On thermodynamic limits of entropy densities

Hajime Moriya Research Institute for Mathematical Sciences,Kyoto University, Kyoto, Japan

Aernout van Enter Institute for Theoretical Physics, R.U.G., Nijenborgh 4, Groningen, the Netherlands.

August 28, 1998

Abstract

We give some sufficient conditions which guarantee that the entropy density in the thermodynamic limit is equal to the thermodynamic limit of the entropy densities of finite-volume (local) Gibbs states. (to appear in Lett.Math.Phys.)

1 Introduction

In this note we give some results on the existence of the infinite-volume limit of the entropy density for (quantum) lattice systems, taken over a sequence of finite-volume (local) Gibbs states. The existence of this limit is not automatic; in fact one can without too much difficulties think of examples where the limit does not exist, due to possible coexistence of phases (equilibrium states) with different entropy densities, as happens for example in Potts models. Here we exclude this possibility by requiring the pressure (free energy density) function in the infinite-volume (thermodynamic) limit, which exists in great generality, to be differentiable as a function of (inverse) temperature. Note, however, that we do not need the local Gibbs states themselves to converge to a limit.

We will first give a short introduction and set up some notation for the type of quantum lattice systems we will be investigating. For an extensive treatment of the theory we refer to [8] or [3], see also [5].

Let Z^ν be the ν−dimensional lattice, and A_k(k ∈ Z^ν ) be copies of M_d(C), the d×d full matrix algebra. For any bounded region Λ ⊂ Z^ν , the local algebra A_Λ is given by ⊗_{x∈Λ}A_x. It follows from the definition that, for Λ ⊂ Λ^′, we have A_Λ0 = A_Λ ⊗ A_Λ0_{\Λ}, where Λ^′ \ Λ is the complement of Λ in Λ^′. We shall identify A_Λ with A_Λ ⊗ 1_Λ0_{\Λ} in A_Λ0_{\Λ}. The definition also implies that if Λ_1 and Λ_2 are disjoint, the elements of A_{Λ1} commute with those of A_{Λ2} . The C^∗-algebra A for our investigation is the norm completion of the normed algebra A_∞ = ∪_ΛA_Λ, the union of all local algebras A_Λ associated with finite regions Λ ⊂ Z^ν . We note that the group Z^ν of space translations is a subgroup of the automorphism group of A and we denote the action of this group by A ∈ A_Λ → σ_xA ∈ A_{Λ+x}, x ∈ Z^ν . For each finite subset Λ of Z^ν , we are given an element Φ(Λ) ∈ A_Λ, called an interaction potential, satisfying the following conditions:

(1) Φ(ϕ) = 0, (2) σ_xΦ(Λ) = Φ(Λ + x) : translation invariance, (3) Φ(Λ)^∗ = Φ(Λ) : self-adjointness. Given a potential Φ and a finite subset Λ ⊂ Z^ν , the internal Hamiltonian confined to Λ takes the form

U_Λ ≡ ∑ X⊆Λ Φ(X). In the following, we will consider two different kinds of Banach spaces of interactions. For the first Banach space, we impose the following growth condition on Φ : (4) ‖Φ‖_0 ≡ ∑ Λ∋0 ‖Φ(Λ)‖ |Λ| < ∞. With this norm, the potentials under consideration form a real Banach space B_0.

For the second Banach space, we recall the notion of a “standard potential” [1]. Let ω be a product state of A, namely ω(aa^′) = ω(a)ω(a^′) for a ∈ A_Λ, a^′ ∈ A_Λc for any finite subset Λ. Let C^ω_Λ be the conditional expectation from A onto A_Λ. Namely, for each a ∈ A, C^ω_Λ (a) is defined as the element of A_Λ satisfying ω(C^ω_Λ (a)b) = ω(ab) for all b ∈ A_Λ. We assume (4)^′ C^ω_I (Φ(Λ)) = 0 unless I ⊇ Λ : standardness. Finally, for each finite subset Λ ⊂ Z^ν we assume the existence of the surface energy connecting inside and outside of Λ, i.e.

(5)^′ W_Λ ≡ {∑ Φ(X) : X ∩ Λ ≠ ∅, X ∩ Λ^c ≠ ∅ } ∈ A, where on the right-hand side the finite sum over X ⊂ Λ^′ is first taken and the limit Λ^′ ↗ Z^ν is then taken. This limit is assumed to converge in norm. The total interaction Hamiltonian of Λ is defined by

H_Λ = U_Λ + W_Λ.

We then define ‖Φ‖ ≡ sup{‖H_n‖ : n ∈ Z^ν } (= ‖H_n‖) , where H_n = H_Λ for the one-point set Λ = {n} and ‖H_n‖ is independent of n ∈ Z^ν due to the assumed translation invariance. With this norm, the potentials under consideration form a real Banach space B.

For each Φ ∈ B_0, let us define A_Φ ∈ A by A_Φ ≡ ∑ Λ∋0 Φ(Λ) |Λ| .

By definition, A_Φ is linear in Φ and ‖A_Φ‖ ≤ ‖Φ‖_0. (1) For Φ ∈ B, the following estimates have been obtained [1] ‖U_Λ‖ ≤ ‖H_Λ‖ ≤ ∑ n∈Λ ‖H_n‖ ≤ |Λ| · ‖Φ‖ (2)

lim Λ↗Z^ν ‖W_Λ‖ |Λ| = 0 (3)

where the limit of Λ tending to Z^ν is the van Hove limit.

Let Tr_Λ denote the canonical trace of A_Λ, where the term “canonical” means that Tr_Λ(e) = 1 for each minimal projection e ∈ A_Λ.

For each finite subset Λ ⊂ Z^ν , the partition function is given by:

Z_Λ(βΦ) ≡ Tr_Λ ( e^{−βUΛ} ) . (4)

Let P_Λ(βΦ) ≡^{log ZΛ(βΦ)}_{|Λ|} , then for Φ ∈ B_0(or B) the following basic results are known.

(i) P (βΦ) ≡ lim_{Λ→}Z_ν P_Λ(βΦ) exists in the van Hove limit, (5) (ii) |P (Φ − Ψ)| ≤ ‖Φ − Ψ‖_0 (‖Φ − Ψ‖), (6) (iii) P (Φ) is a convex function of Φ. (7)

We call P (βΦ) the (thermodynamic) pressure of Φ at β. If ω is a state of A, then ω_Λ denotes its restriction to A_Λ for each finite subset of Λ ⊂ Z^ν . The energy and entropy of this finite system Λ are given by

E_Λ(ω) = ω(U_Λ), S_Λ(ω) ≡ −Tr_ΛD_Λ log D_Λ.

Here D_Λ denotes the density matrix of ω_Λ with respect to the canonical trace Tr_Λ on A_Λ. Let A^∗_{+,1,inv} be the set of translation invariant states. We may define the energy density and the entropy density of the translation invariant state ω ∈ A^∗_{+,1,inv} to be

e_Φ(ω) ≡ lim_{Λ↗}Z_ν

E_Λ(ω) |Λ| , s(ω) ≡ lim_{Λ↗}Z_ν

S_Λ(ω) |Λ| . It has been shown that for Φ in B_0 or B, e_Φ(ω) exists and |e_Φ(ω)| ≤ ‖Φ‖_0(‖Φ‖), e_{cΦ+dΨ} (ω) = c · e_Φ(ω) + d · e_Ψ (ω) : linearity, e_Φ(λω + (1 − λ)μ) = λe_Φ(ω) + (1 − λ)e_Φ(μ) : affinity. Furthermore, especially in the case of Φ ∈ B_0 we have

e_Φ(ω) = ω(A_Φ).

¿From the strong subadditivity property, it has been shown that the limit entropy density for translation invariant states exists and is given by the infimum over all finite subsets Λ ⊂ Z^ν . It has also been shown that the function ω ∈ A^∗_{+,1,inv} → s(ω) is affine and upper semi-continuous with respect to the weak* topology.

The “Gibbs Variational Principle” is used to define the equilibrium states, that is P (βΦ) is obtained by the following variational equality: P (βΦ) = sup_{ω∈A}�_{+,1,inv} [s(ω) − β · e_Φ(ω)]. (8) Furthermore, if ρ ∈ A^∗_{+,1,inv} satisfies P (βΦ) = s(ρ) − β · e_Φ(ρ), (9) then ρ is called an invariant equilibrium state for Φ at inverse temperature β. (In the case of B_0 see for example [3], and in the case of B the above results have been shown in [2].) Denote the set of all invariant equilibrium states as I_{βΦ}. I_{βΦ} is non empty due to the weak* upper semi-continuity of s(ω) − β · e_Φ(ω) in ω. Let φ^{β,c}_Λ denote the local Gibbs state in Λ, that is, φ^{β,c}_Λ (A) ≡ Tr_Λ(Ae^{−β·UΛ} ) Tr_Λ(e^{−β·UΛ} )

(A ∈ A_Λ).

2 Results and Proofs

We have the following Theorem for a lattice of arbitrary dimension.

Theorem 2.1 (Main Theorem) Assume that the pressure is differentiable w.r.t. the inverse temperature at a specific value β, then for the same β,

s(φ) = lim_{Λ↗}Z_ν

S_Λ(φ^{β,c}_Λ ) |Λ| , where φ is any translation invariant equilibrium state, φ^{β,c}_Λ is the local Gibbs state on A_Λ, and the limit is taken in the van Hove sense.

This theorem generalizes a result of [6]. Note that in contrast to that situation, here we incorporate also cases where there exist more than one equilibrium states (phase transitions). Moreover, our assumption here does not exclude the possibility that thermodynamic limit points of local Gibbs states {φ^{β,c}_Λ }_Λ are not unique. In [6], the essential part of the proof was the estimation of the analytic continuation of Connes-Cocycle and we evaluated the difference between local Gibbs states and the restrictions to the local subalgebras of a global Gibbs(Araki-Gibbs) state.

In this paper, we do not need the Tomita-Takesaki theory which is a crucial point to the Araki-Gibbs condition. To prove our main theorem, we need the following general result about the analysis of the convex functions. (See for example [8] Proposition I.3.2, or [9] Lemma 9 .)

Lemma 2.2 Let {F_α} be a net of convex functions on R converging pointwise to a function F . Then F is convex and for any fixed x_∘ ( D^−F ) (x_∘) ≤ limD^−F_α(x_∘) ≤ limD^+F_α(x_∘) ≤ ( D^+ ) F (x_∘). In particular, if F is differentiable at x_∘, then ( DF ) (x_∘) = lim D^−F_α(x_∘) = lim D^+F_α(x_∘).

Here D^± denote the right and left derivatives.

Proof of Main Theorem:

By (9) and linearity of the energy density w.r.t. potentials, for every Ψ ∈ B_0(B) we have P (βΦ + Ψ) ≥ s(φ) − e_{βΦ+Ψ} (φ) = s(φ) − β · e_Φ(φ) − e_Ψ (φ) = P (βΦ) − e_Ψ (φ). For Ψ = ±λΦ(λ >0), we obtain the following estimate from this inequality { P ( (β + λ)Φ ) − P ( βΦ )} λ ≥ −e_Φ(φ) ≥ { P ( (β − λ)Φ ) − P ( βΦ )} −λ .

If P (βΦ) is β differentiable at a specific β, we obtain − d dβ P (βΦ) = e_Φ(φ). (10)

For each finite subsystem A_Λ, we have S_Λ(φ^{β,c}_Λ ) |Λ| = β · E_Λ(φ^{β,c}_Λ ) |Λ| + P_Λ(βΦ).

It is easy to check that − d dβ P_Λ(βΦ) = E_Λ(φ^{β,c}_Λ ) |Λ| . (11)

We note that the sequence of convex functions {P_Λ(βΦ)}, differentiable w.r.t. β, converges to the convex function P (βΦ).

Because by assumption P (βΦ) is differentiable w.r.t. β, lemma 2.2. implies d dβ P_Λ(βΦ) → d dβ P (βΦ) : as Λ ↗ Z^ν . (12)

From (10),(11), and (12) we obtain E_Λ(φ^{β,c}_Λ ) |Λ| → e_Φ(φ) : as Λ ↗ Z^ν .

We have s(φ) = β · e_Φ(φ) + P (βΦ) = lim_{Λ↗}Z_ν ( β · E_Λ(φ^{β,c}_Λ ) |Λ| + P_Λ(βΦ) )

= lim_{Λ↗}Z_ν

S_Λ(φ^{β,c}_Λ ) |Λ| . 2 Corollary 2.3 If Φ has a unique invariant equilibrium state φ at β, then

s(φ) = lim_{Λ↗}Z_ν

S_Λ(φ^{β,c}_Λ ) |Λ| . P roof. If l is a tangent of P (βΦ) as a function of β, i.e. for every real number β^′, P (β^′Φ) − P (βΦ) ≥ l ( (β^′ − β) · Φ ) , then by the Hahn-Banach extension theorem, l can be extended to a (not necessarily unique) tangent plane of the graph of Ψ ∈ B_0(or B) → P (Ψ) at Ψ = βΦ. But by the assumed uniqueness of the translation invariant equilibrium state, the tangent plane of Ψ ∈ B_0(B) → P (Ψ) is unique and hence l has to be unique. This implies the differentiability of P (βΦ) w.r.t. β and hence from Theorem 1.1 our claim follows. 2 To get a more direct connection with the set-up of [6], we follow the Araki’s construction of standard potentials for the case where time translation automorphisms are given [1]. We start from the assumption of the existence of a strongly continuous one-parameter group of *-automorphisms α_t of A. Let δ be the generator of α_t and suppose that each finite type-I ∗-subalgebra A_Λ (Λ ⊂ Z^ν ) is contained in the domain D(δ) of of the generator δ. By a result of Sakai in [7], for each finite Λ ⊂ Z^ν , there exists H_Λ = H^∗_Λ ∈ A such that

δ(a) = i[H_Λ, a] = i(H_Λ · a − a · H_Λ), a ∈ A_Λ. (13)

Such an H_Λ is determined by δ, up to adding elements in A_Λc . Replacing H_Λ by H_Λ − C^ω_Λc (H_Λ), it is always possible to choose H_Λ in (13) satisfying

C^ω_Λc (H_Λ) = 0. (14)

The conditions (13) and (14) uniquely determine H_Λ. Let

U_Λ ≡ C^ω_Λ (H_Λ), W_Λ ≡ H_Λ − U_Λ. (15)

The potential Φ is then defined recursively (from small Λ to large Λ^′). Φ(Λ) ≡ U_Λ − ∑ X⊂Λ,X≠Λ Φ(X). (16)

¿From this definition, the function Φ satisfies the conditions (1),(3),(4)^′,and (5)^′. We denote by Φ^δ the Φ constructed from δ. Now we suppose that α_t is translation invariant, i.e. α_tσ_x = σ_xα_t for each x ∈ Z^ν , then it is easy to see that Φ satisfies (2). This Φ^δ automatically belongs to B as pointed out to us by Araki. We recall the following well-known Theorem .

Theorem 2.4 Let α_t be a translation invariant one-parameter group of *- automorphisms of A, and let δ be the generator of α. Assume that the domain of δ contains A_∞ = ∪_ΛA_Λ, the union of all local algebras. If ρ is an invariant equilibrium state, i.e. ρ ∈ I_{βΦ}, then ρ is an (α_t, β)-KMS state.

P roof : See Theorem 6.2.42 in [3]. In this theorem, the potential is considered to be an exponentially decreasing function in the many-body terms, i.e. for some fixed r > 0 ‖Φ‖_r ≡ ∑ Λ∋0 e^{r|Λ|}‖Φ(Λ)‖ < ∞.

But we can obviously use the same arguments if we consider B instead of B_r (the Banach space of potentials with the above norm ‖ · ‖_r).

Corollary 2.5 Assume that the same conditions hold as in theorem 2.4. If φ is a unique (α_t, β)-KMS state, then

s(φ) = lim_{Λ↗}Z_ν

S_Λ(φ^{β,c}_Λ ) |Λ| . P roof : By theorem 2.4, there exists a unique equilibrium state. Thus from Corollary 2.3, our assertion follows. 2 Acknowledgments: One of the authors(H.M) is grateful to Prof. Araki for his continuous help and encouragement. He thanks Prof. Ojima for his careful reading of the manuscript and his suggestions. He also thanks Prof. Hiai, Prof. Matsui, and Prof. Petz for useful discussions. The other author (A.C.D.v.E.) thanks M. Winnink for discussions.

References

[1] H.Araki, On KMS states of a C^∗-dynamical system, Lecture Notes in Mathematics 650 (1978), 66–84.

[2] H.Araki, Toukeibuturi no suuri, Iwanami in Japanes, 1994.

[3] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics II, 2nd edition., Springer, 1997.

[4] R. Haag, N.M. Hugenholtz and M. Winnink, On the equilibrium states in quantum statistical mechanics, Comm. Math. Phys. 5 (1967), 215–236.

[5] R.B. Israel, Convexity in the Theory of Lattice Gases, Princeton University Press, 1979.

[6] H. Moriya, Entropy density for one-dimensional quantum lattice systems, Rev. Math. Phys., 9 (1997), 361–369.

[7] S. Sakai, On one-parameter subgroups of *-automorphisms on operator algebras and the corresponding unbounded derivations, Amer.J. Math. 98 (1976), 427–440.

[8] B.Simon, The Statistical Mechanics of Lattice Gases Princeton University Press, 1993.

[9] A.Martin-Löf, Statistical Mechanics and the Foundation of Thermodynamics, Springer, Lecture Notes in Physics 101, 1979.