Inverse Problem for Periodic ”Weighted” Operators

Evgeni Korotyaev^1

Math. Dept. 2, ETU, 5 Prof. Popov Str., St.Petersburg, 197376, Russia E-mail: Evgeni.Korotyaev@pobox.spbu.ru

Abstract. Define the periodic weighted operator T y = −ρ^{−2}(ρ^2y^′)^′ in L^2(R, ρ(x)^2dx). Suppose a function ρ ∈ W^2_1 (R/Z) is 1-periodic real positive, ρ(0) = 1, and let q = ρ^′/ρ ∈ L^2(0, 1). The spectrum of T consists of intervals σ_n = [λ^+_{n−1}, λ^−_n ] separated by gaps γ_n = (λ^−_n , λ^+_n ), n ≥ 1, with the lengths |γ_n| and λ^+_0 = 0. Let m^2_n, n ≥ 1, be the Dirichlet eigenvalue of the equation −y^{′′} − 2qy^′ = z^2y, y(0) = y(1) = 0 where m_n > 0. Introduce the Lyapunov function Δ(z, q) for T and note that Δ_z(z_n, q) = 0 for some z_n ∈ [ √ λ^−_n , √ λ^+_n ]. Let φ(x, z, q) be the solution of the equation −φ^{′′} −2qφ^′ = z^2φ, z ∈ C , satisfying φ(0, z, q) = 0, φ^′(0, z, q) = 1. Introduce the vector h_n = (h_{cn}, h_{sn}) ∈ R^2, with components h_{cn} = − log[(−1)^nφ^′(1, m_n, q)], h_{sn} = ||h_n|^2 − (h_{cn})^2|^{1/2}sign(z_n − m_n), where |h_n| is defined by the equation cosh |h_n| = (−1)^nΔ(z_n, q) ≥ 1 and coincides with the euclidien norm of the vector h_n. Using nonlinear functional analysis in Hilbert space, we prove that the mapping h : q → h(q) = {h_n}^∞_1 is a real analytic isomorphism.

1 Introduction and main results

Consider the periodic weighted operator

T f = −ρ^{−2}(ρ^2f^′)^′ = −f^{′′} − 2qf^′, q ≡ ρ^′ ρ , (1.1)

in the Hilbert space L^2(R, ρ(x)^2dx) with the norm ‖f‖^2_ρ2 =

∫_1

0 ρ^2(x)|f(x)|^2dx, where ρ ∈ W^2_1 (R/Z) is a 1-periodic real positive function, i.e. ρ(x) > ρ_0, x ∈ [0, 1] for some ρ_0 > 0. Without loss generality, assume ρ(0) = 1. Here and below we use the notation (^′) = ∂/∂x, ∂ = ∂/∂q. It is well known (see [L], [Kr]) that the spectrum of T is absolutely continuous and consists of intervals σ_n = [λ^+_{n−1}, λ^−_n ], where λ^+_{n−1} 6 λ^−_n 6 λ^+_n , n ≥ 1. These intervals are separated by the gaps γ_n = (λ^−_n , λ^+_n ), with the length |γ_n| ≥ 0. If a gap γ_n is degenerate, i.e. |γ_n| = 0, then the corresponding segments σ_n, σ_{n+1} merge. In analogy to the notation O(1/n) we use the notation ℓ^d(n), d ≥ 1, for an arbitrary sequence of numbers, which is an element of ℓ^d (see [PT]). For instance,

a_n = b_n + ℓ^d(n) is equivalent to a_n = b_n + c_n, ∑ |c_n|^d < ∞. Let us recall author’s result [K1] z^±_n ≡ √ λ^±_n = πn ± | ∫_1 0 e^{i2πnx}q(x)dx| + ℓ^d(n), d > 1, as n → ∞, (1.2) 1Partially supported by Russian Fund of Fundamental Research, INTAS and Grant for the cooperation between Sweden and the former Soviet Union no 12528

and these asymptotics give the estimates of gap lengths. Roughly speaking these asymptotics give the main difference between the spectral properties of the operator T and the Hill operator: the gap length |γ_n| → ∞ as n → ∞ for T while the gap length of the Hill operator tends to zero at large n. Introduce the fundamental solutions φ(x, z, q), ϑ(x, z, q) of the following equation −y^{′′} − 2qy^′ = z^2y, z ∈ C , (1.3) with the conditions φ(0, z, q) = ϑ^′(0, z, q) = 0, φ^′(0, z, q) = ϑ(0, z, q) = 1, here and below (^′) = ∂/∂x, ( ˙ ) = ∂/∂z, ∂ = ∂/∂q. The Lyapunov function is defined by Δ(z, q) = 1 2 (φ^′(1, z, q) + ϑ(1, z, q)). (1.4)

The sequence λ^+_0 < λ^−_1 6 λ^+_1 < ..... is the spectrum of Eq. (1.3) with the periodic boundary conditions of period 2, i.e. f(x + 2) = f(x), x ∈ R. Here equality means that λ^−_n = λ^+_n is a double eigenvalue. We note that Δ(z^±_n , q) = (−1)^n, n ≥ 1. The lowest eigenvalue λ^+_0 = 0 is simple, Δ(0, q) = 1, and the corresponding eigenfunction has period 1. The eigenfunctions corresponding to λ^±_n have period 1 when n is even and they are antiperiodic, f(x + 1) = −f(x), x ∈ R, when n is odd. For each n ≥ 1 there exists a unique point z_n ∈ [z^−_n , z^+_n ] such that Δ̇(z_n, q) = 0.

Let μ_n(q), n ≥ 1, be the Dirichlet spectrum of q, that is the spectrum of (1.3) with boundary condition y(0) = y(1) = 0, and let m_n(q) = √ μ_n(q) > 0. It is well known that m_n(q) ∈ [z^−_n , z^+_n ], n ≥ 1.

There are various methods of solving inverse problems. We shortly describe a ”direct approach” from [KK1], based on a theorem from nonlinear functional analysis. We recall definitions. Suppose that H, H_1 are real separable Hilbert spaces with norms ‖ · ‖, ‖ · ‖_1. The derivative of a map f : H → H_1 at a point y ∈ H is a bounded linear map from H into H_1, which we denote by d_yf. A map f : H → H_1 is compact on H if it maps weakly convergent sequences in H into strongly convergent sequences in H_1. A map f : H → H_1 is a real analytic isomorphism between H and H_1 if f is one-to-one and onto and both f and f^{−1} are real analytic maps of the Hilbert space. Let H_C be the complexification of the real Hilbert space H with the norm ‖ · ‖_C

We formulate a new version of a ”basic theorem” of the direct method (see [KK1], [KK2]). Theorem A. Let H, H_1 be real separable Hilbert spaces with norms ‖ · ‖, ‖ · ‖_1. Suppose that a map f : H → H_1 satisfies the following conditions: i) f is real analytic, ii) the operator d_qf has an inverse for all q ∈ H, iii) there is a nondecreasing function g : [0, ∞) → [0, ∞), g(0) = 0, such that ‖q‖ 6 g(‖f(q)‖_1) for all q ∈ H, iv) there exists a basis {e_n}^∞_1 of H_1 such that each map (f(·), e_n)_1 : H → R, n ≥ 1, is compact, v) for each ζ > 0 the set {q : ∑ n^2(f(q), e_n)^2_1 < ζ} ⊂ H is compact.

Then f is a real analytic isomorphism between H, H_1.

Remark. For the Hill operator instead of Condition v) we have the following condition (see [KK1], [KK2]) v’) there exists a linear isomorphism J : H → H_1 such that (f(q) − Jq, e_n) = O(1/n) as n → ∞ uniformly on bounded subsets of H.

Introduce the real Hilbert spaces H = {q : q ∈ L^2(0, 1),

∫_1

0 d(x)dx = 0} and ℓ^r = {f = {f_n}^∞_1 , f_n ∈ R, ‖f‖^r = ∑ n≥1 |f_n|^r < ∞}, r ≥ 1. and define the Fourier transformation Φ : H_C → ℓ^2_C ⊕ ℓ^2_C such that (Φq)_n = √ 2q_n, n ≥ 1, where q_n = (q_{cn}, q_{sn}), and the coefficients q_{cn}, q_{sn} have the form q_{cn} = ∫_1 0 q(x) cos 2πnxdx, q_{sn} = ∫_1 0 q(x) sin 2πnxdx, n ≥ 1, q ∈ H_C . Now we construct the mapping h : q → h(q) = {h_n}^∞_1 from H into ℓ^2 ⊕ ℓ^2 by the following rule: h_n = (h_{cn}, h_{sn}) ∈ R^2, where the function |h_n(q)|^2, q ∈ H, is defined by the equation

cosh |h_n(q)| = (−1)^nΔ(z_n(q), q), q ∈ H, (1.5)

and the components have the form

h_{cn}(q) = − log[(−1)^nφ^′(1, m_n(q), q)], h_{sn}(q) = ||h_n(q)|^2 − h^2_{cn}(q)|^{1/2}sign(z_n(q) − m_n(q)). (1.6) Using the identity φ^′ϑ − ϑ^′φ = 1 and the relation φ^′(1, m_n(q), q) = (−1)^ne^{−hcn(q)} we deduce that ϑ(1, m_n(q), q) = (−1)^ne^{hcn(q)} and then

(−1)^nΔ(m_n(q), q) = cosh h_{cn}(q), n ≥ 1. (1.7)

Note that h^2_n − h^2_{cn} ≥ 0, since (−1)^nΔ(z, q) has the maximum at z_n on the segment [z^−_n , z^+_n ]. Define the ball B_C(p, t) = {q : ‖q − p‖_C < t} ⊂ H_C , p ∈ H_C , and introduce the constant ε_q by the formula ε_q = 8^{−2}e^{−4‖q‖}. Our main goal is to solve the inverse problem for the mapping h(q) by a direct method. We formulate our main result.

Theorem 1.1. The mapping h : H → ℓ^2 ⊕ ℓ^2 is a real analytic isomorphism. Each function h_n(·), n ≥ 1, is compact and real analytic on H. Moreover, for any fixed d > 1 the following estimates are fulfilled: ‖q‖ 6 ‖h‖ 6 ‖q‖(1 + ‖q‖), q ∈ H, (1.8) and h_n(q) = q_n + ℓ^d(n), n → ∞, (1.9)

(d_qh_n(q))(x) = (cos 2πnx, sin 2πnx) + ℓ^2(n), n → ∞, (1.10)

uniformly on [0, 1] × B_C (p, ε_p) for each fixed p ∈ H.

Remark. i) Recall that in analogy to the notation O(1/n) we use the notation ℓ^d(n), d ≥ 1. For example, (1.10) means that there exists a sequence β = {β_n(q)} ∈ ℓ^2 such that ‖β‖_d 6 1 and (d_qh_n(q))(x) = (cos 2πnx, sin 2πnx) + β_n(q)O(1), n → ∞,

uniformly on [0, 1] × B_C (p, ε_p) for each fixed p ∈ H. ii) The estimates (1.8) were proved in [K1], [K3]. iii) In order to prove this theorem we use the results from [K2], where the author solved the same problem for the Hill operator (after [MO1-2]) by the direct method. iv) Roughly speaking in Theorem 1.1 the result of [MO1-2] is extended to singular potentials (distributions), see formula (1.16). This generalization requires essentally different proofs, since the technique that was used for studing the Hill operator could not be directly generalized to the weighted operator. This induced us to reconsider the original version of the proof (Theorem A), this led us evidentlly to discover simplifications, and also improvements in the estimates. The proof presented here depends on the investigation of the fundamental solutions and some integral equation (see (2.2)) at large |z|, which seem to us also have independent interest. In the proof of asymptotics estimates there exists a big difference between the Hill operator and the weighted operator. Roughly speaking in the integral equation for the fundamental solution of the Hill operator there exists the small parameter 1/z! But such small parameter 1/z is absent for the weighted operator (see (2.2)). Some asymptotics estimates was found in [K1], but the main part of needed ones is proved here.

Introduce a quasimomentum domain K = C \ ∪Γ_n, where Γ_n = (πn + i|h_n(q)|, πn − i|h_n(q)| ) is an excised slit with height |h_n(q)| ≥ 0, n ≥ 1, and h_0 = 0. Below we need the spectral domain Z = C \ ∪g_n where g_n = (z^−_n , z^+_n ) = −g_{−n}, n ≥ 1, is a horizontal slit with length |g_n| ≥ 0 and we recall z^±_n = √ λ^±_n > 0.

Corollary 1.2. For each h ∈ ℓ^2 ⊕ ℓ^2 there exist a unique function q ∈ H and a unique conformal mapping k : Z → K such that following identities and asymptotics are fulfilled:

cos k(z) = Δ(z, q), z ∈ Z, (1.11) k(z) = z − ‖q‖^2 + o(1) 2z , | Im z| → ∞, (1.12) k(z_n ± i0) = πn ± i|h_n|, n ≥ 1, (1.13) k(m_n(q) ± i0) = πn ± ih_{cn}, n ≥ 1. (1.14) Proof. In Theorem 1.1 we proved that for each h ∈ ℓ^2 ⊕ ℓ^2 there exists a unique potential q ∈ H such that the identities (1.6) are fulfilled. Moreover, in [K1] the author constructed a unique conformal mapping k : Z → K with the needed properties (1.11-13). Then using (1.7) we obtain (1.14). 2

Define the unitary transformation U : L^2(R, ρ^2dx) → L^2(R) by the formula (Uf) = ρf. Then we introduce the operator

T_1 = UT U^{−1} = −( d dx + q)( d dx − q) (1.15)

and if q^′ ∈ L^2(R/Z), then

T_1 = − d^2 dx^2 + V, V = q^′(x) + q(x)^2 = ρ^{′′}(x) ρ(x) , (1.16)

and hence ‖V ‖^2 = ‖q^′‖^2 + ‖q^2‖^2,

∫_2 0 V (x)dx = ‖q‖^2. (1.17)

For q we define the new functions ~q, ~ρ and the constant N_q by the following formulas

~ρ(x) = exp ∫ x 0 ~q(t)dt, ~q(x) = m∑ −m (q_{cn} −iq_{sn})e^{i2πnx}, N_q = 1+8‖q‖[2πm+‖q‖]e^{4‖q‖}, (1.18) where m is defined by the following condition: ‖q − ~q‖ 6 ε. The function ~q is smooth and the unitary transformation leads to the Hill operator with the smooth periodic potential ~V = ~ρ^{′′}/~ρ = ~q^′ + ~q^2. . (1.19) Then ∫_1 0 | ~V (x)|dx 6 ∫_1 0 |~q(x)^′|dx + ‖~q‖^2 6 2πm‖q‖ + ‖q‖^2. (1.20) First results about periodic weighted operator T were obtained by Lyapunov [L]. He proved that the spectrum of T has the band structure. Later Krein reproved this result in a more general case including 2 × 2 systems. The global quasimomentum was introduced into the spectral theory of the Hill operator by Firsova [F] and by Marchenko-Ostrovski [MO1] simultaneously. The author [K1] obtained the following basic result about ”the direct problem” for periodic weighted operators: i) asymptotics of various parameters (see (1.2)), ii) doublesided estimates, iii) the global quasimomentum. It is these results that we use in the present paper. Note that it is not clear how to get the asymptotics of the fundamental solutions for the case ρ ∈ C(R/Z).

A great numbers of papers are devoted to the inverse problem for the Hill operator. Marchenko and Ostrovski [MO1], [MO2] proved that the mapping h : V → h(V ) is continuous isomorphism. Garnett and Trubowitz [GT] proved that this mapping is the real analytic isomorphism for the case of even potentials. Kargaev and the author [KK] reproved the result of Garnet and Trubowitz [GT] by a direct method. Note that the proofs by the direct method are short but this approach needs some estimates (see iii) in Theorem A and (1.8)). The author [K2] proved that h : V → h(V ) is real analytic isomorphism by the direct method. Double-sided estimates for various parameters of the Hill operator (the norm of a periodic potential, effective masses, gap lengths, height of slits |h_n| and so on ) were obtained in [K4-6] and for the Dirac operator in [KK3], [K3], [K5]. The precise double-sided estimates for gap lengths was found in [K7]. Pöschel and Trubowitz [PT] wrote a book concerning the inverse Dirichlet problem. Coleman and McLaughlin [CM] solved the Dirichlet inverse problem for Eq. (1.3). In the present paper we need more strong estimates than in [CM], see Lemma 2.1 and Lemma 2.5.

We finish the introduction by briefly explaining how the proof by a direct approach will go, i.e., how we verify conditions i)-v) of Theorem A for the mapping h. Remark that the theorem from [KK1], [KK2] does not work since there exists a difference between the asymptotics of h_n, n → ∞: h_n = (2πn)^{−1}V_n + O(n^{−2}), for the Hill operator and h_n = q_n + ℓ^d, d > 1, n → ∞, for the weighted operator (see (1.9)). Asymptotics for the Hill operator is more convenient than asymptotics for the weighted operator. Note that in the proof we only use some results from [K2], [PT] and the estimates (1.8) from [K1] (see also [K3]). The checking of i) is based on the analyticity of the functions φ(·, z, q), ϑ(·, z, q), Δ(z, q) of z ∈ C , q ∈ H_C . In order to obtain the analyticity of the mapping h we need to prove the real analyticity of two mappings z_n(·), |h_n(·)|^2. The main problem is connected with the degeneracy of the gap h_n(q), i.e., the case z^−_n = z^+_n , and then with the high energy gaps. To overcome these difficulties we show the analyticity of the mappings in the ball B_C (q, ε_q) for any fixed q ∈ H and all n ≥ 1.

To check ii), we prove that the Fréchet derivatives of the map is a Fredholm operator of index zero with zero-dimensional kernels and, therefore, is invertible. Here we use a result of Paley-Wiener about entire functions (see Lemma 4.3) and the following fact: for any fixed q ∈ H the vectors {(d_qh_{cn}), (d_qμ_n), n ≥ 1} form a basis of H (see [CM]). We emphasize the important role of the entire function ∂Δ(z, q). The verification of iii) is based on estimates (1.8). To check iv), we use the compactness of the mappings z^±_n (·) : H → R, μ_n(·) : H → R and the fundamental solutions. The checking of v) is based on estimates given in [K6].

In conclusion we relate the operator T with other spectral problems. Using a unitary map, the operator T can be transformed, even with nonsmooth coefficients, by

x = x(t) = ∫ t 0 ρ(t)^{−2}dt, c(x) = ρ(t(x))^{−2}, where t(x) is the inverse function x(t), into the following weighted operator

T_cf = −c^2(x)f^{′′} in L^2(R, c(x)^{−2}dx) (1.21)

where c(x) is the sound velocity in the periodic media. The operator T_c is also studied in the photonic crystal problem, where ε(x) = c(x)^{−2} is the dielectric coefficient, periodic in x (see [N]). Remark that the equation −ÿ = z^2b(t)^2y arises in the scattering of the few particles in an external homogeneous time-periodic magnetic field B(t) = zb(t)(0, 0, 1) ∈ R^3, where z is the amplitude and b(·) is 1-periodic (see [K8]).

2 Properties of Fundamental Solutions

Define the functions f_+ = φ^′ − i ϑ^′ z , f_− = φ^′ + i ϑ^′ z , and then φ^′ = 1 2 (f_+ + f_−), ϑ^′ = z 2i (f_− − f_+). (2.1)

Note that for each x the function f_∓(x, z, q) is entire (see Lemma 2.1). The function f_±(x, z, q) is the solution of the following equation f_±(x, z, q) = e^{±izx} − ∫ x 0 cos z(x − t)2q(t)f_±(t, z, q)dt, x ∈ R, z ∈ C , q ∈ H_C , (2.2) which we rewrite in the short form

f_± = e_± − A_+f_± − A_−f_±, (2.3) where e_± = e^{±izx}, (A_±(z, q)f)(x) = e^{±izx} ∫ x 0 e^{∓izt}q(t)f(t)dt, z ∈ C , f, q ∈ H_C . The solution of the equation −y^{′′} − 2qy^′ − z^2y = f has the form y = C_1ϑ(x, z, q) + C_2φ(x, z, q) + ∫ x 0 G(x, t, z, q)f(t)dt, (2.4) G(x, t, z, q) = ρ(t)^2(ϑ(x, z, q)φ(t, z, q) − ϑ(t, z, q)φ(x, z, q)). Define the Sobolev space W^2_2 (0, 1) of functions f such that f, f^{′′} ∈ L^2(0, 1). We shall need the following results from [K1].

Lemma 2.1.For each x ∈ [0, 1] the functions f_±(x, z, q) are entire on C ×H_C . Moreover, f_± are analytic as a map from C × H_C into W^2_{1C}(0, 1) and the following estimates are fulfilled |f_±(x, z, q)| 6 e^{| Im z|x+2‖q‖C} . (2.5) If the sequence q^ν converges weakly to q in H_C , as ν → ∞, then f_±(x, z, q^ν) → f_±(x, z, q) uniformly on bounded subsets of [0, 1] × C . Moreover, for any fixed d > 1 we have f_±(x, z, q) = e^{±izx} ρ(x) − e^{∓izx} ρ(x) ∫ x 0 e^{±i2zt}q(t)dt + ℓ^d(n), ∫ x 0 e^{±i2zt}q(t)dt = ℓ^{d/2}(n), (2.6)

f_±(z) = 1 ρ (I − A_∓(z) + A_±(z)A_∓(z) − A_∓(z)A_±(z)A_∓(z))e_±(z) + [ℓ^d(n)]^2. (2.7)

as n → ∞, uniformly on bounded subsets of [0, 1] × {|z − πn| 6 π} × H_C .

Remark that [ℓ^d(n)]^2 in (2.7) means that there exist two sequences β = {β_n(q)}, α = {α_n(q)} ∈ ℓ^2 such that ‖β‖_d 6 1, ‖α‖_d 6 1, and

f_±(z) = 1 ρ (I − A_∓(z) + A_±(z)A_∓(z) − A_∓(z)A_±(z)A_∓(z))e_±(z) + β_n(q)α_n(q)O(1),

as n → ∞, uniformly on bounded subsets of [0, 1] × {|z − πn| 6 π} × H_C .

Below we need the following identities from [CML] φ^′(x, z, −q) = ρ(x)^2ϑ(x, z, q), φ(x, z, −q) = − ρ(x)^2 z^2 ϑ^′(x, z, q), x ∈ [0, 1], (2.8) where z ∈ C , q ∈ H_C , and now we prove some properties of the fundamental solutions. Lemma 2.2.For each x ∈ [0, 1] the functions φ(x, z, q), ϑ(x, z, q) are entire on C × H_C . Moreover, φ and ϑ are analytic as a map from C × H_C into W^2_{2C}(0, 1) and the following estimates are fulfilled max{|zφ(x, z, q)|, |φ^′(x, z, q)|, |ϑ(x, z, q)|, |z^{−1}ϑ^′(x, z, q)|} 6 e^{| Im z|x+2‖q‖C} , (2.9) and their derivatives with respect to q have the forms ∂φ(1, z, q) = 2φ^′(t, z, q)G(1, t, z, q), (2.10) ∂φ^′(1, z, q) = 2φ^′(t, z, q)G_x(1, t, z, q), (2.11) ∂ϑ(1, z, q) = 2ϑ^′(t, z, q)G(1, t, z, q), (2.12) ∂ϑ^′(1, z, q) = 2ϑ^′(t, z, q)G_x(1, t, z, q). (2.13) If the sequence q^ν converges weakly to q in H_C , as ν → ∞, then φ(x, z, q^ν) → φ(x, z, q), ϑ(x, z, q^ν) → ϑ(x, z, q), φ^′(x, z, q^ν) → φ^′(x, z, q), ϑ^′(x, z, q^ν) → ϑ^′(x, z, q), uniformly on bounded subsets of [0, 1] × C . Moreover, for any fixed d > 1 φ(x, z, q) = 1 zρ(x) (sin zx + ∫ x 0 sin z(2t − x)q(t)dt + ℓ^d(n)), (2.14)

φ^′(x, z, q) = 1 ρ(x) (cos zx − ∫ x 0 cos z(2t − x)q(t)dt + ℓ^d(n)), (2.15) as n → ∞, uniformly on bounded subsets of [0, 1] × {|z − πn| 6 π} × H_C . Proof. The proof repeats the corresponding arguments for the functions f_±(x, z, q).

We now show (2.10-13). Let q = q_0 + v,where q_0, v ∈ H_C . Then using (2.4) we obtain φ(1, z, q) = φ(1, z, q_0) − 2 ∫_1 0 G(1, t, zq_0)]v(t)φ^′(t, z, q)dt, which yields (2.10), since the functions φ, ϑ are entire. The proof of (2.11-13) is similar.

Let the sequence q^ν converge weakly to q in H_C , as ν → ∞. Then using (2.1) and Lemma 2.1 we deduce that φ^′(x, z, q^ν) → φ^′(x, z, q), ϑ^′(x, z, q^ν) → ϑ^′(x, z, q), uniformly on bounded subsets of [0, 1] × C . Adding (2.8) we obtain the convergence φ(x, z, q^ν) → φ(x, z, q), ϑ(x, z, q^ν) → ϑ(x, z, q). We prove (2.14-15). The relations (2.6) and (2.1) yield φ^′(x, z, q) = 1 2 (f_+(x, z, q) + f_−(x, z, q)) = 1 ρ(x) (cos zx − ∫ x 0 cos z(2t − x)q(t)dt + ℓ^d(n)). Using (2.6), (2.1) and (2.8) we deduce that φ(x, z, −q) = − ρ^2(x) z^2 ϑ^′(x, z, q) = 1 2iz (f_+(x, z, q) − f_−(x, z, q)) = ρ(x) z (sin zx − ∫ x 0 sin z(2t − x)q(t)dt + ℓ^d(n)), which gives (2.14). 2

We need some results on Eq. (1.3) with potential shifted by parameter t. Let φ(x, z, q, t), ϑ(x, z, q, t) be the solutions of the equation −y^{′′} − 2q(x + t)y^′ = z^2y, z ∈ C , t ∈ R, (2.16) satisfying φ(0, z, q, t) = ϑ(0, z, q, t) = 1, and φ(0, z, q, t) = ϑ(0, z, q, t) = 0. Remark that the Lyapunov function Δ(z, q, t) for (2.16) coincides with the Lyapunov function Δ(z, q) for t = 0. Any solution of the inhomogeneous equation −y^{′′} − 2q(x + t)y^′ − z^2y = f, (2.17) has the form y(x, t) = C_1φ(x, z, q, t) + C_2ϑ(x, z, q, t) − ∫ x 0 φ(x − s, z, q, s + t)f(s)ds, (2.18) Let χ_A(x) be the indicator function of the set A ⊂ R.

Lemma 2.3. For each t ∈ R the functions φ(1, z, q, t), φ^′(1, z, q, t) are entire on C × H_C . Their gradients are given by the formulas (∂φ(1, z, q, t))(x) = −2χ_{[0,t]}(x)φ(t − x, z, q, 1 + x)φ^′(1 + x − t, z, q, t) (2.19) −2χ_{[t,1]}(x)φ(1 + t − x, z, q, 1 + x)φ^′(x − t, z, q, t), (∂φ^′(1, z, q, t))(x) = −2χ_{[0,t]}(x)φ^′(t − x, z, q, 1 + x)φ^′(1 + x − t, z, q, t) (2.20) −2χ_{[t,1]}(x)φ^′(1 + t − x, z, q, 1 + x)φ^′(x − t, z, q, t), Proof. Let q = q_0 + v, φ(s, t) = φ(s, z, q, t), φ_0(s, t) = φ(s, z, q_0, t). Then using (2.18) we obtain φ(1, t) = φ_0(1, t) −

∫_1 0 φ_0(1 − s, s + t)2v(s + t)φ^′(s, t)ds, and hence φ(1, t) = φ_0(1, t) −

∫_{1+}t t φ_0(1 + t − x, x)2v(x)φ^′(x − t, t)ds, which yields (2.19). The proof for φ^′(1, z, q, t) is similar. 2

Let q^2_n ≡ q^2_{cn} + q^2_{sn}. Define the function Δ_2(z, q) = Δ(z, q) − cos z − Δ_1(z, q) where

Δ_1(z, q) =

∫_1 0 q(t)dt ∫ t 0 q(s) cos z(1 − 2t + 2s)ds. We need the properties of the function Δ.

Lemma 2.4.i) If the sequence q^ν, ν ≥ 1, converges weakly to q in H, then Δ(z, q^ν) → Δ(z, q) uniformly on bounded subsets of C . The function Δ(·, ·) is entire on C × H_C . ii) Its gradient is given by the formula (∂Δ(z, q))(x) = −φ^′(1, z, q, x) (2.21)

In particular, if |γ_n| = 0, then ∂Δ(z, q) = 0 at z = m_n(q).

iii) Moreover, for any fixed d > 1, the following asymptotic estimates are fulfilled:

Δ_1(z, q) = ℓ^d(n), Δ_2(z, q) = (ℓ^d(n))^2, as |z| → ∞, |z − πn| 6 π, (2.22) Δ_1(πn, q) =

(−1)^n 2 q^2_n, (2.23) and (∂Δ(z, q))(t) = ∫_1 0 q(x + t) cos z(2x − 1)dx + ℓ^d(n), |z − πn| 6 π, n ∈ Z, (2.24) (∂Δ(z, q))(t) = d_qq^2_n + ℓ^d(n), if z − πn = ℓ^2(n), (2.25) as |z| → ∞. These estimates are infinitely differentiable with respect to z and are satisfied uniformly on bounded subsets of [0, 1] × H_C .

iv) For fixed z ∈ C the function Δ(z, q) is even with respect to q ∈ H_C and Δ(z, −q) = Δ(z, q) = 1 2 [φ^′(1, z, q, ) + φ^′(1, z, −q)], q ∈ H_C , (2.26) Δ̇(z, q) = −z ∫_1 0 φ(1, z, q, t)dt. (2.27) Proof. i) Using the properties of the fundamental solutions (Lemma 2.2) we obtain the results for the Lyapunov function Δ stated in i). ii) Let φ(x, t) = φ(x, z, q, t), φ(x) = φ(x, 0) and ϑ(x, t) = φ(x, z, q, t), ϑ(x) = φ(x, 0). We have the identities

φ(1 + t) = φ(1)ϑ(t) + φ^′(1)φ(t), ϑ(1 + t) = ϑ(1)ϑ(t) + ϑ^′(1)φ(t). (2.28) It is easy to find the following equality φ(x, t) = ρ(t)^2(φ(x + t)ϑ(t) − ϑ(x + t)φ(t)), (2.29) since φ(0, t) = 0, φ^′(0, t) = 1. Substituting (2.11-12) into (1.4) we have

(∂Δ(z, q))(t) = ρ^2(t)[φ^′(t)(ϑ^′(1)φ(t) − φ^′(1)ϑ(t)) + ϑ^′(t)(ϑ(1)φ(t) − φ(1)ϑ(t))] = ρ^2(t)[φ(t)(ϑ^′(1)φ^′(t) + ϑ(1)ϑ^′(t)) − ϑ(t)(φ^′(1)φ^′(t) + φ(1)ϑ^′(t))] and (2.28-29) imply (∂Δ(z, q))(t) = ρ^2(t)[φ(t)ϑ^′(1 + t) − ϑ(t)φ^′(1 + t) = −φ^′(1, t).

iii) The asymptotic estimates (2.22) and identity (2.23) were proved in [K1]. Using (2.21) and (2.15) we get (2.24-25).

iv) Using the identity (2.8) we obtain Δ(z, q) =^1_2 [φ^′(1, z, q, ) + φ^′(1, z, −q)]. The function Δ is even with respect to q, since the function φ^′(1, z, q, ) is real analytic with respect to q.

By (2.4),the solution of the equation −ϑ̇^{′′} − 2qϑ̇ − z^2ϑ̇ = 2zϑ has the form ϑ̇(x) = 2z ∫ x 0 ρ(t)^2ϑ(t)(ϑ(x)φ(t) − ϑ(t)φ(x))dt, and then ϑ̇(1) = 2z

∫_1 0 ρ(t)^2ϑ(t)(ϑ(1)φ(t) − ϑ(t)φ(1))dt, (2.30) The same consideration yields φ̇^′(1) = 2z

∫_1 0 ρ(t)^2φ(t)(ϑ^′(1)φ(t) − ϑ(t)φ^′(1))dt, (2.31) summing we get

Δ̇ = z

∫_1 0 ρ(t)^2[ϑ(t)(ϑ(1)φ(t) − ϑ(t)φ(1)) + φ(t)(ϑ^′(1)φ(t) − ϑ(t)φ^′(1))]dt, and using (2.29) we obtain

Δ̇ = z

∫_1 0 ρ(t)^2[φ(t)ϑ(1 + t) − ϑ(t)φ(1 + t))]dt = −z

∫_1 0 φ(1, t)dt. 2 Introduce the contour C_n(r) = {z : |z − πn| = r}, n ≥ 0, r > 0. Below we shall use the following results on the Dirichlet problem for Eq. (1.3) on the interval [0, 1]. Lemma 2.5. i) Let q ∈ H_C and ε_q = 8^{−2} exp(−4‖q‖). Then for each integer N > N_q and any p ∈ B_C (q, ε_q) the function φ(1, z, p) has exactly 2N roots, counted with multiplicities, in the disc {z : |z| < π(N + (1/2))} and for each |n| > N, exactly one simple root in the domain {z : |z − πn| < 1}. There are no other roots.

ii) Each function m_n(·), n ≥ 1, is compact and real analytic on H. Its gradient is given by the formula

(d_qm_n(q))(x) = − ρ(x)^2 2m_n(q)‖φ(·, m_n(q), q)‖^2_ρ2 (φ(x, m_n(q), q)^2)^′, (2.32)

where ‖φ(·, m_n(q), q)‖^2_ρ2 = φ^′(1, m_n(q), q)φ̇(1, m_n(q), q) 2m_n(q)

> 0. (2.33) Moreover, for any fixed d > 1 the following asymptotic estimates are fulfilled: m_n(q) = πn − q_{sn} + ℓ^d(n), (2.34) (d_qm_n(q))(x) = − sin 2πnx + ℓ^2(n), (2.35) as n → ∞, uniformly on [0, 1] × B_C(p, ε_p) for each fixed p ∈ H.

Proof. i) Let M > N be another integer. Consider the contours C_0(π(N +(1/2))), C_0(π(M + (1/2))), C_n(1), |n| > N. Recall that for q we defined the functions ~q, ~V and the integer m ≥ 1 (see (1.18-19)) such that ‖q − ~q‖ 6 ε. We have the identity φ(1, z, ~q) = y_2(1, z, ~V ), where y_2(x, z, ~V^0) is the solution of the following equation −y^{′′}_2 + ~V^0y_2 = z^2y_2, y_2(0, z, ~V^0) = 0, y^′_2(0, z, ~V^0) = 1.

where ~V^0 is defined by (1.19). Using the estimates in [PT] on y_2, it is easy to get |y_2(1, z, ~V^0) − sin z z | 6^A_{|z|} exp{A + |Im z|}, A =^1_{|z|}^{∫ 1}_0 |^~V^0(x)|dx. (2.36)

Then (1.20) implies A 6^{‖q‖}_{|z|} (‖q‖ + 2πm) < 4ε, ε = εq, where |z| ≥ π(N + (1/2)). We have the equality φ(1, z, p) − φ(1, z, ~q) = ∫_1 0 (∂φ(1, z, ~q + tv), v)dt, v = p − ~q, (2.37) where (·, ·) is the scalar product in H_C . Combining the identities (2.19) with the estimates (2.9) yields |∂φ(1, z, ~q + tv)| 6 2 |z| e^{| Im z|+4‖}~^{q+tv‖} 6 2 |z| e^{| Im z|+4‖q‖+8ε}, t ∈ (0, 1), (2.38) since ‖v‖ 6 ‖p − q‖ + ‖q − ~q‖ 6 2ε. The substitution of this estimate into (2.37) implies |φ(1, z, p) − φ(1, z, ~q)| 6 4ε |z| e^{| Im z|+4‖q‖+8ε}. (2.39) Using (2.36) and (2.39) we obtain |φ(1, z, p) − sin z z | 6 |φ(1, z, p) − φ(1, z, ~q)| + |φ(1, z, ~q) −^{sin z}_z | 6^{4ε}_{|z|}e^{|Im z|+8ε}(1 + e^{4‖q‖}).

Therefore, the simple estimate exp |Im z| < 4| sin z| on all contours (see [PT]) yields |φ(1, z, p) − sin z z | 6 C^{| sin z|}_{|z|} , C = 16εe^{8ε}(1 + e^{4‖q‖}),

and C < 1 on all contours. Hence, by Rouché’s theorem, φ(1, z, r) has as many roots, counted with multiplicities, as^{sin z}_z in each of the bounded domains and the remaining unbounded region. Since^{sin z}_z has only simple roots at πn, n ≠ 0, and since M > N can be chosen arbitrarily large, the point i) of Lemma 2.5 follows.

ii) First we prove (2.33) which shows that the zero m_n(q) is simple for q ∈ H. In fact, we repeat the case of the potential from [PT]. Differentiation of Eq. (1.3) with respect to z implies −φ̇^{′′} − 2qφ̇^′ = 2zφ + z^2φ̇. Multiplying this equation by φ, the original equation by φ̇ and taking the difference we deduce that 2zφ^2 = (φ̇φ^{′′} − φ̇^{′′}φ) + 2q(φ̇φ^′ − φ̇^′φ) and 2zρ^2φ^2 = ρ^2[φ̇, φ]^′ + 2qρ^2[φ̇, φ] = (ρ^2[φ̇, φ])^′.

Let m_n = m_n(q). Then

2m_n‖φ(·, m_n)‖^2_ρ2 =

∫_1 0 ρ(x)^2φ(x, m_n)^2dx =

∫_1 0 (ρ(x)^2[φ̇(x, m_n), φ(x, m_n)])^′dx = φ̇(1, m_n)φ^′(1, m_n),

since φ(0, z) and φ̇(0, z) vanish for all z and φ(1, z) vanishes for a Dirichlet eigenvalue z = m_n. The integral is equal to ‖φ(·, z)‖_ρ2 since φ is real for real z.

In order to prove compactness of m_n(q) suppose that the sequence q^ν, ν ≥ 1, converges weakly to q in H. For small δ > 0 we introduce the intervals

I_n = [m_n(q) − δ, m_n(q) + δ] ⊂ (0, ∞), 1 6 n 6 N.

If δ is sufficiently small, then these intervals are all disjoint. The function φ(1, z, q) changes sign on each of them and |φ(1, z, q)| > 2B, z ∈ ∪I_n, for some B > 0 since m_n(q) is a simple root.

As ν → ∞, the functions φ(1, z, q^ν) → φ(1, z, q) and φ̇(1, z, q^ν) → φ̇(1, z, q) converge uniformly on ∪I_n by Lemma 2.2. Hence, for sufficiently large ν, the functions φ(1, z, q^ν) also change sign and |φ̇(1, z, q^ν)| > B on ∪I_n, so they must all have one root in each of these intervals, for ν sufficiently large . Hence φ(1, z, q^ν) has exactly one root m_n(q^ν) in each segment I_n, 1 6 n 6 N. This yields |m_n(q^ν) − m_n(q)| < δ, 1 6 n 6 N, for all sufficiently large ν. It follows that m_n(q^ν) → m_n(q), as ν → ∞, since N and δ > 0 were arbitrary. Thus, m_n(q) is a compact functions of q.

To prove real analyticity, we fix p ∈ H. Then φ̇(1, z_n(r), p) ≠ 0. Now, the implicit function theorem guarantees the existence of a unique continuous function ~m_n defined on some small neighborhood W ⊂ H of r and such that φ(1, ~m_n(q), q) = 0, ~m_n(r) = m_n(r) on W. Furthermore, ~m_n(q) is real analytic. On the other hand, m_n(q) is also a continuous function on W satisfying φ(1, m_n(q), q) = 0. Therefore, by uniqueness, ~m_n(q) = m_n(q) on W, and so m_n(q) is real analytic.

To calculate the gradient, we observe that φ(1, m_n(q), q) = 0. Hence 0 = d_q{φ(1, m_n(q), q)} = φ̇(1, m_n(q), q)d_qm_n + ∂φ(1, z, q), z = m_n(q). By (2.10), the second term has the form (∂φ(1, z, q))(x) = 2ρ(x)^2ϑ(1, z, q)(φ^2(x, z, q))^′. The Wronskian identity ϑ(1, z, q)φ^′(1, z, q) = 1 yields

(d_qm_n)(x) = − 2ρ(x)^2ϑ(1, z, q)(φ^2(x, z, q))^′ φ̇(1, m_n(q), q) = − 2ρ(x)^2(φ^2(x, z, q))^′ φ̇(1, m_n(q), q)φ^′(1, z, q) which together with (2.33) implies (2.32).

Relation (2.14) yields zφ(1, z, −q) = sin z − ∫_1 0 q(x) sin z(2x − 1)dx + ℓ^d(n), |z − πn| 6 1, n → ∞. Hence 0 = m_nφ(1, m_n, q) = sin m_n +

∫_1 0 q(x) sin m_nxdx + ℓ^d(n), which implies (2.34).

The asymptotic estimate (2.14) gives ‖φ(·, m_n, q))‖^2_ρ2 = 1 m^2_n

∫_1 0 (sin^2 xm_n + ℓ^2(n))dx, n → ∞, and then ‖φ(·, m_n, q))‖^2_ρ2 = 1 m^2_n [ 1 2 − sin 2m_n 4m_n + ℓ^2(n)] = 1 m^2_n

(1 + ℓ^2(n)). (2.40) Using (2.14-15) and (2.40) we obtain d_qm_n = ρ^2(x) 2φ^′(x, m_n, q)φ(x, m_n, q) 2m_n‖φ(·, m_n, q))‖^2_{ρ2} = −2

[cos xm_n + ℓ^2(n)][sin xm_n + ℓ^2(n)]m^2_n ‖φ(·, m_n, q))‖^2_ρ2 = − sin 2xm_n + ℓ^2(n), which implies (2.35). 2

3 Mappings

In order to study other mappings, we must consider the function z_n(q). Recall that N_q is defined by (1.18).

Lemma 3.1.i) Let q ∈ H_C and ε_q = 8^{−2} exp(−4‖q‖). Then for any integer N ≥ N_q and for each p ∈ B_C(q, ε_q) the function Δ̇(z, p) has exactly 2N + 1 roots, counted with multiplicities, in the disc {z : |z| < π(N + (1/2))} and for each |n| > N, it has exactly one simple root in the domain {z : |z − πn| < 1}. There are no other roots.

ii) Each function z_n(·), n ≥ 1, is compact and real analytic on H. Its gradient is given by the formula (d_qz_n(q))(x) = − (∂Δ̇)(x, z_n(q), q) Δ̈(z_n(q), q) . (3.1) Moreover, for any fixed d > 1 the following asymptotic estimates are fulfilled: z_n(q) = πn + ℓ^d(n), n → ∞, (3.2) (d_qz_n(q))(x) = ℓ^2(n), n → ∞, (3.3) uniformly on [0, 1] × B_C (p, ε_p) for each fixed p ∈ H.

Proof. i) Fix N and let M > N be another integer. Consider the contours C_0(π(N + (1/2))), C_0(π(M + (1/2))), C_n(1), |n| > N. Recall that for q we defined the functions ~q, ~V (see (1.18-19)) such that ‖q − ~q‖ 6 ε and Δ(z, ~q) = D(z, ~V ), where D(z, ~V ) is the Lyapunov function for the Hill operator. Using the estimates in [PT] it is easy to get |Ḋ(z, ~V ) − sin z| 6 A exp{A + |Im z|}, A = 1 |z| ∫_1 0 | ~V (x)|dx. (3.4) If we take z such that |z| ≥ π(N + (1/2)), then (1.20) implies A 6^{‖q‖}_{|z|} (‖q‖ + 2πm) < 4ε. Hence, using (2.27) we obtain |Δ̇(z, p) − Δ̇(z, ~q)| = |z ∫_1 0 (φ(1, z, q, t) − φ(1, z, ~q, t))dt|, (3.5) and φ(1, z, p, t) − φ(1, z, ~q, t) = ∫_1 0 (∂φ(1, z, ~q + yv, t), v)dy, v = p − ~q, (3.6) where (·, ·) is the scalar product in H_C . The identities (2.19) and the estimate (2.9) yield |∂φ(1, z, ~q + yv, t)| 6 2 |z| e^{| Im z|+4‖}~^{q+yv‖} 6 2 |z| e^{| Im z|+4‖q‖+8ε}, (3.7) since ‖v‖ 6 ‖p − q‖ + ‖q − ~q‖ 6 2ε. Substituting this estimate into (3.5) we have |Δ̇(z, p) − Δ̇(z, ~q)| 6 4εe^{| Im z|+4‖q‖+8ε}. (3.8)

Using (3.4) and (3.7) we deduce that |Δ̇(z, p) + sin z| 6 |Δ̇(z, p) − Δ̇(z, ~q)| + |Δ̇(z, ~q) + sin z| 6 4εe^{|Im z|+8ε}(1 + e^{4‖q‖}).

Therefore, the simple estimate exp |Im z| < 4| sin z| on all contours (see [PT]) yields

|Δ̇(z, p) + sin z| 6 C| sin z|, C = 16εe^{8ε}(1 + e^{4‖q‖}).

By assumptions, C < 1 on all contours. Hence, by Rouché’s theorem, Δ̇(·, p) has as many roots, counted with multiplicities, as sin z in each of the bounded domains and the remaining unbounded region. Since sin z has only simple roots πn, n ∈ Z, and since M > N can be chosen arbitrarily large, the point i) of Lemma 3.1 follows.

ii) In order to prove compactness of z_n(q), suppose the sequence q^ν, ν ≥ 1, converges weakly to q in H. Let z^0_n(q), n ≥ 1, be the zeros of the function Δ(z, q), z > 0. Define the segments I^0_n = [z^0_n(q), z^0_{n+1}(q)], n ≥ 1. In each I^0_n, n ≥ 1, there exists exactly one zero z_n(q) of the function Δ̇(z, q), and

z^0_n(q) < z_n(q) < z^0_{n+1}(q)], n ≥ 1, (3.9)

since the function Δ(·, q) is entire with real zeroes (see [K1]). Using Theorem 2.1 we obtain Δ(z, q^ν) → Δ(z, q) and Δ̇(z, q^ν) → Δ̇(z, q) as ν → ∞, uniformly on bounded subsets of C . Then by (3.9), in each I^0_n, 1 6 n 6 N, for any N ≥ 2, there exists exactly one zero z_n(q^ν) of the function Δ̇(z, q^ν) for large ν. For small δ > 0 we introduce the intervals

I_n = [z_n(q) − δ, z_n(q) + δ] ⊂ I^0_n, 1 6 n 6 N.

If δ is sufficiently small, then these intervals are all disjoint and I_n ⊂ I^0_n, 1 6 n 6 N. The function Δ̇(z, q) changes sign on each of them, since z_n(q) is a simple root.

As ν → ∞, the functions Δ̇(z, q^ν) converge to Δ̇(z, q) uniformly on ∪I_n by Lemma 2.4. Hence, for sufficiently large ν, they also change sign on ∪I_n, so they must all have at least one root in each of these intervals. The functions |Δ(z, q)| ≥ 1/2 and |Δ(z, q^ν)| ≥ 1/4 for any z ∈ ∪I_n and for sufficiently large ν. Hence by (3.9), Δ̇(z, q^ν) has exactly one root z_n(q^ν) in each segment I_n, 1 6 n 6 N. This yields |z_n(q^ν) − z_n(q)| < δ, 1 6 n 6 N, for all sufficiently large ν. It follows that z_n(q^ν) → z_n(q), as ν → ∞, since N and ε > 0 were arbitrary. Thus, z_n(q) is a compact functions of q.

To prove real analyticity, we fix r ∈ H. Then Δ̇(z_n(r), r) = 0 and Δ̈(z_n(r), r) ≠ 0. Now, the implicit function theorem guarantees the existence of a function ~z_n defined on some small neighborhood W ⊂ H of r and such that

Δ̇(~z_n(q), q) = 0, ~z_n(r) = z_n(r)

on W. Furthermore, ~z_n(q) is real analytic. On the other hand, z_n(q) is also a continuous function on W satisfying Δ̇(z_n(q), q) = 0. Therefore, by uniqueness, ~z_n(q) = z_n(q) on W, and so z_n(q) is real analytic.

To calculate the gradient, we observe that Δ̇(z_n(q), q) = 0. Hence

0 = d_q{Δ̇(z_n(q), q)} = Δ̈(z_n(q), q)d_qz_n + ∂Δ̇(z, q),

which implies (3.1).

Using i), we obtain |z_n(q)−πn| 6 1. We can improve i). The asymptotic estimates (2.22) yield Δ̇(z_n(q), q) = − sin z_n(q) + ℓ^d(n). Then sin(z_n(q) − πn) = ℓ^d(n) which implies (3.2). Hence from (2.22), (2.25) we conclude

d_qz_n(q) = − ∂Δ̇(z_n(q), q) Δ̈(z_n(q), q) = ℓ^2(n) cos z_n(q) + ℓ^2(n)

= ℓ^2(n). 2

We need the following results concerning the function r_n = h^2_n.

Lemma 3.2. Each function r_n(·), n ≥ 1, is compact and real analytic on H. Its gradient is given by the formula

(d_qr_n(q))(x) = (−1)^n (∂Δ(z_n(q), q))(x) (d cosh √ r_n/dr_n) , n ≥ 1. (3.10)

Moreover, for any fixed d > 1 the following estimates are fulfilled:

r_n(q) = q^2_n + (ℓ^d(n))^3, n → ∞, (3.11)

(d_qr_n(q))(x) = d_qq^2_n + ℓ^d, n → ∞, (3.12)

uniformly on [0, 1] × B_C (p, ε_p) for each fixed p ∈ H.

Proof. Since Δ(z_n(q), q) is compact, so is r_n(q). In order to prove real analyticity, we fix v ∈ H. Then (−1)^nΔ(z_n(v), v) = cosh √ r_n and (cosh √ r_n)^′_{rn} ≠ 0. Now, the implicit function theorem guarantees the existence of a unique continuous function ~r_n defined on some small neighborhood W ⊂ H of v and such that

(−1)^nΔ(z_n(q), q) = cosh √ ~r_n(q), ~r_n(v) = r_n(v), on W. Furthermore, ~r_n(q) is real analytic. On the other hand, r_n(q) is also a continuous function on W satisfying (−1)^nΔ(z_n(q), q) = cosh √ r_n(q). Therefore, by uniqueness, ~r_n(q) = r_n(q) on W, and so r_n(q) is real analytic.

To calculate the gradient, we observe that (−1)^nΔ(z_n(q), q) = cosh √ r_n(q). Hence the implicit function theorem yields

(−1)^n(d cosh √ r_n/dr_n)d_qr_n = ∂Δ(z_n(q), q) + Δ̇(z_n(q), q)d_qz_n(q), and the identity Δ̇(z_n(q), q) = 0 implies (3.10).

We need a simple estimate concerning the analytic function w = w(z) = cosh √ z − 1, where z ∈ C . There exists a domain B ⊂ C , 0 ∈ B, such that the new analytic function w_1(z) ≡ w(z), z ∈ B, has an inverse function g(w), analytic in |w| < 2, and the following estimates are fulfilled:

z = g(w) = 2w(1 − w/6 + . . .), w → 0. (3.13)

Now we let n → ∞. The function t_n(q) ≡ (−1)^nΔ(z_n(q), q) − 1 is real analytic and (3.2), (2.22) imply the following estimates

t_n = [(−1)^n cos z_n + q^2_n/2 + (ℓ^d(n))^2] − 1 = q^2_n 2 + (ℓ^d(n))^2 (3.14)

uniformly on B_C(p, ε_p). Hence the function t_n(r_n) = cosh √ r_n − 1 has an inverse r_n = g(t_n) for |t_n| < 2, and (3.13-14) yield

r_n = 2t_n(1 − t_n/6 + . . .) = q^2_n + (ℓ^d(n))^2.

Substituting the asymptotic estimates (3.2), (3.11), (2.25) into (3.10) we obtain

d_qr_n = (−1)^n ∂Δ(z_n(q), q) (sinh √ r_n/2 √ r_n) = d_qq^2_n + ℓ^d(n) 1 + O(r_n)

= d_qq^2_n + ℓ^d(n),

as n → ∞, uniformly on [0, 1] × B_C(p, ε_p). 2

4 Analytic isomorphism

We need the following result concerning the mapping h_{cn}(·).

Lemma 4.1. Each function h_{cn}(·), n ≥ 1, is compact and real analytic on H. Its gradient is given by the formulas d_qh_{cn} = − 1 φ^′(1, m_n, q) {φ̇^′(1, m_n, q)d_qm_n(q) + ∂φ^′(1, m_n, q)}, n ≥ 1, (4.1)

d_qh_{cn} = (−1)^n sinh h_{cn}

{Δ̇(m_n(q), q)d_qm_n(q) + ∂Δ(μ_n(q), q)}, h_{cn} ≠ 0. (4.2)

Moreover, for any fixed d > 1 the following estimates are fulfilled:

h_{cn}(q) = q_{cn} + ℓ^d(n), (4.3)

(d_qh_{cn}(q))(x) = cos 2πnx + ℓ^2(n), (4.4) as n → ∞, uniformly on subsets of [0, 1] × B_C (p, ε_p) for each fixed p ∈ H. Proof. φ^′(1, z, q) and m_n(q) are compact, real analytic functions of (z, q) and q, respectively. Then h_{cn}(q) = − log(−1)^nφ^′(1, m_n(q), q) is also compact and real analytic since φ^′(1, m_n(q), q) never vanishes. The differentiation rule yields d_qh_{cn}(q) = − 1 φ^′(1, z, q) [φ̇^′(1, z, q)d_qm_n(q) + ∂φ^′(1, z, q)], at z = m_n(q). Using (1.7), Lemmas 2.4-2.5 and the implicit function theorem we deduce that

(sinh h_{cn})d_qh_{cn} = (−1)^n[∂Δ(m_n(q), q) + Δ̇(m_n(q), q)d_qm_n(q)], h_{cn} ≠ 0. (4.5)

Then Lemma 2.5 and (2.15) yield

e^{−hcn} = (−1)^nφ^′(1, m_n(q), q) = (−1)^n(cos m_n(q) −

∫_1 0 q(x) cos m_n(q)(2x − 1)dx + ℓ^d(n))

= cos(m_n(q) − πn) − q_{cn} + ℓ^d(n) = 1 − q_{cn} + ℓ^d(n), which gives (4.3).

Using (2.20), (2.15), (2.34) we get ∂φ^′(1, z, q) = −2φ^′(1 − x, z, q, x)φ^′(x, z, q) = −2 cos z(1 − x) cos zx + ℓ^2(n) = −(−1)^n cos 2πnx + ℓ^2(n), z = m_n(q), and φ̇^′(1, m_n, q) = − sin m_n + ℓ^2(n) = ℓ^2(n).

Substituting these asymptotics and (2.34-35) into (4.1) we obtain (4.4). 2 Now we consider the function h_{sn}(·).

Lemma 4.2. Each function h_{sn}(·), n ≥ 1, is compact and real analytic on H. There exists a compact, real analytic and positive function b_n(·) on H such that h_{sn}(q) = (z_n(q) − m_n(q))b_n(q), q ∈ H, (4.6) and if h_{sn}(v) = 0 for some v ∈ H, then d_qh_{sn}(v) = b_n(v)(d_qz_n(v) − d_qm_n(v)). (4.7) Moreover, for any fixed d > 1, the following estimates are fulfilled: b_n(q) = 1 + ℓ^2(n), d_qb_n(q) = ℓ^2(n), (4.8) h_{sn}(q) = q_{sn} + ℓ^d(n), (4.9) (d_qh_{sn}(q))(x) = sin 2πnx + ℓ^2(n), (4.10) as n → ∞, uniformly on [0, 1] × B_C(p, ε_p) for each fixed p ∈ H.

Proof. Introduce the value r_{cn} = h^2_{cn} and the function f_n(q) = f(r_n(q), r_{cn}(q)), q ∈ H, where f(x, y) = 2[ 1 2 + 1 4! (x + y) + 1 6! (x^2 + xy + y^2) + . . .].

f is an entire function of two parameters x, y and positive if x ≥ 0, y ≥ 0. Then f_n(q) is compact, real analytic and positive on H. Using (4.3-4) and (3.11-12) we obtain f_n(q) = 1 + ℓ^1(n), d_qf_n(q) = ℓ^2(n), (4.11) as n → ∞, uniformly on [0, 1] × B_C (p, ε_p) for each fixed p ∈ H. Fixing q ∈ H, we apply Taylor’s formula for Δ(z) = Δ(z, q), m_n = m_n(q), z_n = z_n(q), ζ_n = m_n − z_n, with remainder in integral form, at z = z_n:

(−1)^n(Δ(z_n) − Δ(m_n)) = ζ^2_nF_n(q)/2,

F_n(q) ≡ (−1)^{n+1}[Δ̈(z_n) + ζ_n

∫_1 0 (1 − t)^{2 ...}Δ(z_n + tζ_n)dt]. Using the properties of Δ, m_n, z_n we get that the function F_n is compact, real analytic and positive on H. From (2.22), (2.25), (2.34-35) and (3.2-3) we deduce that

F_n(q) = 1 + ℓ^2(n), d_qF_n(q) = ℓ^2(n), as n → ∞, (4.12)

uniformly on [0, 1] × B_C (p, ε_p). Introduce the compact, real analytic and positive function y_n = F_n(q)/f_n(q) on H. Then we can define a compact, real analytic and positive function b_n = √y_n on H. Using (4.11-12) we obtain the asymptotic estimates (4.8).

The identities (1.5), (1.7) yield

ζ^2_nF_n/2 = (−1)^n(Δ(z_n) − Δ(m_n)) = cosh √ r_n − cosh √ r_{cn} = (r_n − r_{cn})f_n(r_n, r_{cn})/2. Therefore, we obtain r_n − r_{cn} = ζ^2_ny_n, which implies (4.6), indeed:

h_{sn}(q) = |r_n − r_{cn}|^{1/2}sign(z_n(q) − m_n(q)) = (z_n(q) − m_n(q))b_n(q), q ∈ H,

therefore, the function h_{sn}(u) is compact and real analytic on H. Identity (4.6) yields (4.7).

The identity (4.6) and the estimates (4.8), (2.34-35) and (3.2-3) imply (4.9-10). 2 Now we recall the well known Paley-Wiener result ( see [Le].

Lemma 4.3. Suppose that f(z) is an entire function with sup_{z∈C} |f(z)e^{−|z|}| < ∞, ∫ R |f(x)|^2dx < ∞, and f(z_n) = 0 for some sequence {z_n}^∞_{−∞} of distinct real numbers such that z_n = πn + o(1) as |n| → ∞. Then f ≡ 0. 2

We need the following result from analysis and we prove Theorem A. In fact, we repeat the corresponding proof of Theorem 5.1 from [KK1-2]. We give the detail proof since in [KK1] there was a mistake, corrected in [KK2].

Theorem A. Let H, H_1 be real separable Hilbert spaces with norms ‖ · ‖, ‖ · ‖_1. Suppose that a map f : H → H_1 satisfies the following conditions: i) f is real analytic, ii) the operator d_qf has an inverse for all q ∈ H, iii) there is a nondecreasing function g : [0, ∞) → [0, ∞), g(0) = 0, such that ‖q‖ 6 g(‖f(q)‖_1) for all q ∈ H, iv) there exists a basis {e_n}^∞_1 of H_1 such that for all n ≥ 1 the map (f(·), e_n)_1 : H → R is compact v) for each ξ > 0 the set {q : ∑ n^2(f(q), e_n)^2_1 < ξ} is compact.

Then f is a real analytic isomorphism between H and H_1.

Proof. Using Conditions i), ii) and the inverse function theorem, we see that the set f(H) is open. We prove that it is also closed .

Suppose that h_n = f(q_n) → h strongly as n → ∞. Then Condition iii) yields ‖q_n‖ 6 g(‖h_n‖_1) 6 g(sup_{n>0} ‖h_n‖_1). Hence there exists a subsequence {q_{nm} }^∞_{m=1} such that q_{nm} → q weakly as m → ∞. Therefore, Condition iv) implies (f(q_{nm} ), e_k)_1 → (f(q), e_k)_1 and (f(q), e_k)_1 = (h, e_k)_1 for fixed k ≥ 1. But {e_n}^∞_1 is a basis of H_1, whence h = f(q), and f(H) = H_1 since H_1 is connected.

We show that f is an injection. We introduce the sets

K_N = {h : (h, e_n)_1 = 0 for n > N} ⊂ H_1

and M_N = f^{−1}(K_N ) ⊂ H. The map f is a smooth local isomorphism on H, so that M_N is a real smooth submanifold of H (of dimension N).

We show that weak convergence in M_N implies strong convergence. Indeed, let q_m ∈ M_N and q_m → q weakly as m → ∞. Then h_m = f(q_m) ∈ K_N and by Condition iv), h_m → h strongly. Hence ∑ n^2(f(q_m), e_n)^2_1 < C_0 < ∞ where the constant C_0 does not depend on m.

Then by Condition v), the sequence q_m is compact. Hence the topology on M_N , generated by the norm ‖ · ‖, coincides with the topology on M_N induced by the weak topology of H, that is, weak convergence implies strong convergence.

Denoting by E_N the set of points in K_N that have more than one pre-image, we see that E_N is open because f is a local isomorphism. But E_N is also closed. Indeed, suppose there are distinct points q_j and w_j in M_N such that f(q_j) = f(w_j ) → h as j → ∞. Then, using Condition iii), we obtain two subsequences such that q_{jm} → q, w_{jm} → w, as m → ∞, and Condition iv) implies q, w ∈ M_N . If q = w, then q_{jm} = w_{jm} for large m, because the map f is a local homeomorphism. Hence q ≠ w and E_N is closed. But 0 /∈ E_N , whence E_N = ∅. Thus, f : M_N → K_N is an isomorphism.

Suppose that f : H → H_1 is not an injection. Then some point h ∈ H_1 has at least two pre-images. Since f is a local homeomorphism, the same is true of every point in some neighbourhood of h and, consequently, for some h^0 ∈ K_N such that (h^0, e_k)_1 = (h, e_k)_1 if

1 6 k 6 N and (h^0, ek)1 = 0 if k > N, where N is sufficiently large. But this contradicts

the fact that f : M_N → K_N is an isomorphism. 2

We are now ready to prove the our main theorem.

Proof of Theorem 1.1. We check all conditions of Theorem A for the mapping h : H → ℓ^2 ⊕ ℓ^2.

i) By Lemma 4.1-2, each function h_n(·), n ≥ 1, is compact and real analytic on H, and the estimates (1.9-10) are fulfilled. The relations (1.9) show that the map h(q) is locally bounded; by the uniform boundedness principle, h(q) is real analytic.

ii) Using the estimate (1.10), we see that d_qh is the sum of the operator Φ and a compact operator for all q ∈ H. That is d_qh − (1/ √ 2)Φ is a compact operator; consequently, d_qh is a Fredholm operator. We prove that the operator d_qh is invertible by contradiction. Let g ∈ H be a solution of the equation

(d_qh(q))g = 0, or {(d_qh_n(q), g) = 0, n ≥ 1}, (4.13)

for some fixed q ∈ H. We introduce the function f(z) = ∫_1 0 (∂Δ)(x, z, q)g(x)dx, z ∈ C .

The function r_n = h^2_{cn} + h^2_{sn} is analytic and (4.13) implies (d_qr_n, g) = 0. Then (3.10) yields

f(z_n) = (−1)^n(d cosh √ h_n/dr_n)(d_qr_n, g) = 0. Hence f(z_n) = 0 for any n ≥ 1, and (3.2) implies z_n = πn + o(1) as n → ∞. Now we have to show that f ∈ L^2(R). The asymptotic estimate (2.24) yields f(z) = ∫_1 0 (∂Δ(z, q))(t)g(t)dt = ∫_1 0 ∫_1 0 cos z(2y − 1)q(y + t)g(t)dtdy + ℓ^d(n) = ∫_1 0 cos z(2y − 1)G(y)dy + ℓ^d(n)), |z − πn| 6 π, |n| → ∞, d > 1, where G(y) =

∫_1

0 q(y + t)g(t)dt. Hence f ∈ L^2(R).

So, using (2.5) we see that all conditions of Lemma 4.3 are fulfilled, and we get f ≡ 0. For fixed q ∈ H we have 3 cases. First, let h_{sn} = 0. Then by (4.7), (d_qh_{sn}, g) = b_n(d_qz_n − d_qm_n, g) = 0 and by (3.1) we deduce that (d_qz_n, g) = 0 and therefore (d_qm_n, g) = 0 Second, if h_{cn} ≠ 0, h_{sn} ≠ 0, then we have by relation (4.2)

(−1)^n sinh h_{cn}(d_qh_{cn}, g) = Δ̇(m_n(q), q)(d_qm_n, g),

and then we have (d_qm_n, g) = 0, since f ≡ 0 and Δ̇(m_n) ≠ 0.

In the last case, let h_{cn} = 0, h_{sn} ≠ 0, then by (1.7), ϑ(1, m_n(q), q) = φ^′(1, m_n(q), q) = (−1)^n. Therefore, using the relation (2.11), we get

f(m_n(q)) = (∂Δ(m_n(q)), g) = A_n(d_qm_n(q), g) A_n = −ϑ^′(m_n(q))φ^′(m_n(q))φ̇(m_n(q) ≠ 0,

since f = 0 and

∫_1

0 g(x)dx = 0. Then we have (d_qm_n(q), g) = 0.

Hence we obtain (d_qm_n(q), g) = 0, (d_qh_{cn}, g) = 0, n ≥ 1. Note that for any fixed q ∈ H the vectors {(d_qh_{cn}), (d_qm_n), n ≥ 1} form a basis of H (see [CML]). Then g = 0 and the operator d_qh is invertible.

iii) The estimates (1.8) were proved in [K1].

iv) By Lemma 4.1-2, each mapping h_n : H → R^2, n ≥ 1, is compact. v) We need some results about the Hill operator T_1 = −^{d2}_{dx2} + V (x) in L^2(R) with a real 1-periodic potential V ∈ L^2(0, 1). In the paper [K6] the following estimate has been proved

‖V ‖ 6 2(1 + ‖h‖_{(1)})‖h‖_{(1)}, ‖h‖^2_{(1)} = ∑ n≥1 (2πn)^2|h_n|^2.

Then the identity (1.17) yields ‖q^′‖ 6 2(1 + ‖h‖_{(1)})‖h‖_{(1)}. Hence, for each ξ > 0 the set {q : ‖h‖_{(1)} < ξ} is compact.

Therefore, all conditions of Theorem A are fulfilled and then h is the real analytic isomorphism between H and ℓ^2 ⊕ ℓ^2. 2 Acknowledgments. The various parts of this paper were written at FIM Potsdam Univ., and at KTH (Stockholm). The author is grateful to M. Klein ( Potsdam Univ.), and to A. Laptev (KTH) for their hospitality. References

[CM] Coleman C., McLaughlin J.: Solution of the inverse problem for an impedance with integrable derivative, Commun. Pure Appl. Math. 1993, 46, 145-184; 185-212 [CMK] Constantin A., McKean H.: A shallow water equation on the circle, to appear in Commun. Pure Appl. Math.

[F] Firsova N. : Riemann surface of quasimomentum and scattering theory for the perturbed Hill operator, J. Soviet Math. 11, 487-497 (1979) [GT] Garnett J., Trubowitz E.: Gaps and bands of one dimensional periodic Schrödinger operators. Comment. Math. Helv. 59, 258-312 (1984) [KK1] Kargaev P., Korotyaev E.: The inverse problem for the Hill operator, the direct approach. Invent. Math. 129, no 3, 567-593 (1997) [KK2] Kargaev P., Korotyaev E.: The inverse problem for the Hill operator, the direct approach, Correction. (will be published in Invent. Math.)

[KK3] Kargaev P., Korotyaev E.: Effective masses and conformal mappings. Commun. Math. Phys. 169, 597-625 (1995).

[K1] Korotyaev E. : Periodic weighted operator.

[K2] E. Korotyaev: The inverse problem for the Hill operator I. Inter. Math. Research. Notes. 1997, 3, 113-125.

[K3] Korotyaev E. : Metric properties of conformal mappings on the complex plane with parallel slits. Inter. Math. Reseach. Notes. 1996, 10, 493-503.

[K4] Korotyaev E. : The propagation of the waves in the one-dimensional periodic media. Asymptotic Analysis, 15, 1-24, (1997) [K5] E. Korotyaev: The estimate of periodic potentials in terms of effective masses. Commun. Math. Phys. 1997, 183, 383-400 [K6] Korotyaev E. Estimate for the Hill operator.I, preprint FIM ETH, Zurich, Nov. 1997, will be published in J. Diff. Eq.

[K7] Korotyaev E.: Estimate of periodic potentials in terms of gap lengths. Commun. Math. Phys. 1998, 197, no. 3, 521-526 [K8] Korotyaev E.: On the scattering in an external, homogeneous time-periodic magnetic field. Mat. Sb. 180(1989), no. 4, 491-512, English transl in Math. USSR Sb. 66(1990). [Kr] Krein M. On the characteristic function A(λ) of a linear canonical system differential equation of the second order with periodic coefficients (Russian) , Prikl. Mat. Meh. 21, 320-329 (1957) [Le] Levinson N. Gap and density theorem. Amer. Math. Soc. Coll. Publ., New York, 1940 [L] Lyapunov,A: Sur une equation transcendante et les equations differentielles lineares du second ordre a coefficients periodiques, C. R., t. CXXVIII, 18, 1085-1088 (1899). [MO1] Marchenko V., Ostrovski I.: A characterization of the spectrum of the Hill operator. Math. USSR Sb. 26, 493-554 (1975).

[MO2] Marchenko V., Ostrovski I.: Approximation of periodic by finite-zone potentials. Selecta Math. Sovietica. 1987, 6, No 2, 101-136.

[N] Nojima S. Exitonic polaritons in one-dimensional photonic crystal, Phys. Rev. B, 1998, 54, no. 4, R2057-R2060 [PT] Pöschel, P., Trubowitz E.: Inverse Spectral Theory. Boston: Academic Press, 1987. [T] Titchmarsh E.: The theory of functions. Sec. ed., Univ. Press, London, 1975