EFUAZ FT-96-40-REV

More about the S = 1 relativistic oscillator^�

Valeri V. Dvoeglazov^† Escuela de Física, Universidad Autónoma de Zacatecas Apartado Postal C-580, Zacatecas 98068, ZAC., México Internet address: valeri@cantera.reduaz.mx URL: http://cantera.reduaz.mx/~ valeri/valeri.htm (First version: December 1996, Final version: November 1997)

Abstract

Following to the lines drawn in my previous paper about the S = 0 relativistic oscillator I build up an oscillatorlike system which can be named as the S = 1 Proca oscillator. The Proca field function is obtained in the framework of the Bargmann-Wigner prescription and the interaction is introduced similarly to the S = 1/2 Dirac oscillator case regarded by Moshinsky and Szczepaniak. We obtained the intriguing rule of quantization: E = h̄ω/2 for the parity states (−1)^j and E = ±h̄ω(j + 1/2) for the parity states −(−1)^j. There are no radial excitations. Finally, I apply the above-mentioned procedure to the case of the two-body relativistic oscillator.

PACS number: 12.90

Typeset using REVTEX

∗Submitted to “Revista Mexicana de Física”.

†On leave of absence from Dept. Theor. & Nucl. Phys., Saratov State University, Astrakhanskaya ul., 83, Saratov RUSSIA. Internet address: dvoeglazov@main1.jinr.dubna.su

I. THE PROCA OSCILLATOR — PUZZLED QUANTIZATION

In this Letter I continue the study of oscillatorlike systems first undertaken by M. Moshinsky and A. Szczepaniak, Ref. [1], for the S = 1/2 case. Extensions of this model to the case of a two-body problem and to the cases of other spins as well have been presented in Ref. [2] and in Refs. [3–5], respectively. Moreover, a detailed consideration of the S = 1/2 case, which was presented in Ref. [6], demonstrated that this form of interaction is free of the problem known as the Klein paradox. From the formal point of view the oscillatorlike interaction can be interpreted as the interaction with a linear electric field E^i = κr^i, ref. [7], through the term of σ_{μν} F^{μν}/2.

In my previous works, Refs. [8–11], several interesting features of oscillatorlike systems have been found. For instance, in Refs. [8,10] the possibility of oscillatorlike construct for arbitrary spin in the Dowker’s formalism [12] has been proved. Some ideas providing a basis for the matrix construct of the Klein-Gordon oscillator [3] have been presented in Refs. [8,9]. In Ref. [11] the Bargmann-Wigner (BW) set of equations is considered, with an antisymmetric second-rank spinor being chosen as a field function. Such a description led to the Kemmer-Dirac formalism [13] for the S = 0 particle. The interaction introduced in each of the BW equations in the form proposed by Moshinsky and Szczepaniak results in the oscillatorlike equation with the double degeneracy (in N, the principal quantum number) of the spectrum in the low frequency limit (cf. with Ref. [3]).

In my opinion, all the above-said encourages further investigations. The aim of this paper is to consider the S = 1 Proca oscillator^1 with the interaction introduced in the same manner as in ref. [11]. Namely, I start from the Bargmann-Wigner equations with the non-gauge interaction obtained after the substitution ∂_i → ∂_i + ikγ^0r^i, i = 1, 2, 3

[iγ^μ∂_μ − kγ^iγ^0r^i − m] Ψ(x) = 0

Ψ(x) [ i(γ^μ)^T ∂_μ − k(γ^iγ^0)^T r^i − m ] = 0 . (1)

The S = 1 BW field function presents itself a symmetric spinor of the second rank (4 × 4 symmetric matrix); the derivative acts to the left hand in the second equation. So the field function obeys the Dirac oscillator equation in each of indices.

The symmetric wave function is expanded in the complete set of γ- matrices^2 Ψ_{{αβ}} = γ^μ_{αδ}C_{δβ}A_μ + σ^{μν}_{αδ} C_{δβ}F_{μν} . (2) The obtained equations for A_μ and F_{μν} are the following:

∂_νF^{ν0} = − m 2 A^0 + k 2 (r^iA^i) , (3a)

∂_ν F^{νi} = − m 2 A^i + k 2 r^iA^0 , (3b)

1I take a liberty to name the equations obtained below as the Proca oscillator since in a free case the equations (3a-3d) are the well-known Proca equations, Ref. [14].

2With taking into account symmetric properties of the field function, it is sufficiently to use only γ_μC and σ_{μν}C, ref [15] in the considered case; C is used as the matrix of a charge conjugation. Cf. with the formula (4), the S = 0 case, in Ref. [11].

2mF_{i0} = (∂_iA_0 − ∂_0A_i) + 2k (r^jF^j_i ) , (3c) 2mF_{jk} = (∂_jA_k − ∂_kA_j) − 2k (r^jF^0_k − r^kF^0_j) . (3d)

Let me introduce E^i = F^{i0} and B^i = −^1_2 ϵ^{ijk}F^{jk} . Then, expressing the dependence of the wave function on t as exp(−iEt) one can obtain the equations (c = h̄ = 1):

(E + m)E^i + √ 2ϵ^{ijk}p^+_j B^k =^i_2 (E + m)A^i −^{i√}_2 p^+_i A^0 (E − m)E^i + √ 2ϵ^{ijk}p^−_j B^k = −^i_2 (E − m)A^i +^{i√}_2 p^−_i A^0

2(p_iE^i) = imA^0 − ik(r^iA^i) 2mϵ^{ijk}B^k − 2k(r^iE^j − r^jE^i) = i(p_iA^j − p_jA^i) ,

(4)

where ⃗p^± =^{1√}_2 (⃗p ± k⃗r) and ⃗p_i =^1_i ⃗∇_i. This set can be re-written in a more symmetric form after the substitution D^i = E^i −^i_2 A^i and F^i = E^i +^i_2 A^i = (D^i)^∗ if E^i and A^i are real quantities. In such a way one obtains im√ 2 A^0 = p^+_i F^i + p^−_i D^i

mB^i =^{1√}_2 ϵ^{ijk} [ p^+_j F^k − p^−_j D^k ]

(E + m)D^i = − √ 2ϵ^{ijk}p^+_j B^k −^{i√}_2 p^+_i A^0 (E − m)F^i = − √ 2ϵ^{ijk}p^−_j B^k +^{i√}_2 p^−_i A^0 .

(5)

It is possible to eliminate A^0 and B^i on using the commutation relations [ p^+_i , p^−_j ] − = ikδ_{ij} and { p^+_i p^−_j − p^+_j p^−_i } f(⃗r) = kϵ^{ijk}L̂^kf(⃗r) = ik(⃗S⃗L)_{ij}f(⃗r) . The result is m(E + m)D^i = [ −ik(⃗S⃗L)_{ij} − ⃗p^+_k ⃗p^−_k δ_{ij} ] D^j + [ 2(⃗S⃗p^+)^2_{ij} − (⃗p^+)^2δ_{ij} ] F^j , (6a) m(E − m)F^i = [ (⃗p^−)^2δ_{ij} − 2(⃗S⃗p^−)^2_{ij} ] D^j + [ −ik(⃗S⃗L)_{ij} + ⃗p^−_k ⃗p^+_k δ_{ij} ] F^j , (6b)

⃗S are the spin-1 matrices, ⃗L is the orbital part of the angular momentum operator.

In order to carry out further decoupling, the system of equations (6a-6b) one could try to apply the procedure of ref. [11]. But, the calculations are more complicated comparing with the previous work and, moreover, it does not lead us to desirable result directly. The system is not decoupled after the first application of the procedure of ref. [11]. We arrive at

m^2(E^2 − m^2)D^i = [dif. op._1]_{ij}D^j − 2ikp^+_i p^+_j F^j , (7a) m^2(E^2 − m^2)F^i = [dif. op._2]_{ij}F^j + 2ikp^−_i p^−_j D^j , (7b)

with complicated operators dif.op_{1,2} on the right-hand side of the equation. On the other hand, we do not want to apply the procedure of ref. [16, p.298], because it is doubtfully that one can insert the complete set of the state vectors as in the formulas (108,109) of the cited reference between ȷ · S and ¸ · S. Such bra- vectors as in (108a,108b) may not exist, e. g., in the case of low quantum numbers N and j.

Nevertheless, one can use another method. Namely, 1) multiplying, e. g., the first equation (6a) by (D^i)^∗, 2) integrating over d^3r and 3) using identities of the hermitian conjugation, the expansion over spherical tensors and the normalization conditions the problem is solved. On this basis we derive the quantization rule for the pure imaginary k = imω E = − ik 2m [j(j + 1) − l(l + 1) − s(s + 1)] − 3ik 2m . (8)

Very surprisingly, the principal quantum number does not present here! The energy is due to the spin-orbit interaction and the constant term, which is similar to that appeared in the Moshinsky-Szczepaniak version of the S = 1/2 oscillator. We remain the interpretation of this fact (as well as of Eqs. (9,10) below) for future publications. Finally, for the states of parity (−1)^j one has E = h̄ω 2 , (9)

which can be interpreted as zero-mode oscillations (we recover h̄ for visual purposes). On the other hand, for the states of parity −(−1)^j one has E = ± h̄ω 2 (2j + 1) , (10)

i. e. the non-relativistic formula for the harmonic oscillator with the substitution N → j and with two signs of the energy!^3

II. THE TWO-BODY RELATIVISTIC OSCILLATOR

Now I would like to pay some attention to the case of the two-body Dirac oscillator [2]. The two-body Dirac Hamiltonian with oscillator-like interaction is given by (mω = 1 and, hence, k = i here)^4 i ( ∂ ∂t_1 + ∂ ∂t_2 ) ψ = Hψ = = [ 1 √ 2 (⃗α_1 + ⃗α_2) · ⃗P + 1 √ 2 (⃗α_1 − ⃗α_2) · ⃗p − i √ 2 (⃗α_1 − ⃗α_2) · ⃗rB + m(β_1 + β_2) ] ψ, (11)

where the matrices are given by the direct products

⃗α_1 = ( 0 ⃗σ_1 ⃗σ_1 0 ) ⊗ ( 11_{2⊗2} 0 0 11_{2⊗2} ) , ⃗α_2 = ( 11_{2⊗2} 0 0 11_{2⊗2} ) ⊗ ( 0 ⃗σ_2 ⃗σ_2 0 ) , (12)

B = β_1 ⊗ β_2 = ( 11_{2⊗2} 0 0 −11_{2⊗2} ) ⊗ ( 11_{2⊗2} 0 0 −11_{2⊗2} ) , (13)

3Cf. with the discussion on the page 177 in [11].

4The oscillatorlike system with ∼ (⃗α_1 − ⃗α_2) · ⃗rBΓ_5 has also been considered.

Γ_5 = γ^5_1 ⊗ γ^5_2 = ( 0 11_{2⊗2} 11_{2⊗2} 0 ) ⊗ ( 0 11_{2⊗2} 11_{2⊗2} 0 ) . (14)

If we are in the center of mass system (c.m.s.) it is possible to equate ⃗P = 0. While the twobody Dirac oscillator seems not to have found considerable phenomenological applications (cf. spectra presented in [16] with the experiment), this is an interesting mathematical model.

Now let me apply the same procedure like that which was used for the transformation of the Bargmann-Wigner set of equations to the Proca equations (see [15,11] and what is above): the 16- component wave function of two-body Dirac equation can also be expanded in the complete set of matrices: (γ^μC), (σ^{μν} C) and C, (γ^5C), and (γ^5γ^μC). The wave function is decomposed in symmetric and antisymmetric parts using the above-mentioned complete system of matrices ψ = ψ_{{αβ}} + ψ_{[αβ]}, (15) where the first term is given by the formula (2) and the second term, by the formula (4) of Ref. [11]. In such a way we obtain the set of equations:^5 EA_0 = 0, EÃ_0 = −2mφ̃ , (16a) Eφ = 4i⃗p^−_i F^{i0} , (16b) Eφ̃ = −2mÃ_0 + 2ϵ^{ijk}⃗p^+_i F^{jk} , (16c) EÃ^i = 2iϵ^{ijk}⃗p^∓_j A^k , (16d) EA^i = 4imF^{0i} + 2iϵ^{ijk}⃗p^±_j Ã^k , (16e) EF^{0i} = −2imA^i + 2i⃗p^+_i φ , (16f) EF^{jk} = ϵ^{ijk}⃗p^−_i φ̃ . (16g) The signs in the set (16a - 16g) correspond to two types of Dirac oscillator-like interactions, with ∼ (⃗α_1 − ⃗α_2)B and ∼ (⃗α_1 − ⃗α_2)BΓ_5, respectively.

The two-body Dirac oscillator equations in the form (16a)-(16g) can be uncoupled into the set containing only functions φ, φ̃ and Ã_μ and the another one containing only A_μ and F_{μν} : (E^2 − 8m^2)φ = 8(⃗p^−_i ⃗p^+_i )φ − 16im E ϵ^{ijk}⃗p^−_i p^±_j Ã^k , (17a) (E^2 − 4m^2)φ̃ = 4(⃗p^+_i ⃗p^−_i )φ̃ , (17b) EÃ_0 = −2mφ̃ , (17c) (E^2 − 8m^2)Ã^i = 4(⃗p^∓_j ⃗p^±_j )Ã^i − 4(⃗p^∓_j ⃗p^±_i )Ã^j − 16im E ϵ^{ijk}⃗p^∓_j ⃗p^+_k φ ; (17d) and EA_0 = 0 , (18a) E^2A^i = 4imEF^{0i} + 4(⃗p^±_j ⃗p^∓_j )A^i − 4(⃗p^±_j ⃗p^∓_i )A^j , (18b) E^2F^{0i} = −2imEA^i − 8(⃗p^+_i ⃗p^−_j )F^{0j} , (18c) (E^2 − 4m^2)F^{jk} = 2ϵ^{ijk}ϵ^{lmn}(⃗p^−_i ⃗p^+_l )F^{mn} . (18d)

5We corrected here the misprints in the signs of the equations of ref. [8].

This fact proves the Dirac oscillator interaction, like the case when we introduce the (self-) interaction with the transverse 4-vector potential into the Proca equation (or, equivalently, into the Bargmann-Wigner equations), does not mix S = 1 and S = 0 states.

Acknowledgments. I acknowledge discussions with Profs. D. V. Ahluwalia, Y. Nedjadi, A. del Sol Mesa and Yu. F. Smirnov.

I am grateful to Zacatecas University for professorship.

REFERENCES

[1] M. Moshinsky and A. Szczepaniak, J. Phys. A 22 (1989) L817 [2] M. Moshinsky, G. Loyola and A. Szczepaniak et al., in Anniversary Volume to Honour of J. J. Giambiaggi. (Eds. H. Falomir et al., World Scientific, 1990), p. 271-308; M. Moshinsky, G. Loyola and C. Villegas, J. Math. Phys. 32 (1991) 373; M. Moshinsky and G. Loyola, Found. Phys. 23 (1993) 197 [3] S. Bruce and P. Minning, Nuovo Cim. A 106 (1993) 711; ibid, 107 (1994) 169E [4] N. Debergh, J. Ndimubandi and D. Strivay, Zeit. Phys. C 56 (1992) 421 [5] Y. Nedjadi and R. C. Barrett, J. Phys. A27 (1994) 4301; see also J. Math. Phys. 35 (1994) 4517 [6] F. Dominguez-Adame, Europhys. Lett. 13 (1990) 193; Phys. Lett. A 162 (1992) 18 [7] M. Moreno and A. Zentella, J. Phys. A 22 (1989) L821 [8] V. V. Dvoeglazov and A. del Sol Mesa, Notes on the oscillatorlike interactions of various spin relativistic particles. In Proc. of the II Workshop “Osciladores Armónicos”, Cocoyoc, México, Marzo 23-25, 1994. NASA Conference Pub. 3286, pp. 333-340 [9] V. V. Dvoeglazov, Nuovo Cim. A 107 (1994) 1413 [10] V. V. Dvoeglazov, Nuovo Cim. A 107 (1994) 1785 [11] V. V. Dvoeglazov, Rev. Mex. Fís. 42 (1996) 172 [12] J. S. Dowker and Y. P. Dowker, Proc. Roy. Soc. A 294 (1966) 175; J. S. Dowker, ibid 297 (1967) 351 [13] N. Kemmer, Proc. Roy. Soc. A 166 (1938) 127 [14] A. Proca, Compt. Rend 202 (1936) 1490; J. Phys. Rad. 7 (1936) 347 [15] D. Lurié, Particles and Fields, New York, Interscience (1968), p. 30 [16] M. Moshinsky, in Latin-American School of Physics (XXX ELAF). Group Theory and Its Applications. México city, México, Jul.-Aug. 1995. AIP Conf. Proceedings 365. (Eds. O. Castaños et al., AIP, Woodbury, NY, 1996), p. 279