Lifshitz tail for Schrödinger operator with random magnetic field

Shu Nakamura Graduate School of Mathematical Sciences, University of Tokyo 3-8-1, Komaba, Meguro-ku, Tokyo, Japan 153-8914 E-mail: shu@ms.u-tokyo.ac.jp

Abstract

We study the behavior of the density states at the lower edge of the spectrum for Schrödinger operators with random magnetic fields. We use a new estimate on magnetic Schrödinger operators, which is similar to the Avron-Herbst-Simon estimate but the bound is always nonnegative.

1 Introduction

In this paper, we consider the magnetic Schrödinger operator without scalar potential on R^d (d ≥ 2):

H = (p − A(x))^2 on L^2(R^d ),

where p = −i∂_x the momentum operator,

A(x) = (A_1(x), . . . , A_d(x)) x ∈ R^d

is a vector potential. For the moment we suppose A is a C^1-class function. We identify A(x) with the 1-form A = ∑_d j=1 A_j (x)dx_j . The magnetic field is the 2-form defined by B(x) = dA = ∑ i<j B_{ij} (x)dx_i ∧ dx_j ,

where B_{ij} (x) = ∂_{xi} A_j (x)−∂_{xj} A_i(x), and we identify B with the skewsymmetric matrix valued function (B_{ij} (x)) on R^d . It is well-known that for any closed 2-form B, there is a 1-form A such that B = dA, and the corresponding Schrödinger operator H is uniquely determined by B modulo the gauge transformation group.

We suppose that B = B^ω is a metrically transitive random closed 2-form in the following sense: There exist a probability space (Ω, Σ, P)

and R^d acts on Ω as a measure preserving transformation group. We

denote the action by {T_x | x ∈ R^d }. The action is supposed to be ergodic, i.e., if E ⊂ Ω is invariant under {T_x} then P(E) = 0 or 1. B = B^ω is assumed to satisfy B^ω(x − y) = B^{(Txω)}(x), x, y ∈ R^d , and it is a continuous closed 2-form almost surely.

We denote Λ_L = {x ∈ R^d | |x_j | ≤ L/2 for j = 1, . . . , d}, L > 0, and let H^ω_Λ be the Schrödinger operator (with the same symbol as above) on Λ ⊂ R^d with, e.g., the Neumann boundary condition (cf. Section 3). We also denote the Lebesgue measure of Λ by |Λ|. Then it is well-known that the density of states k(E) = lim_{L→∞} 1 |Λ_L| #{eigenvalue of H^ω_{ΛL} ≤ E}

exists for almost all E ∈ R and ω ∈ Ω, and it is independent of ω (almost surely). Our main assumption is the following.

Assumption A. (i) B^ω is a metrically transitive random closed 2- form on R^d in the above sense.

(ii) There is a constant M ∈ R_+ = [0, ∞) such that

|B^ω(x)| ≤ M for any x ∈ R^d and almost all ω ∈ Ω,

where |B(x)| = ( ∑ i<j |B_{ij} (x)|^2)^{1/2}.

(iii) There exists a real-valued continuous function φ on R_+ such that φ(λ) → 0 as λ → ∞, and it satisfies the following condition: Let Λ_1, Λ_2 ∈ Σ and let f ∈ L^1(Ω), g ∈ L^∞(Ω) such that f is Σ_{Λ1} -measurable and g is Σ_{Λ2} -measurable, where Σ_Λ denotes the σ-algebra generated by {B^ω(x) | x ∈ Λ}. Then |E(fg) − E(f)E (g)| ≤ φ(dist(Λ1, Λ2))‖f‖_L1 ‖g‖L1, where E(·) denotes the expectation with respect to P, and dist(·, ·) is the Euclidean distance on R^d .

(iv) Let C_0 be the unit cube in R^d . Then

E^( ∫ C0 |B^ω (x)|dx ) > 0. Theorem 1. Suppose Assumption A. Then

lim sup E↓0 log(− log k(E))/ log E ≤ −d/2. The Lifshitz tail (or the Lifshitz singularity) of the density of states for Schrödinger operator with random potential have been studied by many authors (see, e.g., the textbook of Carmona and Lacroix [2] or the lecture note of Kirsch [3]), but very few results have been obtained on the Lifshitz tail for Schrödinger operator with random magnetic field so far. The author is aware of only a work by Ueki [7] where the Lifshitz tail is studied for Schrödinger operators with a class of Gaussian random magnetic field, and a work by the author on 2D discrete Schrödinger operator with Anderson type random magnetic field [5].

The strategy of the proof is similar to [5]. We first prove that magnetic Schrödinger operator is bounded from below by a nonnegative function, which does not vanish where B does not (Section 2). This estimate is similar to the well-known AHS (Avron-Herbst-Simon) estimate: H ≥ ±B_{ij} (x), x ∈ R^d , i ≠ j. The right hand side of the AHS estimate is not necessarily positive. In order to obtain global lower bounds of the operator, we have to use a partition of unity, and thus introduce (not necessarily positive) error terms. Our estimate (Theorem 2) is in fact weaker than the AHS estimate in many situations, but the right hand side of the estimate is always nonnegative, and hence easier to apply in our context. In Section 3, we discuss Neumann decoupling and prove a simple a priori estimate on the density of states for magnetic Schrödinger operators. We then combine them with a result on the Lifshitz tail of Schrödinger operator with random potential to conclude the assertion (cf. Kirsch- Martinelli [4], Kirsch [3]).

Notation: We denote the definition domain of an operator A by

D(A). The quadratic form domain of A is denoted by Q(A). The inner

product of a Hilbert space H is denoted by ⟨φ|ψ⟩ (φ, ψ ∈ H), which is linear in the second entry. We denote the space of the Schwartz functions on R^d by S(R^d ).

2 Energy estimates for magnetic Schrödinger operators

We consider a deterministic Schrödinger operator H = (p − A(x))^2 with the magnetic field B = dA. We fix a constant r > 0. For x ∈ R^d and 1 ≤ i < j ≤ d, we denote

D_{ij} (x) = { y ∈ R^{d |} yk = xk for k ≠ i, j, (x_i − y_i)^2 + (x_j − y_j )^2 ≤ r^2 } , γ_{ij} (x) = ∂D_{ij} (x). We define b_{ij} (x) ∈ T = R/(2πZ) by b_{ij} (x) ≡ ∫ D_{ij} (x) B_{ij} (y)dy_idy_j (mod 2πZ). We identify T with [−π, π) and set

W (x) = 1 (d − 1)4π^3r^3 ∑ i<j ∫ γ_{ij} (x) |b_{ij} (y)|^2dy.

Theorem 2. H ≥ W in the operator sense, i.e., ⟨ψ|Hψ⟩ ≥ ∫ R^d W (x)|ψ(x)|^2dx, ψ ∈ D(H). Remark . Since |b_{ij} (x)| ≤ π, we have 0 ≤ W (x) ≤ 1 (d − 1)4π^3r^3 · d(d − 1) 2 2πr · π^2 = d 4r^2 , x ∈ R^d . Proof. We denote the velocity operator by v_j = p_j − A_j (x), j = 1, . . . , d. We parameterize γ_{ij} (x) as follows: For t ∈ [0, 2πr), we set

y_k(x; t) = x_k if k ≠ i, j, x_i + r cos(t/r) if k = i, x_j + r sin(t/r) if k = j.

For ψ ∈ S(R^d ), we compute E_x(ψ) = ∫ γ_{ij} (x) |ẏ · (vψ)|^2dy, (2.1) where ẏ(x; t) =^d_{dt} y(x; t). If we denote ψ̃(t) = ψ(y(x; t)), Ã(t) = ẏ(x; t) · A(y(x; t)), then the right hand side of (2.1) is ∫_{2πr} 0 | |(−i∂_t − Ã(t))ψ̃(t) | |^2dt = ⟨ψ̃|hψ̃⟩ where h is an operator on L^2([0, 2πr)) defined by

hφ(t) = (−i∂_t − Ã(t))^2φ(t), φ ∈ D(h) = H^2(R/(2πrZ)), i.e., φ ∈ D(h) satisfies the periodic boundary condition. Then using the gauge transform G(t) = exp(i ∫_t 0 Ã(s)ds), we can easily observe that h is unitarily equivalent to h̃ defined by h̃φ(t) = −∂^2_t φ(t), φ ∈ D(^~h) =^{φ ∈ H^2((0, 2πr))^| φ(2πr) = e^{ib}φ(0)^},

where b ≡ ∫_{2πr} 0 Ã(t)dt (mod 2πZ). Now we note ∫_{2πr} 0 Ã(t)dt = ∫ γ_{ij} (x) ẏ · A(y(x; t))dt = ∫ D_{ij} (x) B_{ij} (y)dy_idy_j ≡ b_{ij} (x) (mod 2πZ) by the Stokes formula. Thus b = b_{ij} (x). The spectrum of h̃ is easily computed, and we learn

σ(h̃) = {( b 2πr + n r )_2 | | n ∈ Z } . In particular,

inf σ(h) = inf σ(h̃) = ( b_{ij} (x) 2πr )_2 = 1 4π^2r^2 |b_{ij} (x)|^2. This implies E_x(ψ) = ⟨ψ̃|hψ̃⟩ ≥ inf σ(h)‖ψ̃‖^2 = 1 4π^2r^2 |b_{ij} (x)|^2‖ψ̃‖^2. Integrating this inequality over x ∈ R^d , we have ∫ R^d E_x(ψ)dx ≥ 1 4π^2r^2 ∫ R^d ∫_{2πr} 0 |b_{ij} (x)|^2|ψ(y(x; t))|^2dtdx = 1 4π^2r^2 ∫ R^d ∫_{2πr} 0 |b_{ij} (y(x^′; t^′))|^2|ψ(x^′)|^2dt^′dx^′ (2.2)

where x^′ = y(x, t) and t^′ ≡ t + πr (mod 2πZ).

Now we estimate the left hand side of (2.2). We use the same change of variables as above to learn ∫ R^d E_x(ψ)dx = ∫ R^d ∫_{2πr} 0 | |ẏ(x; t) · ψ(y(x; t)) | |^2dtdx = ∫ R^d ∫_{2πr} 0 { sin^2(t/r)|v_iψ(x)|^2 + cos^2(t/r)|v_j ψ(x)|^2 } dtdx = πr ∫ R^d { |v_iψ(x)|^2 + |v_j ψ(x)|^2 } dx. Combining this with (2.2), we obtain ∫ R^d { |v_iψ(x)|^2 + |v_j ψ(x)|^2 } dx ≥ 1 4π^3r^3 ∫ R^d ∫_{2πr} 0 |b_{ij} (y(x; t))|^2|ψ(x)|^2dtdx. Then we sum up this estimate over 1 ≤ i < j ≤ d to conclude

(d − 1) d∑ i=1 |v_iψ(x)|^2 ≥ 1 4π^3r^3 ∫ R^d ∑ i<j |b_{ij} (y(x; t))|^2|ψ(x)|^2dtdx. and this implies the assertion of Theorem 2.

Example 1. Let H be the Schrödinger operator on R^2 with constant magnetic field with B > 0. We choose r > 0 so that b = b_{12} = π, i.e., r = B^{−1/2}. Then we have W (x) = B/2, and hence H ≥ B/2. It is well-known, however, that inf σ(H) = B, and the estimate is not optimal.

The following estimate (or, strictly speaking, its generalization) will be useful in the proof of Theorem 1.

Corollary 3. Let W as above, and let H_0 = p^2 be the free Schrödinger operator. Then

inf σ(H) ≥ 1 2 inf σ(H_0 + W ).

Proof. By Kato’s inequality ([6] Theorem X.33), we have ⟨ψ|Hψ⟩ ≥ ⟨|ψ| |H_0|ψ|⟩, ψ ∈ S(R^d ). Combining this with Theorem 1, we learn ⟨ψ|Hψ⟩ ≥ 1 2 ⟨|ψ| |(H_0 + W )|ψ|⟩, and hence

inf σ(H) = inf_{ψ≠0} ⟨ψ|Hψ⟩ ‖ψ‖^2 ≥ 1 2 inf_{ψ≠0} ⟨|ψ| |(H_0 + W )|ψ|⟩ ‖ψ‖^2 ≥ 1 2 inf σ(H_0 + W ).

(Note that the last inequality is in fact equality, since the ground state of Schrödinger operator is nonnegative.)

3 Proof of Theorem 1

As in the last section, we fix A(x) and consider a deterministic magnetic Schrödinger operator H = (p − A)^2. Let Λ ⊂ R^d be an open set. Then the Neumann Hamiltonian H_Λ on L^2(Λ) is defined by

H_Λψ(x) = (p − A(x))^2ψ(x), ψ ∈ D(H_Λ),

Q(HΛ) = D((HΛ)^{1/2}) = { ψ ∈ H^1_{loc}(Λ) | | (p_j − A_j (x))ψ ∈ L^2(Λ), j = 1, . . . , d}. Note that Q(H_Λ) is not necessarily the same as H^1(Λ) if Λ is unbounded. If Λ̃ ⊂ Λ are open sets in R^d such that |Λ \ Λ̃| = 0, then we can regard L^2(Λ) = L^2(Λ̃), and H_Λ and H_{Λ̃} may be considered as operators on the same Hilbert space. Since Q(H_{Λ̃}) ⊃ Q(H_Λ) and the symbols are the same, we learn H_{Λ̃} ≤ H_Λ on L^2(Λ).

Hence, in particular, by the min-max principle ([6] Theorem XIII-1) we have 1 |Λ| #{eigenvalues of H_Λ ≤ E} ≤ 1 |Λ| #{eigenvalues of H_{Λ̃} ≤ E}

for E ∈ R if |Λ| is finite. We denote C(L; x) = { y ∈ R^{d |} xj < yj < xj + L, j = 1, . . . , d^}, for L > 0, x ∈ R^d . In particular, we write Λ_L = C(L, 0). We will need the following a priori bound on the number of eigenvalues.

Lemma 4. Suppose that |B(x)| ≤ M with M < ∞. Then there exists a constant C > 0 depending only on d and M such that 1 |Λ_L| #{eigenvalues of H_{ΛL} ≤ E} ≤ C(1 + E^{d/2})

for any E ≥ 0 and for any integer L > 0. Proof. Let Λ = Λ_L, and let

Λ̃ = ⋃{ C(1, n) | | n ∈ Z^d, 0 ≤ n_j < L, j = 1, . . . , d}. Then Λ̃ ⊂ Λ and |Λ \ Λ̃| = 0, and hence it suffices to estimate 1 |Λ_L| #{e.v.’s of H_{Λ̃} ≤ E} = Λ^{−d} ∑ 0≤n_j <L j=1,...,d #{e.v.’s of H_{C(1,n)} ≤ E}

(3.1) We note that the number of eigenvalues are independent of the choice of gauge. Hence we may choose A(x) on each C(1, n) so that |A_j (x)| ≤ M (j = 1, . . . , d). Then H_{C(1,n)} = p^2 − A · p − p · A + A^2 = 1 2 p^2 + 1 2 (p − 2A)^2 − A^2 ≥ 1 2 p^2 − dM^2.

Hence we learn

#{e.v.’s of H_{C(1,n)} ≤ E} ≤ #{e.v.’s of (^1_2 p^2 − dM^2) ≤ E} ≤ c_1(E + dM)^2 ≤ c_2(1 + E^{d/2}) (3.2) with some c_1, c_2 > 0. The lemma now follows from (3.1) and (3.2).

We also need a generalization of the results of the last section for the Neumann Hamiltonian. Let r > 0 and W (x) as in the last section. For Λ ⊂ R^d , we set

W_Λ(x) = { W (x) if dist(x, Λ^c) > r, 0 if dist(x, Λ^c) ≤ r.

Then, by exactly the same argument as in the last section, we can prove the following estimates:

Lemma 5. H_Λ ≥ W_Λ as operators on L^2(Λ). Hence, in particular,

inf σ(H_Λ) ≥ 1 2 inf σ(H_{0,Λ} + W_Λ),

where H_{0,Λ} denotes the free Schrödinger operator with the Neumann boundary condition on Λ.

Proof of Theorem 1. Here we suppose that B = B^ω satisfies Assumption A. Let L > 0 and we set

k_L(E) = 1 |Λ_L| E

(#{e.v.’s of H^ω_L ≤ E}), E ∈ R,

where H^ω_L is the Neumann Hamiltonian on Λ_L. Then we can show

k(E) ≤ k_L(E), for any E and L, (3.3)

using exactly same argument as in the case of Schrödinger operator with random potential (cf. [3] Chapter 7, Corollary 2). Now we apply the argument of Kirsch-Martinelli [4]. It follows from Assumption A- (iii) that W (x) satisfies Assumption B-ii) of [4]. By Assumption A-(iv), we have

E^( ∫ C0 |W (x)|dx ) > 0 and hence E(|{x ∈ C0 | W (x) = 0}|) < 1. Then we learn from the argument of Section 3 of [4] that there are c_1, c_2 > 0 such that if L ∼ c_1E^{−1/2} then

P^(inf σ(H0,Λ_L + WΛ_L ) ≤ E^) ≤ exp(−c2E^{−d/2}), E ∼ 0.

We note that the support of W −W_{ΛL} is contained in a neighborhood of ∂Λ_L with the width r, and the volume is O(L^{d−1}). Hence the difference of W and W_{ΛL} does not affect the large deviation argument. This and Lemma 5 imply

P^(inf σ(H^ω_L ) ≤ E^) ≤ exp(−c3E^{−d/2})

with c_3 > 0. Combining this with Lemma 4, we have

k_L(E) ≤ C(1 + E^{d/2}) · P ( inf σ(H_L) ≤ E ) ≤ exp(−c_4E^{−d/2})

with c_4 > 0 if E is sufficiently small. Theorem 1 follows from this and (3.3).

References

[1] Avron, J., Herbst, I., Simon, B.: Schrödinger operators with magnetic fields I: General interactions. Duke Math. J. 45, 847–883 (1978).

[2] Carmona, R., Lacroix, J.: Spectral Theory of Random Schrödinger Operators. Birkhäuser 1990.

[3] Kirsch, W.: Random Schrödinger operators. in Schrödinger Operators (H. Holden, A. Jensen eds.), Springer Lecture Notes in Physics 345 (1989).

[4] Kirsch, W., Martinelli, F.: Large deviations and Lifshitz singularity of the integrated density of states of random Hamiltonians. Commun. Math. Phys. 89, 27–40 (1983).

[5] Nakamura, S.: Lifshitz tail for 2D discrete Schrödinger operator with random magnetic field, Preprint 1999 Sep. (mp arc:99-420).

[6] Reed, M., Simon, B.: The Methods of Modern Mathematical Physics, Vol. I–IV. Academic Press 1972–79.

[7] Ueki, N.: Simple examples of Lifshitz tails in Gaussian random magnetic fields. To appear in Ann. Henri Poincaré (2000).