Inverse Scattering for the Nonlinear Schrödinger Equation.

Reconstruction of the Potential and the Nonlinearity^�

Ricardo Weder^y Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas, Universidad Nacional Autónoma de México, Apartado Postal 20-726. México D.F. 01000.

E-Mail: weder@servidor.unam.mx

Abstract

In this paper we consider the inverse scattering problem for the nonlinear Schrödinger equation on the line: i ∂ ∂t u(t, x) = − d^2 dx^2 u(t, x) + V_0(x)u(t, x) + ∞∑ j=1 V_j(x)|u|^{2(j0+j)}u(t, x). We prove, under appropriate conditions, that the small-amplitude limit of the scattering operator determines uniquely, V_j, j = 0, 1, · · ·. Our proof gives also a method for the reconstruction of the V_j, j = 0, 1, · · ·.

�ams classification 35P, 35Q, 35R and 81U. yFellow Sistema Nacional de Investigadores.

1 Introduction

We have recently studied the inverse scattering problem for the Schrödinger equation on the line [28]. We

gave a method for the unique reconstruction of the potential and of a nonlinearity of the type λ|u|^pu.

In this paper we extend the results of [28] to the case of a general class of inhomogeneous nonlinearities.

The main new technical tool that allows us to consider this class of nonlinearities is the continuity of the

Schrödinger wave operators on the Sobolev spaces W_{k,p} [1], that we proved in [29].

Let us consider the following nonlinear Schrödinger equation with a potential (NLSP): i ∂ ∂t u(t, x) = − d^2 dx^2 u(t, x) + V_0(x)u(t, x) + F (x, u), u(0, x) = ϕ(x), (1.1) where t, x ∈ R, the potential, V_0, is a real-valued function and F (x, u) is a complex-valued function.

The first problem that we consider is the construction of the scattering operator for the NLSP. For this

purpose we first introduce some notations and definitions. As usual, we say that F (x, u) is a C^k function of

u in the real sense if for each x ∈ R, ℜF and ℑF are C^k functions with respect to the real and imaginary

parts of u. Below we assume that F is C^2 in the real sense and that ( ∂ ∂x F ) (x, u) is C^1 in the real sense.

If F = F_1 + iF_2 with F_1, F_2 real-valued, and u = r + is, r, s ∈ R we denote,

F^{(2)}(x, u) := 2∑ j=1 [ | | | ∂^2 ∂r^2 F_j(x, u) | | | | + | | | | ∂^2 ∂r∂s F_j(x, u) | | | | + | | | | ∂^2 ∂s^2 F_j(x, u) | | | | ] , (1.2)

( ∂ ∂x F )(1) (x, u) := 2∑ j=1 [ | | | | ∂ ∂r ( ∂ ∂x F_j ) (x, u) | | | | | + | | | | | ∂ ∂s ( ∂ ∂x F_j ) (x, u) | | | | | ] . (1.3)

For any γ ∈ R let us denote by L^1_γ the Banach space of all complex-valued measurable functions, ϕ,

defined on R and such that

‖ϕ‖_L1_γ := ∫ |ϕ(x)| (1 + |x|)^γ dx < ∞. (1.4) If V_0 ∈ L^1 the differential expression τ := −^{d2}_{dx2} + V_0(x) is essentially self-adjoint on the domain

D(τ) := { ϕ ∈ L^2_C : ϕ and d dx ϕ are absolutely continuous and τϕ ∈ L^2 } , (1.5)

where L^2_C denotes the set of all functions on L^2 that have compact support. We denote by H the unique

self-adjoint realization of τ. It is known ( see [5], [31]) that H has a finite number of negative eigenvalues,

that it has no positive or zero eigenvalues, that it has no singular-continuous spectrum and that the absolutely-continuous spectrum is [0, ∞). By H_0 we denote the unique self-adjoint realization of −^{d2}_{dx2} with domain the Sobolev space W_{2,2}. The wave operators are given by: W_± := s − lim_{t→±∞} e^{itH} e^{−itH0} . (1.6) It is proven in [20] that the limits in (1.6) exit in the strong topology in L^2 and that RangeW_± = H_c, the subspace of continuity of H. The adjoints of the W_± are given by

W^∗_± = s − lim_{t→±∞} e^{itH0} e^{−itH} P_c, (1.7) where P_c denotes the orthogonal projector onto H_c. The scattering operator for the linear Schrödinger equation ( equation (1.1) with F = 0) is given by:

S_L := W^∗_+ W_−. (1.8)

For any pair u, v of solutions to the stationary Schrödinger equation: − d^2 dx^2 u + V_0u = k^2u, k ∈ C, (1.9)

let [u, v] denotes the Wronskian of u, v: [u, v] := ( d dx u ) v − u d dx v. (1.10)

Let f_j(x, k), j = 1, 2, ℑk ≥ 0, be the Jost solutions to (1.9) ( see [6], [7], [5], [4] and [28]). A potential V_0 is said to be generic if [f_1(x, 0), f_2(x, 0)] ≠ 0 and V_0 is said to be exceptional if [f_1(x, 0), f_2(x, 0)] = 0. If V_0 is exceptional there is a bounded solution to (1.9) with k^2 = 0 (a half-bound state or a zero-energy resonance). For these definitions and related issues see [14]. Note that the trivial potential, V_0 = 0, is exceptional. We denote: V^{(l)}_0 :=^{dl}_{dxl} V_0(x) . Clearly, V^{(0)}_0 = V_0. We designate,

M := { u ∈ C(R, W_{1,p+1}) : sup_{t∈} R^{(1 + |t|)d‖u‖W1,p+1 < ∞} } , with norm : ‖u‖_M := sup_{t∈} R^{(1 + |t|)d‖u‖W1,p+1,}_{(1.11)} where p ≥ 1, and d :=^1_2^{p−1}_{p+1} . For functions u(t, x) defined in R^2 we denote u(t), for u(t, ·). The small-amplitude scattering operator is given in the following theorem.

THEOREM 1.1. Suppose that V_0 ∈ L^1_γ, where in the generic case γ > 3/2 and in the exceptional case γ > 5/2, that H has no negative eigenvalues, and that

N(V_0) := sup_{x∈} R ∫ x+1 x |V_0(y)|^2 dy < ∞. (1.12)

Furthermore, assume that F is C^2 in the real sense, that F (x, 0) = 0, and that for each fixed x ∈ R all the first order derivatives, in the real sense, of F vanish at zero. Moreover, suppose that^∂_{∂x} F is C^{(1)} in the real sense and that ( ∂ ∂x F ) (x, 0) = 0 for all x ∈ R. We assume that the following estimates hold:

F^{(2)}(x, u) = O ( |u|^{p−2} ) , ( ∂ ∂x F )(1) (x, u) = O ( |u|^{p−1} ) , u → 0, uniformly for x ∈ R, (1.13)

for some ρ < p < ∞, and where ρ is the positive root of^1_2^{ρ−1}_{ρ+1} =^1_ρ . Then, there is a δ > 0 such that for all ϕ_− ∈ W_{2,2} ∩ W_{1,1+} 1_p with ‖ϕ_−‖_{W2,2} + ‖ϕ_−‖_{W1,1+ 1p} ≤ δ there is a unique solution, u, to (1.1) such that u ∈ C(R, W_{1,2}) ∩ M and, lim t→−∞ ‖u(t) − e −itH ϕ −‖_{W1,2} = 0. (1.14) Moreover, there is a unique ϕ_+ ∈ W_{1,2} such that

lim_{t→∞} ‖u(t) − e^{−itH} ϕ_+‖_{W1,2} = 0. (1.15)

Furthermore, e^{−itH} ϕ_± ∈ M and ‖ ‖ ‖u − e^{−itH} ϕ_± ‖ ‖ ‖ M ≤ C ‖ ‖ ‖e^{−itH} ϕ_± ‖ ‖ ‖ p M , (1.16)

‖ϕ_+ − ϕ_−‖_{W1,2} ≤ C [ ‖ϕ_−‖_{W2,2} + ‖ϕ_−‖_{W1,1+ 1p} ]p . (1.17) The scattering operator, S_V : ϕ_− → ϕ_+ is injective on W_{1,1+} 1_p ∩ W_{2,2}.

In Theorem 1.1 we do not need to restrict F in such a way that energy is conserved. Moreover, ρ ≈ 3.56. We prove Theorem 1.1 in Section 2 adapting to this case the proof, of a similar result, given in [30] in the case of the nonlinear Klein-Gordon equation. There many results on scattering for the nonlinear Schrödinger equation in the case where V_0 = 0. See [23], [24], [25], [13], [11], [16], [3], [8], [2] and the references quoted there. In [10] the direct scattering for (1.1) with F = F (u) was studied for n ≥ 3. The corresponding inverse problem was considered in [27].

To reconstruct the potential, V_0, we introduce below the scattering operator that relates asymptotic states that are solutions to the linear Schrödinger equation with potential zero:

S := W^∗_+ S_V W_−. (1.18)

We now reconstruct S_L from S.

THEOREM 1.2. Suppose that the assumptions of Theorem 1.1 are satisfied. Then for every ϕ_− ∈ W_{2,2} ∩ W_{1,1+} 1_p d dϵ S(ϵϕ) | | | | ϵ=0 = S_Lϕ, (1.19) where the derivative in the left-hand side of (1.19) exists in the strong convergence in W_{1,2}.

COROLLARY 1.3. Under the conditions of Theorem 1.1 the scattering operator, S, determines uniquely the potential V_0.

Proof: By Theorem 1.2 S determines uniquely S_L. From S_L we get the reflection coefficients for linear Schrödinger scattering on the line (see Section 9.7 of [15] and [28]). As H has no bound states we uniquely reconstruct V_0 from one of the reflection coefficients by using any method for inverse scattering on the line(see for example [6], [7], [5], [12], [4], [9]).

In the case where F (x, u) = ∑∞ j=1 V_j(x)|u|^{2(j0+j)}u we can also reconstruct the V_j, j = 1, 2, · · ·. We first introduce some notation. For λ > 0 and x́ ∈ R we denote by H_λ the following self-adjoint operator in L^2:

H_λ := H_0 + V_λ(x), where V_λ(x) = 1 λ^2

V_0( x λ + x́). (1.20)

Since H has no eigenvalues, we have that H_λ has no eigenvalues, i.e., H_λ > 0. Let Φ be any continuous and bounded function on R that has a bounded derivative and such that Φ(k) = 0, for |k| ≤ k_1, and Φ(k) = 1, for |k| ≥ k_2; for some 0 < k_1 < k_2. We define Φ(H_λ) by functional calculus. It follows from Corollary 1.2 of [29] that Φ(H_λ) is a bounded operator on W_{1,p}, 1 < p < ∞. Also, Φ(H_λ) is bounded on W_{2,2}( see equation (2.26) in Section 2).

LEMMA 1.4. Suppose that the conditions of Theorem 1.1 are satisfied, and moreover, that F (x, u) = ∑∞ j=1 V_j(x)|u|^{2(j0+j)}u, j_0 ≥ (p − 3)/2, for |u| ≤ η, for some η > 0, and where V_j ∈ W_{1,∞} with ‖V_j‖_{W1,}1 ≤ C^j, j = 1, 2, · · ·, for some constant C. Then, for any ϕ ∈ W_{2,2} ∩ W_{1,1+} 1_p there is an ϵ_0 > 0 such that for all 0 < ϵ < ϵ_0:

((S_V − I)(ϵϕ), ϕ)_L2 = ∞∑ j=1 ϵ^{2(j0+j)+1} [∫ ∫ dt dx V_j(x) | |e^{−itH} ϕ | |2(j^0+j+1) + Q j ] , (1.21) where Q_1 = 0 and Q_j, j > 1, depends only on ϕ and on V_k with k < j. Moreover, for any x́ ∈ R, and any λ > 0, we denote, ϕ_λ(x) := [Φ(H_λ)ϕ] (λ(x − x́)). Then, if Φ(H_0) ϕ ≠ 0:

V_j(x́) = lim_{λ→∞} λ^3 ∫ ∫ dt dx V_j(x) | | |e^{−itH} ϕ_λ | | | 2(j0+j+1) ∫ ∫ dt dx |e^{−itH0} Φ(H_0)ϕ|^{2(j0+j+1)} . (1.22) COROLLARY 1.5. Under the conditions of Lemma 1.4 the scattering operator, S, determines uniquely the potentials V_j, j = 0, 1, · · ·.

Proof: By Corollary 1.3, S determines uniquely V_0. Then the wave operators, W_±, are uniquely determined, and by (1.18), S determines uniquely S_V . Finally by (1.21) and (1.22) S_V determines uniquely V_j, j = 1, 2, · · ·. The method to reconstruct the potentials V_j, j = 0, 1, · · ·, is as follows. First we obtain S_L from S using (1.19). By any standard method for inverse scatering for the linear Schrödinger equation on the line we reconstruct V_0. We then reconstruct S_V from S using (1.18). Finally (1.21) and (1.22) give us, recursively, V_j, j = 1, 2, · · ·. Our formula (1.22) is an extension to our case of the reconstruction algorithm of [22]. In [22] Strauss proved that in the case V_0 = 0 and F (x, u) = V (x)|u|^{p−1}u, x ∈ R^n, p > 4 if n = 1, p > 3 if n = 2, p ≥ 3 if n ≥ 3, and V (x) a real-valued potential whose derivatives up to order l are bounded, with l > 3n/4, then, the scattering operator uniquely determines V .

2 The Proofs

Proof of Theorem 1.1 : The basic input for the proof of Theorem 1.1 is the L^p − L^ṕ estimate that we proved in [28], namely, ‖ ‖e^{−itH} ‖ ‖ B(L^p,L^ṕ) ≤ C t^{( 1p − 12 )}

, t > 0, (2.1) for 1 ≤ p ≤ 2 and where^1_p +^1_ṕ . For any pair of Banach spaces X, Y , we denote by B (X, Y ) the Banach space of all bounded operators from X into Y . By W_{k,p}, k = 0, 1, · · · , 1 ≤ p ≤ ∞, we denote the Sobolev space [1] of all functions on L^p such that all its derivatives of order up to k are functions in L^p. By ‖ · ‖_{k,p} we denote the norm in W_{k,p}. Clearly, W_{0,p} = L^p. In Theorem 1.1 of [29] we proved that W_± and W^∗_± are bounded operators on W_{1,p}, 1 < p < ∞. By Theorem 3 in page 135 of [21], ‖F^{−1}(1 + q^2)^{k/2}(F f)(q)‖_Lp , (2.2) is a norm that is equivalent to the norm of W_{k,p}, 1 < p < ∞. Then, by Corollary 1.2 of [29] ‖(I + H)^{k/2} f‖_Lp , (2.3) defines a norm that is equivalent to the norm of W_{k,p}, k = 0, 1, 1 < p < ∞. Below we use this equivalence without further comments. In particular, it follows from (2.3) that estimate (2.1) holds in the norm on B (W_{1,p}, W_{1,ṕ}). By Sobolev’s imbedding theorem [1] L^∞ is continuously imbedded in W_{1,2}. It follows that F is locally Lipschitz continuous on W_{1,2}. Then, by standard arguments, u ∈ C(R, W_{1,2}) ∩ M is a solution to (1.1) with lim_{t→−∞} ‖u(t) − e^{−itH} ϕ‖_{W1,2} = 0, for some ϕ ∈ W_{1,2}, if and only if u is a solution to the following integral equation: u = e^{−itH} ϕ + ∫ t −∞ e^{−i(t−τ)H} F (x, u(τ)) dτ. (2.4) As we prove below the integral in the right-hand side of (2.4) converges absolutely in W_{1,2} and in M. For u ∈ M we denote Qu(t) := ∫ t −∞ e^{−i(t−τ)H} F (x, u(τ)) dτ. (2.5) It follows from (2.1), from the generalized Young inequality ( see [18]) and since L^∞ is continuously imbedded in W_{1,p+1} that

‖Qu(t) − Qv(t)‖_{W1,p+1} ≤ C (1 + |t|)^{−d}(‖u‖_M + ‖v‖_M )^{p−1}‖u − v‖_M , (2.6) where we used that p d > 1. The constants C in (2.6) can be taken uniform in closed balls in M. By (2.6) with v(t) = 0 : ‖Qu(t)‖^2_{W1,2} ≤ Cℜ ∫ t −∞ dτ (√ I + HF (x, u(τ)), √ I + HQu(τ) ) L2 ≤ C ∫ t −∞ dτ ‖F (x, u)(τ)‖_{W1,1+1/p} ×

(1 + |τ|)^{−d} ‖u‖^p_M ≤ C ∫ t −∞ dτ ‖u‖^p_{W1,p+1} (1 + |τ|)^{−d}‖u‖^p_M ≤ C ∫ t −∞ dτ (1 + |τ|)^{−d(p+1)} ‖u‖^{2p}_M ≤ C(1 + max[0, −t])^{−(d+dp−1)} ‖u‖^{2p}_M . (2.7) By (2.6) with v(t) = 0, the integral in the right-hand side of (2.4) converges in M and by (2.7) the converge holds also in W_{1,2}. Let us first prove the uniqueness. For u, v any pair of solutions to (1.1) that satisfy (1.14) we have that, u(t) − v(t) = Qu(t) − Qv(t). (2.8) Let us denote u_T := χ_{(−∞,T )}(t) u(t), where χ_{(−∞,T )}(t) is the characteristic function of (−∞, T ), T ∈ R. v_T is similarly defined. It follows from (2.8) that

‖u_T (t) − v_T (t)‖_M < 1/2‖u_T (t) − v_T (t)‖_M , for some T negative enough. (2.9) It follows that u(t) = v(t) for t ≤ T . Hence, as F is locally Lipschitz in W_{1,2}, the standard uniqueness result implies that u = v. The uniqueness of ϕ_+ is obvious by the unitarity of e^{−itH} in W_{1,2}.

Equation (1.12) and Theorem 2.7.1 in page 35 of [20] imply that, D(H) = D(H_0) = W_{2,2}, and that the following norm is equivalent to the norm of W_{2,2}:

‖(H + I)ϕ‖_L2 . (2.10)

Then, by Sobolev’s imbedding theorem,

‖e^{−itH} ϕ_−‖_{W1,p+1} ≤ C‖e^{−itH} ϕ_−‖_{W2,2} ≤ C ‖ ‖ ‖(H + I)e^{−itH} ϕ_− ‖ ‖ ‖ L2 = C ‖(H + I)ϕ_−‖_L2 ≤ C ‖ϕ_−‖_{W2,2} . (2.11)

By (2.1) and (2.11): ‖ ‖e^{−itH} ϕ_− ‖ ‖ M ≤ C [ ‖ϕ_−‖_{W2,2} + ‖ϕ_−‖_{W1,1+ 1p} ] . (2.12) For R > 0 let us denote: M_R := {u ∈ M : ‖u‖_M ≤ R}. Let us take R so small that C(2R)^{p−1} ≤ 1/2, with C as in (2.6), and δ > 0 so small that Cδ ≤ R/4, with C as in (2.12). It follows from (2.6) and (2.12)that the map u → e^{−itH} ϕ_− + QF (x, u) is a contraction from M_R into M_R for all ϕ_− ∈ W_{2,2} ∩ W_{1,1+} 1_p with ‖ϕ_−‖_{W2,2} + ‖ϕ_−‖_{W1,1+ 1p} ≤ δ. The contraction mapping theorem (see Theorem V.18 in page 151 of

[17]) implies that this map has a unique fixed point. This fixed point is a solution to (2.4) in M_R, and furthermore,

‖u‖_M ≤ C ‖ ‖e^{−itH} ϕ_− ‖ ‖ M + 1 2 ‖u‖_M . (2.13) Then, ‖u‖_M ≤ C ‖ ‖e^{−itH} ϕ_− ‖ ‖ M . (2.14) Equation(1.16) for ϕ_− follows from (2.4), (2.6) with v = 0 and (2.14). By (2.4) and (2.7) u ∈ C(R, W_{1,2}) and (1.14) holds.

Let us define: ϕ_+ = ϕ_− + ∫ ∞ −∞ e^{iτH} F (x, u(τ)) dτ. (2.15) Estimating as in (2.7) we prove that ϕ_+ ∈ W_{1,2} and that

‖ϕ_+ − ϕ_−‖_{W1,2} ≤ C ‖u‖^p_M . (2.16)

Equation (1.17) follows from (2.12), (2.14) and (2.16). By (2.15) and (2.4): u(t) = e^{−itH} ϕ_+ − ∫ ∞ t e^{−i(t−τ)H} F (x, u(τ)) dτ, (2.17) and we prove (1.15) estimating as in (2.7). Furthermore, arguing again as in (2.7) we prove that ‖ ‖ ‖ ‖ ∫ ∞ t e^{−i(t−τ)H} F (x, u(τ)) dτ ‖ ‖ ‖ ‖ M ≤ C ‖u‖^p_M . (2.18) By (2.17) and (2.18), e^{−itH} ϕ_+ ∈ M. Using once more (2.17) and arguing as in the proof of (2.14) we prove that, ‖u‖_M ≤ C ‖ ‖e^{−itH} ϕ_+ ‖ ‖ M . (2.19) Equation (1.16) for ϕ_+ follows from (2.17), (2.18) and (2.19).

If ϕ_+ = Sϕ_− = 0, it follows from (2.17) that u(t) = − ∫ ∞ t e^{−i(t−τ)H} F (x, u(τ)) dτ. (2.20) Let us denote: u_T (t) := χ_{(T,∞)}(t)u(t) . It follows from (2.20) (estimating as in (2.9)) that ‖u_T (t)‖_M ≤ 1 2 ‖u_T (t)‖_M , for some T positive enough. (2.21)

By (2.21), u(t) = 0 for t ≥ T . Then, by standard uniqueness in C(R, W_{1,2}) ( recall that F is locally Lipschitz continuous on W_{1,2}), u(t) = 0. Finally, by (1.15) ϕ_− = 0, proving that S_V is injective. Proof of Theorem 1.2 : Since, S(0) = 0, and W_± are bounded on W_{2,2} ∩ W_{1,1+} 1_p [29], it is enough to to prove that s − lim_{ϵ↓0} 1 ϵ (S_V (ϵϕ) − ϵϕ) = 0. (2.22) By (2.12) and (2.14) with ϕ_− replaced by ϵϕ: ‖u‖_M ≤ Cϵ [ ‖ϕ_−‖_{W2,2} + ‖ϕ_−‖_{W1,1+ 1p} ] . (2.23)

We prove (2.22) estimating the integral in the right-hand side of (2.15) as in (2.7) and using (2.23). Proof of Lemma 1.4 By the contraction mapping theorem, [17] u(t) = e^{−itH} ϵϕ + ∞∑ n=1 Q^ne^{−itH} ϵϕ. (2.24) Equation (1.21) follows from (2.15) and (2.24). By Sobolev’s imbedding theorem [1], W_{2,2} ⊂ L^q, 2 ≤ q ≤ ∞. Then, estimating as in (2.11) we prove that, ‖ ‖e^{−itH} ϕ ‖ ‖ L^q ≤ Cq ‖ ‖e^{−itH} ϕ ‖ ‖ W2_,2 ≤ Cq ‖ϕ‖W2^,2 , 2 ≤ q ≤ ∞ , and it follows from (2.1) that: ∫ ∫ dt dx | | |e^{−itH} ϕ_λ | | | 2(j0+j+1) < ∞, j = 1, 2, · · · . (2.25) It follows from (1.12) and from Theorem 2.7.1 in page 35 of [20] that

C_1 ‖ϕ‖_{W2,2} ≤ ‖(H_λ + I)ϕ‖_L2 ≤ C_2 ‖ϕ‖_{W2,2} , (2.26)

for some constants C_1, C_2. Moreover, since N(V_λ) ≤^1_λ N(V ), λ ≥ 1, it follows from the proof of Theorem 2.7.1 in page 35 of [20] that we can take fixed C_1 and C_2 for all λ ≥ 1. By Corollary 1.2 of [29] Φ(H_λ) is bounded on W_{1,1+} 1_p and by (2.26) it is bounded on W_{2,2}. To prove (1.22) we denote: t̃ := λ^2t and x̃ := λ(x − x́). Then, we observe that, ( e^{−it̃Hλ} Φ(H_λ)ϕ ) (x̃) = ( e^{−itH} ϕ_λ ) (x). (2.27)

It follows from (2.27) that,

I_j := λ^3 ∫ ∫ dt dx V_j(x) | |e^{−itH} ϕ_λ | |2(j^0+j+1) = ∫ ∫ dt̃ dx̃ V_j( x̃ λ + x́) | |e^{−it̃Hλ} Φ(H_λ)ϕ | |2(j^0+j+1) (x̃). (2.28)

By Theorem VIII.20 in page 286 of [17] and (2.26)

s − lim_{λ→∞} e^{−it̃Hλ} Φ(H_λ)ϕ = e^{−it̃H0} Φ(H_0)ϕ, (2.29) where the limit exists in the strong topology on W_{2,2}. By Sobolev’s imbedding theorem, the limit in (2.29) also exists in the strong topology on L^q, 2 ≤ q ≤ ∞, and moreover, ‖ ‖ ‖e^{−it̃Hλ} Φ(H_λ)ϕ ‖ ‖ ‖ L^q ≤ Cq ‖ϕ‖W2^,2 , 2 ≤ q ≤ ∞, λ ≥ 1. (2.30) By Theorem 2.4 of [28] and since e^{−itH} Φ(H_λ) is bounded in L^2 with bound bounded by ‖Φ‖_L1 it follows by interpolation that ( see [21]): ‖ ‖ ‖e^{−it̃Hλ} Φ(H_λ)ϕ ‖ ‖ ‖ L^p+1 ≤ C 1 |t|^d ‖ϕ‖_{L1+} 1_p , (2.31)

with d :=^1_2^{p−1}_{p+1} . Since ‖V_λ‖_L1 ≤ C‖V_0‖_L1 , λ ≥ 1, with C independent of λ, we can take a fixed C in (2.31) for all λ ≥ 1. Equation (1.22) follows from (2.29), (2.30), (2.31) and the dominated convergence theorem, observing that 2(j_0 + j + 1) ≥ p + 1, that d(p + 1) > 1 and that V_j is continuous.

References

[1] R. A. Adams, “Sobolev Spaces”, Academic Press, New York, 1975.

[2] J. Bourgain, “ Global Solutions of Nonlinear Schrödinger Equations”, Colloquium Publications 46, A.M.S., Providence, 1999.

[3] T. Cazenave, “An Introduction to Nonlinear Schrödinger Equations, Text. Met. Mat. 26, Univ. Fed.

Rio de Janeiro, 1993.

[4] K. Chadam and P. C. Sabatier, “Inverse Problems in Quantum Scattering Theory. Second Edition”, Springer–Verlag, Berlin, 1989.

[5] P. Deift and E. Trubowitz, Inverse scattering on the line, Commun. Pure Appl. Math. XXXII (1979), 121-251.

[6] L. D. Faddeev, Properties of the S matrix of the one–dimensional Schrödinger equation, Trudy Math.

Inst. Steklov 73 (1964), 314-333 [ english translation American Mathematical Society Translation Series 2 65 (1964), 139-166 ].

[7] L. D. Faddeev, Inverse problems of quantum scattering theory, II, Itogi Nauki i Tekhniki Sovremennye Problemy Matematiki 3 (1974), 93-180 [ english translation J. Soviet Math. 5 (1976), 334-396 ].

[8] J. Ginibre, “Introduction aux Équations de Schrödinger non Linéaires”, Onze Édition, Paris, 1998.

[9] B. Grebert and R. Weder, Reconstruction of a potential on the line that is a priori known on the half–line, SIAM J. Appl. Math. 55 (1995), 242–254.

[10] J. L. Journé, A. Soffer and C. D. Sogge, Decay estimates for Schrödinger operators, Comm. Pure Appl. Math. XLIV (1991), 573–604.

[11] T. Kato, Nonlinear Schrödinger equations, in “Schrödinger Operators”, pp. 218–263, H. Holden and A. Jensen, eds., Lecture Notes in Physics 345, Springer–Verlag, Berlin, 1989.

[12] A. Melin, Operator methods for inverse scattering on the real line, Comm. Part. Differential Equations 10 (1985), 677-766 .

[13] K. Mochizuki, On small data scattering with convolution nonlinearity, J. Math. Soc. Japan 41 (1989), 143-160.

[14] R. G. Newton, Low energy scattering for medium range potentials, J. Math. Phys. 27 (1986), 2720- 2730.

[15] D. B. Pearson, “Quantum Scattering and Spectral Theory”, Academic Press, New York, 1988.

[16] R. Racke, “Lectures in Nonlinear Evolution Equations. Initial Value Problems”, Aspects of Mathematics E 19, F. Vieweg & Son, Braunschweig/Wiesbaden, 1992.

[17] M. Reed and B. Simon, “Methods of Modern Mathematical Physics I: Functional Analysis”, Academic Press, New York, 1972.

[18] M. Reed and B. Simon, “Methods of Modern Mathematical Physics II: Fourier Analysis, Self– Adjointness”, Academic Press, New York, 1975.

[19] M. Reed and B. Simon, “Methods of Modern Mathematical Physics III: Scattering Theory”, Academic Press, New York, 1978.

[20] M. Schechter, “Operator Methods in Quantum Mechanics”, North Holland, New York, 1981. [21] E.M. Stein, “Singular Integrals and Differentiability Properties of Functions”, Princeton Univ. Press, Princeton, New Jersey, 1970.

[22] W. A. Strauss, Non linear scattering theory, in “Scattering Theory in Mathematical Physics”, pp.

53-78., J.A. Lavita and J.-P. Marchand, editors, D. Reidel, Dordrecht-Holland / Boston, U.S.A.. [23] W. A. Strauss, Nonlinear scattering at low energy, J. Funct. Anal. 41,(1981) 110–133 . [24] W. A. Strauss, Nonlinear scattering at low energy: sequel, J. Funct. Anal. 43, (1981) 281–293 . [25] W. A. Strauss, “Nonlinear Wave Equations”, CBMS–RCSM 73, American Mathematical Society, Providence, 1989.

[26] M. Watanabe, Inverse scattering for the nonlinear Schrödinger equation with cubic nonlinearity, Preprint, 1999, 8 pages.

[27] R. Weder, Inverse scattering for the nonlinear Schrödinger equation, Commun. Part. Diff. Equations 22 (1997), 2089-2103.

[28] R. Weder, L^p − L^ṕ estimates for the Schrödinger equation on the line and inverse scattering for the nonlinear Schrödinger equation with a potential, Preprint, 1998, 28 pages, to appear in J. Funct. Analysis.

[29] R. Weder, The W_{k,p}-continuity of the Schrödinger wave operators on the line, Preprint, 1999, 16 pages, to appear in Comm. Math. Phys..

[30] R. Weder, Inverse scattering on the Line for the nonlinear Klein-Gordon equation with a potential.

Preprint, 1999, 23 pages.

[31] J. Weidmann, “Spectral Theory of Ordinary Differential Operators”, Lecture Notes in Mathematics 1258, Springer–Verlag, Berlin, 1987.