The 1991 AMS-MSC: 34C15, 34C20, 58F27, 70H05

M. B. Sevryuk

Institute of Energy Problems of Chemical Physics The Russia Academy of Sciences Lenin prospect 38, Bldg. 2, Moscow 117829, Russia E-mail: rusin@chph.ras.ru

Invariant sets of degenerate Hamiltonian systems near equilibria

For any collection of n ˘ 2 numbers ω_1, . . . , ω_n, we prove the existence of an infinitely differentiable Hamiltonian system of differential equations X with n degrees of freedom that possesses the following properties: 1) 0 is an elliptic (provided that all the ω_i are different from zero) equilibrium of system X with eigenfrequencies ω_1, . . . , ω_n; 2) system X is linear up to a remainder flat at 0; 3) the measure of the union of the invariant n-tori of system X that lie in the ε-neighborhood of 0 tends to zero as ε ! 0 faster than any prescribed function. Analogous statements hold for symplectic diffeomorphisms, reversible flows, and reversible diffeomorphisms. The results obtained are discussed in the context of the standard theorems in the KAM theory, the well-known Rüssmann and Anosov–Katok theorems, and a recent theorem by Herman.

1. Formulation of the results and a discussion

According to the KAM (Kolmogorov–Arnol^′d–Moser) theory, any neighborhood of an elliptic equilibrium 0 of a sufficiently smooth Hamiltonian system of differential equations in R^{2n} and any neighborhood of an elliptic fixed point 0 of a sufficiently smooth symplectic diffeomorphism (R^{2n}, 0) → (R^{2n}, 0) contain invariant Lagrangian n-tori carrying quasiperiodic motions, provided that some nonresonance and nondegeneracy conditions are met [1]–[4] (see also a detailed discussion in [5]–[12]). One usually formulates the nondegeneracy condition in terms of the coefficients of the Birkhoff normal form of degree 4. For instance, in the case of differential equations, the Birkhoff normal form of the Hamilton function of degree 4 is (up to an additive constant) H = n∑ i=1 ω_iτ_i +^1_2 n∑ i,j=1 ω_{ij}τ_iτ_j + O ( |τ|^{5/2} ) , ω_{ij} = ω_{ji}, (1) where τ_i =^1_2 (p^2_i + q^2_i ) are the local action variables (1 ≤ i ≤ n), |τ| = τ_1 + · · · + τ_n, and (p, q) are suitable Darboux coordinates with the origin at 0. The nondegeneracy condition in this case is that at least one of the two inequalities

det |ω_{ij}| ≠ 0, det | | | | ω_{ij} ω_i ω_j 0 | | | | ≠ 0 (2)

holds. The nonresonance condition consists in the possibility itself of the reduction of the Hamilton function to normal form (1), i.e., in the absence of resonances of order 4 and lower among the eigenfrequencies ω_i. The invariant KAM tori are close to the tori τ = const, and the relative Lebesgue measure μ_ε of their union in the polydisc B_ε = { max^n_{i=1} τ_i ≤^1_2 ε^2 } of radius ε > 0 centered at 0 tends to 1 as ε → 0.

Analogous results hold for reversible differential equations and mappings (see [9, 12, 13] and references therein).

Various estimates of the decay rate for 1 − μ_ε as ε → 0 are known. If the first of the inequalities (2) is valid and there are no resonances of order l ≥ 4 and lower among the eigenfrequencies ω_i then [14] 1 − μ_ε = O ( ε^{(l−3)/2} ) . For Diophantine collections of eigenfrequencies: |⟨k, ω⟩| ≥ γ|k|^{−ν} for all k ∈ Z^n \ {0} (here ⟨k, ω⟩ = k_1ω_1 + · · ·+ k_nω_n, |k| = |k_1| + · · ·+ |k_n|, while ν and γ are positive constants independent of k), an exponential estimate of the difference 1 − μ_ε:

1 − μ_ε = O ( exp { − [ c ε ]1/(ν+1)}) , c = const > 0 is independent of ε,

is obtained in paper [15] under the conditions that the Hamilton function is analytic and the second of the inequalities (2) holds. In paper [16], a similar estimate with exponent 2/(ν + 1) in place of 1/(ν + 1) is proven under the conditions that the Hamilton function is analytic and the first of the inequalities (2) is valid.

The nondegeneracy requirement for the Birkhoff normal form of degree 4 can be relaxed. For example, consider an area preserving diffeomorphism of the plane with elliptic fixed point 0. If the eigenvalues of its linearization at 0 are not roots of unity of degree l ≥ 4 and lower, then this diffeomorphism is reduced in some Darboux coordinates (p, q) to the Birkhoff normal form of degree l z → z exp [ i ( ω_{(0)} + ω_{(1)}τ + · · · + ω_{(s)}τ^s )] + O ( |z|^l ) , where z = p + iq, τ =^1_2 |z|^2 =^1_2 (p^2 + q^2), and s = [l/2] − 1. For the existence of invariant KAM curves in any neighborhood of 0, it suffices that at least one of the real coefficients ω_{(1)}, . . . , ω_{(s)} does not vanish [1]–[4].

Nevertheless, one cannot abandon completely the nondegeneracy condition in the local KAM theory, whatever the eigenvalues of the linearization at 0 of the Hamiltonian vector field or symplectic mapping are. This statement follows from theorems 1 and 2 below. It is discussing and proving those theorems that the present note is devoted to.

Before formulating theorems 1 and 2, introduce some notation (which in fact was already used partially). By |a| = |a_1| + · · · + |a_N |, we will always denote the l_1-norm of a vector a ∈ R^N , and by ⟨a, b⟩ = a_1b_1 + · · · + a_N b_N , the scalar product of two vectors a, b ∈ R^N . Consider the Euclidean space R^{2n} (n ≥ 1) endowed with coordinates (p_1, . . . , p_n, q_1, . . . , q_n) and symplectic structure dp ∧ dq. In the sequel, we will always have in view this structure while speaking of Hamiltonian flows and symplectic mappings. Set

p_i = √ 2τ_i cos φ_i, q_i = √ 2τ_i sin φ_i, 1 ≤ i ≤ n, then dp ∧ dq = dτ ∧ dφ. By P : R^{2n} → R^n_+, denote the “projection” P : (p, q) → τ. Fix a closed n-dimensional cube

T_ρ2_{/2} = { τ ∈ R^n | | | 0 ≤ τ_i ≤^1_2 ρ^2, 1 ≤ i ≤ n }

with edge length ρ^2/2 (ρ > 0). Then

B_ρ = P^{−1}(T_ρ2_{/2})

is a 2n-dimensional polydisc of radius ρ centered at 0.

Let {K_m}_{m≥1} be an arbitrary sequence of pairwise disjoint closed subsets in T_ρ2_{/2} possessing the following properties:

K_m ⊂ Int T_ρ2_{/2} = { τ ∈ R^n | | | 0 < τ_i <^1_2 ρ^2, 1 ≤ i ≤ n } for all m and max τ∈Km |τ| → 0 (m → +∞). (3) A subset of the space R^{2n} will be said to be nonexceptional, if for any k ∈ Z^n \ {0}, this subset contains a point (τ, φ) such that τ_1 > 0, . . . , τ_n > 0, sin⟨k, φ⟩ ≠ 0. Nonexceptional sets are exemplified by n-tori τ = f(φ) for which f_i(φ) > 0 for all i and φ.

Theorem 1. Let n ≥ 2 and let a Hamilton function H_0 : B_ρ → R depend on the local action variables τ only: H_0(p, q) = F (τ), where F ∈ C^∞(T_ρ2_{/2}, R). If the image of the frequency mapping

Ω : T_ρ2_{/2} → R^n, Ω(τ) = ∂F (τ)/∂τ (4) lies in some hyperplane in R^n passing through 0, then there exists a C^∞-function H : B_ρ → R possessing the following properties:

i) the difference H(p, q) − H_0(p, q) is flat at 0;

ii) the Hamiltonian system X_H with Hamilton function H does not admit nonexceptional invariant sets lying wholly in ⋃∞ m=1 P^{−1}(K_m).

If function F is linear (i.e., Ω = const and the system X_{H0} with Hamilton function H_0 is linear), then property ii) can be replaced with the following one:

ii^′) system X_H does not admit invariant n-tori of the form τ = f(φ) that intersect Int [ ⋃∞ m=1 P^{−1}(K_m) ].

Theorem 2. Let A_0 : B_ρ → B_ρ be a symplectic diffeomorphism of the form A_0 : (τ, φ) → (τ, φ + Ω(τ)), Ω(τ) = ∂F (τ)/∂τ, where F ∈ C^∞(T_ρ2_{/2}, R). If the image of the frequency mapping Ω : T_ρ2_{/2} → R^n lies in some affine hyperplane^1 in R^n, then there exists a symplectic C^∞-diffeomorphism A : B_ρ → B_ρ possessing the following properties:

i) the difference A(p, q) − A_0(p, q) is flat at 0;

ii) diffeomorphism A does not admit nonexceptional invariant sets lying wholly in ⋃∞ m=1 P^{−1}(K_m).

If function F is linear (i.e., Ω = const and diffeomorphism A_0 is linear), then property ii) can be replaced with the following one:

ii^′) diffeomorphism A does not admit invariant n-tori of the form τ = f(φ) that intersect Int [ ⋃∞ m=1 P^{−1}(K_m) ].

These theorems are proven in section 2.

Remark 1. Recall that a C^∞-function defined in a neighborhood of a point a ∈ R^N is said to be flat at a, if all the derivatives of this function of all the orders l ≥ 0 vanish at a.

Remark 2. The statement of theorem 1 holds for n = 1 as well, but we have excluded the case n = 1 because of its triviality. Indeed, for n = 1 the hypothesis of the theorem means that Ω ≡ 0, i.e., H_0 = const (one can set H_0 ≡ 0). Let χ : R → R be an arbitrary C^∞-function flat at 0 and such that dχ/dx ≠ 0 for x ≠ 0. Then the only bounded solutions of the system governed by the Hamilton function H(p, q) = χ(pq) are equilibria filling up the coordinate axes {p = 0} and {q = 0}.

Remark 3. The requirement that the image of the unperturbed frequency mapping should not lie in any hyperplane (the so called Rüssmann condition [17]–[19]) is the optimal

1i.e., in a hyperplane not necessarily passing through 0

nondegeneracy condition in the global KAM theory for analytic systems [12, 20]. For the last several years, this condition and other close requirements have become more or less standard, see [12], [17]–[27] (an extensive bibliography is given in [12]).

Remark 4. Theorems 1 and 2 guarantee the absence of any invariant tori of the form τ = f(φ) with the properties indicated, not only that of tori carrying quasiperiodic motions (and even not only that of Lagrangian tori).

Remark 5. If the linear part ⟨ω, τ⟩ of function F (τ) in theorem 1 satisfies some nonresonance conditions, then system X_H possesses n invariant two-dimensional C^∞-surfaces passing through 0 and foliated into closed trajectories with periods close to 2π/|ω_1|, . . . , 2π/|ω_n| (the Lyapunov center theorem, see, e.g., [4, 8, 28]).

One can choose the sequence of sets {K_m}_{m≥1} in such a way that the measure of the difference B_ε \ [ ∞ ⋃ m=1 P^{−1}(K_m) ] (5) will decrease as ε → 0 faster than any prescribed function. Moreover, within this framework, each of the sets K_m can be chosen to be a polyhedron. Indeed, let χ : [0; ρ] → R_+ be an arbitrary monotonically increasing function such that χ(0) = 0 and χ(ε) > 0 for ε > 0. Introduce the notation x_m = ρ m , y_m = χ ( ρ m + 1 ) . Fix a polyhedron K_m ⊂ ( Int T_x2m_{/2} \ T_x2m_{+1/2} ) such that the measure of the difference B_xm \ [ B_xm_{+1} ⋃ P^{−1}(K_m) ]

is less than_m min_{r=1} y_r 2^{m−r+1} . Then for any 0 < ε ≤ ρ (x_{s+1} < ε ≤ x_s for some s ≥ 1) the measure of difference (5) will be less than_∞ ∑ m=s m min_{r=1} y_r 2^{m−r+1} ≤ y_s ∞∑ m=s 1 2^{m−s+1} = y_s ≤ χ(ε). Taking this into account, we arrive at the following corollaries of theorems 1 and 2. Corollary 1. Let n ≥ 2 and let 0 be an elliptic (if all the ω_i are different from zero) equilibrium of a linear Hamiltonian system in R^{2n} with quadratic Hamilton function H_0 = ⟨ω, τ⟩. Then there exists a Hamilton C^∞-function H such that i) the difference H(p, q) − H_0(p, q) is flat at 0;

ii) the measure of the union of the n-tori of the form τ = f(φ) invariant under the system with Hamilton function H and lying in the polydisc B_ε of radius ε > 0 centered at 0 tends to zero as ε → 0 faster than any prescribed function.

Corollary 2. Let A_0 : R^{2n} → R^{2n} be a linear symplectic diffeomorphism (τ, φ) → (τ, φ + ω) with elliptic (if none of the ratios ω_i/π is an integer) fixed point 0. There exists a symplectic C^∞-diffeomorphism A such that

i) the difference A(p, q) − A_0(p, q) is flat at 0;

ii) the measure of the union of the n-tori of the form τ = f(φ) invariant under diffeomorphism A and lying in the polydisc B_ε of radius ε > 0 centered at 0 tends to zero as ε → 0 faster than any prescribed function.

It is useful to compare these corollaries with the following three statements. The Rüssmann theorem [29]. Let A : (R^2, 0) → (R^2, 0) be an area preserving analytic mapping of the plane into itself for which 0 is an elliptic fixed point. Let the eigenvalues of the linearization of mapping A at 0 be equal to exp(±iα), where angle α is strongly incommensurable with 2π, i.e., there exist positive constants ν and γ such that |sα − 2πr| ≥ γs^{−ν} for all s ∈ N, r ∈ Z. Suppose that by a formal canonical transformation, one can reduce mapping A to its linear part, i.e., the rotation by angle α. Then this mapping is reducible to its linear part by a convergent canonical transformation as well. An analogous (and even a stronger) statement holds for analytic Hamiltonian systems of differential equations as well (with any number n of degrees of freedom). Namely, if the collection of the eigenfrequencies ω_1, . . . , ω_n of the system is Diophantine and the formal Birkhoff normal form of the Hamilton function is a function of its linear part ⟨ω, τ⟩ (e.g., coincides with ⟨ω, τ⟩), then one can reduce the Hamilton function to this normal form by a convergent canonical transformation.

Remark 6. In paper [30, § 12], various generalizations (pertaining to the case of differential equations) of the Rüssmann theorem are obtained.

The Herman theorem [31]. Let A : (R^2, 0) → (R^2, 0) be an area preserving C^∞- mapping of the plane into itself for which 0 is an elliptic fixed point. Let the eigenvalues of the linearization of mapping A at 0 be equal to exp(±iα), where angle α is strongly incommensurable with 2π. Then in any neighborhood of point 0, mapping A possesses invariant circles^2 whose union is of positive measure. An analogous statement holds for

2i.e., invariant closed curves surrounding 0

Hamiltonian C^∞-systems of differential equations with two degrees of freedom as well.

A particular case of the Anosov–Katok theorem [32, 33]. In any neighborhood (in the C^∞-topology) of the rotation of a two-dimensional disc by any angle α, there are area preserving C^∞-diffeomorphisms of this disc that are ergodic.

We arrive at the following description of invariant curves of symplectic diffeomorphisms of the plane. Let A : (R^2, 0) → (R^2, 0) be an area preserving C^∞-mapping of the plane into itself, and let the linear part at 0 of this mapping be the rotation by angle α strongly incommensurable with 2π. Consider the formal Birkhoff normal form of mapping A at 0: z → z exp [ i ( α + ∞∑ s=1 ω_{(s)}τ^s )] , z = p + iq, τ =^1_2 |z|^2. (6)

We are interested in the relative measure μ_ε of the union of invariant circles of mapping A in the ε-neighborhood of fixed point 0. If at least one of the coefficients ω_{(s)} in (6), s ≥ 1, is different from zero then μ_ε → 1 as ε → 0 according to the standard KAM theory. On the other hand, if ω_{(s)} = 0 for all s then still μ_ε > 0 for each ε > 0 (by the Herman theorem), but μ_ε can decrease as ε → 0, and faster than any prescribed function (according to corollary 2). In both the cases, fixed point 0 of mapping A is Lyapunov stable. Finally, if ω_{(s)} = 0 for all s but A is analytic then by the Rüssmann theorem, μ_ε ≡ 1 (to be more precise, some punctured neighborhood of point 0 is wholly foliated into invariant circles of mapping A).

The linear parts of Anosov–Katok ergodic diffeomorphisms are rotations by angles α that are not strongly incommensurable with 2π.

What can one say about area preserving C^∞-mappings A : (R^2, 0) → (R^2, 0) such that the eigenvalues exp(±iα) of the linearization of A at 0 are roots of unity (the case opposite to the strong incommensurability of α with 2π)? No analogue of the Herman theorem exists for such mappings because for α = 2πr/s (s ∈ N, r ∈ Z, 2r/s /∈ Z) fixed point 0 can be unstable even for analytic mappings A [4]. On the other hand, the Rüssmann theorem is carried over to the case α = 2πr/s. If α is commensurable with 2π then the Birkhoff normal form^3 of mapping A is, generally speaking, more complicated than (6). However, exploiting the methods developed in [30, 34] one can easily show that if an area preserving analytic mapping A with α = 2πr/s is formally linearizable then it is linearizable by a convergent canonical transformation as well [35]. In Gong’s paper [36] devoted to the normalization of some special reversible diffeomorphisms characterized by a parameter λ ∈ C, |λ| = 1, the case where arg λ is strongly incommensurable with 2π and the case where λ^s = 1 are

3to be more precise, the Birkhoff–Gustavson normal form, see [8]

treated in parallel.

Remark 7. Other examples of situations where flat perturbations of Hamiltonian C^∞- flows or symplectic C^∞-diffeomorphisms change the dynamics drastically can be found in paper [37].

Remark 8. Let A_ε be the mapping of a two-dimensional annulus of the form A_ε : (τ, φ) → (τ, φ + ετ), where 0 < ε ≪ 1. An interesting criterion for the absence of invariant curves of the form τ = f(φ) for perturbations of the mappings A_ε is obtained in recent paper [38].

2. Proofs

In the global KAM theory, the analogue of theorems 1 and 2 is the following proposition: if the image of the unperturbed frequency mapping lies in some hyperplane (passing through 0 in the case of flows) then one can destroy all the invariant tori by an arbitrarily small perturbation of the initial integrable system. This statement is proven in [12, 20] for Hamiltonian flows and in [20] for symplectic diffeomorphisms. By some complication of the constructions of papers [12, 20], one may prove local theorems 1 and 2 of the present note.

We will prove in detail theorem 1 only.

Proof of theorem 1. Due to condition (3), the sets K_m, m ≥ 1, admit pairwise disjoint neighborhoods. We can therefore choose two other sequences of closed subsets {S_m}_{m≥1} and {Q_m}_{m≥1} in T_ρ2_{/2} possessing the following properties:

a) K_m ⊂ Int S_m, S_m ⊂ Int Q_m, Q_m ⊂ Int T_ρ2_{/2}; b) the sets Q_m, m ≥ 1 are pairwise disjoint; c) max_{τ∈Q}m |τ| → 0 (m → +∞).

The condition that the image of mapping (4) lies in some hyperplane in R^n passing through 0 means that ⟨c, Ω(τ)⟩ ≡ 0 for some c ∈ R^n \ {0}.

A new Hamilton function H(p, q) will be looked for in the form

H = H_0 + ∞∑ m=1 h_m, where each C^∞-function h_m : B_ρ → R vanishes outside P^{−1}(Q_m). Fix m ∈ N and a C^∞-function ψ : B_ρ → R equal to unit in P^{−1}(S_m) and equal to zero outside P^{−1}(Q_m); it suffices to consider a partition of unity ψ, Ψ of class C^∞ subordinate to the covering P^{−1}(Int Q_m), R^{2n} \P^{−1}(S_m) of space R^{2n} [39]. Choose a matrix M ∈ GL(n, R) sufficiently close to the identity matrix (in particular, subject to the condition M^{−1}Q_m ⊂ T_ρ2_{/2}) and such that Mc is proportional to some integer vector k ∈ Z^n \ {0}. Set

Ω_{new}(τ) = ∂ ∂τ F (M^{−1}τ) = (M^{−1})^tΩ(M^{−1}τ) (7)

(the superscript t means transposing), then ⟨k, Ω_{new}(τ)⟩ ≡ 0. We will look for function h_m in the form h_m = [ F (M^{−1}τ) − F (τ) + δ cos⟨k, φ⟩ ]ψ, (8) where δ ∈ R \ {0}. Having chosen matrix M to be sufficiently close to the identity matrix and then number δ ≠ 0 to be sufficiently small, one can satisfy the inequalities | | | | ∂^{|κ|}h_m(p, q) ∂p^{κ1}_1 · · · ∂p^κn_n ∂q^κn^{+1}_1 · · · ∂q^{κ2}n_n | | | | ≤ 1 m for all κ ∈ Z^{2n}_+ , 0 ≤ |κ| ≤ m (9)

in P^{−1}(Q_m). These inequalities imply that the function ∑∞ m=1 h_m is flat at 0.

In P^{−1}(S_m), the Hamilton function H_0 + h_m is equal to F (M^{−1}τ) + δ cos⟨k, φ⟩ and affords the system of differential equations τ̇ = δk sin⟨k, φ⟩, φ̇ = Ω_{new}(τ), for which d dt ⟨k, φ⟩ = ⟨k, Ω_{new}(τ)⟩ ≡ 0. Suppose that the system with Hamilton function H_0 + h_m admits a nonexceptional invariant set lying wholly in P^{−1}(K_m). On that set, choose a point (τ^0, φ^0) for which sin⟨k, φ^0⟩ ≠ 0. Along the trajectory passing through this point, one has

τ̇ = δk sin⟨k, φ^0⟩ = const ≠ 0.

The contradiction obtained proves the first part of theorem 1. Note that we nowhere used that ψ ≡ 1 in P^{−1}(S_m); it sufficed for our purposes that ψ ≡ 1 in P^{−1}(K_m).

Let now the function F (τ) = ⟨ω, τ⟩ be linear, so that Ω = const = ω. Choose a sufficiently small vector ϑ ∈ R^n such that the vector ω + ϑ is proportional to an integer one: ω + ϑ = ΛL where Λ > 0 and L ∈ Z^n. Let ⟨k, L⟩ = 0 for some integer vector k ∈ Z^n \ {0} (recall that n ≥ 2). Then ⟨k, ω + ϑ⟩ = 0. We will look for function h_m in the form h_m = [ ⟨ϑ, τ⟩ + δ cos⟨k, φ⟩ ]ψ, (10) where δ ∈ R \ {0}. Having chosen vector ϑ and number δ ≠ 0 to be sufficiently small, one can satisfy the inequalities (9). Fix a number σ > 0 such that τ^′ ∈ S_m whenever τ ∈ K_m and |τ^′ − τ| ≤ σ, and impose the additional condition that |δ| ≤ Λσ 2π|k| . (11)

In P^{−1}(S_m), the Hamilton function H_0 + h_m is equal to ⟨ω + ϑ, τ⟩ + δ cos⟨k, φ⟩ and affords the system of differential equations τ̇ = δk sin⟨k, φ⟩, φ̇ = ω + ϑ, for which d dt ⟨k, φ⟩ = ⟨k, ω + ϑ⟩ ≡ 0. Suppose that the system with Hamilton function H_0 + h_m admits an invariant torus of the form τ = f(φ) intersecting Int P^{−1}(K_m). On this torus, choose a point (f(φ^0), φ^0) inside P^{−1}(K_m) for which sin⟨k, φ^0⟩ ≠ 0. Due to inequality (11), the trajectory (τ(t), φ(t)) starting at this point remains in P^{−1}(S_m) for |t| ≤ 2π/Λ. One has:

φ(0) = φ^0, φ(2π/Λ) = φ^0 + 2πL = φ^0 mod 2π, τ(0) = f(φ^0), τ(2π/Λ) = f(φ^0) + 2πΛ^{−1}δk sin⟨k, φ^0⟩ ≠ f(φ^0).

The contradiction obtained proves the second part of theorem 1.

Proof of theorem 2 runs entirely similarly to the proof of theorem 1, and we will point out just the necessary changes in our construction. The condition that the image of mapping (4) lies in some affine hyperplane in R^n means that ⟨c, Ω(τ)⟩ ≡ c_0 for some c ∈ R^n \ {0}, c_0 ∈ R. For a fixed m ≥ 1, choose a matrix M ∈ GL(n, R) sufficiently close to the identity matrix and such that the pair (Mc, c_0) is proportional to some pair (k, 2πk_0) with k ∈ Z^n \ {0}, k_0 ∈ Z. Introduce the mapping Ω_{new}(τ) by formula (7) and the function h_m by formula (8). Then ⟨k, Ω_{new}(τ)⟩ ≡ 2πk_0. The desired symplectic diffeomorphism A is determined by the generating function F + ∑∞ m=1 h_m, i.e., in P^{−1}(Q_m) A : (τ, φ) → (τ^′, φ^′), where τ = τ^′ + ∂h_m(τ^′, φ) ∂φ , φ^′ = φ + Ω(τ^′) + ∂h_m(τ^′, φ) ∂τ^′ . One can prove by the standard methods [3, 40] that A is well defined for sufficiently small h_m. In particular, for τ^′ ∈ S_m we have

τ^′ = τ + δk sin⟨k, φ⟩, φ^′ = φ + Ω_{new}(τ^′), and ⟨k, φ^′⟩ = ⟨k, φ⟩ + ⟨k, Ω_{new}(τ^′)⟩ = ⟨k, φ⟩ + 2πk_0 = ⟨k, φ⟩ mod 2π. One easily sees that A cannot admit nonexceptional invariant sets lying wholly in P^{−1}(K_m).

Let now the function F (τ) = ⟨ω, τ⟩ be linear, so that Ω = const = ω. Choose a sufficiently small vector ϑ ∈ R^n such that the vector ω + ϑ has the form ω + ϑ = 2πL/L_0 with L ∈ Z^n and L_0 ∈ N. Let ⟨k, L⟩ = L_0k_0 for some k ∈ Z^n \ {0} and k_0 ∈ Z. Then ⟨k, ω + ϑ⟩ = 2πk_0. We will look for function h_m in the form (10) imposing the additional condition |δ| ≤ σ L_0|k| . (12)

In A^{−1}[P^{−1}(S_m)], the mapping A : (τ, φ) → (τ^′, φ^′) has the form τ^′ = τ + δk sin⟨k, φ⟩, φ^′ = φ + ω + ϑ. If a point (τ^0, φ^0) lies in P^{−1}(K_m) then its image (τ^∗, φ^∗) under the L_0-th iteration A^{L0} of diffeomorphism A lies in P^{−1}(S_m) due to inequality (12) and

τ^∗ = τ + L_0δk sin⟨k, φ^0⟩, φ^∗ = φ^0 + 2πL = φ^0 mod 2π.

Hence, A cannot admit invariant tori of the form τ = f(φ) that intersect Int P^{−1}(K_m).

Remark 9. For Lagrangian tori of the form τ = f(φ) invariant under a symplectic diffeomorphism, Herman has obtained, in some cases, estimates of the derivatives ∂f_i/∂φ_j in terms of the entries of the Jacobi matrix of the diffeomorphism [41, 42]. The dynamics on such tori was studied by Herman in papers [43, 44].

Theorems 1 and 2 (as well as corollaries 1 and 2) can be carried over to reversible differential equations and reversible diffeomorphisms. The reversing involution is G : (p, q) → (p, −q), or G : (τ, φ) → (τ, −φ). We will not formulate the reversible counterparts of theorems 1 and 2 here and will just point out briefly the key changes in the proofs. In the sequel, as before, M denotes a matrix in GL(n, R) close to the identity matrix.

In the case of flows, one has a G-reversible system of differential equations

τ̇ = 0, φ̇ = Ω(τ),

where now the mapping Ω : T_ρ2_{/2} → R^n is, generally speaking, not a gradient. Let ⟨c, Ω(τ)⟩ ≡ 0 for some c ∈ R^n \ {0}, and let Mc be proportional to k ∈ Z^n \ {0}. Set

Ω_{new}(τ) = (M^{−1})^tΩ(τ), ⟨k, Ω_{new}(τ)⟩ ≡ 0.

The perturbed G-reversible system of differential equations in P^{−1}(Q_m) has the form τ̇ = η[ sin⟨k, φ⟩ ]ψ, φ̇ = Ω(τ) + [ Ω_{new}(τ) − Ω(τ) ]ψ, where η ∈ R^n \ {0} is small while a buffer function ψ(τ, φ) is even in φ. In P^{−1}(S_m), this system takes the form τ̇ = η sin⟨k, φ⟩, φ̇ = Ω_{new}(τ).

In the case of mappings, one has a G-reversible diffeomorphism A_0 : (τ, φ) → (τ, φ + Ω(τ)). Let ⟨c, Ω(τ)⟩ ≡ c_0 for c ∈ R^n \ {0}, c_0 ∈ R, and let the pair (Mc, c_0) be proportional to a pair (k, 2πk_0) with k ∈ Z^n \ {0}, k_0 ∈ Z. Set Ω_{new}(τ) = (M^{−1})^tΩ(τ), ⟨k, Ω_{new}(τ)⟩ ≡ 2πk_0.

The perturbed G-reversible diffeomorphism A in P^{−1}(Q_m) is determined as A = GW GW^{−1}, where the diffeomorphism W : (τ, φ) → (~τ, ~φ) has the form ~τ = τ −^1_2 η[ sin⟨k, ~φ⟩ ]ψ(τ, ~φ), ~φ = φ −^1_2 Ω(τ) −^1_2 [ Ω_{new}(τ) − Ω(τ) ]ψ(τ, φ) with small η ∈ R^n \ {0}. It is not hard to verify that for ψ ≡ 1, the diffeomorphism A : (τ, φ) → (τ^′, φ^′) takes the form τ^′ = τ + η sin⟨k, φ⟩, φ^′ = φ + Ω_{new} ( 1 2 (τ + τ^′) ) . I am indebted to V. I. Arnol^′d who had taught me the KAM theory. Special thanks go to M. R. Herman who has let me know a number of his results prior to publication, as well as to Xianghong Gong and A. I. Neĭshtadt for interesting discussions on the dynamics of symplectic and reversible mappings of the plane.

References

[1] Arnold V. I. On the stability of an equilibrium point of a Hamiltonian system of ordinary differential equations in the general elliptic case // Sov. Math. Dokl., 1961. V. 2, No. 2, p. 247–249.

[2] Moser J. On invariant curves of area-preserving mappings of an annulus // Nachr. Akad.

Wiss. Göttingen, Math.-Phys. Kl. II, 1962. No. 1, p. 1–20.

[3] Arnold V. I. Small denominators and problems of stability of motion in classical and celestial mechanics // Russian Math. Surveys, 1963. V. 18, No. 6, p. 85–191. Corrigenda (in Russian): Uspekhi Mat. Nauk, 1968. V. 23, No. 6, p. 216.

[4] Siegel C. L., Moser J. K. Lectures on Celestial Mechanics. 3nd ed. Berlin, Springer, 1995.

[5] Moser J. Perturbation theory for almost periodic solutions for undamped nonlinear differential equations // In: Proc. Internat. Sympos. Nonlinear Differential Equations and Nonlinear Mechanics. New York, Academic Press, 1963, p. 71–79.

[6] Moser J. Stability and nonlinear character of ordinary differential equations // In: Nonlinear Problems (Proc. Sympos. in Madison). Madison, Univ. of Wisconsin Press, 1963, p. 139–150.

[7] Arnold V. I., Avez A. Ergodic Problems of Classical Mechanics. 2nd ed. Redwood City, Addison-Wesley, 1989.

[8] Moser J. K. Lectures on Hamiltonian systems // Mem. Amer. Math. Soc., 1968. No. 81, p. 1–60.

[9] Moser J. Stable and Random Motions in Dynamical Systems, with Special Emphasis on Celestial Mechanics (Ann. Math. Studies, V. 77). Princeton, Princeton Univ. Press, 1973.

[10] Arnold V. I. Mathematical Methods of Classical Mechanics. 2nd ed. New York, Springer, 1989.

[11] Arnold V. I., Kozlov V. V., Neĭshtadt A. I. Mathematical aspects of classical and celestial mechanics. 2nd ed. Encyclopædia of Mathematical Sciences, V. 3 (Dynamical Systems III). New York, Springer, 1993.

[12] Broer H. W., Huitema G. B., Sevryuk M. B. Quasi-Periodic Motions in Families of Dynamical Systems: Order amidst Chaos (Lect. Notes Math., V. 1645). Berlin, Springer, 1996.

[13] Sevryuk M. B. Reversible Systems (Lect. Notes Math., V. 1211). Berlin, Springer, 1986.

[14] Pöschel J. Integrability of Hamiltonian systems on Cantor sets // Comm. Pure Appl. Math., 1982. V. 35, No. 5, p. 653–696.

[15] Delshams A., Gutiérrez P. Estimates on invariant tori near an elliptic equilibrium point of a Hamiltonian system // J. Differ. Equat., 1996. V. 131, No. 2, p. 277–303.

[16] Jorba À., Villanueva J. On the normal behaviour of partially elliptic lower-dimensional tori of Hamiltonian systems // Nonlinearity, 1997. V. 10, No. 4, p. 783–822.

[17] Rüssmann H. Talks at various conferences and unpublished notes (the eighties and nineties).

[18] Rüssmann H. Non-degeneracy in the perturbation theory of integrable dynamical systems // In: Number Theory and Dynamical Systems, eds. Dodson M. M., Vickers J. A. G. (London Math. Soc. Lect. Note Ser., V. 134). Cambridge, Cambridge Univ. Press, 1989, p. 5–18.

[19] Rüssmann H. Nondegeneracy in the perturbation theory of integrable dynamical systems // In: Stochastics, Algebra and Analysis in Classical and Quantum Dynamics, eds. Albeverio S., Blanchard Ph., Testard D. (Math. and its Appl., V. 59). Dordrecht, Kluwer Academic, 1990, p. 211–223.

[20] Sevryuk M. B. KAM-stable Hamiltonians // J. Dynam. Control Syst., 1995. V. 1, No. 3, p. 351–366.

[21] Herman M. R. Talks at various conferences and unpublished notes (since 1990).

[22] Cheng Ch.-Q., Sun Y.-S. Existence of KAM tori in degenerate Hamiltonian systems // J.

Differ. Equat., 1994. V. 114, No. 1, p. 288–335.

[23] Sevryuk M. B. Invariant tori of Hamiltonian systems nondegenerate in the sense of Rüssmann // Dokl. Math., 1996. V. 53, No. 1, p. 69–72.

[24] Broer H. W., Huitema G. B., Sevryuk M. B. Families of quasi-periodic motions in dynamical systems depending on parameters // In: Nonlinear Dynamical Systems and Chaos, eds. Broer H. W., van Gils S. A., Hoveijn I., Takens F. (Progress Nonlinear Differ. Equations and Their Appl., V. 19). Basel, Birkhäuser, 1996, p. 171–211.

[25] Xu J., You J., Qiu Q. Invariant tori for nearly integrable Hamiltonian systems with degeneracy // Math. Zeitschr., 1997. V. 226, No. 3, p. 375–387.

[26] Sevryuk M. B. Excitation of elliptic normal modes of invariant tori in Hamiltonian systems // In: Topics in Singularity Theory. V. I. Arnold’s 60th Anniversary Collection, eds. Khovanskiĭ A., Varchenko A., Vassiliev V. (AMS Transl., Ser. 2, V. 180; Adv. Math. Sci., V. 34). Providence, AMS, 1997, p. 209–218.

[27] Sevryuk M. B. Invariant tori of intermediate dimensions in Hamiltonian systems // Reg.

Khaot. Dinamika, 1997. V. 2, No. 3/4, p. 30–40 (in Russian); to be translated into English in Reg. Chaotic Dynamics.

[28] Marsden J. E., McCracken M. The Hopf Bifurcation and Its Applications. New York, Springer, 1976.

[29] Rüssmann H. Über die Normalform analytischer Hamiltonscher Differentialgleichungen in der Nähe einer Gleichgewichtslösung // Math. Annalen, 1967. Band 169, Heft 1, S. 55–72.

[30] Bryuno A. D. Analytical form of differential equations // Trans. Moscow Math. Soc., 1971.

V. 25, p. 131–288 and 1972. V. 26, p. 199–239.

[31] Herman M. R. Private communication (1998).

[32] Anosov D. V., Katok A. B. New examples of ergodic diffeomorphisms of smooth manifolds // Uspekhi Mat. Nauk, 1970. V. 25, No. 4, p. 173–174 (in Russian).

[33] Anosov D. V., Katok A. B. New examples in the smooth ergodic theory. Ergodic diffeomorphisms // Trans. Moscow Math. Soc., 1970. V. 23, p. 1–35.

[34] Pliss V. A. On the reduction of an analytic system of differential equations to a linear form // Diff. Equations, 1965. V. 1, No. 2, p. 111–118.

[35] Gong X. Private communication (1998).

[36] Gong X. On the convergence of normalizations of real analytic surfaces near hyperbolic complex tangents // Comm. Math. Helvetici, 1994. V. 69, No. 4, p. 549–574.

[37] Douady R. Stabilité ou instabilité des points fixes elliptiques // Ann. Sci. École Norm. Sup., Sér. 4, 1988. V. 21, No. 1, p. 1–46.

[38] Ortega R. Nonexistence of invariant curves of mappings with small twist // Nonlinearity, 1997. V. 10, No. 1, p. 195–197.

[39] Hirsch M. W. Differential Topology. New York, Springer, 1976.

[40] Arnold V. I. Proof of a theorem by A. N. Kolmogorov on the persistence of quasi-periodic motions under small perturbations of the Hamiltonian // Russian Math. Surveys, 1963. V. 18, No. 5, p. 9–36.

[41] Herman M. R. Existence et non existence de tores invariants par des difféomorphismes symplectiques. Séminaire sur les Équations aux Dérivées Partielles 1987–1988, Exp. No. 14. Palaiseau, École Polytech., Centre de Math., 1988.

[42] Herman M. R. Inégalités “a priori” pour des tores lagrangiens invariants par des difféomorphismes symplectiques // Inst. Hautes Études Sci. Publ. Math., 1989. No. 70, p. 47–101.

[43] Herman M. R. On the dynamics on Lagrangian tori invariant by symplectic diffeomorphisms // In: Progress in Variational Methods in Hamiltonian Systems and Elliptic Equations, eds. Girardi M., Matzeu M., Pacella F. (Pitman Res. Notes Math. Ser., V. 243). Harlow, Longman Sci. Tech., 1992, p. 92–112.

[44] Herman M. R. Dynamics connected with indefinite normal torsion // In: Twist Mappings and Their Applications, eds. McGehee R., Meyer K. R. (IMA Vol. Math. Appl., V. 44). New York, Springer, 1992, p. 153–182.