Singular continuous spectrum for a class of substitution Hamiltonians^�

David Damanik Fachbereich Mathematik Johann Wolfgang Goethe-Universität 60054 Frankfurt/Main Germany e-mail: damanik@math.uni-frankfurt.de

September 23, 1998

Abstract

We consider discrete one-dimensional Schrödinger operators with potentials generated by primitive substitutions. Purely singular continuous spectrum with probability one is established provided that the potentials have a local four-block structure.

1 Introduction

The discovery of quasicrystals by Shechtman et al. in 1984 [20] has motivated continuing interest by both physicists and mathematicians in adequate models describing these structures. A class of models that has attracted particular attention in this context is provided by one-dimensional Schrödinger operators with potentials generated by so-called substitution sequences. A considerable amount of knowledge about the spectral properties of these operators has since been accumulated, and, from a mathematical point of view, their study is also motivated by the fact that they exhibit rather unusual properties such as purely singular continuous spectral measures which are supported on Cantor sets of Lebesgue measure zero. In particular the apparent tendency of the spectral measures to be purely singular continuous seems to reflect that substitution sequences give rise to potentials being intermediate between periodic (leading to absolutely continuous spectrum) and random (leading to pure point spectrum). In this respect, it is important to note that, while ergodicity plays an important role in most of the previous approaches (e.g., [1, 2, 3, 4, 5, 13, 17, 26]), many of the previous results on the absence of point spectrum of substitution operators do not hold with probability one with respect to the ergodic measure but rather on Baire typical sets which could well be of measure zero. Our goal here is to present a class of substitution Hamiltonians exhibiting purely singular continuous spectrum with probability one.

We are now going to describe the models we will be dealing with. Let A = {a_1, . . . , a_s} be a finite set, called the alphabet. The a_i are called symbols or letters, the elements of A^∗ ≡ S_{k≥1} A^k are called words. We denote by |v| the length of a word v ∈ A^∗ (i.e., |v| = l iff v ∈ A^l). If v_1, v_2 are words, we denote by #_v1v_2 the number of occurences of v_1 in v_2. A substitution S is a map S : A → A^∗. S can be extended homomorphically to A^∗ (resp., AN) by S(b_1 . . . b_n) ≡ S(b_1) . . . S(b_n) (resp., S(b_1b_2b_3 . . .) ≡ S(b_1)S(b_2)S(b_3) . . .). A fixed point u ∈ AN of S is called substitution sequence. The existence of such a fixed point follows from the following conditions.

�to appear in Lett. Math. Phys.

1. There exists a letter a ∈ A such that the first letter of S(a) is a.

2. lim_{n→∞} |S^n(a)| = ∞.

In this case, u ≡ lim_{n→∞} S^n(a) exists and is a substitution sequence. If the substitution S is primitive, which means that there exists k ∈ N such that, for every a ∈ A, S^k(a) contains every symbol from A, then these conditions are satisfied in the sense that they hold for a suitably chosen power of S (which is primitive, too). Put discrete topology on A. Extend u to the left arbitrarily giving û ∈ AZ and define Ω to be the set of accumulation points of the translates of û with respect to pointwise convergence, Ω ≡ {ω ∈ AZ : ω = lim T^{ni}û, n_i → ∞}, where the shift T on AZ is defined by (T τ)_n = τ_{n+1}, τ ∈ AZ. By definition, Ω is a closed (and therefore compact) subset of AZ that is invariant under T . The dynamical system (Ω, T ) is called the substitution dynamical system associated to S. If S is primitive, this system has the following well-known properties [19]. It is uniquely ergodic, that is, there is exactly one ergodic invariant probability measure μ on Ω. Moreover, it is minimal, that is, the orbit of every element ω ∈ Ω is dense in Ω. Finally, every word occuring in some ω ∈ Ω in fact occurs in every ω ∈ Ω. In order to define the associated operators, choose an arbitrary function f : A → R. The potentials V_ω defined by V_ω (n) = f(ω_n), ω ∈ Ω, give rise to discrete one-dimensional Schrödinger operators (H_ω ϕ)(n) = ϕ(n + 1) + ϕ(n − 1) + V_ω (n)ϕ(n)

in l^2(Z). It is this ergodic family of operators we shall study below. To make things non-trivial we shall always assume that S, f are such that the potentials V_ω are aperiodic.

Some prominent examples of primitive substitutions (in each case A = {a, b}) are

a → ab, b → a Fibonacci substitution, a → ab, b → aa Period doubling substitution, a → ab, b → aaa Binary non-Pisot substitution, a → ab, b → ba Thue-Morse substitution.

Let us now be explicit about previous results concerning singular continuity of the spectral measures. First of all, in case of aperiodic V_ω it follows from Kotani [17] and Last-Simon [18] that the absolutely continuous spectrum of H_ω is always empty. One is therefore left with the task to exclude eigenvalues. Results of generic type, that is, empty point spectrum for a dense G_δ set of ω’s, are, by minimality and Simon [21], in general obtained by excluding eigenvalues for only one element ω_0. This was done for the Fibonacci case by Sütö [25], for the period doubling case by Bellissard et al. [1], and for the Thue-Morse case by Delyon-Peyrière [11]. Moreover, two classes of primitive substitutions leading to generic singular continuous spectrum were exhibited by Bovier-Ghez [4, 5] and Hof et al. [14]. The first singular continuity result for substitution operators holding with probability one was obtained by Kaminaga [16] for the Fibonacci case. He used the quasiperiodicity of the potential and extended an approach due to Delyon-Petritis [10] in order to include the Fibonacci case. The first result of almost sure type for a non-quasiperiodic substitution operator was obtained in [7] for the period doubling Hamiltonian. In our present study we extend the idea of [7] and provide a class of primitive substitutions leading to purely singular continuous spectrum with probability one.

Theorem 1 Let S be a primitive substitution and let u ∈ AN be a substitution sequence associated to S. Suppose there exists a word v ∈ A^∗ such that vvvv occurs in u. Then, for almost every ω ∈ Ω, H_ω has no eigenvalues.

Recall that we assumed the V_ω ’s to be aperiodic. Thus, combining this result with Kotani [17], we get

Corollary 1 If S obeys the assumptions of Theorem 1, then, for almost every ω, H_ω has purely singular continuous spectrum.

Remarks.

1. The binary non-Pisot substitution satisfies the assumptions of Theorem 1 since S^3(a) = abaaaababab.

More generally, Theorem 1 applies to the substitutions a → ab, b → a^n, n ≥ 3. Note, however, that almost sure absence of eigenvalues also holds for n = 1, 2 as these cases correspond to the Fibonacci and period doubling substitution, respectively. We thus wind up with the conclusion that the entire family a → ab, b → a^n, n ≥ 1 exhibits purely singular continuous spectrum with probability one.

2. Further examples are given by a → a^nb, b → a, n ≥ 3. These examples correspond to a subclass of the quasiperiodic potentials studied by Delyon-Petritis [10] and Kaminaga [16]. We therefore provide a different proof of almost sure absence of eigenvalues for these models which relies on their substitution generated nature. However, the spectrum is again purely singular continuous with probability one for all n ≥ 1 as shown by Kaminaga [16].

3. The proof of Theorem 1 is based on a three-block argument. The word vvvv can be thought of as a local symmetry of order one which, by self-similarity, generates symmetries of higher orders. The first three blocks of these symmetries are necessary for appropriate cubes to occur, whereas the fourth block is somehow necessary for sufficiently many different cubes to occur. It will be seen from the proof that, in this regard, the assumption of Theorem 1 is naturally tied to our use of the Gordon three-block method.

4. However, the period doubling case does not obey the assumptions of Theorem 1, even though the proof of almost sure absence of eigenvalues in [7] is also based on the three-block method. We shall deal with this curiosity in the final section of this paper where it will be shown that, in some sense, the period doubling substitution is of “almost-four-block type”.

5. In a similar context, one of the key ideas in our proof of Theorem 1, namely, that an additional block of repetition enables one to consider cyclic permutations, was also employed in [6].

6. Singular continuous Schrödinger operator spectra have become an objective of intense study in the past few years. In a series of papers [21, 9, 15, 8, 24, 22, 23], Simon and co-workers have revealed the generic aspect of this spectral type. Moreover, they have found many concrete operators with purely singular continuous spectrum. In this regard, Corollary 1 adds to this list.

The paper is organized as follows. Section 2 recalls basic properties of substitution sequences arising from primitive substitutions. The proof of Theorem 1 is given in Section 3 while the last section deals with the inclusion of the period doubling case into the framework of the general approach.

2 Basic properties of substitution sequences arising from primitive substitutions

In this section we collect some results from the general theory of primitive substitutions which are necessary for the proof of Theorem 1 in the next section. The material is taken from the book by Queffélec [19].

Let S be a primitive substitution. The substitution matrix M(S) = (m_{ij} )_{1≤i,j≤s} is defined by m_{ij} ≡ #_{ai} S(a_j ). The action of the substitution is compatible with matrix product, in the sense that M(S^k) = M^k(S). This shows that primitivity of S is equivalent to primitivity of M(S) (i.e., there exists k ∈ N such that all entries of M^k(S) are strictly positive). The Perron-Frobenius theorem yields the existence of a dominant eigenvalue θ which can be regarded as an asymptotic blow-up factor:

Proposition 2.1 Let S be a primitive substitution and let M = M(S) be the associated substitution matrix. Then, M has an eigenvalue θ with the following properties:

1. θ is strictly positive.

2. For any other eigenvalue ζ of M, we have θ > |ζ|. 3. θ has multiplicity one.

4. The corresponding eigenvector can be chosen strictly positive. 5. For every b ∈ A, lim_{n→∞}^{|Sn}

+1_{(b)|} |S^n(b)| = θ. 6. For every v ∈ A^∗, there exists c(v) > 0 such that lim_{n→∞}^{|Sn(v)|}_{θn} = c(v).

Another key property of substitution sequences arising from primitive substitution is the existence of frequencies of words. Moreover, they are always strictly positive:

Proposition 2.2 Let S be a primitive substitution. Then, for any v ∈ A^∗ which occurs in a fixed point of S and any b ∈ A, the limits d(v) ≡ lim_{n→∞} #_vS^n(b) |S^n(b)| > 0 exist and are independent of b.

As the final central result, we want to mention the connection between the frequencies of words and the unique ergodic measure μ on Ω. The Borel σ-algebra is generated by the cylinder sets [b_0 . . . b_{l−1}]_{[m,m+l−1]} ≡ {ω ∈ Ω : w_{m+i} = b_i, 0 ≤ i ≤ l − 1}. The μ-measure of such a set is simply given by the frequency of the word b_0 . . . b_{l−1}: Proposition 2.3 For every word b_0 . . . b_{l−1} occuring in some fixed point of a primitive substitution S, we have μ([b_0 . . . b_{l−1}]_{[m,m+l−1]}) = d(b_0 . . . b_{l−1}).

3 Discovering plenty of three-block structures

Throughout this section we assume that S is a primitive substitution satisfying the assumptions of Theorem 1. Let u, Ω, d, μ, (H_ω)_{ω∈Ω} be induced by S as described above. Define C ≡ {ω : σ_{pp}(H_ω) = ∅}. Our goal is to prove μ(C) = 1. The following proposition provides a general method how to accomplish this. Proposition 3.1 Suppose there exist Borel sets G(n), n ∈ N, satisfying

1. lim sup G(n) ⊆ C, 2. lim sup μ(G(n)) > 0.

Then, μ(C) = 1.

Proof. By assumption we have μ(C) ≥ μ(lim sup G(n)) ≥ lim sup μ(G(n)) > 0.

Now the assertion follows from shift-invariance of C and ergodicity of μ. 2 We define G(n) ≡ {ω : V_ω(−n + k) = V_ω (k) = V_ω(n + k), 1 ≤ k ≤ n}. It is easily seen that the G(n) are Borel sets since they are finite unions of cylinder sets. The first crucial property of these sets is already part of the folklore.

Lemma 3.2 lim sup G(n) ⊆ C.

Proof. This is shown by a standard Gordon-type argument [12], see [10]. 2 Define n_k ≡ |S^k(v)|, and, for l ∈ N, P_l : A^l → A^l, b_1b_2 . . . b_l → b_2 . . . b_lb_1.

We will obtain estimates for the μ-measure of G(n) on the subsequence (n_k)_{k∈}N. This is natural since, by self-similarity, the occurence of vvvv in u yields existence of four-block structures of length 4n_k in u. Thus, we have plenty of three-block structures of length 3n_k if we consider cyclic permutations of S^k(v). Define r_k ≡ min{i ≥ 1 : S^k(v) = P^i_{nk} (S^k(v))}.

Obviously, 1 ≤ r_k ≤ n_k. Let us proceed with the following observation. Lemma 3.3 There exists d_k ∈ N such that n_k = d_k · r_k. Proof. By definition we have

1. For every i ≥ r_k, P^i_{nk} (S^k(v)) = P^{i−rk}_{nk} (S^k(v)).

2. S^k(v), P^1_{nk} (S^k(v)), . . . , P^{rk −1}_{nk} (S^k(v)) are mutually different words. Consider the expansion n_k = d_kr_k + q_k, where 0 ≤ q_k < r_k. By 1., S^k(v) = P^{nk}_{nk} (S^k(v)) = P^{qk}_{nk} (S^k(v)).

Thus, by 2., q_k = 0. 2 Lemma 3.4 For 0 ≤ i < r_k, we have d(P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))) ≥ d_k θ^k · d(vvvv). Proof. For every occurence of vvvv in u there are d_k occurences of P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v)) in the corresponding occurence of S^k(v)S^k (v)S^k(v)S^k (v) in S^k(u) = u. We therefore have

d(P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))) = lim_{n→∞}

#_P i_{nk (S}k_{(v))P} i_{nk (S}k_{(v))P} i_{nk (S}k_{(v))}(S^n(a)) |S^n(a)| ≥ lim_{n→∞} d_k · #_{vvvv} (S^{n−k}(a)) |S^n(a)| = d_k · lim_{n→∞} #_{vvvv} (S^{n−k}(a)) |S^{n−k}(a)| · |S^{n−k}(a)| |S^n(a)| = d_k · d(vvvv) · 1 θ^k . 2 Lemma 3.5 lim sup μ(G(n_k )) ≥ c(v) · d(vvvv) > 0.

Proof. G(n_k) contains the cylinder sets [P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))]_{[−nk +1,2nk ]}, 0 ≤ i < r_k . Moreover, these cylinder sets are mutually disjoint. Hence, together with Proposition 2.3 and Lemma 3.4, we obtain μ(G(n_k)) ≥ r_k −1X

i=0 μ([P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))]_{[−nk +1,2nk ]})

= r_k −1X

i=0 d(P^i_{nk} (S^k(v))P^i_{nk} (S^k(v))P^i_{nk} (S^k(v)))

≥ r_k −1X

i=0 d_k θ^k d(vvvv) = n_k θ^k d(vvvv). Thus, lim sup μ(G(n_k )) ≥ c(v) · d(vvvv), as desired. 2

Proof of Theorem 1. By Lemma 3.2 and Lemma 3.5, the hypotheses of Proposition 3.1 are satisfied. 2

4 Three-block structures in the period doubling case

In the previous section we have seen that the following mechanism allows a proof of almost sure absence of eigenvalues in self-similar potentials.

1. If a word vvv of three-block type occurs in the substitution sequence u, then, by self-similarity, all the words S^k(v)S^k (v)S^k(v) occur in u. We therefore have three-block structures on an infinite number of levels. Thus, an application of a Gordon-type criterion in order to exclude eigenvalues is in principle possible.

2. In order for this criterion to be applicable on a set of positive measure, one has to deal with the obstacle that the frequencies of the higher level words S^k(v)S^k(v)S^k (v) in general decay. To be precise, the decay will be of order θ^{−k}, where θ is the dominant eigenvalue of the substitution matrix.

3. Aiming at a compensation of this effect, one looks for three-block words other than S^k(v)S^k(v)S^k(v) but having the same length.

4. Since the growth of |S^k(v)| is of order θ^k, the number of required words (or repetitions) has to be of order |S^k(v)|. A natural way for this to hold is to require the occurence of a four-block word vvvv in u and to consider cyclic permutations of S^k(v)S^k(v)S^k(v) as was done in Section 3.

We are now going to consider the period doubling substitution S_{pd}. Recall that it is given by a → ab, b → aa. Iterating three times, we obtain the following word S^3_{pd}(a) = abaaabab. This word does not contain a four-block word. However, we are going to see that the word aaab, which is contained in S^3_{pd}(a) and hence in u = S^∞_{pd}(a), can serve as a generator of sufficiently many higher order three-block symmetries. Namely, we shall show below that all the cyclic permutations of S^k_{pd}(a)S^k_{pd}(a)S^k_{pd}(a) occur in S^k_{pd}(a)S^k_{pd}(a)S^k_{pd}(a)S^k_{pd}(b). To this end, define the truncation operator T by T : A^l → A^{l−1}, b_1 . . . b_{l−1}b_l → b_1 . . . b_{l−1}. Proposition 4.1 For every k ∈ N, we have T (S^k_{pd}(a)) = T (S^k_{pd}(b)).

Proof by induction. The case k = 1 is obvious. For the induction step we note that

T (S^{k+1}_{pd} (a)) = T (S^k_{pd}(a)S^k_{pd}(b)) = S^k_{pd}(a)T (S^k_{pd}(b)) = S^k_{pd}(a)T (S^k_{pd}(a)) = T (S^k_{pd}(a)S^k_{pd}(a)) = T (S^{k+1}_{pd} (b)), concluding the proof. 2 Hence, for every occurence of S^k_{pd}(a)S^k_{pd}(a)S^k_{pd}(a)S^k_{pd}(b) in u there is a corresponding occurence of P^i_{2k} (S^k_{pd}(a))P^i_{2k} (S^k_{pd}(a))P^i_{2k} (S^k_{pd}(a)), 0 ≤ i < 2^k. The mechanism sketched above can now be used to prove almost sure absence of eigenvalues in the period doubling model, thus recovering the main result from [7].

References

[1] Bellissard, J., Bovier, A., Ghez, J.-M. : Spectral properties of a tight binding Hamiltonian with period doubling potential, Commun. Math. Phys. 135, 379–399 (1991) [2] Bellissard, J., Bovier, A., Ghez, J.-M. : Gap labelling theorems for one-dimensional discrete Schrödinger operators, Rev. Math. Phys. 4, 1–37 (1992) [3] Bellissard, J., Iochum, B., Scoppola, E., Testard, D. : Spectral properties of one-dimensional quasicrystals, Commun. Math. Phys. 125, 527–543 (1989) [4] Bovier, A., Ghez, J.-M. : Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158, 45–66 (1993) [5] Bovier, A., Ghez, J.-M. : Erratum. Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 166, 431–432 (1994) [6] Damanik, D. : α-continuity properties of one-dimensional quasicrystals, Commun. Math. Phys. 192, 169–182 (1998) [7] Damanik, D. : Singular continuous spectrum for the period doubling Hamiltonian on a set of full measure, Commun. Math. Phys. 196, 477–483 (1998) [8] del Rio, R., Jitomirskaya, S., Last, Y., Simon, B. : Operators with singular continuous spectrum, IV.

Hausdorff dimensions, rank one perturbations, and localization, J. d’Analyse Math. 69, 153–200 (1996) [9] del Rio, R., Makarov, N., Simon, B. : Operators with singular continuous spectrum, II. Rank one operators, Commun. Math. Phys. 165, 59–67 (1994) [10] Delyon, F., Petritis, D. : Absence of localization in a class of Schrödinger operators with quasiperiodic potential, Commun. Math. Phys. 103, 441–444 (1986) [11] Delyon, F., Peyrière, J. : Recurrence of the eigenstates of a Schrödinger operator with automatic potential, J. Stat. Phys. 64, 363–368 (1991) [12] Gordon, A. : On the point spectrum of the one-dimensional Schrödinger operator, Usp. Math. Nauk 31, 257 (1976) [13] Hof, A. : Some remarks on discrete aperiodic Schrödinger operators, J. Stat. Phys. 72, 1353–1374 (1993) [14] Hof, A., Knill, O., Simon, B. : Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174, 149–159 (1995) [15] Jitomirskaya, S., Simon, B. : Operators with singular continuous spectrum: III. Almost periodic Schrödinger operators, Commun. Math. Phys. 165, 201–205 (1994)

[16] Kaminaga, M. : Absence of point spectrum for a class of discrete Schrödinger operators with quasiperiodic potential, Forum Math. 8, 63–69 (1996)

[17] Kotani, S. : Jacobi matrices with random potentials taking finitely many values, Rev. Math. Phys. 1, 129–133 (1989)

[18] Last, Y., Simon, B. : Eigenfunctions, transfer matrices, and absolutely continuous spectrum of onedimensional Schrödinger operators, preprint

[19] Queffélec, M. : Substitution Dynamical Systems - Spectral Analysis, Lecture Notes in Mathematics, Vol.

1284, Springer, Berlin, Heidelberg, New York (1987)

[20] Shechtman, D., Blech, I., Gratias, D., Cahn, J.V. : Metallic phase with long-range orientational order and no translational symmetry, Phys. Rev. Lett. 53, 1951–1953 (1984)

[21] Simon, B. : Operators with singular continuous spectrum: I. General operators, Ann. of Math. 141, 131–145 (1995)

[22] Simon, B. : Operators with singular continuous spectrum: VI. Graph Laplacians and Laplace-Beltrami operators, Proc. Amer. Math. Soc. 124, 1177–1182 (1996)

[23] Simon, B. : Operators with singular continuous spectrum: VII. Examples with borderline time decay, Commun. Math. Phys. 176, 713–722 (1996)

[24] Simon, B., Stolz, G. : Operators with singular continuous spectrum: V. Sparse potentials, Proc. Amer.

Math. Soc. 124, 2073–2080 (1996)

[25] Sütö, A. : The spectrum of a quasiperiodic Schrödinger operator, Commun. Math. Phys. 111, 409–415 (1987)

[26] Sütö, A. : Singular continuous spectrum on a Cantor set of zero Lebesgue measure for the Fibonacci Hamiltonian, J. Stat. Phys. 56, 525–531 (1989)