May 26, 1999

Spectral Structure of Anderson Type Hamiltonians

Vojkan Jakšić

Department of Mathematics and Statistics, University of Ottawa, 585 King Edward Avenue, Ottawa, ON, K1N 6N5, Canada and Yoram Last

Institute of Mathematics, The Hebrew University, 91904 Jerusalem, Israel and Department of Mathematics, California Institute of Technology, Pasadena, California 91125 e-mail: ylast@cco.caltech.edu

Abstract. We study self adjoint operators of the form H_ω = H_0 + ∑ λ_ω(n)⟨δ_n, ·⟩δ_n , where the δ_n ’s are a family of orthonormal vectors and the λ_ω(n)’s are independently distributed random variables with absolutely continuous probability distributions. We prove a general structural theorem saying that for each pair (n, m), if the cyclic subspaces corresponding to the vectors δ_n and δ_m are not completely orthogonal, then the restrictions of H_ω to these subspaces are unitarily equivalent (with probability one). This has some consequences for the spectral theory of such operators. In particular, we show that “well behaved” absolutely continuous spectrum of Anderson type Hamiltonians must be pure, and use this to prove the purity of absolutely continuous spectrum in some concrete cases.

1. Introduction

Let H be a separable Hilbert space and H_0 a bounded self adjoint operator on H. Let {δ_n}_{n∈N} ⊂ H be a set of orthonormal vectors, where N is either finite or a countable infinite set. Let {p_n}_{n∈N} be absolutely continuous (w.r.t. Lebesgue measure) probability measures on R , and consider the probability space (Ω, dP ), where Ω = �_N R and dP = �_N dp_n . For each ω = (λ_ω(1), λ_ω(2), . . .) ∈ Ω, define

H_ω = H_0 + ∑ n∈N λ_ω(n)⟨δ_n, ·⟩δ_n . (1.1)

Operators of the form (1.1) often arise as discrete Schrödinger operators with random potentials in models of condensed matter physics. Perhaps the most famous example of this type is the d-dimensional Anderson model, which has the form (1.1) on H = ℓ^2(Z^d), with H_0 = Δ being the discrete Laplacian on ℓ^2(Z^d) ((Δψ)(n) = ∑ |j−n|=1 ψ(j)), N = Z d , the δ_n ’s being the standard basis of ℓ^2(Z^d) (namely, δ_n(m) = δ_{nm} , where δ_{nm} is the Kronecker delta), and p_n = p for some fixed measure p and all n’s. There are also many variants of this model, such as operators where H_0 is the Laplacian plus some fixed potential, operators where the potential is supported on a subset of Z^d , operators where the potential is random-decaying (e.g., dp_n(λ) = f(a_nλ) d(a_nλ) for some fixed f and a_n → ∞ as |n| → ∞), operators on graphs other than Z^d , etc... While we discuss below some concrete examples of this kind, our main results here involve general random operators of the form (1.1), and are thus valid in this more general context.

Our main result in this paper is the following structural theorem:

Theorem 1.1. Let {H_ω}_{ω∈Ω} be a family of operators of the form given by (1.1), and for each n ∈ N let H_{ω,n} be the cyclic subspace spanned by H_ω and δ_n . Let n, m ∈ N , and suppose that for a.e. ω ∈ Ω, the subspaces H_{ω,n} and H_{ω,m} are not orthogonal. Then for a.e. ω ∈ Ω, the restrictions H_ω ↾H_{ω,n} and H_ω ↾H_{ω,m} are unitarily equivalent.

Remarks. 1. One easily verifies that for any ω ∈ Ω, H_ω is essentially self adjoint. The cyclic subspaces are defined by H_{ω,n} = {f(H_ω)δ_n | f ∈ C_∞(R )}, where · denotes a closure, and C_∞(R ) is the set of (complex valued) continuous functions on R with the property that for any ϵ > 0, there exists a compact set D_ϵ ⊂ R such that |f(x)| < ϵ if x /∈ D_ϵ .

2. The assumption that H_0 is bounded can be relaxed, as long as we separately require that the δ_n ’s obey δ_n ∈ D(H_0) (where D(·) denotes the domain of the operator), and that the H_ω ’s are essentially self adjoint (for a.e. ω ∈ Ω).

3. The assumption that the λ_ω(n)’s are completely independent can also be relaxed. Theorem 1.1 (along with its Corollaries 1.1.1–1.1.3 below) would remain true if we consider any probability measure P on Ω that has the property that for each n, the conditional probability distribution of λ_ω(n), given any {λ_ω(m)}_{m≠n} , is absolutely continuous.

4. We note that by the spectral theorem [18], each of the restriction operators H_ω ↾H_{ω,n} is unitarily equivalent to multiplication by E on L^2(R , dμ_{ω,δn} ), where μ_{ω,δn} is the spectral measure for H_ω and δ_n , namely, the unique (regular) Borel measure on R obeying ⟨δ_n, f(H_ω)δ_n⟩ = ∫ f(E) dμ_{ω,δn} (E) for any bounded Borel function f . Thus, the unitary equivalence of H_ω ↾H_{ω,n} and H_ω ↾H_{ω,m} is the same as the mutual equivalence of the two spectral measures μ_{ω,δn} and μ_{ω,δm} (where we say that two measures are equivalent if they have the same sets of zero measure).

While we are mainly interested here in random operators of the form (1.1), and we have thus formulated our main result in this context, we will see that the core of Theorem 1.1 is, in fact, a theorem about rank-two perturbations which is itself an immediate consequence of a theorem about rank-one perturbations. Recall that the (by now, classical) theory of rank-one perturbations [21] deals with families {H_λ}_{λ∈} R of self adjoint operators of the form H_λ = H_0 + λ⟨ψ, ·⟩ψ . The theory concentrates on the cyclic subspace spanned by H_λ and ψ (which is independent of λ) and deals with the behavior of the spectral measure μ_{λ,ψ} (for H_λ and ψ ) as λ is varied. In this paper we treat a somewhat different question in the same context: We will consider an additional vector φ, and show that if the cyclic subspace spanned by H_λ and ψ is not orthogonal to the cyclic subspace spanned by H_λ and φ, then for Lebesgue a.e. λ, the spectral measure μ_{λ,ψ} is absolutely continuous with respect to the spectral measure μ_{λ,φ} . This fact is the core of Theorem 1.1. Our proof of it is an extension of an argument of Simon [20] (see more on this below).

In what follows, we are mostly interested in cases where the family {δ_n}_{n∈N} is a cyclic family for the H_ω ’s. Given a self adjoint operator H on H and a (finite or infinite) family of orthonormal vectors {φ_n}_{n∈I} (where I ⊂ N ), we denote by H_{φn} the cyclic subspace spanned by H and φ_n , and we say that {φ_n}_{n∈I} is a cyclic family for H if the set of all finite sums {φ̃_1 + φ̃_2 + . . . + φ̃_N | φ̃_n ∈ H_{φn} } is dense in H. We note that such cyclic families always exists, since every orthonormal basis of H is a cyclic family for H . Given such a cyclic family, we define a Borel measure μ on R by μ = ∑ n∈I 2^{−n}μ_{φn} , (1.2)

where for each n, μ_{φn} is the spectral measure for H and φ_n . Such a measure μ completely determines the spectral properties of H , since any spectral measure of H must be absolutely continuous with respect to it. In particular, the Borel decomposition μ = μ_{ac} + μ_{sc} + μ_{pp} of μ into absolutely continuous, singular continuous, and pure point parts determines the corresponding spectra of H . The absolutely continuous spectrum σ_{ac}(H), singular continuous spectrum σ_{sc}(H), and pure point spectrum σ_{pp}(H), are the topological supports of the corresponding parts of μ. We call the class of measures that are equivalent to μ (namely, those measures having the same sets of zero measure) the spectral measure class of the operator H .

Theorem 1.1 immediately implies the following:

Corollary 1.1.1 Let {H_ω}_{ω∈Ω} be as in Theorem 1.1, and suppose that for a.e. ω ∈ Ω, the following two conditions hold:

(i) The family {δ_n}_{n∈N} is a cyclic family for H_ω .

(ii) For every n, m ∈ N , the subspaces H_{ω,n} and H_{ω,m} are not orthogonal. Then for a.e. ω ∈ Ω, for every n ∈ N , the spectral measure μ_{ω,δn} (for H_ω and δ_n ) is in the spectral measure class of H_ω .

Corollary 1.1.1 indicates that the spectral theory of operators of the form (1.1) (in cases where the assumptions of the Corollary hold) is somewhat simpler than what one might a priory expect, since it is sufficient to study the restriction of H_ω to any of the cyclic subspaces H_{ω,n} . More importantly, we will show that Corollary 1.1.1 imposes some restrictions on the kind of spectral properties that such operators might have as well as on the behavior of certain spectral objects when ω is varied. It is tempting to think that Corollary 1.1.1 has something to do with the spectrum of H_ω being simple and the δ_n ’s being cyclic vectors. Indeed, if this where true, then Corollary 1.1.1 would have followed from it. Furthermore, it has been shown by Simon [20] that for {H_ω}_{ω∈Ω} as in Corollary 1.1.1, the δ_n ’s are indeed cyclic vectors (and thus the spectrum is simple) in case that the H_ω ’s have only pure point spectrum. In fact, our proof of Theorem 1.1 (and thus of Corollary 1.1) is an extension of Simon’s argument. In the pure point case, the mutual equivalence of the μ_{ω,δn} ’s along with the existence of resolution of the identity in terms of normalized eigenvectors imply the cyclicity of the δ_n ’s. However, this argument breaks down for continuous spectrum. Moreover, we will see below that there are simple examples where the spectrum is not simple, and so Corollary 1.1.1 holds irrespectively of spectral multiplicity issues.

Given an operator H_ω of the form (1.1), let

μ_ω = ∑ n∈N 2^{−n}μ_{ω,δn} . (1.3)

We will prove the following:

Corollary 1.1.2 Let {H_ω}_{ω∈Ω} be as in Corollary 1.1.1. Then for P -a.e. pair ω, ω^′ ∈ Ω, the singular parts of the measures μ_ω and μ_ω0 are mutually singular.

Remarks. 1. Corollary 1.1.2 is related to the known [4,5] fact about Schrödinger operators with ergodic potentials that {ω ∈ Ω | E is an eigenvalue of H_ω } has zero measure (and thus the pure point parts of μ_ω and μ_ω0 are almost surely mutually singular). Of course, our result does not cover general Schrödinger operators with ergodic potentials, while it does cover many operators that are not ergodic. For the case of Schrödinger operators with i.i.d. random potentials (which are ergodic), our result generalizes the above fact by handling the singular parts of the measures rather than just their pure point parts. Deift- Simon [6] have proven precisely the same kind of result (namely, for the singular parts of the measures) for Schrödinger operators with ergodic potentials in one dimension.

2. It is interesting to note that Corollary 1.1.2 can potentially be used to prove the existence (and even purity) of absolutely continuous spectrum, since it would be enough to show the mutual equivalence of spectral measures for different realizations (with positive probability) in order to establish their absolute continuity. Indeed, this strategy, in conjunction with the Deift-Simon analog of Corollary 1.1.2, had been used by Gordon et. al. [7] (and more recently, through direct application of their results, by Jitomirskaya [11]) to establish purely absolutely continuous spectrum for the almost Mathieu operator.

Our next result is a natural complement of Corollary 1.1.2, involving the essential supports of absolutely continuous spectral measures. Given an absolutely continuous Borel measure ν on R , a measurable set A is said to be an essential support of ν if it supports ν (namely, if ν(R \ A) = 0) and if any set of strictly smaller Lebesgue measure does not support ν . Equivalently, A is an essential support of ν if and only if there exists f ∈ L^1(R , dx) such that A = {x ∈ R | f(x) ≠ 0} and dν = f(x) dx (as measures). We note that if A is such an essential support, then every measurable set which differs from

A by a set of zero Lebesgue measure is also an essential support. Thus, such an essential support can be viewed as an equivalence class of measurable sets (where equivalence here means up to sets of zero Lebesgue measure) rather than as some concrete set. However, one can still talk of concrete sets as being (or not being) essential supports. A possible concrete candidate to represent the essential support is the set

A = {E ∈ R | lim_{ϵ→0} ϵ^{−1}ν(E − ϵ, E + ϵ) exists and is finite and strictly positive} . (1.4)

We will prove the following:

Corollary 1.1.3 Let {H_ω}_{ω∈Ω} be as in Corollary 1.1.1. Then there exists an ω - independent Borel set A ⊂ R , such that for a.e. ω ∈ Ω, A is an essential support of the absolutely continuous part of μ_ω . Moreover, for any measurable set Ã that differs from A by a set of zero Lebesgue measure (namely, for any Ã that is also an essential support of the absolutely continuous part of μ_ω for a.e. ω ∈ Ω), we have that for a.e. ω ∈ Ω, μ_{ω,sing}(Ã) = 0, where μ_{ω,sing} is the singular part of μ_ω .

Remarks. 1. The first part of Corollary 1.1.3, namely, the existence of a non-random almost-sure essential support of the absolutely continuous part of μ_ω , is a fairly elementary consequence of Kolmogorov’s zero-one law, and its proof does not require Theorem 1.1. An analogous fact is also known [4,5] in the context of Schrödinger operators with ergodic potentials. While this result (for general random operators of the form (1.1)) is fairly elementary and seems to be known to workers in the field, we are not aware of it previously appearing in the literature.

2. Corollary 1.1.3 provides a (weak) sense in which absolutely continuous spectrum of such random operators must be pure, since it says that with probability one, the singular parts of spectral measures must be supported outside the (non-random) essential support of the absolutely continuous spectrum. This does not yet insure truly pure absolutely continuous spectrum, since the spectra themselves are, roughly speaking, closures of the corresponding supports, and so Corollary 1.1.3 still allows for a situation where σ_{ac}(H_ω) ∩ σ_{sing}(H_ω) ≠ ∅. However, if it so happens that the essential support A of Corollary 1.1.3 contains an open interval I , then it follows that for a.e. ω ∈ Ω, H_ω has purely absolutely continuous spectrum on I , namely, I ⊂ σ_{ac}(H_ω) and I ∩ σ_{sing}(H_ω) = ∅.

As we shall see below, Corollary 1.1.3 can be used to establish the purity of absolutely continuous spectrum in many concrete examples, including some cases where this has been an open problem for some time. Furthermore, it might be used in the future to prove the purity of absolutely continuous spectrum in cases where its existence is not currently known (such as the Anderson model). We note at this point that if H_ω is a discrete Laplacian + potential on ℓ^2(G), for some connected graph G (namely, if H_ω = Δ + ∑ n∈G V (n)⟨δ_n, ·⟩δ_n + ∑ n∈N λ_ω(n)⟨δ_n, ·⟩δ_n , where the δ_n ’s are delta functions on the graph, and (Δψ)(n) = ∑ |n−j|=1 ψ(j), where |n − j| denotes the distance on the graph

between n and j ), then it is always true that for any pair n, m ∈ N and ω ∈ Ω, the cyclic subspaces H_{ω,n} and H_{ω,m} are not orthogonal. This can be seen by noting that ⟨H^{|n−m|} ω δ_n, δ_m⟩ always takes a strictly positive integer value that is independent of the potential (more explicitly, it is equal to the number of different paths of length |n − m| that connect n and m on the graph). Thus, if the set of points N where the random part of the potential lives is sufficiently large so that {δ_n}_{n∈N} is a cyclic family for the H_ω ’s, then Corollaries 1.1.1–1.1.3 are fully applicable to such operators.

One of the simplest examples of Schrödinger operators to which Theorem 1.1 can be applied is that of a one-dimensional operator along with two consecutive rank-one perturbations. That is, consider the operator H_{λ,η} = H_0 + λ⟨δ_0, ·⟩δ_0 + η⟨δ_1, ·⟩δ_1 (1.5)

on ℓ^2(Z), where H_0 = Δ + V for some fixed potential V (such that (H_{λ,η}ψ)(n) = ψ(n+1)+ψ(n−1)+(V (n)+λδ_{0n} +ηδ_{1n})ψ(n)). Theorem 1.1 implies that for Lebesgue a.e. pair λ, η , the restrictions of H_{λ,η} to the cyclic subspaces it spans with δ_0 and with δ_1 are unitarily equivalent. It is elementary that if V = 0, then the above H_{λ,η} has absolutely continuous spectrum of multiplicity 2 on [−2, 2], and so we see that the conclusion of Theorem 1.1 holds regardless of simple spectral multiplicity.

Our next example involves discrete Schrödinger operators with random-decaying potentials. By combining Corollary 1.1.3 with a result of Krishna [13], we have the following:

Theorem 1.2. Let d ≥ 3 and let p be an absolutely continuous probability measure

on R with ∫ λ dp(λ) = 0 and ∫ λ^2 dp(λ) < ∞. Let {a_n}_{n∈} Zd ⊂ R be such that 0 < |a_n| < |n|^{−α} for some α > 1. Let H_ω = Δ + V_ω on ℓ^2(Z^d), where the potential V_ω is given by V_ω(n) = a_nλ_ω(n) and the λ_ω(n)’s are independently identically distributed random variables with common probability distribution p. Then for a.e. ω , H_ω has purely absolutely continuous spectrum on (−2d, 2d).

Remarks. 1. Krishna [13] had shown that for H_ω ’s as in Theorem 1.2, [−2d, 2d] ⊂ σ_{ac}(H_ω) for a.e. ω . His proof is based on showing the existence of wave operators (w.r.t. the free

Laplacian Δ), and it thus also imply that [−2d, 2d] is contained in an essential support of the absolutely continuous part of dμ_ω . (This is because the existence of these wave operators imply unitary equivalence between the restriction of H_ω to a subspace and the free Laplacian Δ [19].) Thus, Theorem 1.2 (namely, the purity of the absolutely continuous spectrum on (−2d, 2d)), follows immediately from Corollary 1.1.3.

2. Kirsch, Krishna, and Obermeit [12] have recently studied operators H_ω as in Theorem 1.2. They show that with appropriate restrictions on the measure p (they need it to have some smoothness properties and not to decay too fast at infinity) and on the a_n ’s (they should not decay too fast) the resulting H_ω ’s have (for a.e. ω ) spectrum on the entire real line, and moreover, the spectrum outside [−2d, 2d] is purely pure point (namely,

R \ [−2d, 2d] ⊂ σ_{pp}(H_ω) \ σ_c(H_ω)). Their proof relies on earlier works by Aizenman

[1] and Aizenman-Molchanov [2]. Our Theorem 1.2 completes the spectral picture for these models by proving the absence of singular spectrum on (−2d, 2d). That is, we get σ_{ac}(H_ω) = [−2d, 2d], σ_{pp}(H_ω) = R \ (−2d, 2d), and σ_{sc}(H_ω) = ∅.

Another example we wish to discuss here is that of Laplacians on a “half space” with a random boundary potential. In [10] we prove the following:

Theorem 1.3. Let d ≥ 2 and let {H_ω}_{ω∈Ω} be Schrödinger operators of the form Δ + V_ω on ℓ^2(Z^{d−1} × Z_+), where Z_+ = {0, 1, 2, . . .}, and V_ω is a random potential supported on the boundary. That is V_ω(n, m) = { λ_ω(n) m = 0 0 m ≠ 0 ,

where n ∈ Z^{d−1} , m ∈ Z_+ , and the λ_ω(n)’s are independently distributed (real) random variables with absolutely continuous probability distributions. Then, for a.e. ω ∈ Ω, H_ω has purely absolutely continuous spectrum on (−2d, 2d).

Remarks. 1. Our proof of Theorem 1.3 (given in [10]) is based on proving the existence of wave operators w.r.t. the free Laplacian Δ on ℓ^2(Z^{d−1} × Z_+). It thus yields that for a.e. ω , [−2d, 2d] is in an essential support of the absolutely continuous part of μ_ω . Since the set of delta function vectors on the boundary is easily seen to form a cyclic family for the H_ω ’s, Theorem 1.3 follows as an immediate consequence of Corollary 1.1.3.

2. It is possible to construct a compact deterministic potential V that is supported on the boundary of Z^{d−1} × Z_+ , so that Δ + V on ℓ^2(Z^{d−1} × Z_+) will have an eigenvalue (imbedded in the absolutely continuous spectrum) in (−2d, 2d) [15]. Thus, the purity of the absolutely continuous spectrum on (−2d, 2d) in the random case can’t follow from a simple perturbation bound. Theorem 1.3 says that the occurrence of such imbedded eigenvalues is sufficiently rare so that they occur with probability 0 in appropriate random settings.

3. Jakšić-Molchanov [8,9] have recently studied operators as in Theorem 1.3. They show that there are cases where such operators have Anderson localization (namely, purely pure point essential spectrum) outside [−2d, 2d]. Moreover, there are cases where all spectrum outside [−2d, 2d] is purely pure point, and so, using our Theorem 1.3, one gets a complete spectral picture with purely absolutely continuous spectrum on (−2d, 2d), a pure point component (in some cases R \ (−2d, 2d)) outside (−2d, 2d), and no singular continuous spectrum.

The rest of this paper is organized as follows. In Section 2 we prove Theorem 1.1, in Section 3 we prove Corollary 1.1.2, and in Section 4 we prove Corollary 1.1.3.

We would like to thank B. Simon and S. Molchanov for useful discussions. This work was partially supported by NATO Collaborative Research Grant CRG 970051. VJ’s work was also partially supported by NSERC. YL’s work was also partially supported by NSF grant DMS-9801474 and by an Allon fellowship.

2. Proof of Theorem 1.1

We start with some background facts.

Proposition 2.1. Let H be a self adjoint operator on H and let φ, ψ ∈ H. Suppose that the cyclic subspaces H_φ and H_ψ , spanned by H and, correspondingly, φ and ψ , are not orthogonal. Then for Lebesgue a.e. E ∈ R , the limit lim_{ϵ→0}⟨φ, (H − E − iϵ)^{−1}ψ⟩ ≡ ⟨φ, (H − E − i0)^{−1}ψ⟩

exists and is finite and non-zero.

Remark. Note that Proposition 2.1 does not exclude the case φ = ψ .

Proof. By the spectral theorem [18], we have (for any z ∈ C )

⟨φ, (H − z)^{−1}ψ⟩ = ∫ dμ_{φ,ψ}(x) x − z , (2.1) where μ_{φ,ψ} is an appropriate (finite, complex valued) spectral measure. That is, ⟨φ, (H − z)^{−1}ψ⟩ is the Borel (a.k.a. Stieltjes) transform of a finite complex valued measure and, in particular, it is an analytic function of z in the upper half plane. By mapping the upper half plane to the unit disc and using known theorems about boundary values of analytic functions in the disk [14] (also see Appendix A of [16] and references therein), one deduces that ⟨φ, (H − E − i0)^{−1}ψ⟩ exists and is finite for a.e. E ∈ R . Moreover, it must also be non-zero for a.e. E ∈ R , unless ⟨φ, (H − z)^{−1}ψ⟩ vanishes identically (as a function of

z ∈ C ), and this happens if and only if the measure μ_{φ,ψ} vanishes identically. But, if

μ_{φ,ψ} vanishes, then we have

⟨g(H)φ, f(H)ψ⟩ = ∫ g^∗(x)f(x) dμ_{φ,ψ}(x) = 0 , (2.2)

for any f, g ∈ C_∞(R ), and so the cyclic subspaces H_φ and H_ψ are orthogonal. ⌜⌝⌞⌟

Next, we need to recall here a few basic facts from the classical theory of rank one perturbations (see [21] for a proof):

Proposition 2.2. Let H_0 be a self adjoint operator on H and let ψ ∈ H. For each

λ ∈ R , let H_λ = H_0 + λ⟨ψ, ·⟩ψ , and let μ_{λ,ψ} be the spectral measure for H_λ and ψ . Then (i) The set {E ∈ R | ⟨ψ, (H_λ −E−i0)^{−1}ψ⟩ exists and 0 < Im ⟨ψ, (H_λ−E−i0)^{−1}ψ⟩ < ∞} is independent of λ, and for any λ ∈ R , it is an essential support of the absolutely continuous part of μ_{λ,ψ} .

(ii) The singular part of μ_{λ,ψ} is supported on the set {E ∈ R | ⟨ψ, (H_0 − E − i0)^{−1}ψ⟩ = −λ^{−1}}. (iii) For any B ⊂ R of zero Lebesgue measure, we have μ_{λ,ψ}(B) = 0 for Lebesgue a.e.

λ ∈ R .

The final background result that we need here is the following theorem of Poltoratskii [17].

Proposition 2.3. Let μ and ν be two finite complex valued measures on R , and for any

z ∈ C , let F (μ, z) ≡ ∫ (x − z)^{−1} dμ and F (ν, z) ≡ ∫ (x − z)^{−1} dν be the corresponding

Borel transforms. Let ν = ν_1 + ν_2 be the Lebesgue decomposition of ν w.r.t. μ, such that ν_1 is absolutely continuous w.r.t. μ and ν_2 is singular w.r.t. μ. Furthermore, let ν_{2,sing} be the singular (w.r.t. Lebesgue measure) part of ν_2 . Then, for a.e. E w.r.t. ν_{2,sing} , we have

lim_{ϵ→0} |F (μ, E + iϵ)| |F (ν, E + iϵ)| = 0 .

Remarks. 1. Poltoratskii discusses measures on the unit circle. The implication for measures on R is both standard and straight-forward.

2. The result is not explicitly stated in [17] in this way. However, Corollary 1 in page 403 of [17] is exactly our Proposition 2.3 for the case where ν = ν_2 = ν_{2,sing} . The more general form follows immediately from this assertion, because we have for a.e. E w.r.t. ν_{2,sing} ,

lim_{ϵ→0} |F (μ, E + iϵ)| |F (ν_{2,sing}, E + iϵ)| = 0 and

lim_{ϵ→0} |F (ν, E + iϵ)| |F (ν_{2,sing}, E + iϵ)| = lim_{ϵ→0}

|F (ν − ν_{2,sing}, E + iϵ) + F (ν_{2,sing}, E + iϵ)| |F (ν_{2,sing}, E + iϵ)| = 1 .

Our next theorem is a general result concerning rank one perturbations of self adjoint operators. In essence, it is the main result of this paper.

Theorem 2.4. Let H_0 be a self adjoint operator on H and let φ, ψ ∈ H. For each

λ ∈ R , let H_λ = H_0 + λ⟨ψ, ·⟩ψ , and let μ_{λ,φ} and μ_{λ,ψ} be the spectral measures for H_λ and, correspondingly, φ and ψ . Suppose that the cyclic subspaces H_{λ,φ} and H_{λ,ψ} , spanned by H_λ and, correspondingly, φ and ψ , are not orthogonal. Then for Lebesgue a.e. λ ∈ R , μ_{λ,ψ} is absolutely continuous w.r.t. μ_{λ,φ} , namely, there exists f_{λ,ψ,φ} ∈ L^1(R , dμ_{λ,φ}) such that dμ_{λ,ψ} = f_{λ,ψ,φ}dμ_{λ,φ} .

Remark. Note that H_{λ,ψ} is independent of λ, and while H_{λ,φ} does, in general, depend on λ, it will be independent of λ in case that it is orthogonal to H_{λ,ψ} for some λ ∈ R . Thus, the non-orthogonality of H_{λ,φ} and H_{λ,ψ} is a λ-independent fact.

Proof. ¿From the general operator formula A^{−1} − B^{−1} = B^{−1}(B − A)A^{−1} , we get for any

z ∈ C \ R ,

(H_λ − z)^{−1} = (H_0 − z)^{−1} − λ(H_0 − z)^{−1}(⟨ψ, ·⟩ψ)(H_λ − z)^{−1} , (2.3)

which implies that for any ϕ_1, ϕ_2 ∈ H we have

⟨ϕ_1, (H_λ − z)^{−1}ϕ_2⟩ = ⟨ϕ_1, (H_0 − z)^{−1}ϕ_2⟩ − λ⟨ϕ_1, (H_0 − z)^{−1}ψ⟩⟨ψ, (H_λ − z)^{−1}ϕ_2⟩ . (2.4)

In what follows, it would be convenient to have more compact notations for the various resolvent matrix elements. We thus set, for any λ ∈ R , ϕ_1, ϕ_2 ∈ H, and z ∈ C , G_λ(ϕ_1, ϕ_2, z) ≡ ⟨ϕ_1, (H_λ − z)^{−1}ϕ_2⟩. Thus, (2.4) can be rewritten as

G_λ(ϕ_1, ϕ_2, z) = G_0(ϕ_1, ϕ_2, z) − λG_0(ϕ_1, ψ, z)G_λ(ψ, ϕ_2, z) . (2.5)

Setting ϕ_1 = ϕ_2 = ψ in (2.5), we get G_λ(ψ, ψ, z) = G_0(ψ, ψ, z) − λG_0(ψ, ψ, z)G_λ(ψ, ψ, z) , (2.6) which can be rewritten as G_λ(ψ, ψ, z) = G_0(ψ, ψ, z) 1 + λG_0(ψ, ψ, z) . (2.7)

Since G_λ(ψ, ψ, z) is the Borel transform of μ_{λ,ψ} , namely,

G_λ(ψ, ψ, z) = ∫ (x − z)^{−1} dμ_{λ,ψ}(x) , (2.8)

(2.7) relates the perturbed spectral measure μ_{λ,ψ} to μ_{0,ψ} . It is the fundamental formula for developing the theory of rank one perturbations [21] (and in particular, for proving Proposition 2.2).

We will now use (2.5) to develop relations between μ_{λ,ψ} and μ_{λ,φ} . By setting ϕ_1 = ψ and ϕ_2 = φ in (2.5), we obtain (similarly to (2.7))

G_λ(ψ, φ, z) = G_0(ψ, φ, z) 1 + λG_0(ψ, ψ, z) , (2.9)

and by setting ϕ_1 = ϕ_2 = φ in (2.5), we get G_λ(φ, φ, z) = G_0(φ, φ, z) − λG_0(φ, ψ, z)G_λ(ψ, φ, z) . (2.10)

Inserting G_λ(ψ, φ, z) from (2.9) in (2.10), we get

G_λ(φ, φ, z) = G_0(φ, φ, z) − λ G_0(φ, ψ, z)G_0(ψ, φ, z) 1 + λG_0(ψ, ψ, z) . (2.11)

By the Lebesgue decomposition theorem, we always have a decomposition of the form, dμ_{λ,ψ} = f_{λ,ψ,φ}dμ_{λ,φ} + dμ̃_{λ,ψ,φ} , (2.12) where μ̃_{λ,ψ,φ} is the part of μ_{λ,ψ} which is singular w.r.t. μ_{λ,φ} . The Theorem would thus follow if we can show that for Lebesgue a.e. λ ∈ R , μ̃_{λ,ψ,φ} = 0.

Let A_1 be the set of all E ∈ R for which the limits G_0(ψ, ψ, E +i0), G_0(φ, ψ, E +i0), G_0(ψ, φ, E + i0), and G_0(φ, φ, E + i0) exist and are finite and non-zero. By Proposition 2.1, A_1 is a set of full Lebesgue measure, and thus by (iii) of Proposition 2.2, we have μ_{λ,ψ} = μ_{λ,ψ} ↾A_1 for Lebesgue a.e. λ ∈ R . Thus, it suffices to analyze the restriction of the various measures to the set A_1 . In order to show that μ̃_{λ,ψ,φ} vanishes (for a.e. λ ∈ R ), we will use two separate treatments. One for the singular part of μ_{λ,ψ} and the other for its absolutely continuous part. We start with the singular part.

By rearranging (2.7), we have 1 1 + λG_0(ψ, ψ, z) = G_λ(ψ, ψ, z) G_0(ψ, ψ, z) , (2.13)

and by inserting 1 + λG_0(ψ, ψ, z) from (2.13) in (2.11), we get

G_λ(φ, φ, z) = G_0(φ, φ, z) − λ G_0(φ, ψ, z)G_0(ψ, φ, z) G_0(ψ, ψ, z) G_λ(ψ, ψ, z) . (2.14)

(2.14) implies that for any λ ∈ R and E ∈ A_1 ,

lim_{ϵ→0} G_λ(φ, φ, E + iϵ) G_λ(ψ, ψ, E + iϵ) = lim_{ϵ→0} G_0(φ, φ, E + i0) G_λ(ψ, ψ, E + iϵ) − λ G_0(φ, ψ, E + i0)G_0(ψ, φ, E + i0) G_0(ψ, ψ, E + i0) , (2.15) and since |G_λ(ψ, ψ, E + iϵ)| → ∞ as ϵ → 0, for a.e. E w.r.t. the singular part of μ_{λ,ψ} , we obtain that

lim_{ϵ→0} G_λ(φ, φ, E + iϵ) G_λ(ψ, ψ, E + iϵ) = −λ G_0(φ, ψ, E + i0)G_0(ψ, φ, E + i0) G_0(ψ, ψ, E + i0) ≠ 0 , (2.16) for every λ ≠ 0 and a.e. E w.r.t. the singular part of μ_{λ,ψ} ↾A_1 . By Proposition 2.3, this implies that the singular part of μ̃_{λ,ψ,φ} ↾A_1 vanishes for every λ ≠ 0, and thus that the singular part of μ̃_{λ,ψ,φ} vanishes for Lebesgue a.e. λ ∈ R .

It remains to show that the absolutely continuous part of μ̃_{λ,ψ,φ} vanishes. By multiplying both sides of (2.11) by |1 + λG_0(ψ, ψ, z)|^2 and taking imaginary parts, we obtain |1 + λG_0(ψ, ψ, z)|^2Im G_λ(φ, φ, z) = |1 + λG_0(ψ, ψ, z)|^2Im G_0(φ, φ, z) − λIm [ G_0(φ, ψ, z)G_0(ψ, φ, z) ]

+ λ^2 [ Im G_0(ψ, ψ, z)Re [ G_0(φ, ψ, z)G_0(ψ, φ, z) ]

− Re G_0(ψ, ψ, z)Im [ G_0(φ, ψ, z)G_0(ψ, φ, z) ]] .

(2.17)

For z ∈ C \ R , the r.h.s. of (2.17) is a second order polynomial in λ, which we denote by P (z, λ). For z = E + iϵ and E ∈ A_1 , it also converges as ϵ → 0 (uniformly on compact sets) to a limiting (second order in λ) polynomial P (E + i0, λ). Let

A = {E ∈ R | G_0(ψ, ψ, E + i0) exists and 0 < Im G_0(ψ, ψ, E + i0) < ∞} . (2.18)

We claim that for E ∈ A ∩ A_1 , P (E + i0, λ) can’t vanish identically (as a polynomial in λ). Indeed, since E ∈ A, we must have |1 + λG_0(ψ, ψ, E + i0)|^2 > 0 for all λ ∈ R . Suppose that both the constant term and the linear term of P (E +i0, λ) vanish identically, then we must have Im G_0(φ, φ, E + i0) = 0 and also Im [ G_0(φ, ψ, z)G_0(ψ, φ, z) ] = 0.

Thus, P (E + i0, λ) reduces to λ^2Im G_0(ψ, ψ, E + i0)Re [ G_0(φ, ψ, z)G_0(ψ, φ, z) ] , and since G_0(φ, ψ, z)G_0(ψ, φ, z) ≠ 0 for E ∈ A_1 , we see that it doesn’t vanish.

Since P (E + i0, λ) does not vanish identically for E ∈ A ∩ A_1 , it follows that for each E ∈ A ∩ A_1 , it can vanish for at most two values of λ (actually, for at most one value, since the l.h.s. of (2.17) is clearly non-negative). In particular, it follows that for each E ∈ A ∩ A_1 , P (E + i0, λ) ≠ 0 for Lebesgue a.e. λ ∈ R , and thus by Fubini’s theorem, we have that for Lebesgue a.e. λ ∈ R , P (E + i0, λ) ≠ 0 for Lebesgue a.e. E ∈ A∩A_1 . Since |1+λG_0(ψ, ψ, E +i0)|^2 exists and is strictly positive for any λ ∈ R and E ∈ A ∩ A_1 , it follows that for a.e. λ ∈ R , for a.e. E ∈ A ∩ A_1 , Im G_λ(φ, φ, E + i0) exists and is finite and strictly positive. Since the absolutely continuous parts of the measures μ_{λ,ψ} and μ_{λ,φ} are given by dμ_{λ,ψ,ac}(E) = π^{−1}Im G_λ(ψ, ψ, E + i0) dE and dμ_{λ,φ,ac}(E) = π^{−1}Im G_λ(φ, φ, E + i0) dE , and since A ∩ A_1 is an essential support of μ_{λ,ψ,ac} , it follows that for a.e. λ ∈ R , μ_{λ,ψ,ac} is absolutely continuous w.r.t. μ_{λ,φ,ac} . This says that the absolutely continuous part of μ̃_{λ,ψ,φ} must vanish, and it thus completes the proof of Theorem 2.4. ⌜⌝⌞⌟

Remark. By Poltoratskii’s Theorem 2.7 of [17], the function f_{λ,ψ,φ} is determined a.e. w.r.t. the singular part of μ_{λ,ψ} by the limiting value of the ratio of the corresponding Borel transforms. Thus, (2.16) implies that

f_{λ,ψ,φ}(E) = − G_0(ψ, ψ, E + i0) λG_0(φ, ψ, E + i0)G_0(ψ, φ, E + i0) , (2.19)

for a.e. λ ∈ R , for a.e. E w.r.t. μ_{λ,ψ,sing} . Moreover, similarly to (2.15)–(2.16), (2.14) and Proposition 2.3 can be used to show that μ_{λ,φ,sing} ↾A_1 is absolutely continuous w.r.t. μ_{λ,ψ,sing} . Thus, by (ii) of Proposition 2.2 (and noting that G_0(φ, ψ, E + i0)G_0(ψ, φ, E + i0) = |G_0(ψ, φ, E + i0)|^2 if G_0(ψ, ψ, E + i0) ∈ R ), this implies that we have

dμ_{λ,ψ,sing}(E) = χ_{A1} (E) λ^2|G_0(ψ, φ, E + i0)|^2 dμ_{λ,φ,sing}(E) , (2.20)

for Lebesgue a.e. λ ∈ R . We note that a simple relation of the type (2.20) does not hold for the absolutely continuous parts of the measures. The relation for these parts is more complex.

Our next theorem is an immediate consequence of Theorem 2.4 for the case of two independent rank one perturbations.

Theorem 2.5. Let H_0 be a self adjoint operator on H and let ψ, φ ∈ H. For every λ, η ∈ R , let H_{λ,η} = H_0 + λ⟨ψ, ·⟩ψ + η⟨φ, ·⟩φ , and let μ_{λ,η,ψ} and μ_{λ,η,φ} be the spectral measures for H_{λ,η} and, correspondingly, ψ and φ. Suppose that the cyclic subspaces H_{λ,η,ψ} and H_{λ,η,φ} , spanned by H_{λ,η} and, correspondingly, ψ and φ, are not orthogonal. Then for Lebesgue a.e. λ, η ∈ R , μ_{λ,η,ψ} and μ_{λ,η,φ} are equivalent.

Remark. Note that (similarly to the remark to Theorem 2.4) the non-orthogonality of H_{λ,η,ψ} and H_{λ,η,φ} is independent of λ and η (namely, it holds for any λ, η ∈ R if and only if it holds for λ = η = 0).

Proof. By Theorem 2.4, we have for each fixed η , that μ_{λ,η,ψ} is absolutely continuous w.r.t. μ_{λ,η,φ} for Lebesgue a.e. λ. Thus, by Fubini’s theorem, μ_{λ,η,ψ} is absolutely continuous w.r.t. μ_{λ,η,φ} for Lebesgue a.e. pair λ, η . By the same argument we also have that μ_{λ,η,φ} is absolutely continuous w.r.t. μ_{λ,η,ψ} for Lebesgue a.e. pair λ, η . Thus, we have for Lebesgue a.e. λ, η ∈ R , that each of the measures μ_{λ,η,ψ} and μ_{λ,η,φ} is absolutely continuous w.r.t. the other, namely, they are equivalent. ⌜⌝⌞⌟

We can now prove Theorem 1.1.

Proof of Theorem 1.1. For every fixed pair n, m ∈ N , the conditional probability distribution of the pair (λ_ω(n), λ_ω(m)), given any {λ_ω(k)}_{k≠n,m} , is absolutely continuous w.r.t. Lebesgue measure on R^2 . Thus, it follows from Theorem 2.5 that the corresponding spectral measures, μ_{ω,δn} and μ_{ω,δm} must be equivalent for a.e. ω ∈ Ω. As discussed in Remark 4 to Theorem 1.1, this equivalence of the spectral measures is equivalent to the unitary equivalence of H_ω ↾H_{ω,n} and H_ω ↾H_{ω,m} . ⌜⌝⌞⌟

3. Proof of Corollary 1.1.2

Proof of Corollary 1.1.2. Suppose that the assertion of the Corollary is not true. Then there must be a Borel set S ⊂ R of zero Lebesgue measure and a measurable subset Ω̃ ⊂ Ω with P (Ω̃) > 0, such that μ_ω(S) > 0 for every ω ∈ Ω̃. By Corollary 1.1.1, we must

thus also have μ_{ω,δ1} (S) > 0 for a.e. ω ∈ Ω̃. Since the conditional probability distribution of λ_ω(1), given any {λ_ω(m)}_{m>1} , is absolutely continuous w.r.t. Lebesgue measure, there is a subset Ω̂ ⊂ Ω̃ for which {λ_ω(m)}_{m>1} are fixed, λ_ω(1) varies over a set of positive Lebesgue measure, and μ_{ω,δ1} (S) > 0 for every ω ∈ Ω̂. This is a contradiction to (iii) of Proposition 2.2. ⌜⌝⌞⌟

4. Proof of Corollary 1.1.3

Proof of Corollary 1.1.3. For each ω ∈ Ω, let A_ω be an essential support of the absolutely continuous part of μ_ω (A_ω can be explicitly chosen by (1.4)). Define a function f_ω ∈ Ł^1(R , dE) by f_ω ≡ χ_{Aω} (E)(1 + E^2)^{−1} . By (for example) Lemma V.2.10 of [4], the map Ω ∋ ω → f_ω ∈ Ł^1(R , dE) is measurable. Since the essential support of the absolutely continuous part of μ_ω is invariant under rank one (and thus finite rank) perturbations, f_ω (as an element of L^1(R , dE)) is independent of {λ_ω(n)}_{n<N} for any N ∈ N . We claim that by Kolmogorov’s 0-1 law (see, e.g., [3]), this implies that f_ω (as an element of L^1(R , dE)) is P -almost surely independent of ω . To see this precisely, define

F_ω(x) = ∫_x −∞ f_ω(E) dE , (4.1)

and for every q, r ∈ Q , let Ω̃_q(r) ≡ {ω ∈ Ω | F_ω(q) < r}. Since F_ω(q) is independent of {λ_ω(n)}_{n<N} , we have, by Kolmogorov’s 0-1 law, that for every q, r , either P (Ω̃_q(r)) = 1 or P (Ω̃_q(r)) = 0. For every q ∈ Q , let α(q) = inf{r ∈ Q | P (Ω̃_q(r)) = 1}. Then F_ω(q) = α(q) P -almost surely. Since F_ω(·) is a continuous function on R , there must be a deterministic function F , such that F_ω(x) = F (x) for every x ∈ R and a.e. ω ∈ Ω. Let f(x) = F^′(x), then f is independent of ω and we have that for a.e. ω ∈ Ω, f = f_ω as elements of L^1(R , dE). In particular, the deterministic set

A ≡ {E ∈ R | F^′(x) exists and is finite and strictly positive} (4.2)

is P -almost surely an essential support of the absolutely continuous part of μ_ω .

It remains to show that for a.e. ω ∈ Ω, μ_{ω,sing}(A) = 0. By Corollary 1.1.1, A is P -almost surely an essential support of the absolutely continuous part of μ_{ω,δ1} . Thus, for a.e. ω ∈ Ω, A equals, up to a set of zero Lebesgue measure, to the set

A_{ω,δ1} ≡ {E ∈ R | ⟨δ_1, (H_ω − E − i0)^{−1}δ_1⟩ exists and 0 < Im ⟨δ_1, (H_ω − E − i0)^{−1}δ_1⟩ < ∞} . (4.3) For any fixed ω ∈ Ω and a rank one perturbation of H_ω of the form H_{ω,λ} ≡ H_ω +λ⟨δ_1, ·⟩δ_1 , (i) of Proposition 2.2 implies that μ_{ω,λ,δ1,sing}(A_{ω,δ1} ) = 0 for any λ ∈ R (where μ_{ω,λ,δ1,sing} is the singular part of the spectral measure for H_{ω,λ} and δ_1 ). By (iii) of Proposition 2.2, this implies that μ_{ω,λ,δ1,sing}(A) = 0 for Lebesgue a.e. λ ∈ R . By the same kind of argument as in the proof of Corollary 1.1.2 (namely, due to the fact that the conditional probability distribution of λ_ω(1), given any {λ_ω(m)}_{m>1} , is absolutely continuous w.r.t. Lebesgue measure), this implies that μ_{ω,δ1,sing}(A) = 0 for a.e. ω ∈ Ω (where μ_{ω,δ1,sing} is the singular part of the spectral measure for H_ω and δ_1 ). By Corollary 1.1.1, again, this implies that for a.e. ω ∈ Ω, μ_{ω,sing}(A) = 0. ⌜⌝⌞⌟

References

1. M. Aizenman, Localization at weak disorder: Some elementary bounds, Rev. Math.

Phys. 6 (1994), 1163–1182 2. M. Aizenman and S. Molchanov, Localization at large disorder and at extreme energies:

An elementary derivation, Commun. Math. Phys. 157 (1993), 245–278 3. P. Billingsley, Probability and Measure, Third Ed., New York: Wiley 1995 4. R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Boston: Birkhäuser 1990 5. H.L. Cycon, R.G. Froese, W. Kirsch, and B. Simon, Schrödinger Operators, Berlin, Heidelberg, New York: Springer 1987 6. P. Deift and B. Simon, Almost periodic Schroödinger operators, III. The absolutely continuous spectrum in one dimension, Commun. Math. Phys. 90 (1983), 389–411 7. A. Gordon, S. Jitomirskaya, Y. Last, and B. Simon, Duality and singular continuous spectrum in the almost Mathieu equation, Acta Math. 178 (1997), 169–183 8. V. Jakšić and S. Molchanov, On the surface spectrum in dimension two, Helv. Phys.

Acta 71 (1999), 629–657 9. V. Jakšić and S. Molchanov, Localization of surface spectrum, preprint 10. V. Jakšić and Y. Last, Corrugated surfaces and a.c. spectrum, preprint 11. S. Jitomirskaya, Metal-insulator transition for the almost Mathieu operator, preprint 12. W. Kirsch, M. Krishna, and J. Obermeit, Anderson model with decaying randomness:

Mobility edge, preprint 13. M. Krishna, Anderson model with decaying randomness - extended states, Proc. Indian Acad. Sci. (MathSci.) 100 (1990), 285–294 14. P. Koosis, Introduction to H_p Spaces, Second Ed., Cambridge Tracts in Mathematics 115, Cambridge: Cambridge University Press 1998

15. S. Molchanov and B. Vainberg, unpublished

16. L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Berlin:

Springer 1992

17. A.G. Poltoratskii, The Boundary Behavior of Pseudocontinuable Functions, St. Petersburg Math. J. 5 (1994), 389–406

18. M. Reed and B. Simon, Methods of Modern Mathematical Physics, I. Functional Analysis, London, San Diego: Academic Press 1980

19. M. Reed and B. Simon, Methods of Modern Mathematical Physics, III. Scattering Theory, London, San Diego: Academic Press 1979

20. B. Simon, Cyclic vectors in the Anderson model, Rev. Math. Phys. 6 (1994), 1183– 1185

21. B. Simon, Spectral analysis and rank one perturbations and applications, CRM Lecture Notes Vol. 8 (J. Feldman, R. Froese, L. Rosen, eds.), pp. 109–149, Amer. Math. Soc., Providence, RI, 1995.