An equivariant branching lemma for relative equilibria

Giuseppe Gaeta^0

Departamento de Matemáticas Universidad Carlos III de Madrid 28911 Leganés (Spain) gaeta@math.uc3m.es

Summary. The “equivariant branching lemma” of Cicogna and Vanderbauwhede, extended by Golubitsky and Stewart to Hopf bifurcation, is set in grouporbit space; this permits to consider, and obtain results on, the branching of relative equilibria via bifurcation in equivariant dynamical systems.

Last updated: 4/5/99 To appear in Nuovo Cimento B

1. Introduction

The Equivariant Branching Lemma (EBL) [1, 2, 3] is a fundamental tool in equivariant bifurcation theory [4, 5, 6, 7]; this was first formulated independently by Cicogna [1, 2] and by Vanderbauwhede [3] for the case of bifurcation of stationary solutions, and then extended in a number of ways, in particular to include Hopf bifurcation [8] and problems whose symmetry corresponds to a nonlinear group action [9]; see also [10]. For a comprehensive discussion see [5].

The basic idea behind the EBL in its various versions is to use the symmetry properties of the system (or class of systems) under study to guarantee the dynamical invariance of a lower-dimensional space or manifold, and to apply on the restriction of the initial system to this invariant space standard (usually topological) tools to guarantee the existence of a bifurcating branch of solutions; thus any version of the EBL is strictly connected to a suitable version of the Reduction Lemma (RL) [5, 8].

In the present short note we want to remark that a simple use of a classical result by L. Michel [11] allows to obtain, under certain condition, an EBL for the bifurcation of branches of relative equilibria out of stationary solutions. The main result given here could also be obtained in a different, albeit related, way, i.e. combining the standard EBL (and the Golubitsky-Stewart results on bifurcation of solutions invariant under a maximal isotropy subgroup) with the possibility of projecting equivariant dynamics to the “orbit space” (this is defined below) recently emphasized by Chossat and collaborators [12, 13, 14, 15].

0Address after 1 Oct 99: Dipartimento di Fisica, Universitá di Roma, 00185 Roma (Italy); gaeta@roma1.infn.it

It is maybe appropriate to stress that the use of orbit space techniques for equivariant dynamics is becoming increasingly popular, following the realization that general equivariant dynamics (and not only gradient one) can be projected to the orbit space, despite the fact this is not a manifold^1; we quote, beside [12, 13, 14, 15] mentioned above, also e.g. [23, 24] in the general case, and [20, 25, 26] in the Hamiltonian case.

Relative equilibria – i.e. group orbits which are invariant under the dynamics – received in recent years extended attention, also in the context of bifurcation theory [12, 13, 27], leading to a good understanding of them; I do not claim the result given here is more powerful than those which are present in the literature (see e.g. [5, 14, 27, 28, 29, 30, 31]), but its derivation – and the check that a given system satisfies the assumptions required for its validity – is so simple that it can well be useful in practice, and I think it can be of interest to report on it. Moreover, it is different in spirit from the standard approach, and thus it could be of help when the latter encounters some difficulties.

2. Michel theorem

In his work [11], physically motivated by the theory of fundamental interactions [32, 33], Michel proved a remarkable general theorem, valid for the action of compact groups on finite dimensional manifolds. His investigation was naturally set in the variational frame, but he actually proved results on general equivariant vector fields, and I would like to quote his results in this language in view of the application to relative equilibria.

We denote by G a compact Lie group acting on the finite dimensional manifold M^2; the quotient M/G is also called the orbit space (in the physical literature dealing with gauge theories – where G and M are considerably more complicate than in our present setting – this is also called the configuration space) and denoted by Ω (see e.g. [5, 7, 14, 23] for its relevance in nonlinear dynamics and equivariant bifurcation theory). In general, Ω is not a manifold.

In more abstract terms, Ω is the set of classes of equivalence on M under the group action. The orbit G(p) of a point in M will also be denoted as ω(p) or ω_p.

For each point p ∈ M we can consider the set of elements in G which leave p unchanged, G_p := {g ∈ G | gp = p } ; (1) this is called the isotropy subgroup of p. We introduce another equivalence relation in M as follows: we consider points with isotropy subgroups conjugated in G as having the same isotropy type, and denote the set of points having the

1This is possible because the orbit space is, at least under the present hypotheses (compact Lie groups acting on finite dimensional manifolds) a stratified manifold [16, 17], and singular strata are invariant under any invariant dynamics, precisely thanks to Michel theorem. Taking advantage of this fact – also in the context of relative equilibria – requires also a use of slice theory [18, 19, 20], as was already clearly stated in [21, 22].

2These assumptions on G and M could be somewhat relaxed, as we discuss later on, but this simplest setting will make the basic argument clearer

same isotropy type as a stratum in M: σ(p) := {q ∈ M | ∃g ∈ G : G_q = gG_pg^{−1} } . (2) Under our present hypotheses on G and M, strata are submanifolds in M.

Notice that q = gp implies G_q = gG_pg^{−1}, so that necessarily ω(p) ⊆ σ(p) (3) for any point p ∈ M; this means also that we can define strata in Ω, i.e. that th eequivalence relation in M used in (2) can be projected to Ω; the stratum of an orbit ω ∈ Ω will be denoted as Σ(ω).

When the group action in M is regular (this is automatically true if G is compact), the topology induced by the group action is compatible with the topology on M, and thus the topology in M induces a natural topology in Ω. In particular, it is then possible to define properly a distance d(ω_1, ω_2) between group orbits (e.g. as the minimal distance in M between points p ∈ ω_1 and q ∈ ω_2).

We say that an orbit ω is isolated in its stratum if there is an ε > 0 such that d(ω, μ) > ε for all the μ ≠ ω in Σ(ω) ⊂ Ω.

We refer to [33, 34, 35, 36, 37] for further detail on this geometric construction and its applications, in particular to Physics.

3. Relative equilibria

Let us now consider an equivariant vector field X on M; that is, a field which for all Y ∈ G (the Lie algebra of G) satisfies [X, Y ] = 0.

We will, for ease of language, think of M as embedded in R^N , and use R^N coordinates {x_1, ..., x_N } in M; thus X can be written in these coordinates as corresponding to the Dynamical System

ẋ = f(x) (4)

where f : M → TM. The equivariance of f means that for any x ∈ M and all g ∈ G, f(gx) = φ_g [(D_g f)(x)] . (5)

Here φ : TM → TM is the isomorphism induced by g on tangent spaces, i.e. φ_g maps T_xM into T_{gx}M.

It was proved by Michel [11] that

f(x) ∈ T_xσ(x) ; (6)

this also means that, as it was already proved by Bierstone and Schwarz [34, 38, 39] the vector field X : M → TM can be projected to a vector field X_Ω : Ω → TΩ defined on the orbit space (recall each stratum is a smooth manifold). The relevance of this fact for nonlinear dynamics has been recently emphasized by Chossat, Koenig and Lauterbach [13, 14, 23], see also the forthcoming book [15].

It should be noticed that (6) also means that the closure of a stratum is a globally invariant set under any equivariant dynamics, and we can consider the restriction of (4) to it. This is a general “reduction lemma” in the spirit of Golubitsky and Stewart [5, 8]. Now, from (6) it also follows that if an orbit ω is isolated in its stratum, then for all x ∈ ω

f(x) ∈ T_xω . (7)

As noticed by Michel, in the case of invariant variational problem and under the conditions discussed above one can conclude that (Michel’s theorem): for ω isolated in its stratum, all the x ∈ ω are critical for any invariant potential [11, 33]; indeed, the gradient is necessarily orthogonal to the group orbit, and thus in this case it must vanish.

As mentioned above Michel was mainly interested, due to physical motivation [32], in the analysis of the variational case, and limited his attention to this (and the relevant physical consequences); here we are instead focusing on the general equivariant dynamics case. Essentially, this adds the possibility of motion along the group orbits [40], obviously impossible in the gradient case.

We recall that a group orbit γ = G(x) ⊆ M is a relative equilibrium for the flow (4) if it is a dynamically invariant submanifold, i.e. if f : γ → Tγ. Notice that in this case the dynamical orbit Φ(x) of the point x is contained in G(x), but neither this nor its closure do necessarily coincide with the whole group orbit; the rational torus flow provides a simple example of this situation.

In the case of general equivariant vector fields, (7) can be interpreted as follows (as obvious from our discussion, this is just an easy corollary of Michel’s theorem):

Lemma 1. If a G-orbit ω on the G-manifold M is isolated in its stratum, then it is a relative equilibrium for any equivariant vector field X defined on M.

4. Bifurcations

Let us now consider the case where the equivariant vector field X depends on a control parameter λ ∈ Λ (Λ an interval on the real line), and X^{(λ)} is G-equivariant uniformly in λ; in other words, (4) is now replaced by

ẋ = f(x; λ) (4^′)

and (5) holds for all λ ∈ Λ.

We assume moreover that (a) x ≡ x_0 (call ω_0 the corresponding G-orbit) is a solution for all λ ∈ Λ, and that it is stable for λ < λ_0, and unstable for λ > λ_0 (where λ_0 is assumed to be in the interior of Λ). To avoid explosive behaviour, we assume also that (b) there is an open set B, containing x_0 in its interior and of positive radius (in the metric defined on M), such that X^{(λ)} points inward on ∂B, for all values of λ ∈ Λ. As standard in bifurcation theory, we also assume that (c) the real part σ^r_i (λ) of the critical eigenvalues of L(λ) := (Df)(x_0; λ) satisfies ( dσ^r_i dλ ) λ0 > 0 . (8)

These assumptions guarantee in a standard way [41, 42] that x_0 bifurcates at λ = λ_0.

Assume now that there is a stratum Σ_0 ⊂ Ω which is a one-dimensional manifold: as X^{(λ)}_Ω is tangent to strata, it is directed along Σ_0 at all ω ∈ Σ_0; moreover the above assumptions guarantee that for λ > λ_0 there is a branch of zeroes of X^{(λ)}_Ω lying precisely in the intersection of Σ_0 with B and distinct from ω_0. A zero of X^{(λ)}_Ω corresponds, as already remarked, to a relative equilibrium for the dynamics on M, described by X^{(λ)}; as there is a branch of equilibria for X^{(λ)}_Ω bifurcating off ω_0, we can conclude there is a branch of relative equilibria for X^{(λ)} bifurcating off x_0.

We can express the result of our discussion as follows; here we assume that x_0 is invariant under the full G:

Lemma 2. Let us consider a one-parameter family of vector fields X^{(λ)} on M, and let x_0 ∈ M with G_{x0} = G be an isolated zero of X^{(λ)} for all λ ∈ Λ; let assumptions (a),(b),(c) above be satisfied. Then, there is a local branch of relative equilibria bifurcating from x_0 at λ = λ_0.

Notice that if G_{x0} ≠ G, then ω_0 does not reduce to x_0 alone, and x_0 is a degenerate zero of X; however, the discussion in terms of X_Ω does still hold, and we can again deduce the bifurcation of a branch of relative equilibria. Also, even if x_0 is not a zero of X, but ω_0 is a zero of X_Ω and we focus on the dynamics transversal to ω_0 ⊂ M, we can again conduct the same discussion in terms of X_Ω, and deduce the existence of a branch of relative equilibria bifurcating off relative equilibria (notice relative equilibria can correspond to different subgroups of G, so that we can have a symmetry breaking leading from a type of relative equilibrium to another).

5. Relations with the Golubitsky{Stewart theory

We can actually refine (6) – and the above remark – a little further: following Golubitsky and Stewart[5, 8], let us define for each H ⊆ G the submanifold M^{(H)} := {x ∈ M | H ⊆ G_x} . (9) Now, if in (5) we consider g ∈ G_x, we have immediately that

f(x) = (D_g f)(x) ∀g ∈ G_x (10)

and thus that f(x) ∈ T_xM^{(Gx)} . (11)

Combining (7) and (11) we conclude immediately that for an orbit ω isolated in its stratum we have, for all x ∈ ω,

f(x) ∈ T_xω ∩ T_xM^{(Gx)} (12)

(notice in this case we could as well consider the manifold of points whose isotropy subgroup is exactly equal to G_x, as on ω we cannot have a G_y which strictly contains G_x).

However, T_xω is by definition equivalent to the linear space spanned by the Lie algebra G of G acting on x, i.e. is isomorphic to G/G_x (where G_x is the Lie algebra of G_x): this is the subspace of G spanned by the orthogonal complement (under the natural scalar product in G) of G_x.

Thus the flow Φ_f (x; t) under an equivariant vector field will take x into y ∈ ω(x) such that G_y = G_x; such y can be written, as we are on ω(x), as y = hx for some h ∈ G, and we conclude that necessarily h ∈ N_G[G_x], the normalizer of G_x in G. Notice that, since G_x acts as the identity, we can actually consider h ∈ D^0_x, where D ⊆ G is defined as

D_x := N_G[G_x]/G_x (13)

and D^0 is the connected component of the identity in D. Thus, necessarily

f(x) ∈ T_x[D^0(x)] . (14)

The above construction and discussion are due to Golubitsky and Stewart; when G_x is a maximal isotropy subgroup of G, they obtained – as well known – powerful general results for linear actions: based on a homological classification of possible D^0, they obtained a complete classification of elementary bifurcations [5, 8]. From the physical point of view, this is a complete classification of elementary spontaneous symmetry breaking via second order phase transitions; for the specific features of the Hamiltonian case, see [43, 5].

In the present context, the above discussion shows that in order to investigate the possible relative equilibria arising by the bifurcation mechanism we are considering, we have to focus attention on the subgroups D^0; as shown by Golubitsky and Stewart, the only three possibilities in elementary bifurcations are D^{(0)} = {e}, SO(2), SU(2)^3 [5, 6, 7, 8].

In particular, if D^0 = {e}, then the relative equilibria whose existence is granted from Lemma 2 are actually equilibria tout court. Similarly, if D^0 = SO(2) we are guaranteed that these relative equilibria are actually periodic orbits (possibly degenerate, i.e. stationary); for D^0 = SU(2) we have “quaternionic” branches of bifurcating periodic (again possibly degenerate, i.e. stationary) solutions [5, 7, 44].

It should also be stressed that all the relative equilibria lying on the same G-orbit must be isomorphic: this poses some apriori restrictions on the possible kind of relative equilibria depending on the structure of ω ⊂ M. E.g., we can have periodic orbits only if ω admits a fibration in circles S^1, quaternionic branches only if it admits fibration in spheres S^3, and n-periodic orbits only if ω admits a fibration in tori T^n.

6. Final comments

We would now like to briefly comment on what are the possible advantages of the equivariant branching lemma presented here (in the Ω setting) over the standard formulation (in the M setting).

3Their classification actually extends to the full D as well; in the case D(0) = feg, which corresponds to true equilibria rather than relative one, several possibiities exist, but for D(0) = SO(2) necessarily D is either SO(2) or 0(2), and for D(0) = SU(2), this is also the full D.

It is quite clear from the discussion in previous section that in the cases covered by the Golubitsky-Stewart theory (and extensions thereof), our branching lemma is merely a reformulation in orbit space of well known results. Notice that although it is known that in some cases direct bifurcation to non-maximal isotropy subgroups is generically present [45] (a criterion for this can be set in terms of the relevant Weyl group), the standard Golubitsky-Stewart theory – in the M formulation – can cope perfectly with this case.

A first advantage of the orbit space formulation, admittedly depending on individual tastes, is the unification of several results in a geometrical way; this advantage is of aesthetical nature, unless such a geometrical formulation in orbit space could give something more than the known results. We would now mention some other advantages of the orbit space setting and discuss some points related to this approach.

1) Firstly, we would like to notice that in the same way as the “standard” equivariant branching lemma (EBL) can be extended from one-dimensional strata to higher dimensional cases by the use of topological arguments guaranteeing the existence of zeroes of a vector field on an invariant set Σ based on the topology of Σ [2, 46], the same kind of extensions can be obtained for our “relative equilibria EBL” (lemma 2): extensions of the standard EBL apply to bifurcations of stationary points for X^{(λ)}_Ω , and these in turn correspond to relative equilibria of X^{(λ)}.

2) I would like to stress that although these extensions can only ensure the existence of relative equilibria, without providing a clear algorithm for their determination (as for “topological” extension of the EBL in standard space), nevertheless they can ensure the existence of a given number of relative equilibria with well determined qualitative property, in particular with a given symmetry.

3) Setting the dynamics in orbit space also allows to obtain with a reasonable effort information about solutions which would be much harder to obtain without exploiting the “splitting” [40] of the dynamics: let us consider for example the case in which we have an invariant subset Ω_0 ⊂ Ω (whose dynamical invariance follows from the results discussed above) which is two-dimensional: applying Poincaré-Bendixson theorem to X_Ω we can then immediately guarantee the existence of a relative periodic orbit; Notice in the M formulation the corresponding invariant set will be of higher dimension and thus the Poincaré- Bendixson theorem cannot be applied.

Similar considerations result from applying standard topological reasoning to X_Ω in the presence of higher-dimensional invariant subspaces; e.g., if the invariant set Ω_0 is topologically a closed ball, then Brouwer’s fixed point theorem guarantees the existence of a fixed point for X_Ω in Ω_0, and thus of a relative equilibrium in the corresponding subset of M.

4) In the case of systems corresponding to reducible representations of D^{(0)}, the informations provided directly by the standard theory are not so powerful as in the irreducible case (in the sense some extra work is needed to deal with this setting); the orbit space approach does not suffer from these limitations.

In some cases, one considers identical subsystems with identical symmetry related via some coupling which introduce an extra (discrete) symmetry relating the blocks corresponding to the subsystems. This setting would arise e.g. in the case of systems of coupled identical oscillators with a K-symmetric interaction, K a subgroup of the permutation group; a related symmetric variational problem with additional S_n symmetry has been considered using an orbit space approach in [47].

5) In the case of relative periodic orbits, notice that if there is a significantly different time scale for the motions along G-orbits and those in orbit space, the symmetry splitting would correspond to a dynamical splitting between fast and slow variables (moreover, if one adopts an adiabatic approximation, topological effects similar to Hannay angles could appear).

Also, in the case of approximate symmetries one can adopt a perturbation approach based on a symmetric unperturbed system, which can be analyzed via orbit space; the non-symmetric perturbation will in general introduce a (weak) dependence of the dynamics in Ω on the flow along G-orbits.

6) It should be stressed that the problem in Ω can happen to have a variational structure even if the original problem in M lacked it; the presence of a variational structure does at once permit to use all the tools of the Calculus of Variations (and thus e.g. Morse theory, Lyusternik category, etc.) in the Ω problem.

In order to illustrate this, let us consider the following class of polynomial three dimensional systems, invariant under G = SO(2) × Z_2, where SO(2) acts as rotations in the (x, y) plane and Z_2 as reflections across the same plane:

ẋ = α(r^2, z^2)x − β(r^2, z^2)y ẏ = β(r^2, z^2)x + α(r^2, z^2)x ż = γ(r^2, z^2)z

(15)

(where r^2 = x^2 + y^2); obviously a system of this form cannot be hamiltonian, and it can be (nonautonomous) hamiltonian in the subspace (x, y) only if α ≡ 0; it is gradient (exact) only if β ≡ 0 and (∂α/∂z^2) = (∂γ/∂r^2).

In the orbit space Ω, in which we can use coordinates ρ = r^2 and ζ = z^2, the system is written as { ρ̇ = 2 ρ α(ρ, ζ) ζ̇ = 2 ζ γ(ρ, ζ) (16)

which is gradient (exact) when ρ(∂α/∂ζ) = ζ(∂γ/∂ρ). The same problem is instead Hamiltonian when α + ρα_ρ = −γ − ζγ_ζ .

Thus (with simple algebra) the system in the orbit space is a gradient one when α(ρ, ζ) = ζ^2 ∞∑ k=0 c_k (ζρ)^k , γ(ρ, ζ) = ρ^2 ∞∑ k=0 c_k (ζρ)^k ; (17) and Hamiltonian when α(ρ, ζ) = ∞∑ k=0 c_k (ζρ)^k = −γ(ρ, ζ) . (18)

7) We would also like to recall that a large part of the “standard theory” refers to compact Lie groups with a linear action; in the case of compact groups acting on finite dimensional compact manifolds – or on manifolds which can be compactified, as e.g. finite dimensional linear spaces, which can be compactified via the one-point compactification (the choice of compactification raises some delicate points relative to the deformation of the linear action in the compactification process) – we know [48, 49] that any nonlinear action can^4 be equivariantly embedded into an orthogonal action in some R^k space, so that in principle (i.e. modulo the equivariant embedding), this covers the general case of nonlinear action as well. However, applications in general and Physics in particular abound with infinite dimensional spaces (whenever we are in the realm of Field Theory) and non-compact groups (just think of the Euclidean or Poincaré groups, or the group of scale transformations), so that it can be useful to have a tool which only uses the (local) structure of orbit space.

8) In this respect, it should be mentioned that Michel theory has been successfully applied to gauge theories (not necessarily of strict Yang-Mills type) [37], i.e. in a case where an infinite dimensional non-compact Lie group (locally modelled on a compact semisimple Lie group) acts on an infinite dimensional space of sections of a fiber bundle. Moreover, Michel theory can be set in terms of equivariant retractions and more generally of slice theory [18, 19] (see e.g. [34, 35]); this is a much more general setting, essentially needing only a G-compatible topology (slice theory can be formulated for topological groups, without requiring a differentiable structure), and thus it is possible it can be applied to much more general cases: e.g., we know that local slices exist in the space of Riemannian structures of a manifold [50].

References

[1] G. Cicogna, “Symmetry breakdown from bifurcation”; Lett. N. Cim. 31 (1981), 600-602 [2] G. Cicogna, “Bifurcation from symmetry and topological arguments”, Boll.

U. M. I. 3A (1984), 131 [3] A. Vanderbauwhede, Local bifurcation and symmetry, Pitman 1982

4The actual determination of the embedding map can be a very difficult problem: e.g., for integrable systems (carrying a torus action), this can be as hard as the complete integration of the dynamical system under study.

[4] D.H. Sattinger, Group theoretic methods in bifurcation theory (Lecture Notes in Mathematics 762), Springer 1979; Branching in the presence of symmetry, SIAM 1983 [5] M. Golubitsky, D. Schaeffer and I. Stewart, Singularities and groups in bifurcation theory – vol. II, Springer 1988 [6] I.N. Stewart, “Bifurcation with symmetry”, in New directions in dynamical systems, T. Bedford and J.W. Swift eds., Cambridge 1987 [7] G. Gaeta, “Bifurcation and symmetry breaking”, Phys. Rep. 189 (1990), 1-81 [8] M. Golubitsky and I. Stewart, “Hopf bifurcation in the presence of symmetry”; Arch. Rat. Mech. Anal. 87 (1985), 107-165 [9] G. Cicogna, “A nonlinear version of the equivariant bifurcation lemma”; J.

Phys. A 23 (1990), L1339 [10] G. Cicogna, “Multiple-periodic bifurcation and resonance in dynamical systems”, Nuovo Cimento 113B (1998), 1425-1430 [11] L. Michel, “Points critiques de fonctions invariantes sur une G-variété”, C.

R. Acad. Sci. Paris 272-A (1971), 433 [12] M. Koenig and P. Chossat, “Charactérisation des bifurcations pour les champs de vecteurs équivariants sous l’action d’une groupe de Lie compact”, C. R. Acad. Sci. Paris I 318 (1994), 31-36 [13] P. Chossat, M. Koenig and J. Montaldi, “Bifurcation générique d’ondes rotatives d’isotropie maximale”, C. R. Acad. Sci. Paris I 320 (1995), 25- 30 [14] P. Chossat and R. Lauterbach, “Le théorème de Hartman-Grobman et la réduction à l’espace des orbites”, C. R. Acad. Sci. Paris I 325 (1997), 595-600 [15] P. Chossat and R. Lauterbach, Methods in equivariant bifurcations and dynamical systems and applications, World Scientific, to appear (1999) [16] M. Goresky and R. MacPherson, Stratified Morse theory, Springer 1988 [17] M. Field, “Stratification of equivariant varieties”, Bull. Austr. Math. Soc.

16 (1977), 279-295 [18] D. Montgomery and C.T. Yang, “The existence of a slice”, Ann. Math. 65 (1957), 108-118 [19] R.S. Palais, “On the existence of slices for non-compact Lie groups”, Ann.

Math. 73 (1961), 295-323 [20] R. Sjamaar and E. Lerman, “Stratified symplectic spaces and reduction”, Ann. Math. 134 (1991), 375-422 [21] J.E. Marsden, Lectures on geometric methods in mathematical physics, SIAM 1981

[22] J. Arms, J. Marsden and V. Moncrief, “Symmetry and bifurcations of momentum mappings”, Comm. Math. Phys. 78 (1981), 455-478 [23] M. Koenig, “Linearization of vector fields on the orbit space of the action of a compact group” Math. Proc. Cambridge Phil. Soc. 121 (1997), 401 [24] R. Lauterbach and J. Sanders, “Bifurcation analysis for spherically symmetric systems using invariant theory”, J. Dyn. Diff. Eqs. 9 (1997), 535-560 [25] E. Lerman and T. Tokieda, “On relative normal modes”, C. R. Acad. Sci.

Paris – I 328 (1999), 413-418 [26] E. Lerman and S.F. Singer, “Stability and persistence of relative equilibria at singular values of the moment map”, Nonlinearity 11 (1988), 1-13 [27] M. Krupa, “Bifurcations of relative equilibria”, SIAM J. Math. Anal. 21 (1990), 1453-1486 [28] M. Dellnitz, I. Melbourne and J. Marsden, “Generic bifurcation of Hamiltonian vector fields with symmetry”, Nonlinearity 5 (1992), 979-996 [29] J. Montaldi, M. Roberts and I. Stewart, “Periodic solutions near equilibria of symmetric Hamiltonian systems”, Phil. Trans. Roy. Soc. London 325 (1988), 237-293 [30] G. Derks, “Families of relative equilibria in Hamiltonian systems with dissipation”, in Symmetry and Perturbation Theory II, A. Degasperis and G. Gaeta eds., World Scientific, to appear (1999) [31] J. Montaldi, “Perturbing a symmetric resonance: the magnetic spherical pendulum”, in Symmetry and Perturbation Theory II, A. Degasperis and G. Gaeta eds., World Scientific, to appear (1999) [32] L. Michel and L. Radicati, “Properties of the breaking of hadronic internal symmetry”, Ann. Phys. (N.Y.) 66 (1971), 758; “The geometry of the octet”, Ann. I.H.P. 18 (1973), 185 [33] L. Michel, “Symmetry defects and broken symmetry. Configurations. Hidden symmetry”, Rev. Mod. Phys. 52 (1980), 617-651; “Non-linear group action: smooth action of compact Lie groups on manifolds”, in Statistical Mechanics and Field Theory, R.N. Sen and C. Weil eds., Israel University Press 1972 [34] M. Abud and G. Sartori, “The geometry of spontaneous symmetry breaking”, Ann. Phys. (N.Y.) 150 (1983), 307 [35] G. Sartori, “Geometric invariant theory. A model-independent approach to spontaneous symmetry and/or supersymmetry breaking”, La Rivista del Nuovo Cimento 14:1 (1991); see also “Orbit spaces of adjoint representations of compact simple Lie groups and Weyl groups”, in Symmetry and Perturbation Theory II, A. Degasperis and G. Gaeta eds., World Scientific, to appear (1999) [36] G. Sartori and V. Talamini, “Universality in orbit spaces of compact linear groups”, Comm. Math. Phys. 139 (1991), 559-588;

[37] G. Gaeta and P. Morando, “Symmetry breaking and gauge theories”, Ann.

Phys. (N.Y.) 260 (1997), 149-170; “Reducible connections in gauge theories”, Lett. Math. Phys. 45 (1998), 121-129 [38] E. Bierstone, “Lifting isotopies from orbit space”, Topology 14 (1975), 245- 252 [39] G.W. Schwarz, “Smooth functions invariant under the action of a compact Lie group”, Topology 14 (1975), 64-68; “Lifting smooth homotopies of orbit spaces”, Publ. Math. I.H.E.S. 51 (1980), 37-134 [40] G. Gaeta, “A splitting lemma for equivariant dynamics”, Lett. Math. Phys.

33 (1995), 313-320 [41] S.N. Chow and J.K. Hale, Methods of bifurcation theory, Springer 1982 [42] J.D. Crawford, “Introduction to bifurcation theory”, Rev. Mod. Phys. 63 (1991), 991-1037 [43] M. Golubitsky, J.E. Marsden and I. Stewart, “Generic bifurcation of Hamiltonian systems with symmetry”, Physica D 24 (1987), 391-405 [44] G. Cicogna and G. Gaeta, “Periodic solutions from quaternionic bifurcation”, Lettere al Nuovo Cimento 44 (1985), 65-68; “Periodic solutions from symmetry”, Nonl. Anal. 13 (1989), 475-488 [45] M.J. Field and R.W. Richardson, “Symmetry breaking and the maximal isotropy subgroup conjecture for reflection groups”, Arch. Rat. Mech. Anal. 105 (1989), 61-94; “Symmetry breaking in equivariant bifurcation problems”, Bull. A.M.S. 22 (1990), 79-84 [46] G. Gaeta: “Counting symmetry breaking solutions to symmetric variational problems”; Int. J. Theor. Phys. 35 (1996), 217-229 [47] G. Gaeta: “Breaking of permutation symmetry and diagonal group action:

Nielsen model and the standard model as low-energy limit”; Int. J. Theor. Phys. 32 (1993), 727-736 [48] G.D. Mostow, “Equivariant embeddings in euclidean space”, Ann. Math.

65 (1957), 432-446; “On a conjecture of Montgomery”, Ann. Math. 65 (1957), 513-516 [49] R.S. Palais, “Imbedding of compact, differentiable transformation groups in orthogonal representations”, J. Math. Mech. 6 (1957), 673-678 [50] J.P. Bourguignon, “Une stratification de l’espace des structures Riemanniennes”, Comp. Math. 30 (1975), 1-41