P = 7. (A(Z/Y)).

EXERCISE 1.2.16. Go through Hirzebruch’s problem list [H2] to see which problems can be solved

using the index theorem. What is the current status of his other problems?
14
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§1.3 The heat equation method

As an offshoot of their work on the Lefschetz fixed point theorem, Atiyah and Bott [AB1], [A3]
realized a new formula for the index of an elliptic operator P: C*°(E™) — C*>(E~). By elliptic
theory the operators AT = P*P and A~ = P P* have discrete spectrum, with the eigenvalues
tending to infinity at a controlled rate. Furthermore, the nonzero spectra of AT and A~ coincide.

tAT

It follows that the heat operators e~ are defined for ¢ > 0, are smoothing operators, and have

finite traces

(1.3.1) Tre " = Y et
A€spec(At)

Since the nonzero spectra coincide we have the formula of Atiyah and Bott:®
(1.3.2) ind P =Tre " —Tre 2"

for any t > 0. As an aside, we note that as t — oo the operators e~tA% tend to projection onto
the kernel, whence the right hand side of (1.3.2) approaches the left hand side. On the other hand,
differentiation in ¢ shows that the right hand side of (1.3.2) is independent of ¢. Thus we obtain
another proof of the Atiyah-Bott formula.

tAE (

The heat operators e~tA% have Schwartz kernels e~ x,y) which are maps E;t — EF, and

the trace can be reexpressed as

(1.3.3) Tre A% :/ tre‘mi(x,:c) dx.
X

Here e—*4%(

x,x) is an endomorphism of EF at each € X, and tr denotes its (finite dimensional)
trace. For differential operators P, Seeley [Sel] (generalizing earlier work of Minakshisundarum

and Pleijel [MP]) proved!® that as ¢ — 0 there is an asymptotic expansion
+ 1 -
(1.3.4) tre A (z,x) ~ Amt)i? yzoa,jf(:x)t” as t — 00,

where the functions a depend only on the coefficients of P at = together with their derivatives
at x. (See also [Gre|, [P1].) Combining (1.3.2)—(1.3.4) and taking note of the fact that the right
hand side of (1.3.2) is independent of ¢, we let ¢ — 0 to deduce

(1.3.5) ind P = /X(az/z(w) — a;/z(x)) dx.

9They first state an equivalent formula in terms of ¢-functions.
10Geeley works with the ¢-functions of A*, which are holomorphic functions of s € C for Res >> 0. Seeley
proved the existence of a meromorphic continuation of these {-functions to s € C, which is equivalent to (1.3.4).

15
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This local formula for the index has immediate consequences. For example, it proves that the index
is multiplicative in finite covers. But to recover the full index theorem it remains to determine
(a:/Q(x) — (z)) dz explicitly.

McKean and Singer [MS] carried this out for the classical Gauss-Bonnet theorem on a 2-manifold.
Then Patodi generalized their work to the de Rham complex in arbitrary dimensions [P1] and to the
Dolbeault complex on Kéhler manifolds [P2]. In these cases Patodi executed a virtuoso calculation
to exhibit the cancelation (1.3.7) and prove the formula analogous to (1.3.8). (The A polynomial
in the curvature is replaced by the Chern form for the Gauss-Bonnet-Chern theorem and the Todd
form for the Dolbeault complex.) Notice that in Patodi’s work the index polynomial comes by
direct, albeit hard, computation. Gilkey [Gil] studied local invariants of metrics and connections,
and proved that those of sufficiently small order vanish, while the first nonvanishing ones are
polynomials in Pontrjagin and Chern classes. Atiyah, Bott, and Patodi [ABP] then added a new
ingredient—Weyl’s theory of invariants of the orthogonal group—to simplify Gilkey’s argument.
The final results apply to any operator of Dirac type. We state the basic theorem for the Dirac

operator on a spin manifold X.

Theorem 1.3.6. Let D be the Dirac operator on X. Then in the notation of (1.3.4) we have

(1.3.7) alf(z) —a, () =0 forv<n/2;

v

B Q/4ri
(13.8) (42/2(@) = @y a(2)) do = \/det (e

where ) is the Riemannian curvature form on X.

The differential form in (1.3.8) is the Chern-Weil representative for A(X), so (1.3.8) and (1.3.5)
combine to prove the index formula (1.2.11) for the Dirac operator. It is important to note that
(1.3.7) implies that the difference of the local traces

(1.3.9) tr e*tAJr(x,:U) —tre 2 (z,2)

converges as t — (0. This local convergence is special to Dirac operators, and is crucial in what
follows.

The Gilkey-Atiyah-Bott-Patodi proof of Theorem 1.3.6 is by invariance theory. They note that
(a)f () — a,, (z)) dz depends functorially on the metric, so is a combination of Pontrjagin forms.
The vanishing in (1.3.7) is evident from the conformal weights under scaling. The actual formula

in (1.3.8) comes by computing enough examples, as in Hirzebruch’s work.

§1.4 New Techniques

16
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Recently (since 1982) there have been many new developments related to the index theorem.
They are the basis of this book. Although we pursue a purely mathematical approach, it is im-
portant to bear in mind that many of the ideas come directly from physics. We believe that the
physical intuition to which these ideas owe their birth—i) supersymmetry and ii) the equivalence
of the Hamiltonian and path integral representations of quantum theory—will continue to be an
effective tool on a wide variety of mathematical fronts.

We now survey some new proofs of the index theorem for Dirac operators. These proofs start
with the heat equation formula (1.3.2) for the index. As in Patodi’s work, Theorem 1.3.6 is proved
by direct analysis, and the A—genus appears by explicit computation. But the new computations
are simpler and more conceptual. Furthermore, the appearance of the fl—genus in index theory is
directly related to its occurrence in other contexts.

In the physics literature it is the concept of supersymmetry [W1], [W2], applied to a particular
quantum mechanical system, which leads to the index theorem [Ag], [Ge2], [FW]. We describe this
briefly in a mathematical exposition of Witten’s ideas due to Atiyah [A4]. The key mathematical
idea in Atiyah’s treatment is the localization theorem in equivariant cohomology [AB3], or more
specifically a formula of Duistermaat and Heckman [DH]. Let M be a compact symplectic manifold
with symplectic form w, and suppose that the circle group acts on M preserving w. Assume that the
circle action is generated by a Hamiltonian function H. Then the formula of Duistermaat-Heckman

is

—tHew

(1.4.1) L= T, )

J

Here e“ is essentially the symplectic volume form; Fix M is the submanifold of M fixed by the
circle action; the normal bundle to Fix M is ;2" L;, where L; is a complex line bundle on which
the circle acts by z — 2™, and ¢1(L;) = y;; and ¢ is an arbitrary complex number. This formula
is called “exactness of stationary phase,” since when ¢t = —i it evaluates the oscillatory integral on
the left exactly by its stationary phase approximation on the right. The right hand side of (1.4.1)
also has a natural representation in terms of differential forms [BV1], [Bil].

The basic idea is to apply (1.4.1) to the free loop space M of a spin manifold X. There is
a natural degenerate closed 2-form on M. In finite dimensions the degeneracy cycle represents
the first Stiefel-Whitney class, and so is nonessential if the manifold is oriented. One can define
the notion of orientability for loop space similarly, using the degeneracy cycle of its symplectic
form. Then Witten shows that the loop space M is orientable if the manifold X is spin. Now the
left hand side of (1.4.1) can be interpreted as the path integral representation of (1.3.2) via the
Feynman-Kac formula. Here one must be careful to distinguish the symplectic volume from the
Riemannian volume, the latter being what formally enters into the Feynman-Kac formula. The

spin representation, and so the Dirac operator, appears in reconciling the two volumes. The right
17
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hand side is computed as follows. Fix M is the manifold of constant loops sitting inside the loop
space, and the normal bundle decomposes as &,>12"(T'X ® C). Thus if +y; are the Chern roots
of TX ® C, and dim X = 2m, then the right hand side of (1.4.1) is

feo o A0 M

lo_o[ (tn —iy;)(tn + iy,
_ 2 - m 27Ty]/2
B (1;[” ) / H sinh(27y, /2)

n=1
CHECK WHY ¢ =1 IN THIS FORMULA ON THE RHS. The infinite constant in front is thrown
out, and the resulting integral is the A-genus (1.1.13).

(1.4.2)

These arguments are interpreted by Bismut [Bi2], [Bil] in terms of Wiener measure on loop space.
In this way he deals with integrals over loop space rigorously, thus avoiding infinite constants. The
heat kernel is represented in terms of Wiener measure with the aid of Lichnerowicz’s formula,
which expresses the Dirac Laplacian in terms of the covariant Laplacian. The localization to
point loops as ¢ — 0 is natural in this picture. The variable ¢ represents the total time during
which a Brownian path exists, and as the time tends to zero, only constant loops have a significant
probability of occurring. The evaluation of the integral over these point loops is accomplished using
a formula of Paul Lévy [Lé]. He considers a Brownian curve in the plane which is conditioned to
close after time 27r. Then the characteristic function (expectation value of €%*) of the area enclosed
by the random curve is 7z/sinh7z. This same calculation appears in Bismut’s work, only there
the curvature of X replaces z, and once again the A—genus is obtained.

The fl—genus arises quite differently in a proof of the index theorem due to Berline and Vergne [BV2].
Let G be a Lie group with Lie algebra g. Then a standard formula asserts that the differential of

the exponential map exp: g — G at a € g is

1 _6—ada

(1.4.3) dexp, = —da = Todd ™ '(ad a).

It was always a mystery whether the occurrence of the Todd genus in (1.4.3) is related to the index
theorem. Berline and Vergne noticed that if X is a Riemannian manifold, and O(X) the principal
bundle of orthonormal frames, then the differential of the Riemannian exponential map on O(X) is
given by a similar formula. Precisely, there is a natural isomorphism 7,,0(X) = E" & o(n) via the
Levi-Civita connection. The exponential map at p is exp: E” @ o(n) — O(X), and its differential

at a € o(n) is

1
dexp,| .= exp(—a) Todd ' ((2Q,,a)).
dexp, lo(n): Todd™*(ad a);

18
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In this formula the Riemann curvature €2, which takes values in 0(n), is contracted with a using the
Killing form. The result is a 2-form, which can be identified as an element of o(n). To prove the
index theorem Berline and Vergne rewrite (1.3.2), (1.3.3) on the frame bundle. To compensate for
the introduction of extra degrees of freedom in the fiber direction, they must study the behavior of
the heat kernel along the fiber. It is at this stage, in the small time limit, where (1.4.4) appears.
Ultimately, that is how the A-class enters their proof.

Our approach to the index theorem is based largely on a paper of Ezra Getzler [Gel]. This
paper reformulates Getzler’s earlier treatment of the rescaling which used pseudodifferential symobl
calculus [Ge2]. The main idea is to compute the coefficient (1.3.8) in the asymptotic expansion by
localizing at a point. Thus, fix 9 € X and choose normal coordinates z* in which z is the origin.

The natural scaling around g,

T — €T

(1.4.5)

t— e2t,

induces a family of Dirac Laplacians whose limit as ¢ — 0 is the standard constant coefficient
Laplacian on T,,X. One crucial step is the introduction of a scaling on spinors, which already

appears in [FW]. Then the limiting Laplacian can be written

(1.4.6) -> 9 L 2
BeD - 8xk 4 ke )

where Ry, is the curvature of X at xy. This operator has the general shape of the harmonic

oscillator

d2 2.2

on R, whose heat kernel is given by Mehler’s formula

1/2 2
1 2at —x 2at
1.4.8 P = | — .
( ) e (0,z) Vart (sinh 2at> exp[ 4t (tanh 2at>]

We are only interested in the heat kernel along the diagonal (cf. (1.3.4)), which is

1/2
1 2at
1.4. -t =— | ——
(1.49) e (0,0 Ant <sinh2at>

for the harmonic oscillator. By general principles the heat kernel varies smoothly with the operator,

so that (1.4.9) (with the curvature term in (1.4.6) replacing the parameter a) approximates the
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heat kernel of the Dirac Laplacian as ¢t — 0. The detailed calculation yields the A—genus (1.3.8)
directly from (1.4.9).

In Getzler’s approach the index theorem for Dirac operators is quite elementary. Analytically,
we need only the asymptotic expansion for the heat kernel together with its smooth dependence on
parameters. Then some basic facts about Clifford algebras and the explicit formula (1.4.9) finish
the proof. In its broad outline this is very similar to Patodi’s method. But Patodi did not use
the symmetry of the Clifford algebra to see the cancellation (1.3.7) and prove (1.3.8), so that his
computations are more complicated than Getzler’s.

So far we have only discussed new insights into old results. But these techniques also give new
results for parametrized families of Dirac operators. Whereas the topological version of the index
theorem starts with homotopy information (cf. (1.2.12)), the geometric version requires precise
rigid geometric data. Thus let 7: Z — Y be a smooth fibration of manifolds with a spin structure
along the fibers. The extra geometric information we require is a metric along the fibers, i.e., a
metric on T(Z/Y'), and a smoothly varying family of “horizontal subspaces” transverse to ker .
Then the geometric family of Dirac operators is defined.!! We then desire a differential geometric
version of the analytic index (1.2.13).

The essential idea is due to Quillen [Q1], inspired by ideas from physics. Just as a connection
on a smooth vector bundle is the differential geometric refinement of an equivalence class of topo-
logical vector bundles, so too is Quillen’s superconnection the differential geometric refinement of
an element of K-theory. Let V = VT &V~ be a smooth Z/2Z-graded vector bundle over a smooth
manifold X. A superconnection on V consists of an ordinary connection V. = V* @& V~ and a
linear endomorphism L: V — V which anticommutes with the grading, i.e., L(V*) C VF. The
superconnection is the operator V + L on the space Q*(X, V') of differential forms on X with values
in V. The K-theory element corresponding to V + L is V* Lv-imnK (X).12 Quillen defines the
curvature (V + L)? and the Chern character form try exp(V + L)?2, and proves that this differential

form represents the topological Chern character of the associated K-theory element. The supertrace

is the map
trg: Q°(X,End V) — Q*(X)
1.4.10
( ) <a ﬂ)%tra—tré
v 0

A small, but important generalization of Quillen’s construction obtains by permitting L to be any
odd element of the Z/2Z-graded algebra Q*(X,End V).
Bismut [Bi3] applied Quillen’s ideas to a geometric family of Dirac operators w: Z — Y with
even dimensional fibers. Bismut constructs an infinite dimensional superconnection over Y. The
H'The horizontal subspaces are not required to simply define Dirac; they enter in the Bismut superconnection
below.

12The K-theory element is obtained using the “difference construction.” It actually lives in K (X, Xo), where Xo C
X is the subspace on which L is invertible.
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fiber of the vector bundle at y € Y is the space of spinor fields on Z,, the fiber of 7 at y. It
carries an L? inner product, coming from the metric on Zy, and a unitary connection V from the
horizontal subspaces. The operator L is the Dirac operator D modified by a degree 2 term which
is essentially the curvature T of the field of horizontal planes. Precisely, Bismut’s superconnection

with parameter t is

e(T)
4t

(1.4.11) V +VtD —

The ¢ denotes Clifford multiplication (1.2.7). We consider the superconnection (1.4.11) to represent
the differential geometric shrieck map m. Because D is Fredholm there is an element of K(Y')
associated to (1.4.11). Bismut proves that this element is precisely ind D as defined in (1.2.13).
This assertion is a direct generalization of (1.3.2). Then Bismut considers the behavior as ¢ — 0,

deriving a differential geometric Riemann-Roch formula.

Theorem 1.4.12 [Bi3]. The Chern character of the Bismut superconnection approaches

(1.4.13) AQUE/Y))
zZ)Y

ast — 0.

Here Q(4/Y) is the curvature of the connection on T(Z/Y) determined by the geometric data. The
differential form in (1.4.13), which of course represents in de Rham theory the cohomology class
in (1.2.15), plays an important role in many applications. Bismut’s approach to Theorem 1.4.12
was through the probabilistic representation of the heat kernel. Recently, Donnelly [Do] gave a

proof following Getzler’s ideas.

§1.5 Summary of Contents

Here follows a rough outline of Part I. (Part II will contain more about superconnections and
will treat n-invariants and determinant line bundles, but it is not yet written!)

In Chapter 2 we introduce the basic material on Clifford algebras, spinors, and the Dirac operator.
We more or less follow [ABS,Part I] in §2.1. The reader who does the exercises here will be rewarded
in the later chapters. Our treatment of spinors on manifolds in §2.2 emphasizes the role of the frame
bundle, as there the spin group is most clearly exhibited. We prove the important Weitzenbock
formula. The generalization to vector bundle coefficients in §2.3 is straightforward. Here (in exercise
form) is the spinor form of the classical geometric operators: the de Rham complex, the Dolbeault
complex on a Kahler manifold, the signature operator, and the self-dual complex. It is important

to realize that the results in Part I hold for all these operators of Dirac type.
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Chapter 3 develops from scratch the basic results of elliptic theory for the Dirac operator. The
treatment is more elementary than usual since we make good use of the Weitzenbock formula. The
Sobolev spaces are introduced and their basic properties proved. Then we prove that the Dirac
operator has discrete spectrum with smooth eigenfunctions, and that Dirac is Fredholm.

Our main analytic tool is the heat operator (Chapter 4). After writing the explicit solution
on flat space in §4.1, we prove the basic existence of heat flow on compact manifolds. The basic
estimate (4.2.19) is useful in estimating approximate solutions. Distributions are used in §4.3 to
discuss the heat kernel. We also introduce the wave operator and prove that waves propagate with
finite speed. Using this we can control the heat flow and prove, for example, that the amount
of heat that flows a finite distance decreases exponentially in time for small time. In §4.4 we
discuss more precise behavior of the heat kernel for small time. This is encoded in the asymptotic
expansion (Theorem 4.4.1). Here one must come to grips with the fact that a small ball in a
Riemannian manifold is not isometric to a ball in Euclidean space, so the heat kernel in Euclidean
space is not an accurate approximation to the heat kernel in a manifold X. The usual technique
(following Minakshisundaram and Pleijel) consists in altering the flat heat kernel to compensate for
the curved geometry. We take the opposite tack, blowing up the geometry of the ball to approximate
Euclidean space (cf. (1.4.5)). Then the asymptotic expansion (on the diagonal) amounts to the
smooth dependence on parameters of the heat kernel. We need this in the limit where the ball in X
expands to infinity, i.e., where X deforms to its tangent space at one point. As the tangent space
is noncompact, some extra work is required to make the argument. This deformation argument is
a differential geometric analog of the “deformation to the normal cone” construction in algebraic
geometry. It is also a simpler version of the scaling used in Getzler’s proof of the index theorem
(§5.4).

We prove the Atiyah-Singer index theorem (for Dirac operators) in Chapter 5. In §5.1 we review
the decomposition of the spin representation in even dimensions. The existence of different types of
spinor fields gives the possibility of a nontrivial index problem—the index measures the difference
in dimension of the two spaces of harmonic spinor fields. Intuitively, this is also the difference in
dimension of the two spaces of all spinor fields. Of course, the space of spinor fields is infinite
dimensional, so its dimension must be “renormalized.” This is accomplished with the heat kernel,
and the Atiyah-Bott formula is obtained (§5.2). In §5.3 we treat the harmonic oscillator in flat
space and derive Mehler’s formula for its heat kernel. The A-class makes its appearance at this
stage. The proof of the index theorem is now reduced to Getzler’s scaling argument, which we
present in §5.4.

The geometric treatment of a family of Dirac operators is based on Quillen’s concept of a
superconnection, which we introduce in Chapter 6. We begin with a review of connections on
vector bundles and Chern-Weil theory, mostly in exercise form. This is presented as a warm-up
to superconnections. It also allows us to give a brief introduction to characteristic classes, and so

indicate the topological significance of the A-class in the index formula. (Connections are treated
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in §2.2 from a different point of view.) Our exposition of superconnections in §6.2 and §6.3 is simply
an expanded version of Quillen’s original paper [Q1]. We give a novel viewpoint of the relationship
between K-theory and superconnections in §6.4.

In Chapter 7 we return to Dirac operators, now in parametrized families. Our first task is to
derive the basic equations of Riemannian geometry over a parameter space. This is carried out
in §7.1. The Bismut superconnection (§7.2) is constructed out of this geometry.

An appendix contains some basic facts about exponential coordinates which we use in Chapter 5.
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§2 THE DIRAC OPERATOR

Consider the Laplace operator on R*:

92 2 2 0?
(2.1) A= _(8331)2 o (022)2 N (0x3)? B (0x*)?”

Our sign conventions render /A a nonnegative operator. Motivated by the quantum mechanics of

the electron, Dirac asked!'?® whether there is a first order operator D such that D? = A. Suppose

4 8

0 5, 5,
1 2 3
(2.2) D +7 Y em T 5

=1 o T o
Then the equation D? = A is equivalent to

23) =0 =) =0 =1
' Y+ = 45 = =0
It is easy to see that (2.3) has no scalar solutions. Dirac’s great insight is that (2.3) has matriz

solutions.

EXERCISE 2.4. Without reading further, construct 4 x 4 matrices 7* satisfying (2.3). Try the lower
dimensional cases first. What size matrices do you need? Do you need real or complex matrices?

What about quaternionic solutions?

Atiyah and Singer rediscovered the Dirac operator (2.2) from the relationship of the A-genus and
K-theory to the representation theory of the spin group. We develop the algebra of equations (2.3)
in §2.1, culminating in the spin representation. There is an abundance of material here, much
of it in exercise form, and the reader is well-advised to absorb it in small doses. Further details
can be found in [ABS], [Ch], [Gr], while a more sophisticated treatment of the spin representation
is given in [PS,§12]. After reviewing some basic Riemannian geometry, we construct the Dirac
operator in §2.2. There is a global topological obstruction to the existence of spinors on an oriented
manifold X, the second Stiefel-Whitney class ws(X). When this obstruction vanishes the Dirac
operator exists. Other geometric operators—the de Rham complex, signature operator, Dolbeault
complex on a Kahler manifold—can be expressed in terms of the Dirac operator on spinors. Hence
we term them operators of Dirac type. They sometimes exist even if wy(X) # 0. (For example, the
de Rham complex is defined on any manifold, and the signature operator on any oriented manifold.)

All of our subsequent analysis applies to all operators of Dirac type.

3Dirac worked in Minkowski space, which changes one of the minus signs in (2.1) to a plus sign.
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§2.1 Clifford algebras and spinors

Let E™ denote Euclidean n-space with its usual inner product (-,-). The linear isometries of E”
comprise the group O(n) of orthogonal transformations. It is an old theorem of Cartan (later
refined by Dieudonné) that every element of O(n) can be written as a product of at most n reflec-
tions [J,p.352]. We encode this theorem into an algebra as follows. For any unit vector v € E"
denote by v reflection in the hyperplane perpendicular to v. Notice that 7 = —wv, so that the map
from the unit sphere to reflections is 2:1. (Of course, the set of reflections coincides with the set of
hyperplanes, the real projective (n — 1)-space.)

We mean the following to be heuristic motivation for the introduction of the Clifford algebra.
Namely, in order to multiply reflections we consider the algebra generated (over R) by the w.
Identify v + w with v + w and av with av for any a € R. There are some relations in this algebra.

First, since a reflection has order 2, for unit vectors v
(2.1.1) 72 = 1.

The ambiguity in the choice of sign arises from ¥ = —wv, but by continuity considerations we choose
the same sign for all v. Since reflections in perpendicular planes commute, for orthogonal unit
vectors v and w

(2.1.2) Tw = +wo.

Here, however, we must choose the minus sign. For (v + w)//2 is a unit vector, and

v+ w 2 U2 + VW + WU + W2
(%) —

so using (2.1.1) we obtain (2.1.2) with a minus sign. The algebra generated (with either sign in
(2.1.1)) is called the Clifford algebra.

For reasons which will become clearer later we choose the minus sign in (2.1.1). Also, from now
on we omit the bars from the notation, but use ‘-’ to denote multiplication in the Clifford algebra.

Let v and w be arbitrary elements of [E”. Then since the vector v — ((Z’Z))

by (2.1.2)
(o= feriye) e (o) =

w-w

w is perpendicular to w,

veow4w-v=2(v,w)
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and from (2.1.1) we obtain
(2.1.3) veow4w-v=—-2(v,w).

The single relation (2.1.3) describes the Clifford algebra completely. In terms of an orthonormal

basis eq,...,e, of E", we have
(214) € -€ejt+e;-e = _25ij-

Here ¢;; has its usual meaning d;; = 1 and d;; = 0 for ¢« # j. We denote the Clifford algebra
by ClLiff (E™); it is the algebra generated by ey, ..., e, subject to the relation (2.1.4).

EXERCISE 2.1.5. Determine Cliff(E'), Cliff(E?), and Cliff(E3?). What are their complexifications?

More formally, Cliff(E™) is the full tensor algebra of R™ modulo the ideal generated by the rela-
tion (2.1.3). Since (2.1.3) is homogeneous of degree 2, the Z grading of the tensor algebra passes to a
Z/27 grading of the Clifford algebra. The elements of even degree form a subalgebra Cliff (E™)*. Tt
is easy to see that the set {e;, -€;, ---e;, 1 1 <k <n, i3 <is <--- < iy} forms a basis for Cliff(E"),
and the subset of elements with k even forms a basis for Cliff (E™)*. Hence dim Clff(E") = 2"
and dim Cliff(E")* = 2"~1. Finally, we observe that E" is embedded in the Clifford algebra in the

obvious way.

EXERCISE 2.1.6. Define the Clifford algebra associated to vector space endowed with a bilinear
form. (Hint: (2.1.3).) What is the Clifford algebra if this form is zero?

EXERCISE 2.1.7. Construct an isomorphism Cliff(E"~1) =2 Cliff (E")*.

EXERCISE 2.1.8. Show that there is a canonical isomorphism of vector spaces Cliff (E™") = A(R"),
where A (R™) is the full exterior algebra. This isomorphism does not preserve the algebra structure.
In particular, Cliff(E™) has a canonical Z grading as a vector space. What is the grading in terms

of a basis?

EXERCISE 2.1.9. Show that under the isomorphism Cliff(E™) = A(R™) of Exercise 2.1.8, left
Clifford multiplication e- by e € E™ is

(2.1.10) e-=e€(e) —(e),

where €(-) is exterior multiplication and ¢(-) is interior multiplication (relative to the inner product
in E™). What is right Clifford multiplication by e?

EXERCISE 2.1.11. The tensor algebra @ R” has a filtration F* C F* C ... with FP = @ __ (Q?R").
Show that there is an induced filtration in the Clifford algebra. What is the associated graded al-

gebra?
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Recall that unit vectors in E™, viewed in the Clifford algebra, represent reflections. Thus to
recover the action of reflections on E™ (with E™ still embedded in Cliff(E™)) we expect to use

conjugation. However, the ambiguity in sign necessitates a small computation:

-1
€; * € '€i = €4,

-1 -1 . .
ej-ej-e = —ej-e e =—ej, JFi.

(2

Thus we see that the action of a unit vector r by reflection on v € E™ is represented in the Clifford

algebra by —r-v-r~1.

EXERCISE 2.1.12. Do explicit computations in Cliff(E?). In particular, write rotation through
angle 6 as the product of two reflections and compute the corresponding element in the Clifford
algebra. Characterize the elements in Cliff(E?) which represent rotations. Prove that they form a

group, and determine the homomorphism to the rotation group.

An arbitrary element g € O(n) is represented by a product of reflections, so inside ClLiff(E™) we

write
(2.1.13) g=r1-Tk

for some unit vectors r;. (This representation is not unique.) Let us characterize such elements in

the Clifford algebra. First we define the transpose antiautomorphism of ClLiff (E™) by
(2.1.14) fog o) = v -0y
for v; € E". To account for the grading we set

(2.1.15) Bloy - vg) = (=DFvg -0y
Then it is easy to see that (2.1.13) satisfies

(2.1.16) .
g-E"-"g S E"

Notice that the first equation implies that ¢ is invertible; indeed its inverse is ((g). Also, the
action of g in the second equation generalizes the action of reflections on E™. Finally, the set of

g € Cliff(E™) which satisfy (2.1.16) forms a group G. Now there is a homomorphism G — O(n)
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(the action of g € G on v € E" is g - v - tg), and by Cartan’s theorem it is surjective. We proceed
to determine the kernel.
Suppose g € G maps to the identity element in O(n). Write g = g+ + g_ as a sum of even and

odd elements. Then for any v € E™ we have

(2.1.17) gy V=V-gy g_v=—-v-g_.

Choose v = e; a basis vector, and write g+ = a4 + b+ - ¢; where a4, b+ do not involve e;. Plugging
into (2.1.17) we find

ay e, —byr=e;-ar+e -by-e; a_-e;—b_=—e;-a_—e;-b_-e;
:a+~e¢+b+ :a,‘ei—i-b,
from which b, = b_ = 0. Repeating for all ¢ we conclude that g,,g_ are constants. Thus g_ is

zero, since it is an odd element. From the first equation in (2.1.16) we have g?> = g2 = 1, and

so g = 1. Therefore, there is an exact sequence
(2.1.18) 1—72/2Z — G — O(n) — 1.

In fact, for n > 2 the group G is a nontrivial double cover of O(n). (Consider the loop 6 +—
cosf +sinfe; - ez.) It is customary to refer to G as Pin(n). In our attempt to embed O(n) inside
an algebra, we succeeded in constructing a nontrivial double cover.

Endow E" with its usual orientation, so that {es,...,e,} is an oriented basis. Then the identity
component SO(n) of O(n) preserves the orientation. The identity component of the double cover
is called Spin(n), and it sits inside Cliff(E™) as the elements g which satisfy (2.1.16) and

(2.1.19) g € Cliff(E™) ™.
Finally, corresponding to (2.1.18) is the extension
(2.1.20) 1 — 7Z/27Z — Spin(n) — SO(n) — 1.

Since m1(SO(n)) = Z/2Z for n > 3, we see that Spin(n) is simply connected for n > 3, while
Spin(2) is diffeomorphic to the circle.

EXERCISE 2.1.21. Construct the embedding of the Lie algebra o(n) in Cliff(E™) induced by the
inclusion Spin(n) — CIliff(E"). How does it act on E® C CIff(E™)? (Hint: Differentiate the

Spin(n) action.)
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EXERCISE 2.1.22. What is the group Spin(1)? What is its Lie algebra? What about Spin(2)?

EXERCISE 2.1.60. Repeat the preceding analysis for the Clifford algebra defined by using a plus
sign on the right hand side of (2.1.4). Is the Pin group obtained different? What about the
Spin group? At least check this for n =1 and n = 2.

EXERCISE 2.1.23. Construct an isomorphism Spin(3) = SU(2). (Hint: The adjoint action of SU(2)
is a homomorphism SU(2) — SO(3) with kernel {£+1}.)

EXERCISE 2.1.24. Prove that Spin(4) 2 Spin(3)xSpin(3) as follows. On \°E* the Hodge % operator
is characterized by
a A xf = (a, ) vol, a, 3 e NEY,

where (-,-) is the inner product on /\QIE4 and vol € /\41E4 is the volume form. Then %2 = 1, so
NE4 = /\i @ A\ splits into the +1-eigenspaces of *. Clearly dim /\i = 3. The action of SO(4)
on A\’E* preserves the splitting, so produces a homomorphism SO(4) — SO(3) x SO(3). Show
that this is surjective with kernel {£1}. Now lift to the spin groups.

Let Cliff“(E") = Cliff(E") ®r C be the complexification of the Clifford algebra. Denote the
algebra of k x k matrices over C by M(C).

Theorem 2.1.25. There is a noncanonical isomorphism of algebras

Myn/2(C), n even,

2.1.26 Cliff®(E") = {
( ) ( ) Mz(n71)/2 ((C) D MQ(n—l)/Q (C), n odd.

Two proofs are indicated in the following exercises.

EXERCISE 2.1.27. Prove Theorem 2.1.25 by induction. (Hint: Calculate the Clifford algebra ex-
plicitly for n = 1,2. Then construct an isomorphism CLff®(E") = ClLiff®(E"~2) @ ClLiff®(E?) by
mapping the standard basis of E™ into the right hand side and checking the defining relation (2.1.4).
Your formulas should involve y/—1.)

EXERCISE 2.1.28. Define € € ClLiffS(E") by
(2.129) € = Zn(n+1)/2el . 62 ..... en.

Show that €2 = 1. If n is odd then € is in the center of Cliff® (E™), whereas if n is even € commutes
with Cliff“(E")* and anticommutes with the elements Cliff“(E")~ of odd degree. Show that if n is
even the endomorphism z — € - - € of CLiff®(E") is +1 on Cliff®(E")* and —1 on CLff*(E")".

EXERCISE 2.1.30 [Ch]. For n even prove that Cliff®(E") is a simple algebra. (Hint: Suppose i is a

nontrivial two-sided ideal. Show how to multiply a nonzero element of i on the left and the right by
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elements in the Clifford algebra to obtain an arbitrary element of Cliff®(E™). Hence i = Cliff®(E").)
Conclude from the Wedderburn theorem that CLiff®(E™) is a matrix algebra. For n odd CLff®(E") is

semisimple.

EXERCISE 2.1.31. Write down the isomorphism (2.1.26) explicitly for n = 4. What are the 4 x

4 matrices which represent the basis elements? (Hint: Try n = 2 first.)

EXERCISE 2.1.32. Determine the structure of the real Clifford algebras. (Hint: You may also want
to consider indefinite inner products. Compute the low dimensional cases explicitly. Then try to
find an induction argument as in Exercise 2.1.27. You will find a periodicity property, as in (2.1.26),

but the period is not 2 as in the complex case. If you get stuck, consult [ABS], [Gr].)

Now Exercise 2.1.7 extends to the complexified Clifford algebras. Thus we have isomorphisms

End(S), n even,

2.1.33 CLFC (B =~
( ) i (E) { End(S™) @ End(S™), n odd;

(2.1.34) ClLiff S (B")* = { End(S7) © End(S7),  n even,

End(S), n odd.
Here we have rewritten the matrix algebras in (2.1.26) as endomorphisms of a vector space.
Although the isomorphisms (2.1.26) are not canonical,!* we make a fixed choice of spin spaces
in (2.1.33) and (2.1.34) once and for all. Note that in even dimensions the total spin space S splits
into the sum of a “positive” piece ST and a “negative” piece S™. Since the spin group Spin(n) sits

inside the invertible elements of the even Clifford algebra, we obtain the spin representation
(2.1.35) v: Spin(n) — Aut(S).

For n odd the spin representation is irreducible, while for n even it splits into the sum of the
two half-spin representations. We denote the action of x € CliffC(E”) on S by ¢(x); thus v is the
restriction of ¢ to Spin(n) C Cliff®(E™).

EXERCISE 2.1.36. Show that if n is even then c(e) (cf. (2.1.29)) distinguishes the two half-spin

representations.
The following two exercises indicate other constructions of the spin representation.

EXERCISE 2.1.37. For n = 2/ construct the spin representation as follows. Choose an identification
R2¢ = C*, for example so that fi = e; + v/ —1lea, fo = e3 ++/—1ley, ... forms a complex basis.

But the projectivization P(S) is canonical.
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Set S = AC*, and let € denote exterior multiplication and ¢ interior multiplication (defined by the
standard hermitian metric on C*). Define a map
R?* — End(S)
(2.1.38)
v — €(v) — 1(v)
Show that this map extends to Cliff(E™), and gives another proof of the isomorphism (2.1.26) (for

n even). Now restrict to Spin(n). How does the representation split into two irreducible pieces?

EXERCISE 2.1.39 [AB2,p.482]. Consider the complexified left regular representation of ClLiff(E"),
that is the action of Cliff(E") on CLff(E") by left Clifford multiplication. This representation is
highly reducible. In fact, the transformations of CliffC(IE”) determined by right Clifford multiplica-
tion by e - es, e3- ey, ... have square —1 and mutually commute. So we can decompose Cliff® (E™)
into the simultaneous eigenspaces of these transformations. Prove that the resulting representations
of CLiff® (E™) are isomorphic. How can we decompose them into the half-spin representations if n is
odd?

EXERCISE 2.1.40. In any dimension the isomorphism (2.1.33) determines a map
(2.1.41) Cliff*(E") — End(S) = S* ®S.

This is an isomorphism for n even and for n odd an isomorphism onto the elements preserving the
splitting S = ST @ S~. Show that for any = € Cliff®(E"), there are correspondences between the
transformations

x—c(x)" ®1
(2.1.42)

x — 1®c(x)
on Cliff®(E") and $* ® S. Here - (resp. -z) denote left (resp. right) Clifford multiplication by .
(Hint: Use the fact that (2.1.41) is an algebra homomorphism and the composition law for matrix

algebras.)

Since Spin(n) is a compact group, we can average an arbitrary inner product on S so that the

spin representation (2.1.35) is unitary.

EXERCISE 2.1.43. Show that the natural inner products which arise in the constructions of Exer-
cise 2.1.37 and Exercise 2.1.39 are preserved by the action of Spin(n).

EXERCISE 2.1.44. Prove that the spin representation is self-conjugate: S = S*. One way to do
this is with characters using Exercise 2.1.48. A more direct approach is the following. Extend (3

in (2.1.15) to a complex linear antiautomorphism of CliffC(IE"). Define
0: End(S) — End(S*)

c(x) — ¢(B(x))"
29
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for = € Cliff®(E™). Note that for n even this defines # on all of End(S), whereas for n odd it defines 6
only on the subalgebra of endomorphisms preserving the splitting S = ST @ S~. Show that 6 is
an isomorphism where it is defined. In general, if §: End V — End W is an isomorphism of endo-
morphisms of vector spaces, prove that 6 determines an isomorphism 6: V- W (defined uniquely
up to a scalar) which intertwines 6. Extend this statement to cover the case where n is odd. Now
restrict (2.1.45) to Spin(n) C Cliff®(E™) to obtain the isomorphism of the spin representation with
its contragradient. (Hint: (2.1.16).) How does the grading element € (2.1.29) behave in (2.1.45)7
Use this to show that the half-spin representations are self-conjugate in dimensions n =0 (mod 4)
and that (S*)* = ST in dimensions n = 2 (mod 4).

The spin representation (2.1.35) extends to a unitary representation of the slightly larger group Pin(n).
In particular, the transformation ~; = 7(e;) is unitary. But since 42 = —1 we conclude that ~; is
also skew-Hermitian. The transformation ~; represents Clifford multiplication by the element e;.

More generally, the restriction of (2.1.33) to E™ gives a map
(2.1.46) c:E"®S —S

which we call Clifford multiplication. When n is even it is easy to check that Clifford multipli-
cation interchanges ST and S™. Of great importance is the fact the (2.1.46) commutes with the

Spin(n) action, i.e., is a map of Spin(n)-modules. This is most easily checked using Exercise 2.1.39.

EXERCISE 2.1.47. Prove that the spin representation is irreducible if n is odd, and that the half-
spin representations are irreducible if n is even. One way to do this is to restrict to the “extra
special 2-group” generated by the elements e - €3, €3 - e4,.... Work out the representation theory

of this finite group, and so give an alternative construction of the spin representation (cf. [R,§2]).

EXERCISE 2.1.48. Consider the matrix Q € so(n),n = 2¢, defined by

0 —wu

(2.1.49) Q= 0 =y
y2 0

According to Exercise 2.1.21 this corresponds to an element in ClLiff(E™). Show that this element

is

1
(2.1.50) T = §(y161 “eg + Yoe3 €4+ -+ Ypeop_1 - €p).
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Then g = €” is an element of Spin(n). Compute it explicitly. For any representation p of Spin(n),

define the character x,(g) = Tr p(g). Prove

4
(2.1.51) xs(9) = [] 2cos;/2
V4
(2.1.52) xs+-s-(9) = [[(~2isiny;/2).

(Hint: Try the case n = 2 first. For ST — S~ you will need to use Exercise 2.1.36. If you get stuck,
read §5.1.)

EXERCISE 2.1.53. The antiautomorphisms (2.1.14) and (2.1.15) extend to the complex Clifford
algebra. (Be careful to conjugate the complex coefficient.) Now define groups Pin“(n) and Spin®(n)
using (2.1.16) and (2.1.19) Define a map of Spin®(n) to SO(n) and determine the kernel. Determine
a homomorphism U (¢) — Spin“(2¢) which lifts the natural homomorphism U (¢) — SO(2¢). Define
the spin representation for Spin®(n). What is Spin“(3)? Spin“(4)? (Hint: [ABS,§3].)

EXERCISE 2.1.54. Although Exercise 2.1.37 constructs the spin representation from the complex
exterior algebra, it is a little misleading, as we explain in this exercise. Construct a nontrivial double
cover U(¢) of the unitary group U(f), and show that the natural homomorphism i: U (£) — SO(2¢)
lifts to a homomorphism z: U(¢) — Spin(2¢). (Hint: Consider pairs (A,u) € U(£) x U(1) such
that det A = u2.) Construct a homomorphism det /2: U(¢) — U(1) whose square is the usual
determinant det: U(¢) — U(1). Now show that the pullback of the spin representation + to U (f) is

(2.1.55) iy =\ ®det ~/2,

where /A is the exterior algebra representation of U(¢). (Hint: Try ¢ = 1 first. You may want to
compute with characters using Exercise 2.1.48.) Thus we identify the underlying representation

spaces
(2.1.56) S = AC* ® (det C*H)~1/2,

Also, we identify E? = C* via esp_1 + v/—1ear, = fr. Show that under these correspondences

Clifford multiplication is

cleap—1) «— [e(fr) — o(fr)] ®1

(2.1.57) clear) «— V—11[e(fr) + t(fx)] ® 1,
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where the interior product is taken relative to the Hermitian form on C*. (Compare (2.1.38).) How
is all of this related to Exercise 2.1.537

The next exercises are crucial to our proof of the index theorem in Chapter 5.

EXERCISE 2.1.58. For € # 0 let E* denote the inner product space (R™, €%(,)), where (-, -) is the
standard inner product on R™. Thus e tey,...,e te, is an orthonormal basis of E?. Construct a

canonical algebra isomorphism Cliff (E") = ClLiff(E?).

EXERCISE 2.1.59. Continuing the previous exercise, show that “y_% Clff(E?) = A(R™)” in the fol-
lowing sense. We change our point of view and identify the Cliff (E) by vector space isomorphisms
which are not algebra isomorphisms. These are specified by requiring them to be the identity map
on the underlying vector space R™. Then we consider this fixed vector space to have a family of

algebra structures parametrized by e, the basis elements satisfying the relation
eie; +eje; = —25ij62

in the € algebra structure. Fix a basis element e; = ¢;, -€;, - - - €;, , and set |I| = k. Let c.(es) denote

left Clifford multiplication by e in the € algebra structure. Then show

lim c.(er) = €e(er)

e—0
under the canonical identification of vector spaces ClLiff (E") = A(R™), where €(-) denotes exterior
multiplication.'® More formally, consider the algebra (over R) generated by ey, ..., e,,€ subject to
the relation

eie; +eje; = _25ij€2-
Show that specializing € = € for € € R yields Cliff(E?) for ¢ # 0 and A(R™) for € = 0.

§2.2 Spinors on manifolds

First consider flat space R™. A differential form on R™ is a smooth map R™ — AR"™" Here we
make the standard identification of T;)R™ with R"* at all x € R™. In standard coordinates z!,. .., z"
the differentials dz* form a basis for the covectors at each point. The exterior derivative on

differential forms is the operator

(2.2.1) d = e(dz")

15 A rather unfortunate clash of notation!
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where summation over k is implicit in the notation, and €(-) denotes exterior multiplication. The
Dirac operator on Euclidean space E™ is defined similarly. (A metric is needed to define the Dirac
operator, which explains why we use E™ instead of R™.) A spinor field on E™ is a smooth map
E™ — S, where S is the spin space on the dual E™*. Again we make the natural identification
of TE™ with E"*. The Dirac operator

0

(2.2.2) D= c(dmk)axk

is defined by replacing exterior multiplication in (2.2.1) with Clifford multiplication (2.1.46); it
operates on spinor fields. In even dimensions the spin space decomposes as S = ST @ S~, and since
c(-) interchanges ST and S~ we see that D maps positive spinor fields into negative spinor fields
and vise versa. Finally, we compute

0

3}
2 k l
D* = c(dx )ﬁxk c(dx )axf

s O o 0
(2.2.3) = Zc(dmk) (020)2 + Zc(dxk)c(dxz) [8:5’“’ W]

k k<t

82
a _Zk: (0zF)2

The second term in the second line vanishes since mixed partial derivatives commute while c(dz*)
and c(dz’) anticommute for k # £. Hence D? is the (nonnegative) Laplace operator acting on
spinor fields.

To define spinors and the Dirac operator on curved spaces we need to review some basic Rie-
mannian geometry. We introduce the frame bundle so that we can write tensor fields as functions
and differential operators as vector fields. It is also the natural framework to describe spin struc-
tures. A Riemannian manifold is a smooth manifold X together with a smoothly varying inner
product on the tangent spaces. We will assume that X is oriented. Then at each x € X we
consider the set SO(X), of oriented orthonormal bases of the tangent space T,X. These are
orientation-preserving isometries p: E” — T, X; the basis corresponding to p is p(e1),...,p(en).
The group SO(n) acts on SO(X), on the right by changing basis, i.e., by right composition
of p with g: E® — E", and so the SO(X), glue together to form a principal SO(n) bundle
m: SO(X) — X. The fundamental theorem of Riemannian geometry asserts that this frame bun-
dle carries a unique torsionfree connection, the Levi-Civita connection. It is a field H of n-planes
on SO(X), complementary to the vertical (kernel of 7,), and invariant under the action of SO(n).
We call the n-plane H), at p € SO(X) the horizontal space at p. Now p is a basis of T,y X, and
H,, maps isomorphically to T,y X via 7. Let 01(p),...,0n(p) be the basis of H,, corresponding
to p. The 0y are smooth vector fields on SO(X). More invariantly, d = e*dy is an E"*-valued

vector field on SO(X). Here {e*} is the standard basis of E"* dual to the basis {e;} of E™.
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EXERCISE 2.2.4. What is the action of SO(n) on the 05?7 (Hint: Consider 0.)

Let £ € T, X be a tangent vector. Then given a basis p € SO(X), we can specify £ by its
n coordinates. Thus a tangent vector is a map &: SO(X), — E™. Of course, the coordinates

change in a specified fashion under SO(n)—for g € SO(n) we have

(2.2.5) Ep-g9)=97" &),

where g=1 acts on E" by the standard action. A vector field on X is then an SO(n)-equivariant

function ¢: SO(X) — E™.16 We can differentiate £ = £'e; along the E™*-valued vector field § =

e*0), to obtain
(2.2.6) ¢ = (€ " @ e;: SO(X) — E"* @ E".

This is the covariant derivative of &.

EXERCISE 2.2.7. How does 0¢ transform under SO(n)? Show that O is a section of T*X @ T'X.
Represent other tensor fields as functions on the frame bundle, and extend the covariant derivative

to act on them.

We can write the exterior derivative in terms of 9. A differential form is an SO(n)-equivariant
map SO(X) — AE"™", and (compare (2.2.1))

(2.2.8) d = €(d) = e(e®) 0.

EXERCISE 2.2.9. Verify d?> = 0. You will need to use the fact that the Levi-Civita connection is

torsionfree. Write d* in this language. What about 0 on a complex manifold?

Now [0k, O¢] is a vertical vector field on SO(X); this is equivalent to the fact that the Levi-Civita
connection is torsionfree. Since SO(n) acts simply transitively on the fibers of 7: SO(X) — X,
we can identify the vertical tangent spaces with the Lie algebra o(n). Let {Ef }i<j be the standard

basis of 0(n). The skew-symmetric map EZ] is defined on the basis elements by

J. 5. )
E;:ej—¢;
ex — 0, k#i,].
16The reader should recognize that this is essentially the classical point of view—a tensor field is a collection

of functions transforming in a specified manner under change of basis. The classical writers (before Cartan) used
coordinates instead of orthonormal bases.
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Then we write
(2.2.11) (%0, €°0y] = [0k, Dy]e* ® et = —Ry eF el @ E.

R;M = Rjjie is the Riemann curvature tensor. It transforms as a 2-form on X with values in
skew-symmetric endomorphisms of the tangent bundle. Hence it is skew in 4, j and k, £. We denote
this 2-form by

(2.2.12) QX =Rl eF Nt @ B
What is not immediately apparent is the Bianchi identity
(2.2.13) Rijie + Riejr + Rike; = 0.
The contracted tensor
(2.2.14) R = Z Ryjke
k
is the Ricci curvature; it is symmetric in j, £. After one more contraction we obtain the function

(2.2.15) R=> Ry
y4

It is appropriately termed the scalar curvature.
Next we introduce spinors on X. These are tensors which transform under Spin(n). Since the

frame bundle SO(X) only transforms under SO(n), we must lift to a bundle on which Spin(n) acts.
Definition 2.2.16. A spin structure on X is a principal Spin(n) bundle Spin(X) which double
covers SO(X), and for which the diagram

Spin(X) x Spin(n) ——— Spin(X)

[

SO(X) xSO(n) —— SO(X)

commautes.

The last statement simply asserts that the action of Spin(n) on Spin(X) is compatible with the

action of SO(n) on SO(X). Spin structures may not exist, and even if they do exist there is
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not in general a unique isomorphism class. The obstruction to existence is the second Stiefel-
Whitney class we(X) € H2(X;Z/27), and if this obstruction vanishes then H'(X;Z/2Z) acts

simply transitively on the set of isomorphism classes of spin structures.
EXERCISE 2.2.17. Prove these topological assertions (cf. [AB2,p.480]).

EXERCISE 2.2.37. Suppose that X is an oriented Riemannian manifold with boundary which is
endowed with a spin structure. Construct an induced spin structure on 9X. Does the Cartesian
product of two spin manifolds carry a natural spin structure? What about the quotient by a free

group action? What about an oriented submanifold of a spin manifold?

EXERCISE 2.2.18. Describe explicitly the spin structures on S'. Prove that if X is a spin manifold
with boundary, then 0X inherits a natural spin structure. Which spin structure on the circle is the
boundary of the spin structure on the disk? Describe the spin structures on a Riemann surface X
of genus g. There are 229 of them. Describe geometrically the action of H!(X;Z/27Z) on the set of

spin structures in this case. (Hint: Consider the restriction of a spin structure to circles in X.)

EXERCISE 2.2.19. Find an oriented closed 4-manifold which does not admit a spin structure. Are

there any such examples in dimension 2 or 37

EXERCISE 2.2.38. Investigate the notion of a pin structure on a Riemannian manifold (with no

orientation or orientability hypothesis).

Let X be a spin manifold. For us this means that X is oriented and carries a Riemannian metric.
A spinor field 1) is then a function ¢: Spin(X) — S which satisfies

(2.2.20) (p-g9) =7(g" ")), g€ Spin(n), p € Spin(X).

Recall that v denotes the spin representation (2.1.35) (associated to the dual space E™*). Alterna-
tively, the spin representation determines a vector bundle S — X associated to Spin(X); a spinor
field is a section of S. (An element of S, is a map ¢ : Spin(X), — S satisfying (2.2.20).) This spin

bundle decomposes in even dimensions as S = ST @ S~. The Dirac operator is (cf. (2.2.2))
(2.2.21) D = ¢(0) = (") = +* 0.

As on R™ it maps spinor fields to spinor fields, interchanging sections of ST and sections of S~ in
even dimensions. Formally speaking, since 7% = c(e*) and 0 are skew-adjoint and commute, the

Dirac operator D is (formally) self-adjoint. The following two exercises make this idea rigorous.

EXERCISE 2.2.22. Let E, F be unitary representations of Spin(n) and o € Hom(E™*, Hom(E, F))

an invariant element. Show that o(0) defines a first order differential operator. What is o for the
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Dirac operator? For the exterior derivative d? For the adjoint d* of the exterior derivative? For
the covariant derivative?

EXERCISE 2.2.23. The formal adjoint D* of a differential operator D is characterized by the

equation

(2.2.24) (D, x) = (¥, D*x),

where the L? inner product is defined using the metrics on E, F' and integration against the volume
form on X (cf. (3.1.1)). Since D* is also a differential operator, it suffices to verify (2.2.24) for (local)
compactly supported sections. For o as in Exercise 2.2.22, define 0* € Hom(E"*, Hom(F, E)) by
c*(e) = —o(e)*. (Note the minus sign!) Prove that ¢*(0) = ¢(0)*. Check this for the exterior
derivative d and its adjoint d*. Verify that the Dirac operator (2.2.21) is formally self-adjoint.

EXERCISE 2.2.25. What is the Dirac operator on S'? Compute it for both spin structures. What
is the Dirac operator on a Riemann surface? How is it related to the Cauchy-Riemann operator 07
(Hint: Try this on R? = C first.)

EXERCISE 2.2.26. Let ¥ be a spinor field and f a function. Use the Leibnitz rule to show

(2.2.27) D(fv)) = e(df)¥ + D,

What is the corresponding formula for D(c(a)zb), where « is a 1-form? (Your answer will involve

Clifford multiplication of higher degree forms on spinor fields.)

Finally, as in (2.2.3), we compute

D% = 70, ~*0,
:Z 2”4+ > v [0k, 04
(2.2.28) k<t
= _Zak + > R3],
[

In the last line we used the basic Clifford identity (%)% = —1, the definition of curvature (2.2.11),
and the fact that vertical vector fields act on associated bundles by minus the differential of the
defining representation.’” The skew matrix Ef € o(n) acts on spinors by the differential 4 of the

I7"More explicitly, let P — X be an arbitrary principal G bundle, Z € g an element of the Lie algebra of G, 7 the

vertical vector field on P determined by Z, v a representation of G, and v a section of the vector bundle associated
to p. Note that i satisfies equation (2.2.20). Thus if g; is the 1-parameter group generated by Z, then

29) = |,y bl = |, o5 B = ~H(Z)0()
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spin representation. This should have been computed in Exercise 2.1.21 as
o 1 ..
(2.2.29) Y(ED) = 577"

(Try Exercise 2.1.25 first! Note here that we have taken the dual action on E™*, which is by minus
the transpose.) Hence the last term in (2.2.28) is

; — 1 o

(2:2.30) ZR;’M Vk’YéV(EiJ) ) ZRijM ARyt
1<j i#j
k<t k#£L

Now if k # ¢ # j then the summand vanishes, by the Bianchi identity (2.2.13). When k = j we

obtain

1 , 1 1 1
2.2.31 =S Rk = =Ry == Ry = -R.
( ) 8%: kkeY Y Sl 8%: 0w=3

Here we have used the definitions of the Ricci curvature (2.2.14) and the scalar curvature (2.2.15).

Similarly, when ¢ = j in (2.2.30) we have

1 : 1 1
(2.2.32) ~3 ZRiZké'Yk'YZ = —gRinVZ = §R~
¢

Combining (2.2.28)—(2.2.31) we deduce the Weitzenbick formula

R
(2.2.33) D? = — zk:a,f + 5

This formula is important in the sequel. The operator — 3 ;2 is the (flat, covariant) Laplacian
i

on spinor fields. Since the formal adjoint (Exercise 2.2.23) of the covariant derivative 0 = e*9j, is
(2.2.34) " = —1(e*)oy,

where «(e) is the inner product with e*, we can rewrite this operator as 9*9. It is a nonnegative

(formally) self-adjoint operator.!®

EXERCISE 2.2.35. Prove that if R > 0 on X, and R > 0 at one point, then there are no harmonic

spinors on X, i.e., the Dirac operator has no kernel. This is Lichnerowicz’s vanishing theorem [L].
EXERCISE 2.2.36. Give an example of a nontrivial harmonic spinor.

EXERCISE 2.2.39. Suppose {&} is a local oriented orthonormal frame, i.e., a local section of SO(X).
Write D, D?, V*, and V*V in terms of the covariant derivatives Vg, .

18The covariant derivative is often denoted V, in which case the covariant Laplacian is V*V.
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§2.3 Generalized Dirac operators

Let V — X be a Hermitian vector bundle endowed with a unitary connection V. The connection
is a first order differential operator V: C>*(V) — C°(T*X ® V); it satisfies Leibnitz’s rule and
preserves the metric. (See Chapter 6 for more about connections on vector bundles.) If X is a spin

manifold, and D its Dirac operator, we can construct the coupled Dirac operator
(2.3.1) Dy:C®(S@V)— C®(SaV)

as the composition

(8 @ V) LEHEY, cooprx o 56 V) L 0 (5 @ V).

The operator 0 ® 1 + 1 ® V is a connection on S ® V. If ¢ is a spinor field, ¢ a section of V| and

&, a local orthonormal frame field, with 6% the dual coframe field, then

(2.3.2) Dy (Y @ ¢) = c(0)e, ¥ ® o + c(0")Y ® Ve, 0.
EXERCISE 2.3.3. Prove that the operator Dy is formally self-adjoint (cf. Exercise 2.2.23).

We can also describe the generalized Dirac operator in terms of the frame bundle. Suppose
@ — X is a principal bundle with connection to which (V,V) is associated. Form the product
SO(X) xx @ — X; it is a principal bundle over X with connection. The vector fields 9 lift to this
bundle, and 9 = €*9, is the connection on P x x QQ to which the connection 9®1+1®V on S®@V
is associated. Now the coupled Dirac operator is Dy = v*9), as in (2.2.21), only now the Jj live
on P xx @ and act on functions P X x Q — S ® V which transform appropriately.

Notice that we might have @ = SO(X). In other words, the auxiliary vector bundle V' may be
intrinsic (associated to the tangent bundle). Then we can replace SO(X) xx SO(X) by SO(X).
The Dirac operator is Dy = v*8), as before, operating on spinor fields coupled to some tensor fields.

Important examples appear in the following exercises. The analysis that we carry out in the

sequel applies to all of these generalized Dirac operators.

EXERCISE 2.3.41. As in Exercise 2.2.39 write the coupled Dirac operator in terms of a local

orthonormal frame field.

EXERCISE 2.3.4. Set V = 0 ® 1 + 1 ® V, the connection on S ® V. Deduce the generalized

Weitzenbock formula

—— R
(2.3.5) Dazvv+z+de%
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where Q(V) € Q%(X, End V) is the curvature of V, and Clifford multiplication by a 2-form is defined
using Exercise 2.1.8.

In the next several exercises, we develop the important examples of generalized Dirac operators.
This amounts to rewriting some of the usual operators on differential forms in terms of spinors and
Clifford algebras. Notice that the coupling bundle V' in these examples is intrinsic, i.e., associated

to the tangent bundle.

EXERCISE 2.3.6. For V = S show that in even dimensions Dy is the complexification of the

operator
(2.3.7) d+d*: (X)) — Q*(X)

on differential forms. (Hint: Exercise 2.1.8, (2.1.42).) Show that the kernel consists of harmonic
forms (cf. (1.2.3)). What happens in odd dimensions? Investigate carefully the situation in 3 di-
mensions. Notice that (2.3.7) is defined on any manifold X.

In even dimensions the chiral Dirac operator D is the restriction of D to ST. Thus given V as

above we form
(2.3.8) Dy:C®(ST V) — C®(S~ aV).

For the rest of this section we work in even dimensions.

EXERCISE 2.3.9. Suppose E; are vector bundles over X, and

(2.3.10) 0 — C=(By) 2 0=(By) ... 2 0%(B,) — 0

t

a sequence of first order differential operators with d; o d;_; = 0. The i*" cohomology of the

complex (2.3.10) is then
H' =kerd;/imd;_;.

Assume E; are Hermitian and d; is the adjoint of d;. Make sense of

What is the kernel of (2.3.11)? What is the kernel of its adjoint? If the H® are finite dimensional,
prove that the index of (2.3.11) is finite and equal to >_(—1)"dim H?, the Euler characteristic

of (2.3.10).
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EXERCISE 2.3.12. Recall the grading operator € introduced in Exercise 2.1.28. Show that +c(e) ®
¢(€) induces the grading on S ® S corresponding to the Z/2Z grading on Cliff®(E™), where we
use the + sign if n is divisible by 4 and the — sign if n = 2 (mod 4). (Hint: Exercise 2.1.40,
Exercise 2.1.44.) Hence

CLff(E")* =St @St @ S” @S,

(2.3.13) -
Clff " (E")F ~St®S™ & S™ ®S™.

(Hint: Exercise 2.1.36.) Again the signs depend on the value of n (mod 4). Also, we can identify
CLffS(E")* = A*(R") ® C, the even and odd parts of the exterior algebra. Under these isomor-
phisms the action of ¢(-) ® 1 on S® S corresponds to the action of €(-) — ¢(-) on A(R™) ® C. (Hint:
(2.1.10), (2.1.42).) Conclude that for V = £S5 F S~ we can identify Dy with the complexification

of the real operator
(2.3.14) d+d: QT (X) — Q (X).

(What do we mean by the difference of two bundles?) (2.3.14) is a collapsed version of the de
Rham complex (1.2.1). Show that the index of (2.3.14) is x(X), the Euler characteristic of X.
(The index is the dimension of the kernel minus the dimension of the kernel of the adjoint.) Notice
that (2.3.14) is defined on any manifold X, though the identification of the index with the Euler

characteristic is valid only if X is compact.

EXERCISE 2.3.15. The Hodge * operator is defined on A(E™) by the formula
(2.3.16) a3 = (a, 3)vol, a, B € N(E™),

where vol € A"E"™ is the volume form. Notice that we require an orientation on E™. Show that
under the isomorphism Cliff(E™) = A\(E") ® C, left Clifford multiplication by e (2.1.29) is

(2.3.17) e — plp—+n/2
What is right Clifford multiplication by €? The involution
(2.3.18) () = PPDH/2 4

induces a decomposition A(E") @ C = A (E") ® A_(E"). Notice that if n is divisible by 4, then

7 is defined on the real exterior algebra A(E™). Prove

/\+(En) = SJF ® Sa

A_(E") =S~ ®S.
41
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(CHECK THE SIGNS CAREFULLY!)

EXERCISE 2.3.20. Continuing the previous exercise, on any oriented even dimensional Riemannian
manifold X we decompose the complexified differential forms into Q4 (X) @ Q_(X), according to
the involution (2.3.18). Prove that for V = S we can identify Dy with

(2.3.21) d+d*: Qi (X) — Q_(X).

This is called the signature operator. If n is divisible by 4, then (2.3.21) is the complexification of

a real operator. Identify the kernel (and the kernel of the adjoint) when X is compact.

EXERCISE 2.3.22. Let X** be a compact oriented manifold of dimension 4k. Then there is a
symmetric pairing on Q2*(X) defined by

(2.3.23) a@ﬁH/ an B,
X

By Stokes’ theorem this passes to a symmetric pairing on the de Rham cohomology H?*(X), and
by Poincaré duality it is nondegenerate. Now a nondegenerate symmetric bilinear form on a real
vector space has a signature, which is the dimension of the maximal subspace on which the form
is positive definite minus the dimension of the maximal subspace on which the form is negative
definite. The signature of (2.3.23) is called the signature of X, denoted Sign(X). Compute the

signature of some familiar manifolds (CP", tori). How does the signature behave under products?
EXERCISE 2.3.24. Prove that the index of (2.3.21) on X*¥ compact, oriented is Sign(X).

EXERCISE 2.3.25. Identify Dy in terms of differential forms for V' = St and V = S~. Is Dy de-
fined over the reals?” On what sorts of manifolds is Dy defined? Express Dy as the collapsed
version of an elliptic complex. It is called the (anti-)self-dual complez. On X* the x operator
is an involution on 2-forms, which leads to the decomposition Q?(X) = Q2 (X) ® Q% (X). The

self-dual-complex is

(2.3.26) 0— QX)L QLX) 25 02 (X) — 0.

Assuming X compact, compute the index of (2.3.26) in terms of x(X) and Sign(X). Define the
anti-self-dual complex in 4 dimensions and compute its index. This complex is fundamental in the

work of Simon Donaldson on the topology of 4-manifolds. (See [FU] for an introduction.)

EXERCISE 2.3.27. An almost complex structure on a differentiable manifold X of dimension 2m is

a smoothly varying complex structure J, on the tangent spaces T, X, i.e., an endomorphism of T, X
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whose square is —1. If X also carries a Riemannian metric g, then we ask that J be skew-symmetric

(and hence orthogonal). There is then an exterior 2-form
(2.3.28) w(X,Y)=g9(X,JY)

defined. (Note that g + v/—1w is a Hermitian metric.) We call X Kqhler if w is closed. Reconcile
this definition with any other definition of ‘K&hler’ with which you are familiar. On any almost
complex manifold X define a subbundle U(X) of the orthogonal frame bundle SO(X) which consists
of isometries p: E?*™ — T, X which carry the standard complex structure on E?™ to the complex
structure J, on T, X. (Fix the standard complex structure on E?™ to be J(ear_1) = eax, J(e2x) =
—egk—1.) Then U(X) is a principal U(2m) bundle. Show that X is K&hler if and only if the vector
fields 0y on SO(X) are tangent to U(X) along U(X). This is a nice geometric interpretation of
the Kéahler condition.

EXERCISE 2.3.29. Recall that on any complex m-manifold X the complex differential forms de-
compose into Q*(X) = @NP4(X), and that the exterior differential also decomposes into d = 9+ 0,
with 02 = 92 = 0. The Dolbeault complez is then

]

(2.3.30) 0— 0x) 2 aol(x) 2 ... 2 qomix) 0.

Now suppose that X is Kéhler with unitary frame bundle U(X) as in Exercise 2.3.27. Define

complex vector fields
= 1
(2331) O = 5(62;6_1 ++v-1 8%), k=1,...,m,

and a C™ -valued vector field

(2.3.32) d = f*o,
where f1,..., fin is the standard unitary basis of C™,
(2.3.33) fr =eor_1+vV—1eog,

and f!,..., f™ the corresponding basis of C™". Show that (2.3.32) represents the O operator
in (2.3.30). (Hint: Act on U(m) equivariant functions U(X) — AC™ . Try first to understand the
equation d = 9 + 0 in this language, rewriting (2.2.8) in terms of f* and f* using (2.3.33).) Show
that the adjoint is

(2.3.34) 5 = —u fk)[%(azk_l — V10w,
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EXERCISE 2.3.35. Let X be a Kdhler manifold with unitary frame bundle U(X). Recall from Exer-
cise 2.1.54 that its structure group U(n) has a nontrivial double cover U(n). Define a U(n) structure
by analogy with Definition 2.2.16. Show that X has a U(n) structure if and only if ws(X) = 0. (Re-
call that since X is complex, wy(X) is the mod 2 reduction of ¢1 (X).) Describe a 1:1 correspondence

between ﬁ(n) structures and spin structures.

EXERCISE 2.3.36. Suppose X is a Kéhler manifold with U (n) structure U(X), which is a subbundle
of a spin structure Spin(X). Since the vector fields ), are tangent to U(X), we can restrict
the Dirac operator (2.2.21) to U(X) Now use Exercise 2.1.54 to rewrite the result in terms of
differential forms. Use the Hermitian metric to identify C™ = C™". Also, the bundle associated
to U(X) via the representation det ~'/? of Exercise 2.1.54 is a square root K'/2 of the canonical
bundle K = det T*X. (The inverse is accounted for since we use the cotangent bundle.) Finally,
then, using (2.3.32) and (2.3.34) you should find that the chiral Dirac operator restricts to

1 - _
(2.3.37) D=5(0+0): QUeven( x| K1/2) — QPedd( x| K1/2).

Here, for any vector bundle E we let QP9(X, E) denote the (p,q)-forms with values in E. Show
that up to a factor of 2 the operator in (2.3.37) is the collapse of the complex

(2.3.38) 0 — QUO(X, K1/2) 2 ol (x, K1/2) 2, ... 2 qom(x K12) o,

Note that J in (2.3.38) is defined purely from the holomorphic structure of K'/2. Show that on a

Riemann surface (m = 1) the chiral Dirac operator is complex skew-adjoint.

EXERCISE 2.3.39. Finally, if X is Kihler with a U(n) structure (or equivalently a spin structure),
identify the coupled chiral Dirac operator Dy 1,2 with

1~ -
(2.3.40) Dyc-1jz = (9 +0%): Q4 (X) — Q204 (X),

the collapse!? of the Dolbeault complex (2.3.30). Hence this operator is of Dirac type. Its index is

called the arithmetic genus of X. What is the arithmetic genus of a Riemann surface of genus g?

EXERCISE 2.3.42. Work out the Weitzenbock formula for the 0 complex (cf. Exercise 2.3.4). Use

it to deduce a vanishing theorem (cf. Exercise 2.2.35).

Pyp to a factor of 2
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§3 ELLIPTICITY

The methods of functional analysis will aid our study of the Dirac operator, once we settle
on appropriate function spaces. Consider the simplest Dirac operator i% on the real line R.
The smooth functions form a linear space C°°(R) on which i% acts, but in the natural topology
C>(R) is a Fréchet space. Analysis on Fréchet spaces is far too tricky for our needs, so we try
instead the space C*(R) of functions with k¥ bounded continuous derivatives. This is a Banach
space, but still not best for our purposes. Hilbert spaces are the nicest among topological vector

spaces, and the basic example here is the space L?(R) of square integrable functions.

EXERCISE 3.1. Show that i% defines an unbounded operator on L?(R). Prove that it is self-
adjoint [St,§X.2]. Prove that the Dirac operator on any compact manifold X defines an unbounded
self-adjoint operator on L?(X). (This will follow from our work later, but if you try it now you will

appreciate the difficulties.)

Exercise 3.1 is a powerful result. For self-adjoint operators one has available the spectral theorem.
However, we prefer another tack, restricting ourselves to bounded operators and simpler Hilbert
space theory. The price we pay is small—we must define more complicated Hilbert spaces. As
the Dirac operator involves differentiation, in §3.1 we introduce Hilbert spaces of functions with
derivatives, the Sobolev spaces. Rather than develop the theory of general elliptic differential (or
pseudodifferential) operators, in §3.2 we specialize to generalized Dirac operators. This simplifies

the theory tremendously. The main result is the existence of a basis of smooth eigenfunctions.

§3.1 Sobolev Spaces

We begin with a somewhat general setting. Let X be a compact Riemannian manifold. The
metric on X determines a volume form dz. Suppose F — X is a vector bundle with a smooth
hermitian metric (-,-) and a smooth unitary connection V. The metric is conjugate linear in the

second variable. For ¢, € C°°(E) smooth sections of E, we define the L? inner product

(3.11) (1)1 = [ (pla).vi@) do

Then L?(E) is the completion

(3.1.2) 1X(E) = 6 € O%(B): [0z < o9).

We denote the L? inner product by (-,-) and the L? norm by || - ||. Similarly, for a nonnegative

integer ¢ we define the Sobolev H, inner product

(3.1.3) (o) a1, = /X (6, 0) + (Vo, Vi) + - + (Vhep, V145)) da.
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In (3.1.3) the Riemannian metric and the inner product on E combine to produce an inner product
on sections of (T*X)* ® E,0 < k < £. The Sobolev space H,(FE) is then the completion

(3.1.4) Hy(E) = {¢ € C=(E): ||| n, < oo}

Hy(E) is a Hilbert space. Notice that Hy(E) = L?(E); we use the notations interchangeably. The

inequality

is trivial.

EXERCISE 3.1.6. Write smooth complex-valued functions on the circle as Fourier series f =
> ane™, a, € C. When is f € Hy(S*)? What is || f||z,? Extend to functions on the n-torus.

EXERCISE 3.1.7. Define H/(R) and H,(R"). Compare with the Sobolev spaces on compact mani-
folds. (Hint: Consider constant functions.) Guess the definition of H°¢(R"), the space of functions
locally in Hy().

EXERCISE 3.1.24. The space Hy(E) is sometimes denoted ‘L7 (E)’. Guess the definition of the
space L} (E) for 1 < p < co. We do not need these L” spaces for the linear analysis, but they do

enter into nonlinear elliptic theory.

EXERCISE 3.1.8. Prove that i-L: H;(R) — Ho(R) is bounded. How does H;(R) enter into the

considerations of Exercise 3.17

The Sobolev norms depend on the choice of metric on X, metric on E, and connection on F.

The next result asserts that different choices lead to equivalent norms.

Proposition 3.1.9. If || - ||y, is the Sobolev norm for different choices of metric on X, metric
on E, and connection on E, then || - ||m, and || - ||y, are equivalent. In other words, there exist
constants ¢, C' (depending on ¢) such that for all ¢ € C*(E)

(3.1.10) cllvlla, < ¢, < C vl

Throughout we use symbols like ¢, C' to denote generic constants. Their meaning may vary from

line to line, as well as within the same equation.

Proof. We only treat a change of connection and ¢ = 1, the general case being similar. Hence
suppose V' = V+ A for some matrix valued 1-form A. Since X is compact we have the bound |A| <

C', where |A] is the pointwise operator norm. From the Cauchy-Schwarz inequality we conclude

(V, V'p) = (Vip, Vi) + 2Re(Vi), Av) + (Ath, Ar))

< IVel? + C IVl 9l + Cllpl.
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Taking note of (3.1.5) we obtain

I, = l” + V%)
<1 + IVl + C ez, +C vl
< CllYli3,-

Take the square root to obtain the desired inequality; the reverse inequality is obtained by switch-
ing V and V’.

EXERCISE 3.1.12. Write out the proof of Proposition 3.1.9 for the general case.

Some elementary properties of the Sobolev spaces are summarized in

Proposition 3.1.13.
(1) There is a bounded inclusion Hy (E) — Hy(E) for ¢’ > (.
(2) The covariant derivative is a bounded map V: Hy(E) — Hy_1(E).

(3) A vector bundle map L: E — F extends to a bounded map Hy(E) — H¢(F') for all £.

(4) Any k'™ order differential operator P: C*°(E) — C>(F) extends to a bounded map Hy(E) —
Hy_(F) for all €.

Proof. Assertion (1) is the inequality (3.1.5), and (2) is trivial from the definitions. To prove (3)
we show that for any ¢ € C°°(E) we have

(3.1.14) ILYlla, < CllY]lH,-
Our proof is by induction on ¢, and at the same time we show that for £ > 1

(3.1.15) (L, V9| < Clela, -

Now (3.1.14) is easy for ¢ = 0. Similarly, [L, V] = —VL is a bundle map, so that (3.1.15) follows
easily for £ = 1. Assuming (3.1.14) and (3.1.15) for k < ¢, we write

(3.1.16) L,V =L, VIV !+ V[L, VIV 2+ V2[L, VIV 3 4+ ... £ VUL, V.

Since [L, V] is a bundle map, our induction hypothesis implies that [L,V]: Hi(E) — Hy(F) is
bounded for £ < £ — 1. Then (2) and (3.1.16) show that [L,V‘]: Hy;_1(E) — Hy(F) is bounded,
which is (3.1.15). Thus

IV Lyl < 1LVl + L, V|
(3.1.17) < C IVl + Il )

< Ol m,
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and now by the induction hypothesis,

1LY, < C (VLY + 1L 1,y
< C(I19lle, + 19l .)
< CH@MM%?

which completes the proof of (3). Assertion (4) follows from (2) and (3), since a general k' order

differential operator has the form
(3.1.18) LyoVF4+Lp_1oVF 4. 4L,
for some bundle maps L.

There are two basic lemmas about Sobolev spaces which we need in the next section.
Lemma 3.1.19 (Rellich). The inclusion Hi(E) — Hy(E) is compact.

Proof. For any sequence {p;} C Hi(FE) with ||¢illg, < 1, we must find a subsequence which
converges in Ho(FE). Cover X by a finite number of coordinate charts U, with trivializations of £
over U,, and let p, be a partition of unity subordinate to {U,}. Then it suffices to prove that a
subsequence of vector-valued functions {psp;} converges. Take the coordinate charts to live on the
n-torus T". We are thus reduced to proving that ¢: Hy(T™) < Hy(T™) is compact. Since Hy(T™) is
complete, it suffices to show that given ¢ > 0 we can find cover the image «(B) C Hy(T") of the
closed unit ball B C H1(T"™) by finitely many balls of radius e.

For any function f on T™ we write its Fourier expansion f(z) = ) f e ™ as a sum over

v

multiindices v = (v1,...,v,) € Z". Then || f||F, = > (1+ v[?)|f,|?, where |v|?> = 2+ -+ 2. Set

Zn ={f € Hi(T"): f, =0 for || < N}.

Then for N sufficiently large any f € BN Zy satisfies || f|| g, < €/v/2, since

A 1+ |1/|2 A I 7(H2H 1
2 < 2 < 1<
|VZ|> ful = |VZ>N Nz ST e ST

which tends to zero as N — oo. The orthogonal complement Zy consists of smooth functions
whose Fourier coefficients f,, vanish for lv| > N it is finite dimensional and orthogonal to Zy in
both the H; and Hy inner products. The intersection B N Z3 is compact in both the H; and
H, topologies, so can be covered by a finite set of balls of Hy-radius €/v/2 with centers fi, ..., far
in Z5. Then the balls of radius e with those centers cover «(B) C Hj.

EXERCISE 3.1.20. Prove that the inclusion Hy (E) — Hy(E) is compact for ¢/ > /.

The Sobolev embedding theorem bounds pointwise norms by integral norms.
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Lemma 3.1.21 (Sobolev). If{ — 2 > k then Hy(E) — C*(E).

Proof. We give a proof due to Louis Nirenberg [N]. Consider first the case £ = 0. We must estimate
the sup norm of a smooth section ¢ in terms of the H,;(E) norm. Since this is a local estimate, we
may as well work with functions on R™ with support contained in the ball of radius R about the

origin. Then repeated integration by parts in a fixed radial direction gives

R R ¢
0y 0109
3.1.22 Ne— | Yor=...—C oY
(3..22) v = [ G [gs
The volume form in polar coordinates is vol = r"~!drdf. Integrate (3.1.22) over the unit sphere
to obtain
aé
[$(0)| =C / ire_” vol
ort
Br(0)
(3.1.23) o\ s
<C / —Qf vol / 2= yol .
Br(0) | OF Br(0)

The first factor is bounded by the H; norm of v, and the second factor is finite for ¢ > n/2. This
is the desired statement for £ = 0. For k£ > 0 apply (3.1.23) to the derivatives of 1).

§3.2 Elliptic Theory for Dirac Operators

Let X be a compact n dimensional spin manifold, with spin bundle S, and V' — X a Hermitian
bundle with connection. Then we have a coupled Dirac operator D acting on sections of S ® V
(cf. (2.3.1)). It is formally self-adjoint (Exercise 2.3.3). For convenience we denote the Sobolev
space Hy(S ® V) by H;. Then(3.1.13(4)) implies that

D: Hy —s Hy_4
D?: Hy — Hy_»

are bounded operators. We determine their structure.

Our treatment requires only a simple estimate and elementary Hilbert space theory. To simplify
matters we introduce the antidual space H_; to Hy. For a smooth function f define the H_; norm
of f to be the least constant C' such that

(3:2.1) (fib) <ClYlla,  for ¢ € Hy.
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Let H_; be the completion of C*° with respect to the norm (3.2.1). By definition there is a
pairing H_; ® H; — C, and both H; and H_; are complete. This pairing is also nondegenerate
(Exercise 3.2.2). It follows that H_; is the antidual space to H;. Notice that elements of H_; are

distributions which are not generally functions.

EXERCISE 3.2.2. Prove that (3.2.1) extends to a nondegenerate pairing H_y ® H,; — C. (Hint:
C* functions are dense in both H; and H_;.)

EXERCISE 3.2.3. Show that L? < H_; is bounded. Prove that D?: H; — H_; is bounded.
Our basic estimate is known as Garding’s inequality.

Proposition 3.2.4. There exists k > 0 such that for any ¢ € Hy,

(3.2.5) (D>, ) + k() ) > 19I5, -

Proof. Tt suffices to verify (3.2.5) for smooth . Recall the generalized Weitzenbock formula (2.3.5),

which implies

Y+ V*Vy = D% — (f + M) — 1> .

Then since the curvatures are bounded on X,

(W, 0) + (Vi Vib) < (D, ) + k{1, ),

which is (3.2.5).

Corollary 3.2.6. The inner product ({1, p)) = (D%, p) + k{1, ) is equivalent to the Hy inner
product.

Theorem 3.2.7. D? +k: H; — H_; is an isomorphism.

Proof. Using (3.2.5) and the definition of the H_; norm we easily deduce

(3.2.8) (D + k)¢l = 19,

This implies that D? + & is injective and has closed range. We must prove that it is also onto.
For any f € H_; consider the antilinear functional ¢ — (f, ) on Hy. This is bounded, by the
definition of H_;. Corollary 3.2.6 implies that any bounded functional on H; is represented by the
inner product ((-,-)), whence we can find ¢ € H; such that

(f,0) = ((D* + k), )
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for all ¢ € Hy. This implies (D? + k) = f. So D? + k is onto. Now (3.2.8) shows that the inverse

is bounded.
Let T denote the composition

2 —1
(3.2.9) T:Hy— H | 2 g, < H,.

By Theorem 3.2.7 and Lemma 3.1.19 we see that T" is compact. Since for ¢, p € H; we have

(3.2.10) (D* + 5), ) = (¥, (D* + K)¢),

it follows easily that T is self-adjoint. It is clear that T is a positive operator. We now apply a
result from Hilbert space theory, the spectral theorem for positive self-adjoint compact operators.
It asserts the existence of a complete orthonormal basis {1} of Hy and positive numbers py >
fo > ... such that

('L) T = pn¥n;
(3.2.11) (7i) For any ¢ > 0 there is a finite number of u,, > ¢;

(i73) lim p, = 0.

This is quite an elementary theorem in Hilbert space theory, as we remind the reader in the following

exercise.

EXERCISE 3.2.12. Prove the previous assertion as follows. Consider the quadratic form ¢ —
(T, ) on the unit ball in Hy. Since T is compact it achieves its maximum, say at 1);. Show that

T preserves the orthogonal complement to C - 1, and iterate the argument.

EXERCISE 3.2.13. Make these conclusions explicit for the circle. What is D?? What are the 1),,?
The p,? Have you previously seen a proof of this theorem (on the circle)? If so, compare to our

approach.

Our goal is to prove that the “eigenspinor fields” v, are in Hy for all £, and hence by the Sobolev
Lemma 3.1.21 all ¢,, are smooth. This result is called elliptic regularity, as it asserts that solutions
to an elliptic equation with smooth coefficients ((D? — \,,)1) = 0) are smooth. As a first step, notice
that the definition of 7" and equation (3.2.11(i)) imply v, € Hy. Then setting A\, = 1/u,, — k we

conclude

(4) ,DQI/)n = An¥n;
(3.2.14) (73) For any a > 0 there is a finite number of \,, < a;
(i37) lim A, = oo.

n—oo
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Also, since A\, = A\ (U, ) = (D, ) = (D, Dipy,) we have
(iv) A\, > 0.

The main step in the regularity argument is the following basic elliptic estimate.

Proposition 3.2.15. For any ¥ € Hyyq, £ >0,
(3'2'16) ”w”Hz+1 < C(”DwHH/ + Hd}HHi) .

Proof. The case ¢ = 0 follows immediately from Garding’s inequality (3.2.5). Assume that (3.2.16) holds
for smaller values of £. As usual, it suffices to consider smooth . We claim that [D, V] is a tensor
(zero'™ order differential operator). To see this we compute on the frame bundle of S ® V (cf. the
discussion following (2.3.2)). Thus we write V = t(e*)d; and D = c(e*)dy., where t(e*) denotes

tensor product by e* and c(e*) denotes Clifford multiplication. Then since ¢(e¥) and #(e*) commute,

[D,V] = c(ek)t(ez)ﬁkag — t(e))e(e*) 0y,

= t(e")e(e")[0n, 0r).

k<t

Since —[0k,0¢] = Y(Rke) ® 1 + 1 ® Qé‘;) acting on sections of S ® V' is the curvature tensor, the
claim is proved. Hence the induction hypothesis yields (for ) € Hyy1)

\|V¢||He < C(IDVYlla,-, +IIVla,-,)

(
(3.2.17) (HVD/IZJHHZ—I +I[D, V]| a,_, + ||V1/JHHZ71)
C(
C(

DYl e, + ¥l + (1912,
HDW’H@ + ”w”Hz) .

The desired inequality (3.2.16) follows by adding ||¢||z, to both sides of (3.2.17).

Corollary 3.2.18. For any ¢ € Hyio, £ >0,

(3.2.19) Wl < C(ID*Y )8, + 1¥lla,) -

Proof. Applying (3.2.16) four times, and using ||Dy||g,_, < ||| #z,, we have

[l < C (1IN kg + [1¥0 50
< C(ID*Ylla, + DY, + ¥l m.)
< C(ID*Ylla, + I1D* |,y + 1DVl r,—y + 1]l )
< C(ID*¢lla, + ¥ 51.) -
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EXERCISE 3.2.20. Prove that for any & > 0,¢ € Hyyg,
(3.2.21) 1l r1e i < C (1D Pl o, + 1]l 22, -

We would like to apply Corollary 3.2.18 directly to conclude that if v, D%+ € Hy, then ¢ € Hyyo.
While this assertion is true (Corollary 3.2.28), to apply (3.2.19) directly we need to approximate 1)
by smooth functions f,, so that f,, — 1 and D?f,, — D*) in the H, norm. One approach [R,§5] is
via Friedrich’s mollifiers. We opt for a different strategy, employing difference quotients as in [N].

We work now in coordinates, which we take to lie on the torus T™. Then for any (vector-valued)

function f € L?(T") and any nonzero h € T", define the difference quotient

[+ h) ~ f@)

(3.2.22) f(z) = 7

We need some elementary properties of difference quotients.
Lemma 3.2.23. For any £ > 0,
(1) If f() € He, then f(- 4+ h) € He and |[f(- + W)z, = £ Ol =, -

(2) If f € Hyyq, then fh € Hy and Hfh||He SO\ fllHepn -
(3) If f € Hy and ||f* ||, < C for all sufficiently small |h|, then f € Hy, 1.

Proof. (1) and (2) are immediate. For (3) we use the Fourier transform f(z) = 3 f,e®'*, as in

the proof of Lemma 3.1.19. Then

(3.2.24) 1£1F, =D A+ P+ + -+ P
Now )
P 6ih-l/ -1 R
o1 = || |l
A
so setting h; = (0,...,1,...,0) the standard basis vector, we obtain

L=l

lim > [ fehe,
K3
Hence for any NV,

2 4 20041\ F 2 _ 7 2, 20\| Teh; |2
Do Pl e WPEDLPE =Tm Y Y (L e P

|[v|<N i |v|<N
< 3 Ehi
< ggg%z If
i
<C,

2
Hy»

from which f € Hyq1.

The main step in the proof of the regularity theorem is the following result.
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Proposition 3.2.25. For any { > 1, if ) € Hy and D*y € Hy_q, then ) € Hy 1.

Proof. As in the proof of Lemma 3.1.19, let p, be a finite partition of unity over whose supports
E is trivial. Then ¢ = 3. patb with pot € Hy and D?(patp) € Hy_1. It suffices to prove that

P € Hyp1. Thus we reduce to the case where v is a vector-valued function on the torus with
an arbitrary Riemannian metric defining the Dirac operator. In this coordinate system we have
(cf. (3.1.18))

D?=150V%2+L,0V+ L

for some matrix functions L;. Now the formation of difference quotients commutes with ¥V but not

with multiplication by L;(z). In fact,

(3.2.26) DYt = (D*9)" — ((D*)"4)(x + h),
where (D?)" is the second order differential operator

(3.2.27) (D) =LLoV?+ LY oV + L.
Hence by (3.2.19), (3.2.26), Lemma 3.2.23(2), and Proposition 3.1.13(4),

1", < CUD*M b,y + 19" 11,2
< CUI@*) 11— + 1(P*) 1, + [Vl 2,)
< C(ID*ll -, + 1¥m,)
<C.

Now Lemma 3.2.23(3) implies that ¢» € Hyy;.

Corollary 3.2.28. For any { > 1, if ¢ € Hy and D*y € Hy, then 1 € Hy 5.

Proof. Apply Proposition 3.2.25 twice.

The regularity is now an easy induction argument.

Corollary 3.2.29. The eigenspinor fields 1, € Hy for all £, and D*, = M\ytb,. It follows that

P, are smooth.

Proof. We already know v,, € H; and D%y, € H;. So Corollary 3.2.28 implies v, € Hz. Now
since D¢, = A\, € Hs, another application of Corollary 3.2.28 yields 1,, € Hs. Continue by

induction. The smoothness follows from the Sobolev Lemma 3.1.21.

A useful consequence of this discussion is
54



Daniel S. Freed PRELIMINARY VERSION (~ 1987) Geometry of Dirac Operators

Proposition 3.2.30. For any ¢ € Hy, if (D?)* € Hy for all k, then v is smooth.

In particular, the hypothesis is satisfied if D is smooth. We leave the proof to the reader. Further

consequences appear in the exercises below.

EXERCISE 3.2.31. Show that D?: H, — Hy_5 is a Fredholm map. This means that its range is

closed, and its kernel and cokernel are finite dimensional.
EXERCISE 3.2.32. Prove that D?: L? — L? is an unbounded self-adjoint operator.
EXERCISE 3.2.33. What can you deduce about the spectrum of D? Prove that D is Fredholm.

EXERCISE 3.2.34. Show that all of our results are valid if we replace D? by the Laplace operator
acting on functions. (Hint: You can see this as a special case by a judicious choice of V. However,

it is useful to work through it directly.)
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84 THE HEAT EQUATION

Our main tool for studying analytic invariants of Dirac operators is the heat equation. Classically,
the heat operator is e 7** for A the Laplace operator on functions. If f(z) is an initial temperature
distribution, then (e 7t f)(x) is the temperature distribution after time ¢. We study “spinor-valued

tD?

heat,” which flows according to the operator e™** . As t — oo the heat spreads all over and so

reflects global properties of the underlying manifold. In particular, e—tD?

approaches projection
onto the kernel of D. On the other hand, if the support of the initial data f lies in a compact
set K, then for small ¢ the solution e—tD? f is exponentially small away from K. Thus the heat
operator connects global (¢ — 00) and local (t — 0). In this chapter we derive the basic properties
of heat flow on compact manifolds. In this (preliminary) version of these notes our treatment of
the asymptotic expansion of the heat kernel is incomplete. We offer a few excuses. First, the
standard argument (essentially due to Minakshisundaram and Pleijel) is nicely presented in [R].
Secondly, we were unable to obtain a satisfactory account at one point (Assertion 4.4.8). Our
current understanding involves slightly more advanced concepts than we would like, and we still

hope to circumvent some of these in the future.

§4.1 Solution on E™

Consider first the real line R with standard coordinate x. The heat equation is a partial dif-
ferential equation for a real-valued function u(t,z) = us(x) of two variables, defined for ¢ > 0
and z € R:

o 0u_

(4.1.1) 5 a2

The solution depends on a choice of initial data. Let @:(£) be the Fourier transform of u,:

~ 1 > —1ix
(4.1.2) (&) = m/_oodxu(x)e ¢

Then (4.1.1) is equivalent to

ou

4.1, — + &0 =
(4.1.3) 5 TEu=0,
and the general solution is

(4.1.4) (€)= C(&)e™*,
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where C(£) is an arbitrary function. Note

(4.1.5) C(&) = to(8)-

Let us assume that 49(§) = 1. Then by the Fourier inversion formula,

1 ee - 2 1 2
4.1.6 = — dE et — —a? /4t
( ) U/t(l‘) /7271_ /VOO fe € \/me

This formula is the foundation for all our work. As ¢ — 0 the solution wu;(z) approaches a d-function

at the origin. More precisely, for any smooth function h,

(4.1.7) lim [ w(x)h(z) = h(0).

t—0 R

Of course, this follows immediately from () = 1.

EXERCISE 4.1.8. Verify directly that wus(z) in (4.1.6) solves (4.1.1). What is the solution for
arbitrary initial data f(x)? In other words, find the solution @, (z) of (4.1.1) with @g(z) = f(x).

The extension to Euclidean space E" is straightforward. Let {*} be standard coordinates. Now

the Laplacian

(4.1.9) A= —Z@iw

replaces —9?/0x? in (4.1.1). Then

1 2
o —|z|*/4t
(4.1.10) ug(x) = ke e

solves the scalar heat equation

ou
(4.1.11) gt Tou=0

Ug = 5,
where 9§ is the §-function at the origin.

EXERCISE 4.1.12. Check that (4.1.10) solves (4.1.11). Write down the solution for initial condi-

tion d,, the -function at y.

EXERCISE 4.1.13. Let R™ be endowed with an arbitrary inner product and denote the associated
norm by | -|. Prove that (4.1.10) is a solution to the heat equation (4.1.11), where now the

Laplacian A = —g% %{;zj is defined with respect to the given metric g;;.

EXERCISE 4.1.14. Consider now the Dirac operator (2.2.2) on Euclidean space. Write down the
solution to the heat equation Ou/dt + D*u = 0 with ug a d-function at the origin with value o € S.

(Now wu is spinor-valued.)
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§4.2 Heat Flow on Compact Manifolds

Let X be a compact Riemannian spin n-manifold, V' — X a Hermitian vector bundle with
unitary connection. We denote £ = S ® V', where S is the spin bundle over X. The heat equation

on X is a partial differential equation for a time-dependent section ; of E:

_W e
(4.2.1) Hy = - +D* =0,

As before, we need to specify initial data. Then the solution exists and is unique.

Proposition 4.2.2. Fiz f € Hy(FE) = Hy for ¢ > 0. Then there is a unique solution 1y, t > 0,
of (4.2.1) with 7lir% vy = f in Hy. Furthermore, 1y is smooth for t > 0, and tlim Vs = Prerp(f),

where Pyerp 18 orthogonal projection onto ker D C Hy. Finally,

(4.2.3) lrll < 171

We will extend Proposition 4.2.2 to distributional initial data (e.g. 0-functions) in the next section.

Proof. Consider first £ = 0. Recall the spectral decomposition D%, = \,%,, from (3.2.14). Define

2
e 'P". Hy — H,

424
(.24 e

tD?

Since {1} is a complete orthonormal basis of Hy, it is clear that e~ is a bounded operator of

norm < 1. Now set

(4.2.5) Py =e P F.
Then
(4.2.6) O _ _pre-tr f=—-D%,

ot

so that 1) does indeed solve (4.2.1). Furthermore, if f = > fn1,, with >_ |f.]