On the Reduction of Adiabatic Dynamical Systems near Equilibrium Curves^�

N. Berglund^† Institut de Physique Théorique Ecole Polytechnique Fédérale de Lausanne PHB-Ecublens, CH-1015 Lausanne, Switzerland e-mail: berglund@iptsg.epfl.ch

August 26, 1998

Abstract We consider adiabatic differential equations of the form ε dx/dτ = f(x, τ), where ε is a small parameter. A few results on the behaviour of solutions close to an equilibrium curve of f are reviewed, including existence of tracking solutions, dynamic diagonalization and linearization, and invariant manifolds. We then point out some interesting connections between the effect of bifurcations, eigenvalues crossings and resonances.

Key words: adiabatic theory, slow–fast systems, invariant manifolds, bifurcation theory, dynamic bifurcations, eigenvalue crossing, resonance

1 Introduction

It frequently occurs that the dynamics of a physical system is governed by several time scales. Consider for instance an atom in a low frequency electric field, described by the Hamiltonian H(q, p, t) = H_0(q, p) + q · E(εt), (1) where H_0(q, p) is the Hamiltonian of the isolated atom, and E(εt) is an external electric field, which oscillates with a small frequency ε. The resulting equation of motion is a particular case of what we will call an adiabatic system, dx dt = f(x, εt), (2) which is more conveniently written in the equivalent form ε dx dτ = f(x, τ), (3) �Proceedings of the international workshop “Celestial Mechanics, Separatrix Splitting, Diffusion”, Aussois, France, June 21–27, 1998.

yOn leave for Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstrasse 39, D-10117 Berlin, Germany.

where τ = εt is called slow time. This system is governed by two time scales, one for the unperturbed atom, which is of order 1, and one for the electric field, which is of order ε^{−1}. The ratio of these time scales can be made small by choosing a small enough value of the adiabatic parameter ε.

In other cases, the different time scales are intrinsic to the system, which can be described by a slow-fast equation of the form εẋ = f(x, y), ẏ = g(x, y). (4) In this situation, x is called fast variable and y is called slow variable. A famous example is a perturbed integrable Hamiltonian system in action–angle variables,

H(I, φ) = H_0(I) + εH_1(I, φ), (5)

which is governed by the slow-fast equation

ε dφ/dτ = H^′_0(I) + ε∂_I H_1(I, φ), dI/dτ = −∂_φH_1(I, φ). (6) There are many more examples. Consider for instance two coupled “oscillators” with masses 1 and ε^2, described by the Hamiltonian

H(q_1, p_1, q_2, p_2) = 1 2 p^2_1 + V_1(q_1) + 1 2ε^2 p^2 + V_2(q_2) + λq_1q_2. (7)

In this case, the light pendulum moves on a time scale ε^{−1}, and can be described by the fast variables (q_2, p̃_2 = ε^{−1}p_2). The resulting slow–fast system is

q̇_1 = p_1, εq̇_2 = p̃_2, (8) ṗ_1 = −V^′_1 (q_1) − λq_2, ε˙p̃_2 = −V^′_2(q_2) − λq_1. (9)

The idea we would like to exploit is that for sufficiently small ε, the dynamics of the adiabatic system (3) or of the slow–fast system (4) should be close, in some sense, to the dynamics of the family of equations dx dt = f(x, λ), (10) where λ is considered as a static parameter. This reduced system, being lower–dimensional (and autonomous), is easier to analyse than the original equation.

In this review, we only consider the adiabatic system (3), although certain results can be extended to the slow–fast system (4). The discussion is not limited to Hamiltonian systems, which means that the presented results are more general, but may not be optimal in that special case.

In Section 2, we discuss the situation when the reduced system (10) admits a hyperbolic equilibrium branch x^⋆(λ). In this case, the dynamics of (3) near the equilibrium can be analysed in detail, by showing the existence of adiabatic solutions, invariant manifolds, and dynamic normal forms. In Section 3, we comment some extensions to the elliptic case. In Section 4, we point out some interesting connections between bifurcations, eigenvalue crossings and resonances.

Detailed proofs of the results below can be found in [Berg] or other works which will be indicated. Some physical examples are discussed in [BK1, BK2].

2 Hyperbolic Case

2.1 Adiabatic Solutions We consider the adiabatic differential equation εẋ = f(x, τ), (11) where x ∈ D ⊂ R^n , τ ∈ I ⊂ R , f ∈ C^k with k ¿ 2, ẋ = dx/dτ, and ε > 0 is a small parameter. In this section, we further assume that x^⋆(τ) is a hyperbolic equilibrium branch of f(x, τ), that is, f(x^⋆(τ), τ) = 0, ∂_xf(x^⋆(τ), τ) = A(τ), (12)

for all τ ∈ I, where A(τ) has no purely imaginary eigenvalue. The first step is to show the existence of a particular solution of (11) which remains close to this equilibrium branch. Theorem 1. Let x^⋆(τ) be defined on an interval I ⊂ R , which need not be finite. We assume that there exist strictly positive constants c_0, a_0 and M such that

‖f(x^⋆(τ) + y, τ)‖ 6 M if ‖y‖ 6 c_0, (13) |Re a_j(τ)| ¿ a_0 for each eigenvalue a_j of A(τ), (14)

uniformly for τ ∈ I. Then there exist strictly positive constants c_k, c, C and ε_0 such that, when 0 < ε 6 ε_0, the equation (11) admits a particular solution x̄(τ) with the following properties:

1. If f(x, τ) ∈ C^2, then

x̄(τ) = x^⋆(τ) + εR_1(τ, ε), (15)

with ‖R_1(τ, ε)‖ 6 c_1 uniformly for τ ∈ I. 2. If f(x, τ) ∈ C^k, k ¿ 3, then

x̄(τ) = x^⋆(τ) + k−2∑ j=1 ε^jx_j(τ) + ε^{k−1}R_{k−1}(τ, ε), (16)

with ‖R_{k−1}(τ, ε)‖ 6 c_{k−1} uniformly for τ ∈ I.

3. If f(x, τ) is analytic in a complex neighborhood of x^⋆(τ), then

x̄(τ) = x^⋆(τ) + N(ε)∑

j=1 ε^jx_j(τ) + e^{−1/C|ε|} R(τ, ε), (17)

with ‖R(τ, ε)‖ 6 c uniformly for τ ∈ I and N(ε) = O(1/ε).

In other words, this result means that if the equilibrium branch x^⋆(τ) is uniformly hyperbolic, than there exists a particular solution of the adiabatic system tracking this branch at a distance of order ε. We call it an adiabatic solution. This solution can be expanded into powers of ε if f is sufficiently smooth, where the functions x_j(τ) can be 0 computed by an iterative scheme. In the ideal case, when f is analytic, it admits an asymptotic series in ε. This series is not convergent in general, but it admits an optimal 0 at exponentially small order.

This result has a rather long history, and appears to have been rediscovered several times (in fact it has been mainly studied in the context of slow–fast systems). The existence of a solution tracking an attracting equilibrium (i.e., such that all eigenvalues of A have a negative real part) is proved by Pontryagin and Rodygin [PR] using Lyapunov functions. A similar result is attributed to Tikhonov in [VBK]. The general hyperbolic case is treated by Fenichel [Fe], see also [Jo]. It is also related to the theory of shadowing. An alternative proof using Lyapunov functions is given in [Berg]. The exponentially small bound follows from an iterative scheme given by Neishtadt in [Ne]. An alternative proofs for maps, using Borel transformations, has been given by Baesens [Bæ].

In Theorem 1, we only prove the existence of an adiabatic solution, without any information on unicity. The forthcoming analysis of nearby solutions will show that if I is a finite interval, there exists an n–parameter family of adiabatic solutions close to any particular one. A particular solution may be selected by imposing special boundary conditions, either by letting I go to R and requiring the solution to be bounded, or by considering a periodic equation and imposing the same periodicity to the adiabatic solution.

2.2 Linear Systems

If x̄(τ) is an adiabatic solution associated with the hyperbolic equilibrium branch x^⋆(τ), the change of variables x = x̄(τ) + y transforms (11) into εẏ = A(τ, ε)y + O(‖y‖^2), where A(τ, ε) = ∂_xf(x̄(τ), τ) = A(τ)+O(ε). Before dealing with nonlinear terms, we will analyse the linearized system εẏ = A(τ, ε)y. (18) The eigenvalues of A(τ, ε) can be indexed by continuous functions a_j(τ, ε), j = 1, . . . , n. Let us split them into two groups, and define their real gap

γ := inf_{τ∈I}

1 6 i 6 p p+1 6 j 6 n | |Re(a_i(τ) − a_j (τ)) | |, (19)

for some p, 1 6 p < n. This gap is strictly positive, for instance, if the equilibrium is hyperbolic, and the first p eigenvalues have negative real part, while the others have positive real part. There are, however, other situations in which this gap is positive. Our main result is the following:

Theorem 2. Assume that A(τ, ε) is of class C^3 for τ ∈ I, and that the real gap (19) is strictly positive. For sufficiently small ε and τ ∈ I, there exists an invertible matrix S(τ, ε) such that (18) is equivalent to the equations y(τ) = S(τ, ε)z(τ), εż = D(τ, ε), (20) where D(τ, ε) is bloc–diagonal, with one bloc of size p × p and eigenvalues a_j(τ, ε) + O(ε) for j = 1, . . . , p, and another bloc of size (n − p) × (n − p) and eigenvalues a_j(τ, ε) + O(ε) for j = p + 1, . . . , n.

The matrices S(τ, ε) and D(τ, ε) can be expanded into powers of ε. In particular, if A(τ, ε) is analytic in τ in a neighborhood of the (possibly unbounded) interval I, we have

S(τ, ε) = S_0(τ) + N(ε)∑

j=1 ε^jS_j(τ) + e^{−1/C|ε|} P (τ, ε),

D(τ, ε) = D_0(τ) + N(ε)∑

j=1 ε^jD_j(τ) + e^{−1/C|ε|} Q(τ, ε), (21)

where C > 0, N = O(1/ε), and all matrix elements of P and Q are bounded uniformly in τ and ε.

Corollary 1. Assume that the eigenvalues of A(τ, ε) have uniformly disjoint real parts, that is, inf_{τ∈I} 1 6 i<j 6 n | |Re(a_i(τ) − a_j (τ)) | | > 0. (22)

Then equation (18) can be diagonalized by a change of variables y = S(τ, ε)z, and thus its principal solution can be written in the form

U(τ, τ_0) = S(τ, ε) e^{α1(τ,τ0)/ε} 0 ... 0 e^{αn(τ,τ0)/ε} S(τ0, ε)^{−1}, (23)

where

α_j(τ, τ_0) = ∫_τ τ0 a_j(s, ε) ds + O(ε). (24)

Theorem 2 is similar to the adiabatic theorem of quantum mechanics, which states that if an eigenvalue of A(τ, ε) is spectrally isolated, than the associated eigenspace tends to be invariant in the limit ε → 0, see for instance [Wa, Berry, JKP]. There is, however, a difference between Theorem 2 and those results. In our language, they show the existence of a transformation y = S(τ, ε)z such that the new system has small off–diagonal terms (of polynomial or exponential order, depending on the cases). This is sufficient in quantum mechanics, since solutions have a constant norm.

When the eigenvalues have different real parts, however, even exponentially small off– diagonal terms can lead to appreciable transition amplitudes. For this reason, it is needed to eliminate these terms totally. The transformation is constructed by imposing S(τ, ε) to be a solution of the differential equation εṠ = AS − SD. (25) This system can be transformed in such a way that Theorem 1 can be applied, yielding the existence of the matrices S and D together with their asymptotic series and exponential bounds.

2.3 Invariant Manifolds

Let us return to the analysis of the motion near a hyperbolic equilibrium. After translating the coordinates to an adiabatic solution, we can separate the expanding and contracting parts of the linearization by applying Theorem 2. We thus end up with the system εu̇ = D_+(τ, ε)u + b_+(u, v, τ, ε), εv̇ = D_−(τ, ε)v + b_−(u, v, τ, ε), (26)

where D_+ has eigenvalues with a real part larger than some constant a_0 > 0, D_− has eigenvalues with a real part smaller than −a_0, and b_± = O(‖u‖^2 + ‖v‖^2).

This formulation is not yet satisfactory, since the manifolds u = 0 and v = 0 are not invariant, so that we are not able to decide in which direction a solution initially close to u = 0 will leave this region. This question can be solved by introducing invariant manifolds, generalizing the stable manifold theorem for autonomous differential equations.

Theorem 3. Assume (26) is of class C^2, and ε is small enough.

1. In a neighborhood of u = 0 and v_1 = 0, there exist continuous functions η(u, τ, ε) = O(‖u‖^2) and ξ(v_1, τ, ε) = O(‖v_1‖^2), such that the successive changes of variables v = η(u, τ, ε) + v_1 and u = ξ(v_1, τ, ε) + u_1 transform (26) into

εu̇_1 = [ D_+(τ, ε) + B_+(u_1, v_1, τ, ε) ] u_1 εv̇_1 = [ D_−(τ, ε) + B_−(u_1, v_1, τ, ε) ] v_1,

(27)

where B_± = O(‖u_1‖ + ‖v_1‖).

2. If (26) is C^k, k ¿ 2, η admits an expansion

η(u, τ, ε) = k−2∑ j=0 ε^jη_j(u, τ) + ε^{k−1}ρ_{k−1}(u, τ, ε), (28)

where ‖ρ_{k−1}(u, τ, ε)‖ 6 c_{k−1}‖u‖^2 and ξ(v_1, τ, ε) admits a similar expansion. 3. If (26) is analytic in an open complex set, η admits an expansion

η(u, τ, ε) = N(ε)∑

j=0 ε^jη_j(u, τ) + e^{−1/C|ε|} ρ(u, τ, ε), (29)

where N(ε) = O(1/ε), ‖ρ(u, τ, ε)‖ 6 c‖u‖^2 and similarly for ξ.

This result has the following interpretation: the manifolds with parametric equation v = η(u, τ, ε) and u = ξ(v_1, τ, ε) define, respectively, a local unstable and stable adiabatic manifold, on which the motion is, respectively, expanding and contracting. The stable manifold separates the neighborhood of the adiabatic solution into two regions, from which trajectories escape in different directions.

The existence of invariant manifolds for non-autonomous equations has been proved in some particular cases in [Hal]. Results similar to point 1. have been obtained in [Fe], see also [Jo].

2.4 Dynamic Linearization

On the invariant manifold v = η(u, τ, ε), equation (26) becomes

εu̇ = D_+(τ, ε)u + β_+(u, τ, ε), (30)

where β_+(u, τ, ε) = b_+(u, η, τ, ε) = O(‖u‖^2). To simplify this equation further, it would be ideal to be able to remove the 0 term β_+ completely. This turns out to be possible under more restrictive conditions on the eigenvalues of the matrix D_+.

Theorem 4. Assume that there exists a positive integer N such that D_+ and β_+ are C^N functions of τ, u and ε, and that the eigenvalues d_1(τ, ε), . . . , d_m(τ, ε) of D_+ satisfy the relations 0 < Re d_1(τ, ε) < . . . < Re d_n(τ, ε), N Re d_1(τ, ε) > Re d_n(τ, ε)

(31)

as well as the non–resonance conditions m∑ j=1 p_jd_j(τ, ε) ≠ d_k(τ, ε), p_j ¿ 0, 2 6 ∑ j p_j 6 N, k = 1, . . . m (32)

uniformly in τ, ε. Then there exists, for small ε and ‖u_1‖, a function h(u_1, τ, ε) = O(‖u_1‖^2) such that the change of variables u = u_1 + h(u_1, τ, ε) transforms equation (30) into its linearization

εu̇_1 = D_+(τ, ε)u_1. (33)

The function h(u_1, τ, ε) can be expanded into powers of u and ε up to order N.

A similar result is valid for the contracting part of the flow, when all inequalities in (31) are reversed (this is obtained simply by reversing the direction of time). This result is an extension to the non–autonomous case of a result by Sternberg and Chen [Ch, Har] (in fact, of the simpler case discussed in [St]). Once the equation has been linearized, it can be studied by Corollary 1.

Theorems 1 to 4 provide a rather complete picture of the flow in a vicinity of the equilibrium curve, under some conditions on the linearization around this curve. Each result shows the existence of a transformation which simplifies the equation near the equilibrium, in such a way that it becomes solvable in certain cases. The transformations can only be constructed approximately (at best up to an exponentially small remainder), but this is often sufficient for answering many questions of physical interest (see [BK1] for a concrete example).

These results leave open the question of what happens when the conditions on the linear part are not verified. In the next two sections, we will show how to analyse some of these exceptions.

3 Elliptic Case

Some results of the previous section can be extended to the case of elliptic equilibria, with, however, some restrictions due to the possibility of resonance. We consider again the adiabatic differential equation εẋ = f(x, τ), (34) where x ∈ D ⊂ R^n , τ ∈ I ⊂ R , f ∈ C^k with k ¿ 3, ẋ = dx/dτ, and ε > 0 is a small parameter. We now assume that x^⋆(τ) is a smooth curve such that f(x^⋆(τ), τ) = 0, ∂_xf(x^⋆(τ), τ) = A(τ), (35)

for all τ ∈ I, where the eigenvalues of A(τ) have a vanishing real part. Then the following results correspond respectively to Theorems 1 and 2.

Theorem 5. Let I be a bounded interval. Assume that the eigenvalues a_j(τ) = i ω_j(τ) are all imaginary and distinct. For sufficiently small ε, equation (34) admits a particular solution x̄(τ) = x^⋆(τ) + εr_1(τ, ε), (36) where ‖r_1(τ, ε)‖ 6 c_1 uniformly for τ ∈ I. As in Theorem 1, if f and x^⋆ are sufficiently smooth, this solution can be expanded into powers of ε, up to exponentially small order in the analytic case.

Theorem 6. Let I be a bounded interval, and consider for τ ∈ I the equation εẏ = A(τ, ε)y, (37) where A(τ, ε) ∈ C^3 has eigenvalues a_j(τ, ε) = i ω_j(τ) + O(ε), with the ω_j all real and distinct for τ ∈ I. For sufficiently small ε, there exist an invertible matrix-valued function S(τ, ε) and scalar functions

ϕ_j(τ, τ_0) = ∫_τ τ0 ω_j(s) ds + O(ε), j = 1, . . . , n (38) such that the principal solution of (37) can be written in the form

U(τ, τ_0) = S(τ, ε) e^{i ϕ1(τ,τ0)/ε} 0 ... 0 e^{i ϕn(τ,τ0)/ε} S(τ0, ε)^{−1} (39)

for τ_0, τ ∈ I. If A(τ, ε) is sufficiently smooth, the functions S and ϕ_j can be expanded into powers of ε, up to exponentially small order in the analytic case.

The proofs of these two theorems are, in fact, closely related, and can be carried out by induction on the dimension n. The following example shows that without further assumptions, the boundedness of the interval I is a necessary condition. Consider, indeed, the simple equation εẋ = i x + h(τ), (40) which admits the explicit solution

x(τ) = e^{i τ/ε} x(0) + e^{i τ/ε} 1 ε ∫_τ 0 e^{− i s/ε} h(s) ds. (41)

If h(τ) is twice differentiable, integrations by part show that

x(τ) = x_1(τ, ε) + e^{i τ/ε} [ x(0) − x_1(0, ε) ] − ε e^{i τ/ε} ∫_τ 0 e^{− i s/ε} h^{′′}(s) ds, (42)

where x_1(τ, ε) = i h(τ) + εh^′(τ). If h^{′′}(τ) is a sufficiently wild function, such as e^{i /s}, the last term may grow linearly with τ. Another way to look at this example is to consider a periodic h(τ), h(τ) = ∞∑ p=−∞ ĥ(p) e^{i pτ} . (43)

Let q be the closest integer to 1/ε. The solution can be written x(τ) = ∑ p≠q i ĥ(p) 1 − pε e^{i pτ} + e^{i τ/ε} [ c + ĥ(q) 1 ε ∫_τ 0 e^{i s(q−1/ε)} ds ] , (44)

where c is an integration constant. In particular, when q = 1/ε, there is a resonance and the last term grows as ĥ(1/ε)τ/ε. Its amplitude depends again on the smoothness of h, in general it will grow as ε^kτ if h(τ) is of class C^k.

These results may of course be substantially improved under additional hypotheses. For instance, it is well known that the principal solution is unitary if the matrix A(τ, ε) is anti–hermitian. And if the system is Hamiltonian, it becomes possible to apply KAM theory, see for instance [Ar]. A dynamic linearization is probably possible under appropriate Diophantine conditions on the eigenvalues.

4 Bifurcations, Crossings and Resonances

The results of Section 2 fail when certain “hyperbolicity” conditions are not satisfied: Theorem 1 on existence of adiabatic solutions fails when eigenvalues of the linearization cross the imaginary axis, i.e., in case of bifurcations; Theorem 2 on dynamic diagonalization fails in situations of eigenvalue crossing; and Theorem 4 on dynamic linearization fails in case of resonance between eigenvalues. It turns out that there exist certain connections between these phenomena, which allow to treat them in a unified way. These connections have not, to the best of our knowledge, been exploited to the present date. We present here some of the main ideas, more detailed results can be found in [Berg].

4.1 Bifurcations

Assume that the origin is a bifurcation point of the adiabatic system, at which exactly one eigenvalue vanishes. It is possible to extend the center manifold theorem in order to reduce the system to a one–dimensional one. Let us thus consider the equation εẋ = f(x, τ) = ∑ n,m ¿ 0 c_{nm}x^nτ^m (45)

in a neighborhood of the origin, where x is a scalar variable. For simplicity, we assume f(x, τ) to be analytic. The origin is a bifurcation point if c_{00} = c_{10} = 0.

Let x^⋆(τ) be an equilibrium branch of (45) reaching the origin. It appears that the behaviour of solutions near the bifurcation point is controlled by two rational numbers q and p, defined by the relations |x^⋆(τ)| ≈ |τ|^q, |∂_xf(x^⋆(τ), τ)| ≈ |τ|^p, (46) where the notation x ≈ y means that c_−x 6 y 6 c_+x for two positive constants c_± independent of τ and ε. The numbers q and p can be determined graphically by Newton’s polygon, which is constructed with the convex envelope of points (n, m) such that c_{nm} ≠ 0: −q is the slope of a tangent to the polygon, and p its ordinate at 1.

Assume that x^⋆(τ) ≈ |τ|^q is a stable decreasing branch reaching the origin, such that f(x^⋆ + y, τ) is negative for small positive y. Then we can show that generically, the adiabatic solution x̄(τ) tracking this branch obeys the scaling relation

x̄(τ) − x^⋆(τ) ≈ { ε|τ|^{q−p−1} for τ 6 − ε^{1p+1} , ε^{qp+1} for −ε^{1p+1} 6 τ 6 0.

(47)

The passage through the bifurcation point has two important effects. One of them is that after crossing this point, the solution may follow one of several outgoing branches, or quickly leave the vicinity of the bifurcation point, which may lead to hysteresis when the parameter is varied periodically. The other effect is the nontrivial scaling behaviour of the solutions with ε, which is also reflected by properties such as the surface of hysteresis cycles.

These phenomena belong to the field of dynamic bifurcations, which has been studied by several authors in recent years. See [Ben] for a review, and [JGRM, HL&, GBS] for the study of scaling laws in some particular cases. In [Berg], we developed a new method to study these scaling laws from a qualitative point of view.

4.2 Eigenvalue Crossings

We saw in Section 2.2 that a linear equation of the form

εẏ = A(τ)y (48)

could be (bloc–)diagonalized by a linear change of variables y = S(τ, ε)z, where S satisfies an equation of the form εṠ = AS − SD. (49) This system admits bounded solutions provided the eigenvalues’ real parts don’t cross.

There are several types of crossing. If A(τ) has no particular symmetry, it is generically not diagonalizable at the crossing point. This is a well-known turning point problem reducible to Airy’s equation [Wa, Ol]. Another situation arises when, for instance, the matrix A(τ) is symmetric and thus remains diagonalizable at the crossing point. Let us discuss the example of the matrix A(τ) = a(τ) ( cos 2θ(τ) sin 2θ(τ) sin 2θ(τ) − cos 2θ(τ) ) , (50) a b θ_1 θ_2

0 π τ 0 π τ

Figure 1. Solutions (thin lines) of (52) and (53) when a(τ) = θ(τ) = � cos τ. In both cases, one can construct a particular solution remaining close to the static equilibrium θ(τ) (thick lines, where the solid lines indicate stable branches and the dashed lines unstable ones), admitting a discontinuity of order pε at τ = ß_2 or τ =^3ß_2 .

which has eigenvalues ±a(τ) and eigenvectors (cos θ, sin θ) and (− sin θ, cos θ). We try to solve (49) with the Ansatz S = ( cos θ_1(τ) − sin θ_2(τ) sin θ_1(τ) cos θ_2(τ) ) , D = ( d_1(τ) 0 0 d_2(τ) ) , (51)

which yields the equations

εθ̇_1 = −a(τ) sin 2(θ_1 − θ(τ)), d_1(τ) = a(τ) cos 2(θ_1 − θ(τ)), (52) εθ̇_2 = a(τ) sin 2(θ_2 − θ(τ)), d_2(τ) = −a(τ) cos 2(θ_2 − θ(τ)). (53)

Two of these equations are adiabatic equations for θ_1 and θ_2, while the other two determine the diagonal matrix D(τ). As long as a(τ) ≠ 0, Theorem 1 shows that the adiabatic equations admit solutions θ_j(τ) = θ(τ) + O(ε), and thus (48) can be diagonalized.

Assume now that a(τ) vanishes, so that the eigenvalues of A(τ) cross. We can translate τ and θ in such a way that a(0) = θ(0) = 0, so that (52) and (53) admit bifurcation points at the origin. The discussion of the previous subsection applies, with exponents q and p defined by the relations |θ(τ)| ≈ |τ|^q and |a(τ)| ≈ |τ|^p. In the most generic case, q = p = 1, which means in particular that the equations admit solutions θ_j(τ) tracking θ(τ) at a distance scaling as √ ε when τ approaches 0. For positive time, the behaviour of solutions depends on the signs of a and θ. It turns out that in this generic case, the solution of one equation keeps tracking the equilibrium branch, while the solution of the other one escapes the vicinity of the bifurcation point (Fig. 1).

The result is that one of these solutions, say θ_2(τ), must admit a discontinuity of order √ ε at the bifurcation point in order to remain close to θ(τ). If τ_0 < 0 < τ, the principal solution of (48) thus takes the form

U(τ, τ_0) = S(τ) ( e^{δ1(τ,0)/ε} 0 0 e^{δ2(τ,0)/ε} ) T ( e^{δ1(0,τ0)/ε} 0 0 e^{δ2(0,τ0)/ε} ) S(τ_0)^{−1}, (54)

where δ_j(τ, τ_0) = ∫_τ τ0 d_j(s) ds + O( √ ε), and T is an unavoidable transition matrix given by

T = S(0+)^{−1}S(0−) = ( 1 + O( √ ε) sin(θ^+_2 − θ^−_2 ) + O(ε) 0 1 ) , (55) where θ^±_2 = θ_2(0±). Because of this transition matrix, there is only one invariant subspace surviving the eigenvalue crossing.

4.3 Dynamic Normal Forms and Resonances

Let us consider again the equation εu̇ = D(τ)u + b(u, τ), b(u, τ) = O(‖u‖^2). (56) Theorem 4 asserts that the nonlinear term can be removed by a change of variables, under certain conditions on the eigenvalues d_1(τ), . . . , d_m(τ) of D(τ). These conditions can be relaxed somewhat. Let us still assume the existence of an integer N such that (56) is of class C^N , and

N min_j d_j(τ) > max_j d_j(τ) > 0 (57)

uniformly for τ ∈ I. Let us however allow a relation of the following kind to hold for certain values of τ: m∑ j=1 d_j(τ)p_j = d_k(τ), 2 6 m∑ j=1 p_j 6 N, (58)

where the p_j are positive integers. In such a case, the m–tuple p = (p_1, . . . , p_m) is called resonant with k at time τ. Let e_j denote the j^{th} canonical basis vector in R^m , and u^p := u^{p1}_1 . . . u^{pm}_m . Theorem 4 can be extended to show the existence of a local transformation u = v + h(v, τ, ε) changing (56) into εv̇ = D(τ)v + ∑ (p,k) resonant c_{p,k}(τ)v^pe_k, (59)

where the sum extends over all (p, k) such that relation (58) is satisfied for some value of τ ∈ I. We call (59) the dynamic normal form of (56). It is possible to remove even those resonant terms by a change of variables admitting some irregularity at the resonance time, just as linear systems undergoing eigenvalue crossing can be diagonalized by a transformation admitting an irregularity at the crossing time, which can be analysed as a bifurcation problem.

As an illustration, consider the two–dimensional case with eigenvalues d_1(τ) = 1 and d_2(τ) = 2 + τ. There is a resonance between p = (2, 0) and k = 2 and τ = 0. Thus the dynamic normal form close to τ = 0 reads

εv̇_1 = v_1, εv̇_2 = (2 + τ)v_2 + c(τ)v^2_1 .

(60)

Let us forget that this equation can be solved exactly, and observe that the nonlinear term can be removed by a change of variables v_2 = w_2 + y(τ)v^2_1, where y(τ) satisfies the differential equation εẏ = τy + c(τ). (61)

This linear equation can be solved exactly. The question is whether one can construct a bounded solution. In fact, one can choose two particular solutions, one of which is bounded for positive times, and the other one bounded for negative times. The discontinuity at τ = 0 is of order ε^{−1/2} (this factor has a small effect if x is of order ε^{1/4}). If we denote the linearizing change of variables by v = H(τ)(w), we obtain that for τ_0 < 0 < τ,

v(τ) = H(τ) ∘ U(τ, 0) ∘ H(0+)^{−1} ∘ H(0−) ∘ U(0, τ_0) ∘ H(τ_0)^{−1}(v(τ_0)), (62)

where U is the principal solution of the linearized equation. The effect of the resonance appears in the transition term H(0+)^{−1} ∘ H(0−). Note that if τ is replaced by −τ in (60), it is possible to construct a bounded solution of (61), and this transition term reduces to identity.

The relation with bifurcation problems is that the change of variables x = εy − C(τ), C(τ) = ∫_τ 0 c(s) ds (63)

transforms (61) into

εẋ = τ(x + C(τ)). (64)

This equation admits an equilibrium x = −C(τ) bifurcating at τ = 0.

Acknowledgments

I thank Hervé Kunz for numerous fruitful discussions on this subject, S. Bolotin, O.E. Lanford and R.S. MacKay for constructive comments, and the Swiss National Fund for financial support.

References

[Ar] V.I. Arnol’d, On the behavior of an adiabatic invariant under slow periodic variation of the Hamiltonian, Sov. Math. Dokl. 3:136–140 (1962).

[Bæ] C. Baesens, Gevrey series and dynamic bifurcations for analytic slow–fast mappings, Nonlinearity 8:179–201 (1995).

[Ben] E. Benoît (Ed.), Dynamic Bifurcations, Proceeding, Luminy 1990 (Springer– Verlag, Lecture Notes in Mathematics 1493, Berlin, 1991).

[Berg] N. Berglund, Adiabatic Dynamical Systems and Hysteresis, Thesis EPFL no 1800. Available at

http://dpwww.epfl.ch/instituts/ipt/berglund/these.html

[BK1] N. Berglund, H. Kunz, Chaotic Hysteresis in an Adiabatically Oscillating Double Well, Phys. Rev. Letters 78:1692–1694 (1997).

[BK2] N. Berglund, H. Kunz, Memory Effects and Scaling Laws in Slowly Driven Systems, preprint mp-arc/98-514 (1998).

[Berry] M.V. Berry, Histories of Adiabatic Quantum Transitions, Proc. Roy. Soc. London A 429:61–72 (1990).

[Ch] K.–T. Chen, Equivalence and decomposition of vector fields about an elementary critical point, Amer. J. Math. 85:693–722 (1963).

[Fe] N. Fenichel, Geometric singular perturbation theory for ordinary differential equations, J. Diff. Eq. 31:53–98 (1979).

[GBS] G.H. Goldsztein, F. Broner, S.H. Strogatz, Dynamical Hysteresis without Static Hysteresis: Scaling Laws and Asymptotic Expansions, SIAM J. Appl. Math. 57:1163–1187 (1997).

[Hal] J.K. Hale, Ordinary differential equations (J. Wiley & sons, New York, 1969).

[Har] P. Hartman, Ordinary differential equations (J. Wiley & sons, New York, 1964).

[HL&] A. Hohl, H.J.C. van der Linden, R. Roy, G. Goldsztein, F. Broner, S.H. Strogatz, Scaling Laws for Dynamical Hysteresis in a Multidimensional Laser System, Phys. Rev. Letters 74:2220–2223 (1995).

[Jo] C. Jones, Geometric Singular Perturbation Theory, in R. Johnson (Ed.), Dynamical Systems, Proceeding, Montecatini Terme 1994 (Springer–Verlag, Lecture Notes in Mathematics 1609, Berlin, 1995).

[JKP] A. Joye, H. Kunz, C.–E. Pfister, Exponential decay and geometric aspects of transition probabilities in the adiabatic limit, Ann. Physics 208:299–332 (1991).

[JGRM] P. Jung, G. Gray, R. Roy, P. Mandel, Scaling Law for Dynamical Hysteresis, Phys. Rev. Letters 65:1873–1876 (1990).

[Ne] A.I. Neishtadt, Persistence of stability loss for dynamical bifurcations I, Diff.

Equ. 23:1385–1391 (1987). Transl. from Diff. Urav. 23:2060–2067 (1987).

[Ol] F.W.J. Olver, Asymptotics and Special Functions (Academic Press, New York, 1974).

[PR] L.S. Pontryagin, L.V. Rodygin, Approximate solution of a system of ordinary differential equations involving a small parameter in the derivatives, Dokl. Akad. Nauk SSSR 131:237–240 (1960).

[St] S. Sternberg, Local contractions and a theorem of Poincaré, Amer. J. Math.

79:809–824 (1957).

[VBK] A.B. Vasil’eva, V.F. Butusov, L.V. Kalachev, The Boundary Function Method for Singular Perturbation Problems (SIAM, Philadelphia, 1995).

[Wa] W. Wasow, Asymptotic expansions for ordinary differential equations (Krieger, New York, 1965, 1976).