Inverse Scattering on the Line for the Nonlinear Klein-Gordon Equation with a Potential^�

Ricardo Weder^y Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas, Universidad Nacional Autónoma de México, Apartado Postal 20-726. México D.F. 01000.

E-Mail: weder@servidor.unam.mx Instituto de Física Rosario. CONICET. Argentina.

Abstract

In this paper we obtain a L^p − L^ṕ estimate for the Klein-Gordon equation with a potential on the line. This result follows from the previously known estimates in the case without potential and from the continuity on the Sobolev spaces of the Schrödinger wave operators that we proved in a previous paper. Using this estimate we construct the scattering operator for the nonlinear Klein- Gordon equation with a potential. Moreover, we prove that the small amplitude scattering operator uniquely determines both the potential and the nonlinearity. Our proof gives also a method for the reconstruction of the potential and of the nonlinearity.

�ams classification 35P, 35Q, 35R and 81U. yFellow Sistema Nacional de Investigadores.

1 Introduction

In this paper we obtain a L^p − L^ṕ estimate for the Klein-Gordon equation with a potential on the line. With the help of this estimate we construct the scattering operator for the nonlinear Klein-Gordon equation with a potential and we solve the inverse nonlinear scattering problem. Namely, we prove that the small amplitude scattering operator uniquely determines both the potential and the nonlinearity. Our proof gives also a method for the reconstruction of the potential and of the nonlinearity. The basic imput for the proof of these results is the continuity in the Sobolev spaces, W_{k,p}, of the Schrödinger wave operators that we proved in [45]. This fact allows us to obtain a L^p − L^ṕ estimate for the Klein-Gordon equation with a potential from the corresponding estimate that was proven by [19] in the case without potential.

For any γ ∈ R let us denote by L^1_γ the Banach space of all complex-valued measurable functions, ϕ, defined on R and such that ‖ϕ‖_L1_γ := ∫ |ϕ(x)| (1 + |x|)^γ dx < ∞. (1.1) If V ∈ L^1 the differential expression τ := −^{d2}_{dx2} + V (x) is essentially self-adjoint on the domain

D(τ) := { ϕ ∈ L^2_C : ϕ and d dx ϕ are absolutely continuous and τϕ ∈ L^2 } (1.2)

where L^2_C denotes the set of all functions on L^2 that have compact support. We denote by H the unique self-adjoint realization of τ. It is known ( see [8], [46]) that H has a finite number of negative eigenvalues, that it has no positive or zero eigenvalues, that it has no singular-continuous spectrum and that the absolutely-continuous spectrum is [0, ∞). By H_0 we denote the unique self-adjoint realization of −^{d2}_{dx2} with domain the Sobolev space W_{2,2}. For the definition of the spaces that we use see Section 2. The wave operators are given by: W_± := s − lim_{t→±∞} e^{itH} e^{−itH0} . (1.3) It is proven in [34] that the limits in (1.3) exit in the strong topology in L^2 and that RangeW_± = H_c, the subspace of continuity of H. The adjoints of the W_± are given by

W^∗_± = s − lim_{t→±∞} e^{itH0} e^{−itH} P_c, (1.4) where P_c denotes the orthogonal projector onto H_c. For any pair u, v of solutions to the stationary Schrödinger equation: − d^2 dx^2 u + V u = k^2u, k ∈ C, (1.5) let [u, v] denotes the Wronskian of u, v: [u, v] := ( d dx u ) v − u d dx v. (1.6)

Let f_j(x, k), j = 1, 2, ℑk ≥ 0, be the Jost solutions to (1.5) ( see [11], [12], [8], [7] and [44]). A potential V is said to be generic if [f_1(x, 0), f_2(x, 0)] ≠ 0 and V is said to be exceptional if [f_1(x, 0), f_2(x, 0)] = 0. If V is exceptional there is a bounded solution to (1.5) with k^2 = 0 (a half-bound state or a zero-energy resonance). For these definitions and related issues see [25]. Note that the trivial potential, V = 0, is exceptional. We denote: V^{(l)} :=^{dl}_{dxl} V (x) . Clearly, V^{(0)} = V . We proved in [45] the following theorem.

THEOREM 1.1. Suppose that V ∈ L^1_γ , where in the generic case γ > 3/2 and in the exceptional case γ > 5/2, and that for some k = 1, 2, · · ·, V^{(l)} ∈ L^1, for l = 0, 1, 2, · · · , k − 1. Then W_± and W^∗_± originally defined on W_{k,p} ∩ L^2, 1 ≤ p ≤ ∞, have extensions to bounded operators on W_{k,p}, 1 < p < ∞. Moreover, there are constants C_p, 1 < p < ∞, such that:

‖W_± f‖_{k,p} ≤ C_p‖f‖_{k,p}; ‖ ‖ ‖W^∗_± f ‖ ‖ ‖ k,p ≤ C_p‖f‖_{k,p}, f ∈ W_{k,p} ∩ L^2, 1 < p < ∞. (1.7) Furthermore, if V is exceptional and lim_{x→−∞} f_1(x, 0) = 1, W_± and W^∗_± have extensions to bounded operators on W_{k,1} and to bounded operators on W_{k,∞}, and there are constants C_1 and C_∞ such that (1.7) holds for p = 1 and p = ∞.

An important property of the wave operators is that they intertwine between the continuous part of H and H_0, i.e., H P_c = W_± H_0 W^∗_± and H_0 = W^∗_± HP_c W_±. It follows that for any Borel functionf:

f(H) P_c = W_± f(H_0) W^∗_±; f(H_0) = W^∗_±f(H) P_c W_±, (1.8)

where f(H) and f(H_0) are defined by functional calculus. For X, Y , Banach spaces, we denote by B (X, Y ) the space of all bounded operators from X into Y and by B (X) the space of all bounded operators on X.

Theorem 1.1 and equations (1.8) imply that f(H_0) and f(H)P_c have equivalent operator norms from W_{l,p} into W_{ĺ,ṕ}, 0 ≤ l, ĺ ≤ k, 1 < p, ṕ < ∞. More precisely,

COROLLARY 1.2. Suppose that the assumptions of Theorem 1.1 are satisfied. Then for any 0 ≤ l, ĺ ≤ k, 1 < p, ṕ < ∞, there is a constant C such that for all Borel functions f

1 C ‖f(H_0)‖_B(_{Wl,p,Wĺ,ṕ}) ≤ ‖f(H)P_c‖_B(_{Wl,p,Wĺ,ṕ}) ≤ C ‖f(H_0)‖_B(_{Wl,p,Wĺ,ṕ}) . (1.9) Moreover, if V is exceptional and lim_{x→−∞} f_1(x, 0) = 1, we can take 1 ≤ p, ṕ ≤ ∞.

We denote: u_t :=^∂_{∂t} u, u_{tt} :=^{∂2}_{∂t2} u, u_x :=^∂_{∂x} u, u_{xx} :=^{∂2}_{∂x2} u. We consider the solutions to the following linear Klein-Gordon equation:

u_{tt} − u_{xx} + u + V u = 0; u(x, 0) = 0; u_t(x, 0) = f(x), (1.10)

where u := u(x, t), x, t ∈ R. We denote by T_t the operator f → u(·, t) and by T́_t :=^d_{dt} T_t ( see (3.4) in Section 3). Let P_j, j = 0, 1, · · · , 6 be the following points in R^2:

P_0 = (1/2, 1/2); P_1 = (1, 0); P_2 = (0, 0); P_3 = (1, 1); P_4 = (1/2, 0); P_5 = (1, 1/2); P_6 = (5/6, 1/6). (1.11) Our L^p − L^ṕ estimate is the following theorem.

THEOREM 1.3. Suppose that V ∈ L^1_γ , where in the generic case γ > 3/2 and in the exceptional case γ > 5/2, and that for some k = 1, 2, · · ·, V^{(l)} ∈ L^1, for l = 0, 1, 2, · · · , k − 1. Then T_tP_c and T́_t (I + H)−1/2P_c are bounded operators on B(W_{k,p}, W_{k,q}) if (1/p, 1/q) belongs either to the open triangle with vertices P_1, P_2, P_3 or to the open segment (P_2, P_3). Furthermore, if V is exceptional and lim_{x→−∞} f_1(x, 0) = 1, then T_tP_c is a bounded operator on B(W_{k,p}, W_{k,q}) if (1/p, 1/q) belongs to the closed triangle with vertices P_1, P_2, P_3 and T́_tP_c(I + H)^{−1/2} is a bounded operator on B(W_{k,p}, W_{k,q}) if (1/p, 1/q) belongs to the closed triangle with vertices P_1, P_2, P_3 with the exception of P_1. Moreover, in the cases above the following estimates hold

‖T_tP_c‖_{B(Wk,p,Wk,q)} ≤ C|t|^a, ‖ ‖ ‖T́_t (I + H)^{−1/2} P_c ‖ ‖ ‖ B(W_{k,p},W_{k,q} ) ≤ C|t| a, |t| ≥ 1, (1.12) where a is the following piecewise linear function of (1/p, 1/q):

a := 2 ( 1 p − 1) in the triangle P_1, P_5, P_6; a := − 2 q in the triangle P_1, P_4, P_6, (1.13)

a := 1 q − 1 2 in the quadrilateral P_0, P_3, P_5, P_6; a := 1 2 − 1 p in the quadrilateral P_0, P_2, P_4, P_6. (1.14)

Furthermore, ‖T_tP_c‖_{B(Wk,p,Wk,q)} ≤ C|t|^b, where b := 1 − 1 p + 1 q , ‖ ‖T́_tP_c(I + H)^{−1/2} ‖ ‖ B(W_{k,p},W_{k,q}) ≤ C ; |t| ≤ 1. (1.15) Theorem 1.3 for T_t follows from Theorem 1.1, Corollary 1.2 and from the correponding results in

the case V = 0 [19]. In Lemma 2.1 in Section 2 we briefly give the proof of these results for T_t with

V = 0 because in [19] some of the proofs and results are only given for n ≥ 3. Moreover, our points

P_4 and P_5 are different from the ones in [19] . For this reason, our results are different from the ones

in [19]. The operator T́_t with V = 0 is not estimated in [19]. In Lemma 2.2 in Section 2 we obtain the

necessary estimates along the lines of the proof of [19] for T_t.

Let us consider the following nonlinear Klein-Gordon equation with a potential

u_{tt} − u_{xx} + V u + u + F (u) = 0, u(x, 0) = f_1, u_t(x, 0) = f_2, (1.16)

where u(x, t) is a complex-valued funcion of x, t ∈ R. F is a function from C into C. As usual, we say

that F is a C^2 function in real sense if ℜF (u) and ℑF (u) have continuous derivatives up to the second

order with respect to the real and the imaginary parts of u. Moreover, if u = r+is, r, s ∈ R, F = F_1+iF_2,

with F_1, F_2 real-valued functions, we denote

F^{(2)}(u) := 2∑ j=1 [ | | | | ∂^2 ∂r^2 F_j(u) | | | | | + | | | | | ∂^2 ∂r∂s F_j(u) | | | | | + | | | | | ∂^2 ∂s^2 F_j(u) | | | | | ] . (1.17)

We write (1.16) as a first order system in the usual way: ∂ ∂t U = AU+P (U), where U := [ u_1 u_2 ] ; A := [ 0 1 d2 dx2 − V − 1 0 ] ; P (U) := [ 0 −F (u_1) ] , U(x, 0) = [ f_1 f_2 ] . (1.18)

The equation (1.16) is equivalent to (1.18) if we take u = u_1, and u_t = u_2. Let us define the following

spaces:

H := W_{1,2} ⊕ L^2 ( the energy space), X := W_{1,p+1} ⊕ L^{p+1}, p ≥ 1, (1.19) and M := { U ∈ C(R, X) : sup_{t∈} R^{(1 + |t|)d‖U‖X < ∞} } , with norm: ‖U‖_M := sup_{t∈} R^{(1 + |t|)d‖U‖X , (1.20)} where if 1 ≤ p ≤ 5, d :=^1_2^{p−1}_{p+1} and if 5 ≤ p < ∞, d :=^2_{p+1} . Finally, we define

N := W_{2,1+} 1_p ⊕ W_{1,1+} 1_p . (1.21) Note that by Sobolev’s imbedding theorem [2], N ⊂ H with a continuous imbedding. For functions U(x, t) defined on R × R we write U(t) for U(·, t). In what follows we will always assume that H has no negative eigenvalues. Let us denote by V(t) the operator that gives the solution to the linear initial value problem (1.18) with P = 0, i.e., U(t) = V(t)U(0) ( see (3.4) in Section 3). The operators V(t), t ∈ R, form a strongly-continuous group on H that is uniformly bounded in t ( see Section 3). In the following theorem we construct the scattering operator.

THEOREM 1.4. Suppose that V ∈ L^1_γ , where in the generic case γ > 3/2 and in the exceptional case γ > 5/2, that V^{(1)} ∈ L^1 and that H has no negative eigenvalues. Moreover, assume that F is C^2 in the real sense, that F (0) = 0, that all the first order derivatives in the real sense of F vanish at zero and that

F^{(2)}(u) = O(|u|^{p−2}), u → 0, for some ρ < p < ∞, where ρ is the positive root of 1 2 ρ − 1 ρ + 1 = 1 ρ . (1.22)

Then, there is a δ > 0 such that for all ϕ_− ∈ N with ‖ϕ_−‖_N ≤ δ there is a unique solution, U, to (1.18) such that U ∈ C(R, H) ∩ M and lim t→−∞ ‖U(t) − V(t)ϕ−‖H = 0. (1.23) Moreover, there is a unique ϕ_+ ∈ H such that

lim_{t→∞} ‖U(t) − V(t)ϕ_+‖_H = 0. (1.24)

Furthermore, V(t)ϕ_± ∈ M and ‖U − V(t)ϕ_±‖_M ≤ C ‖V(t)ϕ_±‖^p_M , (1.25) and ‖ϕ_+ − ϕ_−‖_H ≤ C ‖ϕ_−‖^p_N . (1.26) The scattering operator, S_V : ϕ_− → ϕ_+ is injective on N.

Note that ρ ≈ 3.56. Moreover, observe that in Theorem 1.4 we do not need to restric F in such a way that energy is conserved.

Let us denote B_1 := √ H + 1 and B_0 := √ H_0 + 1. Under the conditions of Theorem 1.4 the wave operators W_{1,±} := s − lim_{t→±∞} e^{itB1} e^{−itB0} (1.27) exit and are unitary operators on L^2. The limits in the right-hand side of (1.27) are taken in the strong topology of L^2. Moreover, the invariance principle holds and W_{1,±} = W_±. (1.28) For these results see Theorem 10.4.1 in page 200 and Theorem 15.5.3 in page 295 of [34]. We denote by V_0(t) the solution operator for the initial value problem (1.18) with F = 0 and V = 0. It is given by (3.4) in Section 3 with H_0 instead of H. Let us denote by J the identification operator from H onto H_V (see (3.3)): JU := U. The wave operators for the linear Klein-Gordon equation with a potential are defined as Ω_± := s − lim_{t→±∞} V(−t)V_0(t), (1.29) provided that the limits in the right-hand side of (1.29) exist in the strong topology in H_V . It follows from Theorems XI.75 and XI.76 in [32] that Ω_± exist and that they are unitary from H onto H_V . Moreover, by (1.28), the proof of Theorem XI.75 and Theorem XI.76 of [32]:

Ω_± = T^{−1}

W_± 0 0 W_∓ ; T := 1 √ 2 [ B_1 i B_1 −i ] . (1.30)

The scattering operator for the linear Klein-Gordon equation with a potential is defined as: S_L := Ω^{−1}_+ Ω_−. (1.31) By (1.30), S_L = [ S_L 0 0 S^∗_L ] , (1.32) where S_L is the scattering operator for the linear Schrödinger equation on the line: S_L := W^∗_+W_−. (1.33) It is a consequence of Theorem 1.1, (1.32) and (1.33) that S_L is bounded on X and on H. To reconstruct the potential V we introduce below the scattering operator that relates asymptotic states that are solutions to the linear Klein-Gordon equation with potential zero: S := Ω^{−1}_+ S_V Ω_−. (1.34)

In the following Theorem we reconstruct S_L from S.

THEOREM 1.5. Suppose that the assumptions of Theorem 1.4 are satisfied. Then for every ϕ ∈ N, d dϵ S(ϵϕ) | | | | ϵ=0 = S_Lϕ, (1.35)

where the derivative in the left-hand side of (1.35) exists in the strong convergence in H.

COROLLARY 1.6. Under the conditions of Theorem 1.4 the scattering operator, S, determines uniquely the potential V .

Proof: By Theorem 1.5 S determines uniquely S_L. Then, from (1.32) we obtain S_L. From S_L we get the reflection coefficients for linear Schrödinger scattering on the line (see Section 9.7 of [26] and [44]). As H has no bound states we uniquely reconstruct V from one of the reflection coefficients by using any of the standard methods (see for example [11], [12], [8], [20], [7], [15]).

In the case where F (u) = F_1(|u|^2) u with F_1 analytic on a neighborhood of zero we can also reconstruct F . LEMMA 1.7. Suppose that the conditions of Theorem 1.4 are satisfied and that F (u) = F_1(|u|^2)u with F_1(u) analytic in a neighborhood of zero. Then, if F_1(u) = ∑∞ j=j0 λj u j, j_0 ≥ (p − 1)/2, |u| ≤ η, for some η > 0, we have that for any ϕ ∈ W_{1,1+1/p} there is an ϵ_0 > 0 such that for 0 < ϵ < ϵ_0:

((S_V − I)(ϵU_0), V_0)_{HV} = ∞∑ j=j0 ϵ^{2j+1} [ λ_j ∫ ∞ −∞ dt ‖(V(t)U_0)_1‖^{2j+2}_{L2j+2} + Q_j ] , with (1.36)

U_0 := [ 0 ϕ ] , V_0 := [ (H + I)^{−1}ϕ 0 ] , (1.37) where Q_{j0} = 0, and Q_j, j > j_0, depends only on ϕ ,and on λ_k with k < j.

As U_0 in (1.37) belongs to N and d(p + 1) > 1 it follows from Theorem 1.3 that: ∫ ∞ −∞ ‖(V(t)U_0)_1‖^{p+1}_{Lp+1} dt < ∞. (1.38)

Moreover, by Sobolev’s imbedding theorem [2]

‖(V(t)U_0)_1‖_L1 ≤ C ‖V(t)U_0‖_{HV} = C ‖U_0‖_{HV} = C ‖ϕ‖_L2 ≤ C ‖ϕ‖_{W1,1+ 1p} . (1.39) Then for j ≥ j_0:

‖(V(t)U_0)_1‖^{2j+2}_{2j+2} ≤ C ‖(V(t)U_0)_1‖^{p+1}_{Lp+1} , (1.40) and it follows that, ∫ ∞ −∞ ‖(V(t)U_0)_1‖^{2j+2}_{L2j+2} dt < ∞, forj ≥ j_0. (1.41)

COROLLARY 1.8. Under the conditions of Lemma 1.7 the scattering operator, S, determines uniquely the potential, V , and the nonlinearity, F .

Proof : By Corollary 1.6 S determines uniquely V . Then, the Ω_± are uniquely determined, and by (1.34) S_V is uniquely determined by S. Finally, by (1.36) each one of the λ_j is uniquely determined.

Remark that we have also obtained a method for the reconstruction of V and of F . First using (1.32) and (1.35) we reconstruct S_L from S. Then, using any standard method for inverse Schrödinger scattering on the line we reconstruct V from S_L. Using (1.30) and (1.34) we reconstruct S_V from S and Ω_±. Finally, we reconstruct recursively each λ_j from (1.36). Note that each coefficient Q_j can be explicitly computed.

A result as in Corollary 1.8 in three dimensions and with V = 0 was proven by Morawetz and Strauss in [24] and by Bachelot in [3] and [4]. They reconstruct the λ_j from a skew form. There is a large literature in direct scattering for the nonlinear Klein-Gordon equation in the case when V = 0. See [35], [36], [23], [39], [5], [27], [6], [28], [14], [21], [22], [40], [29], and the references quoted there.

2 The L^p � L^ṕ Estimates

We first introduce some standard notation. By W_{k,p}, k = 0, 1, · · · , 1 ≤ p ≤ ∞, we denote the Sobolev space [2] of all functions on L^p such that all its derivatives of order up to k are functions in L^p. By ‖·‖_{k,p} we denote the norm in W_{k,p}. Clearly, W_{0,p} = L^p. The space of functions of bounded mean oscillation is designated by BMO [33], [38]. By BMO_k, k = 0, 1, · · · , we denote the space of all functions f ∈ BMO such that^{dl}_{dxl} f(x) ∈ BMO, 0 ≤ l ≤ k, with norm: ‖f‖BMO_{,k} := k∑ l=0 ‖ ‖ ‖ ‖ d^l dx^l f(x) ‖ ‖ ‖ ‖BMO

. (2.1)

For k any complex number we denote by ℜk and ℑk , respectively, the real and the imaginary parts of k. Below we denote by C any constant whose particular value is not relevant and that is independent of t.

We denote by T_{0,t} the operator T_t in the case V = 0.

LEMMA 2.1. The operator T_{0,t} is a bounded operator on B(W_{k,p}, W_{k,q}), k = 0, 1, · · ·, if (1/p, 1/q) belongs to the closed triangle with vertices P_1, P_2, P_3. Moreover, the estimates below hold: ‖T_{0,t}‖_{B(Wk,p,Wk,q)} ≤ C|t|^a, |t| ≥ 1, (2.2) where a is the following piecewise linear function of (1/p, 1/q):

a := 2( 1 p − 1) in the triangle P_1, P_5, P_6; a := − 2 q in the triangle P_1, P_4, P_6, (2.3)

a := 1 q − 1 2 in the quadrilateral P_0, P_3, P_5, P_6; a := 1 2 − 1 p in the quadrilateral P_0, P_2, P_4, P_6. (2.4) Furthermore, ‖T_{0,t}‖_{B(Wk,p,Wk,q)} ≤ C |t|^b, |t| ≤ 1, where b := 1 − 1 p + 1 q . (2.5)

Proof: This result is essentially contained in [19]. However, since our choice of P_4 and of P_5 is different from the one in [19], our result is different from the one in of [19]. Moreover, as some of the proofs and results of [19] are only given for n ≥ 3, we give a brief proof below for the reader’s convenience. Note that since T_{0,t} commutes with derivatives it is enough to prove the Lemma in the case k = 0. By the Riez-Thorin and the Calderón-Lions interpolation theorems (see [31]) and by duality it is enough to prove the Lemma for the points P_0, P_1, P_3, P_5 and P_6. Note that ( see [10] page 156) the intermediate interpolation space, [BMO, L^p]_θ, between BMO and L^p, 1 ≤ p < ∞, is L^q with 1/q = θp^{−1}, 0 < θ < 1. Let us denote by F the Fourier transform

(F f)(k) := 1 √ 2π ∫ e^{−ikx} f(x) dx. (2.6)

For ℜα ≥ 0 we denote

Q^{(α)}_t := F^{−1}Q̂^{(α)}_t , where Q̂^{(α)}_t := sin(t(1 + k^2)^{1/2}) √ 2π (1 + k^2)^{α/2}

. (2.7)

By Fourier transform:

T_{0,t}f = Q^{(1)}_t ⋆ f. (2.8) where ⋆ denotes convolution. Since |Q̂^{(1)}_t | ≤^{1√}_{2π} min(1, |t|), equations (2.2) and (2.5)hold at P_0. If f ∈ L^1, we have that F f ∈ L^∞. It follows that Q̂^{(1)}_t F f ∈ L^2 and that (2.2) holds at P_5. Let us prove (2.2) at P_6. Clearly, ‖Q^{(0)}_t ⋆ ‖_{B(L}2_) ≤ C. (2.9) By Lemma 2 in page 422 of [19] :

‖Q^{(3/2)}_t ‖_L1 ≤ C √ |t| , |t| ≥ 1. (2.10)

Equation (2.10) implies that ‖ ‖ ‖Q^{(3/2)}_t ⋆ ‖ ‖ ‖ B(L1,L1) ≤ C √ |t| . (2.11)

Since ( see the comments at the end of page 150 and Corollary 2 of [10]) F^{−1}(1 + |k^2|)^{iβ}F is bounded in BMO for β ∈ R, with operator norm bounded by (1 + |β|), we have that, ‖ ‖Q^{(3/2+iβ)} t ⋆ ‖ ‖ B(L^1,BMO) ≤ C((1 + |β|) √ |t| , |t| ≥ 1. (2.12)

By (2.9), (2.12) and Calderón-Lions interpolation theorem [31], the estimate (2.2) follows at P_6.

It follows from formula (30) in page 26 of [9] that

Q^{(1)}_t (x) = 1 2π2 J_0 ( (t^2 − x^2)^{1/2} ) , 0 < |x| < |t|, 0 , |t| < |x|. (2.13)

Then, by formulae 9.1.12 in page 360 and 9.2.1 in page 364 of [1], ‖ ‖ ‖Q^{(1)}_t (·) ‖ ‖ ‖ L1^{≤ C. (2.14)}

Estimates (2.2) and (2.5) follow at P_1 from (2.8) and (2.14).Finally, we prove that (2.2) and (2.5) hold at P_3. It follows from (2.13) and formulae 9.1.12 and 9.2.1 of [1] that Q^{(1)}_t (·) is integrable and that its L^1 norm satisfies the required estimates.

We denote by T́_{0,t} the operator f :→ u_t(·, t), where u(x, t) is the solution of the initial valued problem (1.10) with V = 0. In the following Lemma we obtain our L^p − L^ṕ estimate for T́_{0,t} (I + H_0)^{−1/2}. Note that we prove that T́_{0,t} (I + H_0)^{−1/2} ∈ B (W_{k,p}, W_{k,q}) for the same values of (p, q) that were obtained in [19] for T_t in the case V = 0, with the exception of the point P_1 where we have that T́_{0,t} (I + H_0)−1/2 ∈ B(W_{k,1}, BMO_k), whereas for V = 0, T_t ∈ B(W_{k,1}, W_{k,∞}).

LEMMA 2.2. The operator T́_{0,t}(I + H_0)^{−1/2} is a bounded operator on B(W_{k,p}, W_{k,q}), k = 0, 1, · · ·, if (1/p, 1/q) belongs to the closed triangle with vertices P_1, P_2, P_3 with the exception of P_1, where it is a bounded operator on B(W_{k,1}, BMO_k). Moreover, the estimates below hold, where in the case of P_1 we replace the norm in B(W_{k,1}, W_{k,∞}) by the norm in B(W_{k,1}, BMO_k). ‖ ‖T́_{0,t}(I + H_0)^{−1/2} ‖ ‖ B(W_{k,p},W_{k,q}) ≤ C|t| a, |t| ≥ 1, (2.15) where a is the following piecewise linear function of (1/p, 1/q):

a := 2( 1 p − 1) in the triangle P_1, P_5, P_6; a := − 2 q in the triangle P_1, P_4, P_6, (2.16)

a := 1 q − 1 2 in the quadrilateral P_0, P_3, P_5, P_6; a := 1 2 − 1 p in the quadrilateral P_0, P_2, P_4, P_6. (2.17) Furthermore, ‖ ‖ ‖T́_{0,t}(I + H_0)^{−1/2} ‖ ‖ ‖ B(W_{k,p},W_{k,q}) ≤ C, |t| ≤ 1. (2.18) Proof: We follow the proof given in [19] in the case of T_t with V = 0. As in Lemma 2.1 it is enough to prove the results for k = 0 and for the points P_0, P_1, P_3, P_5, and P_6. For ℜα ≥ 0 we denote:

K^{(α)}_t := F^{−1} K̂^{(α)}_t ; where K̂^{(α)}_t := cos(t(1 + |k|^2)^{1/2}) √ 2π(1 + |k|^2)^{(α/2)}

. (2.19)

Then, by Fourier transform:

T́_t(I + H_0)^{−1/2}f = K^{(1)}_t ⋆ f. (2.20)

Since, | | |K̂^{(1)}_t | | | ≤ C, (2.15) and (2.18) hold at P_0. Let us prove (2.15) and (2.18) at P_5. If f ∈ L^1, we have that F f ∈ L^∞. Then, K̂^{(1)}_t F f(k) ∈ L^2, and (2.15) and (2.18) hold at P_5. We now prove (2.15) at P_6. Clearly, ‖K^{(0)}_t ⋆ ‖_{B(L}2_) ≤ C. (2.21)

It follows from the proof of Lemma 2 in [19] that:

‖K^{(3/2)}_t ‖_L1 ≤ C √ |t| , |t| ≥ 1. (2.22) Equation (2.22) implies that ‖ ‖K^{(3/2)}_t ⋆ ‖ ‖ B(L1,L1) ≤ C √ |t| . (2.23)

Since ( see the comments at the end of page 150 and Corollary 2 of [10]) F^{−1}(1 + |k^2|)^{iβ}F is bounded in BMO for β ∈ R, with operator norm bounded by (1 + |β|), we have that, ‖ ‖ ‖K^{(3/2+iβ)} t ⋆ ‖ ‖ ‖ B(L^1,BMO) ≤ C((1 + |β|) √ |t| , |t| ≥ 1. (2.24) By (2.21), (2.24) and Calderón-Lions interpolation theorem [31], the estimate (2.15) follows at P_6. Estimates (2.15) and (2.18) at P_1 follow from the estimate

‖K^{(1)}_t (·)‖BMO ≤ C. (2.25) We now prove (2.25). By formula (34) in page 26 of [9]

K^{(1)}_t (x) = 1 π −π 2 Y_0 ( (t^2 − x^2)^{1/2} ) , 0 < |x| < |t|, K_0((x^2 − t^2)^{1/2}) , |t| < |x|.

(2.26)

We denote: D_t := {x ∈ R : |x^2 − t^2| ≤ 1/2} and by χ_t the characteristic function of D_t. Then, by formula (9.2.2) in page 364 and formula (9.7.2) in page 378 of [1]

‖(1 − χ_t(x)) K^{(1)}_t (x)‖_L1 ≤ C. (2.27)

Moreover, by formulae (9.1.13) in page 360 and (9.6.13) in page 375 of [1]:

χ_tK^{(1)}_t (x) = −1 π χ_t(x) ln(|t^2 − x^2|^{1/2}) + C_t(x), with ‖C_t(·)‖_L1 ≤ C. (2.28)

We will prove that f_t(x) := χ_t(x) ln |t^2 − x^2| ∈ BMO. For every open segment, Q, we have that: {x ∈ Q : |f_t(x)| > α} ⊂ { x ∈ Q : |t^2 − x^2| ≤ min(1/2, e^{−α}) } . (2.29)

Then, denoting by m(·) the Lebesgue measure, we have that

ν_Q(α) := m(x ∈ Q : |f_t(x)| > α) ≤ C e^{−α} |t| ≤ C m(Q) e^{−α}, if m(Q) ≥ 1 N|t| , (2.30)

N > 0. It follows that, ∫ Q |f_t(x)| = ∫ ∞ 0 ν_Q(α)dα ≤ Cm(Q), if m(Q) ≥ 1 N|t| . (2.31)

For Q ⊂ D_t we denote f_{t,Q} := 1 m(Q) ∫ Q f_t(x) dx = 1 m(Q) ∫ Q ln(|x^2 − t^2|) dx. (2.32)

Hence, ∫ Q |f_t(x) − f_{t,Q}| dx = ∫ Q | ln(|x^2 − t^2|) − f_{t,Q}| dx ≤ Cm(Q), if Q ⊂ D_t, (2.33) where we used that ln(|x^2 − t^2|) = ln(|x − t|) + ln(|x + t|), that ln(|x ± t|) are in BMO ( see [17]) and that the BMO norm is invariant under translation. Note that we can take N so large that for all |t| ≥ 1 and some α_0: { x ∈ R : |x^2 − t^2| ≤ 1 e^α } ∩ Q = ∅ if Q ⊄ D_t, m(Q) ≤ 1 N|t| and α ≥ α_0. (2.34)

Then, ν_Q(α) = 0, if Q ⊄ D_t, m(Q) ≤ 1 N|t| , |t| ≥ 1 and α ≥ α_0. (2.35) It follows that ∫ Q |f_t(x)| dx = ∫ ∞ 0 ν_Q(α) dν ≤ Cm(Q), if Q ⊄ D_t, m(Q) ≤ 1 N|t| , |t| ≥ 1, (2.36) where we used that ν_Q(α) ≤ m(Q). By (2.27), (2.28),(2.31), (2.33), (2.36) and Lemma 3.3 of [33], (2.25) holds for |t| ≥ 1. To prove (2.25) for |t| ≤ 1 we decompose f_t as follows:

f_t = f_{t,+} + f_{t,−}; with f_{t,±}(x) := χ_t(x) ln |x ∓ |t||. (2.37)

We estimate f_{t,±} adapting to this case the argument given in [17] for ln |x − y|. We give the proof for f_{t,+}. Let us denote by Ξ_ϵ the characteristic function of E_ϵ := {x : |x − |t|| ≤ ϵ} , where ϵ > 0 is so small that E_ϵ ⊂ D_t for all |t| ≤ 1.Then

f_{t,+} = g_{t,1} + g_{t,2}, where g_{t,1} = Ξ_ϵf_{t,+} and g_{t,2} := (1 − Ξ)f_{t,+}. (2.38)

Clearly, ‖g_{t,2}‖_L1 ≤ C, for |t| ≤ 1. (2.39)

Suppose that Q ∩ E_ϵ is not empty. We designate: a_Q := ln |ξ − |t||, where ξ is a solution to |ξ − |t|| = max_{x∈Q∩Eϵ} |x − |t||. (2.40) It follows from the argument given in [17] that ∫ Q∩Eϵ |g_{t,1} − a_Q| ≤ Cm(Q), if Q ∩ E_ϵ ≠ ∅. (2.41) Furthermore, if Q ⊄ E_ϵ, we have that |a_Q| ≤ C, for a constant C independent of Q and of |t| ≤ 1. Then, we have that ∫ Q∩Ẽϵ |g_{t,1} − a_Q| dx ≤ a_Q m(Q) ≤ C m(Q), if Q ⊄ E_ϵ, and Q ∩ E_ϵ ≠ ∅, (2.42) where Ẽ_ϵ denotes the complement of E_ϵ. Since, ∫ Q |g_{t,1}| = 0, if Q ∩ E_ϵ = ∅, (2.43)

we have proven that ‖g_{t,1}‖BMO ≤ C, |t| ≤ 1, (2.44) and (2.38), (2.39) imply that ‖f_{t,+}‖BMO ≤ C, |t| ≤ 1. (2.45) Then, by (2.27), (2.28) equation (2.25)holds for |t| ≤ 1.

It only remains to prove that (2.15) and (2.18) hold at P_3. But it follows from (2.26) and formulas (9.1.13) in page 360, (9.2.2) in page 364, (9.6.13) in page 375 and (9.7.2) in page 378 of [1] that K^{(1)}_t (·) is integrable and that its L^1 norm satisfies the required estimates.

Proof of Theorem 1.3: The Theorem follows from Theorem 1.1, Corollary 1.2, Lemma 2.1 and Lemma 2.2.

3 Scattering

In this Section we will always assume that V ∈ L^1_γ , where in the generic case γ > 3/2 and in the exceptional case γ > 5/2, that V^{(1)} ∈ L^1, and that that H has no eigenvalues. It follows that H > 0.

By Theorem 3 in page 135 of [37],

‖F^{−1}(1 + q^2)^{k/2}(F f)(q)‖_Lp , (3.1)

is a norm that is equivalent to the norm of W_{k,p}, 1 < p < ∞. Then, by Corollary 1.2,

‖(I + H)^{k/2} f‖_Lp , (3.2)

defines a norm that is equivalent to the norm of W_{k,p}, k = 1, 2, 1 < p < ∞. Below we will use this equivalence without further comments. We denote by H_V the space H endowed with the scalar product

(U, D)_{HV} := ( √ I + HU_1, √ I + HD_1)_L2 + (U_2, D_2)_L2 . (3.3) The norm defined by (3.3) is equivalent to the norm of H. The solution operator, V(t), to the initial value problem (1.18) with F = 0 is given by

V(t) [ f_1 f_2 ] = cos(t √ I + H)f_1 +^{sin(t} √ I+H) √ I+H f_2 − sin(t √ I + H) √ I + Hf_1 + cos(t √ I + H)f_2

. (3.4)

The V(t) are a strongly-continuous unitary group of operators on H_V . It follows that they are uniformly bounded on H for t ∈ R.

Proof of Theorem 1.4: As by Sobolev imbedding theorem L^∞ is continuously imbedded in W_{1,2}, P is locally Lipschitz continuous on H. It follows from standard arguments that U ∈ C(R, H) ∩ M is a solution to (1.18) with lim_{t→−∞} ‖U(t) − V(t)ϕ‖_H = 0, for some ϕ ∈ H, if and only if U is a solution to the following integral equation U = V(t)ϕ + ∫ t −∞ V(t − τ)P (U(τ)) dτ. (3.5) As we will see below the integral in the right-hand side of (3.5) converges absolutely in H and in M. For U ∈ M we denote, QU(t) := ∫ t −∞ V(t − τ)P (U(τ)) dτ. (3.6) It follows from Theorem 1.3, (1.22), from the generalized Young inequality ( see [31]) and since L^∞ is continuously imbedded in W_{1,p+1} that

‖QU(t) − QD(t)‖_X ≤ C (1 + |t|)^{−d}(‖U‖_M + ‖D‖_M )^{p−1}‖U − D‖_M , (3.7) where we used that p d > 1. The constants C in (3.7) can be taken uniform in closed balls in M. Then, by (3.7) with D = 0 and since V(t) is unitary on H_V : ‖QU(t)‖^2_{HV} = 2ℜ ∫ t −∞ dτ (P (U(τ)), QU(τ))_{HV} ≤ C ∫ t −∞ dτ ‖P (U)(τ)‖_L1+1/p (1 + |τ|)^{−d} ‖U‖^p_M ≤ C ∫ t −∞ dτ ‖U_1‖^p_L1+p (1 + |τ|)^{−d}‖U‖^p_M ≤ C ∫ t −∞ dτ (1 + |τ|)^{−d(p+1)} ‖U‖^{2p}_M ≤ C(1 + max[0, −t])^{−(d+dp−1)} ‖U‖^{2p}_M . (3.8) By (3.7) with D = 0, the integral in the right-hand side of (3.5) converges in M and by (3.8) it converges in H. We first prove the uniqueness. Let U and D be two solutions to (3.5) that satisfy (1.23). Then, U(t) − D(t) = QU(t) − QD(t). (3.9) Let us denote U_T := χ_{(−∞,T )}(t) U(t), where χ_{(−∞,T )}(t) is the characteristic function of (−∞, T ), T ∈ R. Arguing as in (3.7) it follows from (3.9) that

‖U_T (t) − D_T (t)‖_M < 1/2‖U_T (t) − D_T (t)‖_M , for some T negative enough. (3.10) It follows that U(t) = D(t) for t ≤ T . Hence, as P is locally Lipschitz in H, the standard uniqueness result implies that U = D. The uniqueness of ϕ_+ is obvious by the unitarity of V(t) in H_V . By Theorem 1.3 if ϕ_− ∈ N, ‖V(t)ϕ_−‖_M ≤ C‖ϕ_−‖_N . (3.11) For R > 0 let us denote: M_R := {U ∈ M : ‖U‖_M ≤ R}. Let us take R so small that C(2R)^{p−1} ≤ 1/2, with C as in (3.7), and δ > 0 so small that Cδ ≤ R/4, with C as in (3.11). Then, by (3.7) and (3.11) the map U → V(t)ϕ_− + QP (U) is a contraction from M_R into M_R for all ϕ_− with ‖ϕ_−‖_N ≤ δ. By the contraction mapping theorem (see Theorem V.18 in page 151 of [30]) this map has a unique fixed point that is a solution to (3.5) in M_R, and moreover,

‖U‖_M ≤ C ‖V(t)ϕ_−‖_M + 1 2 ‖U‖_M . (3.12) Then, ‖U‖_M ≤ C ‖V(t)ϕ_−‖_M . (3.13) Equation(1.25) for ϕ_− follows from (3.5), (3.7) with D = 0 and (3.13). By (3.5) and (3.8) U ∈ C(R, H) and (1.23) holds.

We define ϕ_+ = ϕ_− + ∫ ∞ −∞ V(−τ)P (U(τ)) dτ. (3.14) By Theorem 1.3 ‖ ‖ ‖ ‖ ∫ ∞ −∞ V(−τ)P (U(τ)) dτ ‖ ‖ ‖ ‖ X ≤ C ∫ ∞ −∞ (1 + |τ|)^{−d(p+1)}‖U‖^p_M dτ ≤ C‖U‖^p_M . (3.15) Hence, ϕ_+ ∈ X. Estimating as in (3.8) we prove that ϕ_+ ∈ H and that ‖(S_V − I)ϕ_−‖_H ≤ C ‖U‖^p_M . (3.16) Equation (1.26) follows from (3.13) and (3.16). By (3.14) and (3.5):

U(t) = V(t)ϕ_+ − ∫ ∞ t V(t − τ)P (U(τ)) dτ, (3.17) and we prove (1.24) estimating as in (3.8). Moreover, estimating as in (3.7) we obtain that ‖ ‖ ‖ ∫ ∞ t V(t − τ)P (U(τ)) dτ ‖ ‖ ‖ M ≤ C ‖U‖^p_M . (3.18) By (3.17) and (3.18), V(t)ϕ_+ ∈ M. Using again (3.17) and arguing as in the proof of (3.13) we obtain the following estimate: ‖U‖_M ≤ C ‖V(t)ϕ_+‖_M . (3.19) Equation (1.25) for ϕ_+ follows from (3.17), (3.18) and (3.19).

If ϕ_+ = Sϕ_− = 0, it follows from (3.17) that U(t) = − ∫ ∞ t V(t − τ)P (U(τ)) dτ. (3.20) Let us denote: U_T (t) := χ_{(T,∞)}(t)U(t) . Arguing as in (3.10) it follows from (3.20) that ‖U_T (t)‖_M ≤ 1 2 ‖U_T (t)‖_M , for some T positive enough. (3.21)

Hence, (3.21) implies that U(t) = 0 for t ≥ T , and then by standard uniqueness in C(R, H) ( recall that P is locally Lipschitz continuous on H), U(t) = 0 and by (1.23) ϕ_− = 0, proving that S_V is injective. Proof of Theorem 1.5: As S(0) = 0 it is enough to to prove that s − lim_{ϵ↓0} 1 ϵ (S_V (ϵϕ) − ϵϕ) = 0. (3.22)

By (3.11) and (3.13) with ϕ_− replaced by ϵϕ: ‖U‖_M ≤ Cϵ‖ϕ‖_N . (3.23) Hence, by (3.14) and (3.15) ‖ ‖ ‖ 1 ϵ (S_V (ϵϕ) − ϵϕ) ‖ ‖ ‖ X ≤ C ϵ ‖U‖^p_M ≤ Cϵ^{p−1}‖ϕ‖^p_N , (3.24) and (3.22) follows in X. We prove (3.22) in H estimating the integral in the right-hand side of (3.14) as in (3.8) and using (3.23).

Proof of Lemma 1.7 By the contraction mapping theorem, [30]

U(t) = V(t)ϵU_0 + ∞∑ n=1 Q^nV(t)ϵU_0. (3.25)

Then, (1.36) follows from (3.14) and 3.25).

References

[1] M. Abramowitz and I. Stegun, “Handbook of Mathematical Functions. Ninth Printing” Dover, New York, 1970.

[2] R.A. Adams, “Sobolev Spaces”, Academic Press, New York, 1975.

[3] A. Bachelot, Problème inverse de diffusion non linéaire, C. R. Acad. Sci. Paris Série I 293 (1981), 121-124.

[4] A. Bachelot, Convergence dans L^p (R^{n+1}) de la solution de l’ équation de Klein-Gordon vers celle de l’ équation des ondes, Ann. Fac. Scien. Toulouse VIII (1987), 37-60.

[5] P. Brenner, On space time means and everywhere defined scattering operators for nonlinear Klein- Gordon equations, Math. Z. 186 (1984), 383–391.

[6] P. Brenner, On scattering and everywhere defined scattering operators for nonlinear Klein-Gordon equations, J. Diff. Equations 56 (1985), 310–344.

[7] K. Chadam and P.C. Sabatier, “Inverse Problems in Quantum Scattering Theory. Second Edition”, Springer–Verlag, Berlin, 1989.

[8] P. Deift and E. Trubowitz, Inverse scattering on the line, Commun. Pure Appl. Math. XXXII (1979), 121-251.

[9] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, “Tables of Integral Transforms Volumen I”. McGraw Hill, New York, 1954.

[10] C. Fefferman and E.M. Stein, H^p spaces of several variables, Acta Math. 129 (1972), 137-193.

[11] L.D. Faddeev, Properties of the S matrix of the one–dimensional Schrödinger equation, Trudy Math. Inst. Steklov 73 (1964), 314-333 [ english translation American Mathematical Society Translation Series 2 65 (1964), 139-166 ].

[12] L.D. Faddeev, Inverse problems of quantum scattering theory, II, Itogi Nauki i Tekhniki Sovremennye Problemy Matematiki 3 (1974), 93-180 [ english translation J. Soviet Math. 5 (1976), 334-396 ].

[13] J. Ginibre, “Introduction aux Équations de Schrödinger non Linéaires”, Onze Édition, Paris, 1998.

[14] J. Ginibre and G. Velo, Time decay of finite energy solutions of the nonlinear Klein-Gordon equation, Ann. IHP (Phys. Théor.)43 (1985), 399–442.

[15] B. Grebert and R. Weder, Reconstruction of a potential on the line that is a priori known on the half–line, SIAM J. Appl. Math. 55 (1995), 242–254.

[16] L. Hörmander, “Lectures on Nonlinear Hyperbolic Differential Equations”, Mathématiques & Applications 26, Springer–Verlag, Berlin, 1997.

[17] F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. Math.

XIV (1961), 415-426.

[18] T. Kato, Nonlinear Schrödinger equations, in “Schrödinger Operators”, pp. 218–263, H. Holden and A. Jensen, eds., Lecture Notes in Physics 345, Springer–Verlag, Berlin, 1989.

[19] B. Marschall, W. Strauss and S. Wainger, L^p − L^q estimates for the Klein–Gordon equation, J.

Math. Pures et Appl. 59 (1980), 417-440.

[20] A. Melin, Operator methods for inverse scattering on the real line, Comm. Part. Differential Equations 10 (1985), 677-766 .

[21] K. Mochizuki and T. Motai, On small data scattering for some nonlinear wave equations, in “ Patterns and Waves”, pp. 543-560, Stud. Appl. Math. 18, North Holland, Amsterdam, New York, 1986.

[22] K. Mochizuki, On small data scattering with convolution nonlinearity, J. Math. Soc. Japan 41 (1989), 143-160.

[23] C.S. Morawetz and W. Strauss, Decay and scattering of solutions of a nonlinear relativistic wave equation, Comm. Pure Appl. Math. XXV (1972), 1–31.

[24] C.S. Morawetz and W. Strauss, On a nonlinear scattering operator, Comm. Pure Appl. Math.

XXVI (1973), 47-54.

[25] R.G. Newton, Low energy scattering for medium range potentials, J. Math. Phys. 27 (1986), 2720-2730.

[26] D.B. Pearson, “Quantum Scattering and Spectral Theory”, Academic Press, New York, 1988.

[27] H. Pecher, Nonlinear small data scattering for the wave and Klein-Gordon equation, Math. Z., 185 (1984), 261-270.

[28] H. Pecher, Low energy scattering for nonlinear Klein-Gordon equations, J. Func. Anal. 63 (1985), 101-122.

[29] R. Racke, “Lectures in Nonlinear Evolution Equations. Initial Value Problems”, Aspects of Mathematics E 19, F. Vieweg & Son, Braunschweig/Wiesbaden, 1992.

[30] M. Reed and B. Simon, “Methods of Modern Mathematical Physics I: Functional Analysis”, Academic Press, New York, 1972

[31] M. Reed and B. Simon, “Methods of Modern Mathematical Physics II: Fourier Analysis, Self– Adjointness”, Academic Press, New York, 1975.

[32] M. Reed and B. Simon, “Methods of Modern Mathematical Physics III: Scattering Theory”, Academic Press, New York, 1978.

[33] C. Sadowsky, “Interpolation of Operators and Singular Integrals”, Marcel Dekker, New York, 1979. [34] M. Schechter, “Operator Methods in Quantum Mechanics”, North Holland, New York, 1981. [35] I.E. Segal, Quantization and dispersion for nonlinear waves, in “Proc. Conf. Math. Elem. Part.”, pp. 79–108, MIT Press, Cambridge, 1966.

[36] I.E. Segal, Dispersion for nonlinear relativistic equations II, Ann. Sci. ENS 4 (1968), 459–497. [37] E.M. Stein, “Singular Integrals and Differentiability Properties of Functions”, Princeton Univ.

Press, Princeton, New Jersey, 1970.

[38] E.M. Stein, “Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals”, Princeton Univ. Press, Princeton, New Jersey, 1993.

[39] W. A. Strauss, Nonlinear scattering at low energy, J. Funct. Anal. 41,(1981) 110–133 . [40] W. A. Strauss, “Nonlinear Wave Equations”, CBMS–RCSM 73, American Mathematical Society, Providence, 1989.

[41] Li Ta–Tsien and Chen Yunmei,“ Global Solutions for Nonlinear Evolution Equations”, Longman Scientific & Technical, Harlow, 1992.

[42] M. Watanabe, Inverse scattering for the nonlinear Schrödinger equation with cubic nonlinearity, Preprint, 1999, 8 pages.

[43] R. Weder, Inverse scattering for the nonlinear Schrödinger equation, Commun. Part. Diff. Equations 22 (1997), 2089-2103.

[44] R. Weder, L^p − L^ṕ estimates for the Schrödinger equation on the line and inverse scattering for the nonlinear Schrödinger equation with a potential, Preprint, 1998, 28 pages, to appear in J. Funct. Analysis.

[45] R. Weder, The W_{k,p}-continuity of the Schrödinger wave operators on the line, Preprint, 1999, 16 pages, to appear in Comm. Math. Phys.

[46] J. Weidmann, “Spectral Theory of Ordinary Differential Operators”, Lecture Notes in Mathematics 1258, Springer–Verlag, Berlin, 1987.