Localisation for random perturbations

of periodic Schrödinger operators with regular Floquet eigenvalues

Ivan Veselić Fakultät für Mathematik, Ruhr-Universität Bochum, D-44780 Bochum, Germany, and SFB 237

ivan@mathphys.ruhr-uni-bochum.de

August 21, 1998

Abstract We prove a localisation theorem for the ergodic Schrödinger operator H_ω := H_0 + V_ω on L^2(R^d ). Here V_ω := P_k2Zd ω_k u(· − k) is a nonnegative Anderson type random perturbation of the periodic operator H_0. We consider a lower spectral band edge of σ(H_0), say E = 0, at a gap which is perserved by the perturbation V_ω. Assuming that all Floquet eigenvalues of H_0, which reach the spectral edge 0 as a minimum, have there a positive definite Hessian, we conclude that there exists an interval I ∋ 0 such that H_ω has only pure point spectrum in I for almost all ω.

1 Introduction and results

Localisation

Already in the fifties Anderson [And58] concluded by physical reasoning that some random quantum Hamiltonians on a lattice should exhibit localisation in certain energy regions. That is to say that the corresponding self-adjoint operator has pure point spectrum in this energy intervals.

Since then mathematical physicists developed a machinery to prove rigorously this result from solid state physics. Most of them used the so-called multiscale analysis (MSA) introduced in a paper of Fröhlich and Spencer [FS83] to prove a weaker form of localisation at low energies for the discrete analogue of the Schrödinger operator. This quite complicated reasoning was streamlined by von Dreifus and Klein [vDK89]. The underlying lattice structure made the MSA easier to apply to discrete Hamiltonians but soon adaptations for continuum Schrödinger operators followed [MH84, Klo92, CH94, Klo95a, BCH96, KSS96, Ves96, FHLM97]. The continuum Anderson model, which we treat, is in its Z^d structure still close to its discretisised analogue.

The model

On the Hilbert space L^2(R^d ) we consider a self-adjoint operator H := H_ω made up of a periodic Schrödinger operator H_0 and a random perturbation V_ω H_ω := H_0 + V_ω . (1)

Here H_0 := −Δ + V_0 is the sum of the negative Laplacian and a Z^d-periodic potential V_0 ∈ L^p_{loc}(R^d ) with p = 2 if d ≤ 3, p > 2 if d = 4 and p > d/2 if d ≥ 5. Such a potential is an infinitesimal perturbation of −Δ so the sum is self-adjoint with domain D(−Δ) = W^2_2 (R^d ), the Sobolev space of L^2-functions whose second derivative is also in L^2 (cf. [RS75, RS78]). The random perturbation is of Anderson type

V_ω(x) := ∑ k∈Z^d ω_k u(x − k) , (2) where (ω_k)_{k∈}Zd is a collection of independent identically distributed (i.i.d.) random variables, called coupling constants. Their distribution has a bounded density with support [0, ω_{max}] for some ω_{max} > 0. The non-negative single site potential u has to decay exponentially and have an uniform lower bound on some open subset of R^d , more precisely

u ≥ δ_1χ_Λ, δ_1 > 0 where Λ := Λ_s := {x ∈ R^d | ‖x‖_∞ < s}, s > 0 and ‖u(· − l)‖_Lp_{(Λ1/2)} ≤ δ_2 e^{−δ3l}, δ_2, δ_3 > 0 . (3)

H_ω is an ergodic operator and we infer from [Kir89], [CL90] or [PF92] that there exists a set σ ⊂ R such that σ = σ(H_ω) for almost all ω ∈ Ω, i.e. the spectrum of H_ω is almost surely non-random. In the same sense σ_{ac}, σ_{sc} and σ_{pp} are ω-independent subsets of the real line.

Under some mild assumptions the periodic background operator H_0 has a spectrum with band structure, i.e. σ(H_0) = ⋃ n∈N[E^−n , E^+n ] , E^−1 ≤ E^+1 ≤ E^−_2 ≤ . . ., where at least for some n we have E^+_n < E^−_{n+1} (cf. [Eas73, Sjö91, RS78]. We assume that there exist positive numbers a, b and b^′ with

[0, a] ⊂ σ(H_0), [b, 0[⊂ ρ(H_0) and [b^′, 0[⊂ ρ(H_ω) .

In this case we say that 0 is a lower band edge of the periodic operator, which is perserved by the positive random perturbation V_ω.

H_0 can be decomposed into a direct integral via an unitary transformation U (cf. [Sjö91, RS78])

UH_0 U^∗ = ∫ L [−π,π]^d H_0|^θ_{Λ1/2} dθ .

Here H_0|^θ_{Λ1/2} is the same formal differential expresion as H_0 acting on functions f ∈ W^2_2 (Λ_{1/2}) with θ-boundary conditions, i.e. for all j = 1, . . . , d we have a phase shift in the corresponding direction: f(x+e_j) = e^{iθj} f(x) where x_j = −1/2. It is an operator with discrete spectrum, which consists of the so-called Floquet eigenvalues E_1(θ) ≤ . . . ≤ E_n(θ) ≤ . . . n ∈ N . These are Lipshitz-continuous on [−π, π]^d. There is a finite set of indices

N ⊂ N (cf. [Sjö91]) such that

E_n(θ) = 0 for some θ ∈ [−π, π]^d =⇒ n ∈ N .

Since 0 is a lower band edge of σ(H_ω), E_n(θ) = 0 has to be a minimum of E_n(·). If for all n ∈ N , E_n(·) has only quadratic minima at 0 (i.e. the Hessian of E_n(·) at any minimum with value 0 is positive definite) we say that H_0 has regular Floquet eigenvalues at 0. More results about periodic Schrödinger operators can be found in [Eas73, Sjö91, RS78, Shu79, Klo97, Tho73, AGR74, Skr84, Skr87].

Results

The following theorem allows one to start the multiscale induction. It uses the existence of Lifshitz-tails of the integrated density of states (IDS) of the ergodic operator H_ω if H_0 has regular Floquet eigenvalues, which was proved by Klopp in [Klo97].

Theorem 1.1

If H_0 has regular Floquet eigenvalues at 0 and H_ω is constructed as above, we have for all q > 0 :

There exists a l_0 := l_0(q) ∈ N and an α ∈]0, 1[ such that for all l ≥ l_0 P{ω| σ(H_ω|^θ_{Λl+1/2} ) ∩ [0, l^{−α}[ } ≤ l^{−q} The proof of theorem 1.1 is given in the sections 3 to 5.

Corollary 1.2

If H_0 has regular Floquet eigenvalues at 0 and H_ω is constructed as above, then there exists a number E_0 > 0 such that

σ(H_ω) ∩ [0, E_0] ⊂ σ_{pp}(H_ω) .

The proof of the corollary relies on the use of the MSA, a Wegner estimate, Lifshitz-tails and a Combes-Thomas argument [Weg81, Lif65, CT73]. It is sketched in the following section 2, where also a discusion of previous results can be found.

Remark 1.3

If some other lower band edge is considered one can prove localisation under the analogous assumptions; here E = 0 was choosen only for notational simplicity. If the Anderson-type perturbation V_ω is negative our theorem can be used to establish localisation on any upper band edge with regular Floquet eigenvalues.

If the potentials V_0 and V_ω are not periodic, respectively ergodic with respect to Z^d but to some other euclidean lattice

Γ := {γ ∈ R^d | γ = d∑ j=1 β_ja_j, β ∈ Z^d} ,

where {a_j}^d_{j=1} is a basis of R^d , the same theorem and corollary are valid by a simple modification of the proofs.

In any case we will use the maximum norm when considering lattice points k or γ in Z^d or Γ, i.e. |γ| := ‖γ‖_∞ := max{|γ_j |, j = 1, . . . , d}, where (γ_1, . . . , γ_d) ∈ R^d are the components of γ.

Example 1.4

Finally we give an example for a periodic operator which has only regular Floquet eigenvalues at all band edges. Thus we know that our condition in the above theorem is fulfilled and we can prove localisation at any lower band edge. Let V_0 satisfy the conditions posed above on the periodic potential and let it be a sum of potentials V_j which are periodic in the jth coordinate direction and constant in all the others; more precisely

V_0(x) := d∑ j=1 V_j(x_j)

where V_j : R → R is a periodic function and x = (x_1, . . . , x_d) ∈ R^d . Then both H_0 and H_0|^θ_{Λ1/2} can be decomposed into a direct sum of onedimensional operators. For these it is known that all Floquet eigenvalues are regular [Eas73, Klo97]. As the eigenvalues of the direct sum are just sums of the eigenvalues of the onedimensional operators it is clear that the former also have to be regular.

Corollary 1.5

Let the ergodic operator H_ω := −Δ + V_0 + V_ω be constructed as above and the periodic potential be decomposable, i.e.

V_0(x) := d∑ j=1 V_j(x_j) .

Let E be a lower spectral band edge of the periodic operator H_0 := −Δ + V_0 at a spectral gap which is not closed by the perturbation V_ω. Then there exists an interval I ∋ E such that σ(H_ω) ∩ I ⊂ σ_{pp}(H_ω)

Acknowledgmet

The author would like to thank Prof. F. Klopp for his hospitality at Université Paris 13, for stimulating discussions, as well as for many detailed explanations concerning his paper [Klo97] and Prof. W. Kirsch, under whose guidance this research was undertaken, for valuable comments.

2 Multiscale analysis and associated ideas

In this section we explain how corollary 1.2 is deduced from theorem 1.1 and discuss previous localisation results.

An intermediary step in the proof of localisation is the establishment of the exponential decay of the resolvent

sup_{ϵ≠0} ‖χ_xR(ϵ)χ_y‖_{L(L}2_(Rd_{))} ≤ C exp(−c|x − y|) for almost all ω , (4)

where R := R(ϵ) := (H_ω − E − iϵ)^{−1} is the resolvent of H_ω near an energy value E in the energy interval I ∈ R for which we want to prove localisation. The χ_x and χ_y are characteristic functions of unit cubes centered at x, respectively at y. This bound can be used to rule out absolutely continuous spectrum [FM85]) and is interpreted as absence of diffusion [FS83, MH84] in the energy region I if (4) holds for all E ∈ I.

It turns out that the finite size resolvent R_Λ(ϵ) := (H_ω|_Λ − E − iϵ)^{−1} is easier approachable than R(ϵ) on the whole space. Here H_ω|_Λ is the restriction of H_ω to L^2(Λ) with some appropriate boundary conditions (b.c.); the use of Dirichlet or periodic b.c. is most common. However the operator H_ω|_Λ is not ergodic and for its resolvent an estimate like (4) can be expected to hold only with a probability strictly smaller than one. This is the place where MSA enters. It is an induction argument over increasing lenght scales L_j. They are defined recursively by L_{j+1} := [L^ζ_j ]_2, where [L^ζ_j ]_2 is the greatest even integer smaller than L^ζ_j . The scaling exponent ζ has to be from the interval ]1, 2[. On each scale one considers the box resolvent R_j(ϵ) := R_{Λj} (ϵ) and proves its exponential decay with a probability which tends to 1 as j → ∞. We outline briefly the ingredients of the MSA as it is given in [KSS96],[CH94] or [CL90].

First we explain some notation which is used afterwards. Let δ > 0 be a small constant independent of the lenghtscale L_j and ϕ_j(x) ∈ C^2 a function which is identically equal to 0 for x with ‖x‖_∞ > L_j − δ and identically equal to one for x with ‖x‖_∞ < L_j − 2δ. The commutator W (ϕ_j) := [−Δ, ϕ_j] := −(Δϕ_j) − 2(∇ϕ_j )∇ is a local operator acting on functions which live on a ring of width δ near the boundary of Λ_j := Λ_{Lj} . We say that a pair (ω, Λ_j ) ∈ Ω × B(R^d ) is m-regular, if sup_{ϵ≠0} ‖W (ϕ_j)R(ϵ)χ_{Lj /3}‖_L ≤ e^{−mLj} . (5) Here R_j := R_{Λj} and χ_{Lj /3} is the characterictic function of Λ_{Lj /3} := {y| ‖y‖_∞ ≤ L_j/3}. Thus the distance of the supports of ∇ϕ_j and χ_{L/3} is at least 2L_j/3 − 2δ ≥ L_j/2. The starting point of the MSA is the estimate

(H1)(L_0, m_0, q_0) P{ω| (ω, Λ_0) is m_0-regular} ≥ 1 − L^{q0}_0

which serves as the base clause of the induction. The induction step consists in proving (H1)(L_j, m_j, q_j) =⇒ (H1)(L_{j+1}, m_{j+1}, q_{j+1}) (6)

For the mass of decay m_{j+1} and the probability exponent q_{j+1} on the scale L_j the following estimates are valid

∀ξ > 0 ∃c_1, c_2, c_3 such that m_{j+1} ≥ m_j ( 1 − 4L_j L_{j+1} ) − c_1 L_j − c_2 log L_{j+1} L_{j+1} (7) L^{qj+1}_{j+1} ≤ c_3 ( L_{j+1} L_j )_{2d} L^{2qj}_j + 1 2 L^{−ξ}_{j+1} . (8)

For the recursion clause (6) a Wegner type estimate is needed: (H2) P{ω| d(σ(H_ω |_Λ), E) ≤ η} ≤ C_W η|Λ|^2 for all boxes Λ ⊂ R^d and all η > 0, such that [E − η, E + η] is contained in a suitable small energy interval near the spectral band edge ( cf. theorem 3.1 in [KSS96]). Here |Λ| stands for the Lebesgue measure of the cube Λ.

The deterministic part of the induction step uses the geometric resolvent formula [CH94, HS96, KSS96].

ϕ_Λ(H_Λ′ − z)^{−1} = (H_Λ − z)^{−1}ϕ_Λ + (H_Λ − z)^{−1}W (ϕ_Λ)(H_Λ′ − z)^{−1} (9) for z ∈ ρ(H_Λ′ ) ∩ ρ(H_Λ) and ϕ_Λ with support in Λ ⊂ Λ^′. It gives the estimate ‖χ_{L/3,x}R_{3L}′ (ϵ)χ_{L/3,y}‖_L ≤ (3^de^{−mL})^{3|x−y|L−1−4}‖R_{3L}′ (ϵ)‖_L (10) if no two disjoint non-regular boxes Λ_L ⊂ Λ_L′ with center in^L_3 Z^d ∩ Λ_{3L}′ exist for ω. Here L := L_j, m := m_j and L^′ := L_{j+1}. The estimates (H1), (H2) allow us to bound as in (8) the probability 1 − L^{qj+1}_{j+1} that we will have a decay on the lenghtscale L_{j+1} with mass m_{j+1} as in (7). We stated above the ingredients of the MSA as they are valid if u is supported in Λ_{1/2}. If the single site potential is of long range type as in (3) one has to use the adapted MSA from the paper [KSS97].

Once the estimate (H1) is established on all lenght scales L_j, j ∈ N, one infers an an exponential decay estimate for the resolvent on the whole of R^d . Afterwards one uses a spectral averageing technique (cf.[CH94]) and ideas of Kotani, Simon, Wolf and Howland to conclude localisation [KS87, SW86, How87].

Recent papers concentrate on proofs for the Wegner estimate and the initial lenght scale decay of the resolvent. At the same time adaptations of the MSA for various random Schrodinger operators, as well as Hamiltonians governing the motion in classical physics appeared [FK96, FK95, CHST94, Sto]. We discuss briefly some results for quantum mechanical operators.

In [Klo95a] Klopp proved a Wegner lemma for energies at the infimum of the spectrum which applies to an Anderson perturbation V_ω with single site potentials u that are allowed to change sign. For V_ω a Gaussian random field a Wegner estimate was shown in [FHLM97]. Its main feature is that no underlying lattice structure of V_ω is needed. This result allows one to conclude localisation for the corresponding Schrödinger operator at low energies [FLM98]. Kirsch, Stollmann and Stolz proved in [KSS97] a Wegner estimate with minimal decay conditions on the single site potential u and deduced a localisation result for Hamiltonians with long range interactions. They require

|u(x)| ≤ C(|x| + 1)^{−m} for some m > 2d . (11)

The resolvent decay estimate (H1) for some initial lenght scale can be proven with semiclassical techniques. Using the Agmon metric one can achieve rigorously decay bounds with what is called among physicists WKBmethod [CH94, HS96]. However this reasoning is only applicable for energies near the bottom of the spectrum.

The so-called Combes-Thomas techinque allows one to infer the following inequality ‖χ_x(H − z)^{−1}χ_y‖_L ≤ C d(σ(H), z)^{−1} e^{−c d(σ(H),z)|x−y|} (12) where H is a self-adjoint Schrödinger operator z ∈ ρ(H) and χ_x, χ_y are characteristic functions of unit cubes around x, respectively y. It was first applied to multiparticle Hamiltonians [CT73], but it is also useful in our case as soon as we can get a lower bound on d(σ(H_ω|_Λ), z). Thus it is sufficient to prove an estimate like P{ω| d(σ(H_ω|_{ΛL} , I) < 12 L^{−α} } ≤ L^{−q} (13) for some α ∈]0, 1/4]. Such a bound follows immediately from theorem 1.1 with I := [0,^1_2 L^{−α}[, which thus (using (12)) implies the inicial scale estimate (H1) with m_0 ≥ c L^{−1/4} for L large. The constant c depends on the energy and the potential, but not on L and m_0.

Two possibilites were used to deduce (13). The first is to assume a special disorder regime, more precisely to demand a sufficiently fast decay of the density g of the distribution of ω near the endpoints 0 and ω_{max} of supp g: ∃τ > d/2 : ∀ small ϵ > 0 ∫_ϵ 0 g(s)ds ≤ ϵ^τ , respectively

∫_{ωmax} ωmax−ϵ g(s)ds ≤ ϵ^τ depending on whether one wants to consider a lower or upper band edge. This approach was used in [CH94, KSS96, KSS97]. Its shortcoming is that it excludes quite a few distributions, e.g. the uniform distribution on [0, ω_{max}].

The other way to prove (13), which we pursue, is to use the existence of Lifshitz tails of the integrated density of states at the edges of the spectrum. One defines the IDS usually as follows:

N(E) := lim_{Λ↗} R^d

N(H_ω|^D_Λ , E) (14)

:= lim_{Λ↗}

R^d

|Λ|^{−1}#{ eigenvalues of H_ω|^D_Λ below E} , (15)

i.e. as the limit of the normed counting function of eigenvalues of a box Hamiltonian. Here H_ω|^D_Λ is the restriction of H_ω to L^2(Λ) with Dirichlet b.c. As H_ω|^D_Λ has compact resolvent and hence discrete spectrum, definition (14) makes sense. N(E) is almost surely ω-independent and the use of Dirichlet b.c. in its definition implies [KM82]

N(E) := sup_{Λ↗} R^d

N(H_ω|^D_Λ , E) . (16)

One says that N(·) exhibits Lifshitz tails at some spectral edge E if lim_{E→E} log | log |N(E) − N(E)|| log |E − E| = − d 2 . (17)

At the infimum of the spectrum, i.e. inf σ(H_ω) = E, (16) and (17) imply

#{eigenvalues of H_ω|^D_Λ in [E, E]} ≤ |Λ|N(E) ≤ |Λ| exp(−cE^{−d/4}) since N(E) = 0 .

This estimate was used in [Klo95a] together with a Čebišev inequality to prove (H1) at the bottom of the spectrum.

If one considers an internal band edge E, Lifshitz asymptotics are not so easy to exploit since (16) cannot be directly used to bound |N(H_ω|_Λ, E) − N(H_ω|_Λ, E)| . Therefore a comparison technique between N(·) and N(H_ω|_Λ, ·) is needed. In the onedimensional case Mezincescu [Mez93] proved Lifshitz tails at internal band edges as well as a comparison lemma for the IDS (lemma 2, in section 4). This proof relies on the fine analysis of Dirichlet eigenfunctions of H_ω|_Λ and their roots. The results in [Mez93] make a localisation proof in the onedimensional case possible [Ves96].

We prove in section 4 an approximation lemma for the IDS of the multidimensional operator H_ω, which enables us to prove theorem 1.1. In our case however periodic b.c. seem to be more efficient than Dirichlet b.c. since H_ω is a perturbation of a periodic operator.

In [Klo97] it was proved that the IDS of H_ω exhibits Lifshitz asymptotics at a lower band edge E if before the perturbation V_ω the Floquet eigenvalues of the periodic background operator H_0 at E were regular. Thus our approximation lemma can be applied to conclude localisation.

3 Functional calculus with almost analytic functions

For an self-adjoint operator on L^2(R^d ) and a complexvalued measurable function f : R → C one can define the operator

f(A) with domain D(f(A)) := {ψ ∈ L^2(R^d )| f(A)ψ ∈ L^2(R^d )}

via the spectral theorem. The latter is normally proven using Riesz’ represantation theorem for C(K)^∗, where K is a compact metric space, and the Cayley-transform if A is unbounded. Helffer and Sjöstrand [HS89] proved the following representation formula f(A) := − i 2π ∫ C ∂f̃ ∂z̄ (z)(z − A)^{−1}dz ∧ dz̃ (18) if f is smooth and compactly supported. Here f̃ : C → C denotes an almost analytic extension of f : R → C . Davies [Dav95] uses equation (18) as a starting point to develop systematicly a functional calculus equivalent to the standard one. For further details on the material of this section see his book.

Definition 3.1

For a n ∈ N and f ∈ C^n_0 (R, C ) define the almost analytic extension (of order n) f̃ : C → C by f̃(x, y) := f̃_n(x, y) := (_n ∑ r=0 f^{(r)}(x) (iy)^r r! ) s(x, y) , (19) where we used the convention z := x + iy := (x, y) ∈ C . The cutoff function s is defined with the abbreviation ⟨x⟩ := √ x^2 + 1 by the formula s(x, y) := t ( y ⟨x⟩ ) , t ∈ C^∞_0 (R)

with t(x) = 0 for |x| > 2, t(x) = 1 for |x| < 1 and ‖t^′‖_∞ ≤ 2.

With this choice of the almost analytic extension formula (18) holds true. If the support of f is contained in [−R, R], f̃ is going to vanish outside the set {z ∈ C | x ∈ supp f, |y| < 2R + 2}. A calculation of the derivatives shows ∂f̃_n ∂z̄ (z) = 1/2 ( ∂f̃_n ∂x + i ∂f̃_n ∂y ) (z) (20)

= 1 2 f^{(n+1)}(x) (iy)^n n! s(x, y) + 1 2 (s_x(x, y) + is_y(x, y)) n∑ r=0 f^{(r)}(x) (iy)^r r! . By calculating the partial derivatives of s we see |s_x + is_y| ≤ 6 ⟨x⟩ χ_{{⟨x⟩<|y|<2⟨x⟩}} , (21) which shows that they vanish for |y| ≤ 1 since always ⟨x⟩ = √ x^2 + 1 ≥ 1.

Puting the bounds together we get | | | ∂f̃_n ∂z̄ (x, y) | | | ≤ 1 2n! |f^{(n+1)}s| |y|^n + 3 ⟨x⟩ χ_{{⟨x⟩<|y|<2⟨x⟩}} n∑ r=0 |f^{(r)}| |y|^r r! .(22)

Later on f will be an approximation of the characteristic function χ_{[0,E]}. It is going to have support inside [−E/2, 2E] and be equal to 1 on [0, E]. One can choose f in such a way that ‖f^{(n)}‖_∞ ≤ CE^{−n} and |‖f‖|_n := n∑ i=1 ‖f^{(n)}‖_∞ ≤ C̃E^{−n} (23)

for sufficiently small E.

4 IDS approximation lemma

In this section we bound the difference of the IDS of the ergodic operator H_ω and its periodic approximation H_{ω,l} defined by

H_{ω,l}(x) := H_0(x) + ∑ k∈Z^d ω_{k̃} u(x − k) (24)

where k̃ := k (mod(2l + 1)Z^d). For any l ∈ N and ω ∈ Ω it is a (2l+1)Z^dperiodic operator. Our assumptions on u and ω ensure that it is an infinitesimaly small perturbation of H_0, uniformly in l and ω. Hence it is a lower bounded symmetric operator which is self-adjoint on the domain W^2_2 (R^d ). Its IDS is defined by (cf. [RS78, Shu79, Sjö91]) N_{ω,l}(E) := N(H_{ω,l}, E) := (2π)^{−d} ∑ n∈N ∫ B_l χ_{{En(θ)≤E}} dθ . (25)

Here E ∈ R is an energy value, E_n(θ) is an eigenvalue of H_{ω,l}|^θ_{Λl+1/2} and

B_l = [ −π l + 1/2 , π l + 1/2 ]_d

if H_ω is Z^d-ergodic. For some other euclidean lattice it has to be replaced by the basic cell of the corresponding dual lattice Γ^∗ := {γ^∗ ∈ (R^d )^∗ = R^d | ∀γ ∈ Γ : γ^∗ · γ ∈ 2πZ}. We prove the following approximation result:

Theorem 4.1

Let H_ω as defined in section 1 and H_{ω,l} as above. Denote by N respectively N_{ω,l} the corresponding IDS’. For a real valued function g ∈ C^{n+1}_0 with support in [−1/2, 1/2] we have | | | E (∫ R g(x)dN_{ω,l}(x) ) − ∫ R g(x)dN(x) | | | ≤ const. | supp g| |‖g‖|^{n+1} l^d 2+1−n for sufficiently large l ∈ N.

The proof is split into several lemmata. Remark 4.2 and lemma 4.3 are taken from section 5.2 of [Klo97]. We denote with χ_l the characteristic function of the periodicity cell Λ_{l+1/2} := {x ∈ R^d | ‖x‖_∞ ≤ l + 1/2} of H_{ω,l} and by χ_{l,γ}(x) := χ_l(x − γ) its translation by γ ∈ Z^d.

Remark 4.2

Note that one can infer from [Car84, CL90],[PF92] and [Klo97] the following equalities ∫ R g(x) dN(x) = E (Tr χ_0 g(H_ω)χ_0) (26) respectively ∫ R g(x) dN_{ω,l}(x) = (2l + 1)^{−d} E (Tr χ_l g(H_{ω,l})χ_l) . (27)

Using the decomposition

χ_l = ∑ k∈Z^d,|k|<l+1/2 χ_{0,k} ,

the (2l +1)Z^d-periodicity of H_{ω,l} and the i.i.d. property of (ω_k)_{k∈}Zd one gets E (∫ R g(x) dN_{ω,l}(x) ) = E (Tr χ_0 g(H_{ω,l})χ_0) . (28)

Since H_{ω,l} is uniformly lower bounded there exists a λ ≥ 0 such that Id ≤ λ + H_{ω,l} and Id ≤ λ + H_ω for all k, ω. From [Sim82] we know that the operator χ_l(λ + H_{ω,l})^{−q}(z − H_{ω,l})^{−1} is trace class for all q > d/2. Using results from the appendix of [Klo95b] we infer

‖χ_{0,β}(z − H_ω)^{−1}(λ + H_ω)^{−q}χ_0‖_{Tr} ≤

C̃_1 |y| exp(−|y| |β|/C̃_1) (29) (30)

for some C̃_1 ≥ 1 independent of ω. This estimate is in fact a sophisticated version of the Combes-Thomas argument which we encountered already in section 2. A simple resolvent estimate gives

‖χ_0(z − H_{ω,l})^{−1}T_γ u χ_{0,β+γ} ‖_{L(L}2_(Rd_{))} ≤

C̃_1 |y| ‖χ_{0,β+γ}u‖_Lp , (31) where T_γ is the translation by γ ∈ Z^d. As the single site potential u decays exponentially, inequality (31) gives a exponetial bound in −|γ + β|. If one assumes that u decays polinomially with a sufficiently negative exponent, one still can carry trough the proof of theorem 4.1.

Lemma 4.3

If g ∈ C^{n+1}_0 and f̃ is an almost analytic extension of f(x) := (λ+x)^qg(x) one has | | | E (∫ R g(x) dN_{ω,l}(x) ) − ∫ R g(x) dN(x) | | |

≤ C_1 2π ∫ C |y|^{−2} | | | ∂f̃ ∂z̄ (x, y) | | | ∑ β∈Zd_{γ∈}Z_{d,|γ|>l}^{‖χ0,γ+βu‖Lp exp(−|y| |β|/C1)} dx dy

Proof:

We use without explicit reference the equations collected in the above remark 4.2 and the Helffer-Sjöstrand formula (18). Let N ∋ q > d/2. If we multiply g(H_{ω,l}) = i 2π ∫ C ∂f̃ ∂z̄ (z)(z − H_{ω,l})^{−1}(λ + H_{ω,l})^{−q} dz ∧ dz̄ (32) by the characteristic function χ_0 of Λ_{1/2} we get a trace-class operator and consequently

Tr(χ_0 g(H_{ω,l})χ_0) = i 2π ∫ C ∂f̃ ∂z̄ (z) Tr(χ_0 (z − H_{ω,l})^{−1}(λ + H_{ω,l})^{−q}χ_0) dz ∧ dz̄ . (33) The same formula holds with H_ω substituted for H_{ω,l}. To bound the trace of χ_0 (H_{ω,l} − H_ω)χ_0 in mean we estimate

‖χ_0 (z − H_{ω,l})^{−1}(λ + H_{ω,l})^{−q}χ_0 − χ_0 (z − H_ω)^{−1}(λ + H_ω)^{−q}χ_0‖_{Tr} ≤ Σ_1 + Σ_2

by the two summands

Σ_1 = ‖χ_0 ( (z − H_{ω,l})^{−1} − (z − H_ω)^{−1} ) (λ + H_ω)^{−q}χ_0‖_{Tr} = ‖ ‖ ‖ χ_0 (z − H_{ω,l})^{−1} ∑ γ∈Z^d,|γ|>l (ω_{γ̃} − ω_γ)u(x − γ) (z − H_ω)^{−1}

× (λ + H_ω)^{−q}χ_0 ‖ ‖ ‖ ‖_{Tr} and Σ_2 = ‖χ_0(z − H_{ω,l})^{−1} ( (λ + H_{ω,l})^{−q} − (λ + H_ω)^{−q} ) χ_0‖_{Tr} = ‖ ‖ ‖ ‖ χ_0(z − H_{ω,l})^{−1} q∑ m=1 (λ + H_{ω,l})^{m−q−1} ∑ γ∈Z^d,|γ|>l (ω_{γ̃} − ω_γ)u(x − γ)

× (λ + H_ω)^{−m}χ_0 ‖ ‖ ‖ Tr , where in the last equality we used an iterated resolvent formula. Since |ω_{γ̃} − ω_γ| ≤ ω_{max} and by standard bounds for the trace norm ‖ · ‖_{Tr} we have

Σ_1 ≤ ω_{max} ∑ β∈Z^d ∑ γ∈Z^d,|γ|>l ‖ χ_0(z − H_{ω,l})^{−1}u(x − γ)χ_{0,β} ‖ L(L2(R^d))

× ‖χ_{0,β}(z − H_ω)^{−1}(λ + H_ω)^{−q}χ_0‖_{Tr} ≤ C_1 |y|^2 ∑ β∈Z^d ∑ γ∈Z^d,|γ|>l ‖χ_{0,γ+β}u‖_Lp exp(−|y| |β|/C_1)

As Σ_2 can be bounded in the same way , our lemma is proved. q.e.d.

Up to now we followed the proof of theorem 5.1 of [Klo97] almost literally. From now on we need sharper and more explicit estimates because later we will have to take the limit l → ∞ simultaneously with an approximation g → χ_{[0,E]}. Special care is needed because the parameters E and l are functions of each other.

Lemma 4.4

If we choose the constant C sufficiently large and c sufficiently small, there exists a l_1 := l_1(d, δ_3) < ∞ such that: ∑ β∈Z^d ∑ γ∈Zd_{|γ|>l}^{‖χ0,γ+βu‖Lp exp(−|y| |β|/C1) ≤ C e−c|y|l |y|−d} 2

for all y with |y| ≤ 3 and l ≥ l_1.

Proof:

Since the single site potential u decays exponentially in L^p sense, we know ∑ β∈Z^d ∑ γ∈Zd,_{|γ|>l}^{‖χ0,β+γu‖Lp exp(−|y| |β|/C1) (34)} ≤ δ_2 ∑ β∈Zd,_{|β|≥l/4} ∑ γ∈Zd,_{|γ|>l}^{exp (−δ3|β + γ|) exp(−|y| |β|/C1)} + δ_2 ∑ β∈Zd,_{|β|<l/4} ∑ γ∈Zd,_{|γ|>l}^{exp (−δ3|β + γ|) exp(−|y| |β|/C1) .} Using |β| = 1/2|β| + 1/2|β|, we have exp(−|y| |β|/C_1) = exp(−|y| |β|/2C_1) exp(−|y| |β|/2C_1) ≤ exp(−|y| |β|/2C_1) exp(−|y| l/8C_1) , for |β| ≥ l/4. If |β| < l/4, we have the relation : |γ + β| ≥ |γ| − |β| = 1/2|γ| + (1/2|γ| − |β|) ≥ 1/2|γ| + l/4 , which implies exp(−|γ + β|) ≤ exp(−1/2|γ|) exp(−l/4). This inequalities allow us to bound the two double sums above by

δ_2 ∑ β∈Zd,_{|β|≥l/4} ∑ γ∈Zd,_{|γ|>l}^{exp(−δ3|β + γ|) exp(−|y| |β|/2C1) exp(−|y|l/8C1)} + δ_2 ∑ β∈Zd,_{|β|<l/4} ∑ γ∈Zd,_{|γ|≥l}^{exp(−δ3|γ|/2) exp(−δ3l/4) exp(−|y| |β|/C1)} ≤1 =: δ_2S_1 + δ_2S_2

We first look for a bound of the sum S_1 S_1 ≤ exp(−|y|l/8C_1) ∑ β∈Zd,_{|β|≥l/4}^{exp(−|y| |β|/2C1)} ∑ γ∈Zd,_{|γ|≥l}^{exp(−δ3|β + γ|)} ≤ ∑ γ∈Z^d exp(−δ^3|β + γ|) = ∑ γ∈Z^d exp(−δ^3|γ|) ≤ exp(−|y|l/8C_1) ∑ γ∈Z^d exp(−δ_3|γ|) ∑ n≥l/4 e^{−|y| n/2C1} 2^d(2n + 1)^{d−1} , where we used polar coordinates for β. We have to bound the last factor as a function of |y| and l. ∑ n≥l/4 exp(−|y| n/2C_1)2^d(2n + 1)^{d−1} ≤ n0∑ n≥l/4 exp(−|y| n/2C_1)2^d(2n + 1)^{d−1} + ∑ n>n0 exp(−|y| n/4C_1) , where we have to choose n_0 in such a way, that for all n ≥ n_0 := n_0(|y|, d, C_1) the relation exp(−|y| n/2C_1)2^d(2n + 1)^{d−1} ≤ exp(−|y| n/4C_1) ⇔ 2^d(2n + 1)^{d−1} ≤ exp(|y| n/4C_1)

becomes valid. To this end we take n_0 := [2^d3^{d−1}d! (_{|y|} 4C1 )_{−d} + 1]_{Gauss} ≤ C_2|y|^{−d} (since |y| ≤ 3), which yields

2^d(2n + 1)^{d−1} ≤ 2^d3^{d−1}n^{d−1} ≤ ( |y| 4C_1 )_d n^d d! ≤ ∞∑ l=0 1 l! ( |y| n 4C_1 )_l = exp(|y| n/4C_1) ∀n ≥ n_0 as we wanted. Herewith we are able to calculate the sum in polar coordinates. n0∑ n≥l/4 exp(−|y| n/2C_1)2^d(2n + 1)^{d−1} ≤ C_2|y|^{−d}e^{−|y|l/8C1} 2^d(2C_2|y|^{−d} + 1)^{d−1} ≤ C_3|y|^{−d2} For the other part of the sum we use the inequality ∑ n>n0 exp(−|y| n/4C_1) ≤ ∑ n≥0 exp(−|y| n/4C_1) = 1 1 − exp(−|y|/4C_1) ≤ 4C_1 |y| exp ( |y| 4C_1 ) .

Consequently we get S_1 ≤ exp(−|y|l/8C_1) ∑ γ∈Z^d exp(−δ_3|γ|) ( C_3|y|^{−d2} + 4C_1 |y| exp ( |y| 4C_1 ))

≤C4|y|^{−d}2 ,

since |y| ≤ 3. This finally gives for the first sum the bound

S_1 ≤ C_5 exp ( − |y|l 8C_1 ) |y|^{−d2} . (35) Now we turn to the second sum S_2. S_2 ≤ exp(−δ_3l/4)(1 + l/2)^d ∑ γ∈Zd,_{|γ|≥l}^{exp(−δ3|γ|/2)} ≤ exp(−δ_3l/4)(1 + l/2)^d ∑ γ∈Z^d exp(−δ_3|γ|/2) ≤ exp(−δ_3l/8) , if we choose l ≥ l_1 := l_1(d, δ_3) sufficiently large. Putting the two sums together we arrive at the following estimate

δ_2(S_1 +S_2) ≤ δ_2 ( C_5 exp ( − |y|l 8C_1 ) |y|^{−d2} + exp(−δ_3l/8) ) ∀l ≥ l_0 . (36)

As the second summand is tame, we subsume it into the first one. We set C_6 := min(δ_3/24, 1/8C_1) < 1, C_7 := C_5 + 3^{d2} and use |y| ≤ 3 to calculate C_5 exp(−|y|l/8C_1)|y|^{−d2} ≤ C_5|y|^{−d2} exp(−C_6|y|l) exp(−δ_3l/8) ≤ 3^{d2} |y|^{−d2} exp(−C_6|y|l) =⇒ C_5 exp(−|y|l/8C_1)|y|^{−d2} + exp(−δ_3l/8) ≤ C_7|y|^{−d2} exp(−C_6|y|l) . The final estimate δ_2(S_1 + S_2) ≤ δ_2 C_7|y|^{−d2} e^{−C6|y|l} proves the lemma with C = C(d, δ_2, δ_3, C_1) := δ_2C_7 and c = c(δ_3, C_1) := C_6. q.e.d.

Lemma 4.5

Let f be in C^{n+1}([−1/2, 1/2]) and f̃ its almost analytic extension of order n. There exists a l_2 := l_2(n, d, c) < ∞ such that we have for all l ≥ l_2: ∫ C | | | | ∂f̃ ∂z̄ (x, y) | | | | |y|^{−d2−2}e^{−c|y|l} dx dy ≤ 2c^{−n+d2+2}|‖f‖|_{n+1} | supp f| l^{−n+d2+1} .

Proof:

The constant c in the statement of the lemma corresponds to C_6 in the proof of lemma 4.4. Since (cf. equation (22)) | | | ∂f̃_n ∂z̄ (x, y) | | | ≤ 1 2n! |f^{(n+1)}s| |y|^n + 3 ⟨x⟩ χ_{{⟨x⟩<|y|<2⟨x⟩}} n∑ r=0 |f^{(r)}| |y|^r r! we have to bound the sum of two integrals. The second one is: ∫ C dxdy|y|^{−d2−2} exp(−C_6|y|l) 3 ⟨x⟩ χ_{{⟨x⟩<|y|<2⟨x⟩}} n∑ r=0 |f^{(r)}| |y|^r r! . The properties of ⟨x⟩, s and f ensure ⟨x⟩ ≥ 1, 1 < |y| < 3, thus we estimante the above line by: 6 ∫ x∈supp f ∫ y>0 dxdy exp(−C_6l) n∑ r=0 |f^{(r)}| 3^r r! χ_{[1,3]}(y) ≤ 60 | supp f| |‖f‖|_n exp(−C_6l) since 3^r ≤ 5r! and |‖f‖|_n := ∑_n r=0 |f^{(r)}|. Now we turn our attention to: 1 2n! ∫ supp f dx ∫ dy |y|^{−d2−2+n} exp(−C_6|y|l) |f^{(n+1)}(x)| ≤ |‖f‖|_{n+1} n! ∫ supp f dx ∫ y>0 dy |y|^{n−d2−2} exp(−C_6|y|l) = |‖f‖|_{n+1} ln! l^{−n+d2+2} ∫ supp f dx ∫ t>0 dt exp(−C_6t) |t|^{n−d2−2} = l^{d2+1−n} |‖f‖|_{n+1} n! | supp f| C^{−n+d2+2} 6 (n − d^2 − 2)! ≤ C^{−n+d2+2} 6 |‖f‖|_{n+1} | supp f| l^{d2+1−n} Since 60 exp(−C_6l) ≤ C^{−n+d2+2}_6 l^{−n+d2+2} for sufficinetly large l, i.e. l ≥ l_2(d, C_6, n), we have ∫ C | | | ∂f̃ ∂z̄ (x, y) | | | |y|^{−d2−2}e^{−c|y|l} dx dy ≤ 2C^{−n+d2+2} 6 |‖f‖|_{n+1} | supp f| l^{−n+d2+1} , which ends the proof of the lemma. q.e.d.

We have to bound the derivatives of f := (λ+·)^qg in terms of the derivatives of g itself. A simple calculation using Leibnitz’ formula shows |‖f‖|_{n+1} ≤ C_8 |‖g‖|_{n+1}, where C_8 depends only on n, q and λ.

By now we can write down the needed inequalities for our difference of integrals with respect to N and N_{ω,l}. | | | E (∫ g(x)dN_{ω,l}(x) ) − ∫ g(x)dN(x) | | | = | E (Tr χ_0 g(H_{ω,l})χ_0)) − E (Tr χ_0 g(H_ω)χ_0))| ≤ E ( 1 2π ∫ C dxdy | | | ∂f̃ ∂z̄ | | | × ‖χ_0(H_{ω,l} + λ)^{−q}(H_{ω,l} − z)^{−1}χ_0 − χ_0(H_ω + λ)^{−q}(H_ω − z)^{−1}χ_0‖_{Tr} )

≤ 1 2π ∫ C dxdy C_1 |y|^2 | | | ∂f̃ ∂z̄ (x, y) | | | ∑ β∈Γ ∑ γ∈Γ, |γ|>l ‖τ_{β+γ} V ‖_Lp_{(C0)} exp(−|y| |β|/C_1)

≤ 1 2π ∫ C dxdy C_1 |y|^2 | | | | ∂f̃ ∂z̄ (x, y) | | | | δ_2(S_1 + S_2)

≤ 1 2π ∫ C dxdy δ_2C_1 | | | | ∂f̃ ∂z̄ (x, y) | | | | C_7|y|^{−d2−2} exp(−C_6|y|l) ≤ δ_2C_1C_7 2π × ( 60 | supp f| |‖f‖|_n exp(−C_6l) + C^{−n+d2+2}_6 |‖f‖|_{n+1} | supp f| l^{d2+1−n} )

≤ δ_2C_1C_7 C^{n−d2−2} 6 | supp f| |‖f‖|_{n+1}l^{d2+1−n} ≤ C_9 | supp f| |‖g‖|_{n+1}l^{d2+1−n} if we choose l ≥ l_3 := max(l_1, l_2) = l_3(d, n, δ_3, C_1) and set C_9 :=^{δ2C1C7C8}_{Cn−d2−26} . This proves theorem 4.1 with C_9 as the constant on the rightern side.

Now we want to compare the ”number” of states in the energy interval [0, E] of H_ω and H_{ω,l}. For this we take two functions g and h in C^{n+1}_0 (R, [0, 1]). The support of g is [−1/2E, 2E] and in the interval [0, E] g is identically equal to one. It has a minimal derivative in the sense of inequality (23). On the other hand supp h = [0, E] and h is identically equal to 1 on [1/3E, 2/3E]. We estimate

E [N_{ω,l} (E) − N_{ω,l}(0)] − [N(E) − N(0)] ≤ E (∫_E 0 g dN_{ω,l} ) − ∫_E 0 h dN

≤ | | E (∫_E 0 g dN_{ω,l} ) − ∫_E 0 g dN | | + ∫_E 0 (g − h) dN

As 0 ≤ g − h ≤ 1 one has for l ≥ l_3

E [N_{ω,l} (E) − N_{ω,l}(0)] ≤ 2(N(E) − N(0)) + C_9 E^{−n} l^{−n+d2+1} , (37)

where we used theorem 4.1 and equation (23). If N has Lifshitz asymptotics at the lower band edge 0 , as defined in equation (17), there exists an energy value E_1 such that

N(E) − N(0) ≤ exp(−E^{−d/4}) ∀E ∈ [0, E_1] . (38)

Together with (37) this gives

E [N_{ω,l} (E) − N_{ω,l}(0)] ≤ 2 exp(−E^{−d/4}) + C_9 E^{−n} l^{−n+d2+1} ∀E ∈ [0, E_1] .

(39) We set now E := l^{−α} for some α ∈]0, 1[. This implies

E [N_{ω,l} (E) − N_{ω,l}(0)] (40)

≤ 2 exp(−(l^{−α})^{−d/4}) + C_9 (l^{−α})^{−n} l^{−n+d2+1} = 2 exp(−l^{αd/4}) + C_9 l^{−n(1−α)+d2+1} ≤ 2 C_9 l^{−n(1−α)+d2+1}

if l ≥ l̃_4 := l̃_4(d, n, α, C_9). Now we can formulate the IDS approximation theorem.

Theorem 4.6

Let N and N_{ω,l} be the IDS of H_ω and H_{ω,l} respectively and α ∈]0, 1[. If N has a Lifshitz tail at the lower band edge 0, the bound

E [N_{ω,l} (l^{−α}) − N_{ω,l}(0)] ≤ 2 C_9 l^{−n(1−α)+d2+1} (41)

is valid for sufficiently large l.

In fact we have to choose l ≥ l_5 and l_5 := max(l̃_4, E^{−1/α}_1 ) (cf. (40) and (38)).

5 Sparsity of states near the lower band edge

We want to estimate the probability of finding an eigenvalue of H_{ω,l}(θ) in a small energy interval I ∋ 0. Here H_{ω,l}(θ) := H_{ω,l}|^θ_{Λl+1/2} = H_ω|^θ_{Λl+1/2} is the operator H_{ω,l} restricted to L^2(Λ_{l+1/2}) with θ-boundary conditions. The following lemma allows to bound this probability using the IDS of H_{ω,l}.

Lemma 5.1 ∫ θ∈B_l dθ P({ω| σ(H_{ω,l}(θ)) ∩ [0, E[ ≠ ∅}) ≤ (2π)^d E (N_{ω,l} (E) − N_{ω,l}(0)) . Proof: ∫ θ∈B_l dθ P({ω| σ(Hω,l(θ)) ∩ [0, E[ ≠ ∅}) ≤ |Λ_{l+} 1_2 | ∫ θ∈B_l dθ E (N(Hω,l (θ), E) − N(Hω,l(θ), 0)) Čebišev inequality

= |Λ_{l+} 1_2 | E ( ∫ θ∈B_l dθ (N(Hω,l(θ), E) − N(Hω,l(θ), 0)) Fubini’s theorem = (2π)^d E (N_{ω,l} (E) − N_{ω,l}(0)) equations (14,25) q.e.d.

Since the MSA works with specific boundary conditions, e.g. periodic ones,we have to get rid of the average over θ ∈ B_l in the last bound. This is possible using the Lipshitz-continuity in θ of the eigenvalues of H_{ω,l}(θ).

Lemma 5.2

For any fixed θ_0 ∈ B_l, E < 1 and some ξ > 0 we have P({ω| σ(H_{ω,l}(θ_0) ∩ [0, E[ ≠ ∅}) (42) ≤ (2π)^d |B_l|^{−1} E (N_{ω,l} (E + C_{11}l^{−ξ}) − N_{ω,l}(0)) .

Proof:

The eigenvalues of H_{ω,l}(θ) are Lipshitz continuous in θ, so we have : |E_j(H_{ω,l}(θ)) − E_j(H_{ω,l}(θ^′))| ≤ Ξ_{j,l}|θ − θ^′|^{ξj,l} for some ξ_{j,l} > 0, Ξ_{j,l} > 0. One can choose the ξ_{j,l} and Ξ_{j,l} independent of j and l only as a function of E_j(H_{ω,l}(θ)). As we consider only eigenvalues in the energy interval [0, E[⊂ [0, 1[ even this dependence can be eliminated. Thus we can find Ξ > 0 and ξ > 0 such that Ξ ≥ Ξ_{j,l} ξ ≤ ξ_{j,l} ∀l, j . Now we can estimate : P({ω| σ(H_{ω,l}(θ_0)) ∩ [0, E[ ≠ ∅}) = P({ω| ∃j ∈ N : E_j(H_{ω,l}(θ_0)) ∈ [0, E[ }) = ∫ θ∈B_l dθ |B_l| P ({ω| ∃j ∈ N : E_j(H_{ω,l}(θ_0)) ∈ [0, E[ })

E_j(H_{ω,l}(θ_0)) ∈ [0, E[ =⇒ E_j(H_{ω,l}(θ)) ∈ [0, E + Ξ diam(B_l)^ξ[ ∀θ ∈ B_l and diam(B_l) ≤ C_{10} l^{−1}

... ≤ ∫ θ∈B_l dθ |B_l| P ({ω| ∃j ∈ N : E_j(H_{ω,l}(θ)) ∈ [0, E + C_{11}l^{−ξ}[ }) = ∫ θ∈B_l dθ |B_l| P ({ω| σ(H_{ω,l}(θ)) ∩ [0, E + C_{11}l^{−ξ}[≠ ∅ }) ≤ (2π)^d |B_l|^{−1} E (N_{ω,l} (E + C_{11}l^{−ξ}) − N_{ω,l}(0))

q.e.d.

We choose now α < ξ and E := l^{−α} as before. Thus for l ≥ l_6 the bound E + C_11 l^{−ξ} ≤ 2l^{−α} is valid, with l_6 depending on ξ, α and C_{11}. As the IDS is monotone increasing in the energy, this implies N_{ω,l}(E + C_{11} l^{−ξ}) ≤ N_{ω,l}(2l^{−α}) If N has Lifshitz tails, we estimate as in (40):

E (N_{ω,l} (2l^{−α}) − N_{ω,l}(0)) ≤ 2 C_9 l^{−n(1−α)+d2+1}

for l ≤ l_4(d, n, α, C_9). In this way we obtain from lemma 5.2

P({ω| σ(H_{ω,l}(θ_0)) ∩ [0, l^{−α}[ ≠ ∅}) ≤ C_{12}l^{−n(1−α)+d2+d+1} (43)

since |B_l|^{−1} ≤ C̃_{12}l^d where C̃_{12} depends only on the dimension. We sat C_{12} := 2 C_9 C̃_{12} (#N )(2π)^d. The probability in (43) can be bounded by l^{−q} for arbitrary q > 0 if only l ≥ l_7 is sufficiently large and

−n(1 − α) + d^2 + d + 1 < −q ⇐⇒ −n(1 − α) < −q − d^2 − d − 1 (44) It is obvious that for any 0 < α < 1 we can choose n in such a way that the relation (44) is valid. Similarly, for any fixed n > q − d^2 − d − 1 it is possible to choose α sufficiently small, so that (44) holds. This choice cannot colide with the only other condition on α, namely α < ξ.

Recall that if H_0 has regular Floquet eigenvalues at the lower spectral band edge 0, the IDS N of H_ω := H_0 + V_ω exhibits Lifshitz asymptotics at 0. Thus we proved theorem 1.1 with l_0 := max^7_{i=1} l_i.

References

[AGR74] J. Avron, A. Grossmann, and R. Rodriguez, Hamiltonians in the one electron theory of solids, Reports Math. Phys. 5 (1974), 113–120.

[And58] P.W. Anderson, Absence of diffusion in certain random lattices, Phys. Rev. 109 (1958), 1492–??

[BCH96] J.M. Barbaroux, J.M. Combes, and P.D. Hislop, Localization near band edges for random Schrödinger operators, http://www.ma.utexas.edu/mp arc preprint, 1996.

[Car84] R. Carmona, Random Schrödinger operators, Ecole d’Eté de Probabilitès de Saint-Flour (P. L. Hennequin, ed.), Lecture Notes in Mathematics, vol. 1180, Springer, Berlin, 84.

[CH94] J.-M. Combes and P.D. Hislop, Localization for some continuous, random Hamiltionians in d-dimensions, J. Funct. Anal. 124 (1994), 149–180.

[CHST94] J.-M. Combes, P.D. Hislop, C.A. Shubin, and A. Tip, Localization for the acoustic wave equation and maxwell’s equations in random media, preprint, university of Lexington, Kentucky, 1994.

[CL90] René Carmona and Jean Lacroix, Spectral theory of random Schrödinger operators, Birkhäuser, Boston, 1990.

[CT73] J.M. Combes and L. Thomas, Asymptotic behaviour of eigenfunctions for multiparticle Schrödinger operators, Commun. Math. Phys. 34 (1973), 251–270.

[Dav95] Edward Brian Davies, Spectral theory and differential operators, Cambridge University Press, Cambridge, 1995.

[Eas73] M.S.P. Eastham, The spectral theory of periodic differential operators, Scotish Academic Press, Edinburgh, 1973.

[FHLM97] Werner Fischer, Thomas Hupfer, Hajo Leschke, and Peter Müller, Existence of the density of states for multi-dimensional continuum Schrödinger operators with Gaussian random potentials, http://www.ma.utexas.edu/mp arc preprint no. 97-2??, 1997.

[FK95] A. Figotin and A. Klein, Localization of classical waves I: Acoustic waves., Preprint, Dez. 1995.

[FK96] A. Figotin and A. Klein, Localized classical waves created by defects, preprint, http://www.ma.utexas.edu/mp arc, 1996.

[FLM98] Werner Fischer, Hajo Leschke, and Peter Müller, Aspects of a localization proof for continuum schrödinger operators with gaussian random potentials, Talk given in Prague, June 1998, at the conference QMath7, 1998.

[FM85] E. Scoppola F. Martinelli, Remark on the absence of the absolutely contious spectrum for d-dimensional schrödinger operator with random potential for large disorder or low energy, Commun. Math. Phys. 97 (85), 465–471.

[FS83] Jürg Fröhlich and Thomas Spencer, Absence of diffusion in the Anderson tight binding model for large disorder or low energy, Commun. Math. Phys. 88 (1983), 151–184.

[How87] James S. Howland, Perturbation theory of dense point spectra, J.

Func. Anal. 74 (1987), 52–80.

[HS89] J. Helffer and J. Sjöstrand, Equation de Schrödinger aves champ magnétique et equation de Harper, Schrödinger Operators (Berlin) (H. Holden and A. Jensen, eds.), Lecture Notes in Physics, 345, Springer, 1989.

[HS96] Peter D. Hislop and I.M. Sigal, Introduction to spectral theory:

with applications to Schrödinger operators, Springer, New York, 1996.

[Kir89] Werner Kirsch, Random Schrödinger operators, Schrödinger Operators (Berlin) (Helge Holden and Arne Jensen, eds.), Lecture Notes in Physics, 345, Springer, 1989.

[Klo92] Frédéric Klopp, Localisation pour des opérateurs de Schrödinger aléatoires dans L^2(R^d): Un modèle semi-classique, preprint, Mittag-Leffler institut, report No. 1, 1992.

[Klo95a] F. Klopp, Localization for some continuous random Schrödinger operators, Commun. Math. Phys. 167 (1995), 553–569.

[Klo95b] Frédéric Klopp, An asymptotic expansion for the density of states of a random Schrödinger operator with Bernoulli disorder, Random Oper. and Stoch. Equ. 3 (1995), 315–331.

[Klo97] Frédéric Klopp, Internal Lifshits tails for random perturbations of periodic Schrödinger operators, http://www.ma.utexas.edu/mp arc preprint : 97-81, 1997.

[KM82] Werner Kirsch and Fabio Martinelli, On the density of states of Schrödinger operators with a random potential, J. Phys. A: Math. Gen. 15 (1982), 2139–2156.

[KS87] S. Kotani and Barry Simon, Localization in general onedimensional random systems. II: continuum Schrödinger operators, Commun. Math. Phys. 112 (1987), 103–119.

[KSS96] Werner Kirsch, Peter Stollmann, and Günter Stolz, Localization for random perturbations of periodic Schrödinger operators, preprint, http://www.ma.utexas.edu/mp arc : 96-409, 1996.

[KSS97] Werner Kirsch, Peter Stollmann, and Günter Stolz, Anderson localization for random Schrödinger operators with long range interactions, preprint, http://www.ma.utexas.edu/mp arc : 97- 72, 1997.

[Lif65] I. Lifshitz, Energy spectrum and the quantum states of disordered condensed systems, Sov. Phys. Usp. 7 (65), 549–573.

[Mez93] G. A. Mezincescu, Internal Lifshitz singularities for one dimensional Schrödinger operators, Commun. Math. Phys. 158 (1993), 315–325.

[MH84] Fabio Martinelli and Helge Holden, On absence of diffusion near the bottom of the spectrum for random Schrödinger operator on L^2(R^ν), Commun. Math. Phys. 93 (1984), 197–217.

[PF92] L. A. Pastur and A. L. Figotin, Spectra of random and almostperiodic operators, Springer Verlag, Berlin, 1992.

[RS75] Michael Reed and Barry Simon, Methods of modern mathematical physics II, fourier analysis, self-adjointness, Academic Press, San Diego, 1975.

[RS78] Michael Reed and Barry Simon, Methods of modern mathematical physics IV, analysis of operators, Academic Press, San Diego, 1978.

[Shu79] M. A. Shubin, Spectral theory and index of elliptic operators with almost-periodic coefficients, Russ. Math. Surveys 34 (79), 109– 157.

[Sim82] Barry Simon, Schrödinger semigroups, Bull. Am. Math. Soc. 7 (1982), 447–526.

[Sjö91] J. Sjöstrand, Microlocal analysis for periodic magnetic Schrödinger equation and related questions., Microlocal analysis and applications, Lecture Notes in Mathematics, vol. 1495, Springer Verlag, Berlin, 1991.

[Skr87] M.M. Skriganov, Geometric and arithmetric methods in the spectral theory of multidimensional periodic operators, Proc. of the Stecklov Institute of Mathematics 2 (1987).

[Skr84] M. M. Skriganov, Structure of the spectrum of the multidimensional schrödinger operator with a periodic potential, Dokl. Akad. Nauk. SSSR 262 (84), 846–850.

[Sto] Peter Stollmann, Localisation for acoustic waves in random perturbations of periodic media, in preparation.

[SW86] B. Simon and T. Wolff, Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians, Comm. Pure Appl. Math. 39 (1986), 75–90.

[Tho73] L. Thomas, Time-dependent approach to scattering from impurities in a crystal, Commun. Math. Phys. 33 (73), 335–343.

[vDK89] Henrique von Dreifus and Abel Klein, A new proof of localization in the Anderson tight binding model, Commun. Math. Phys. 124 (1989), 285–299.

[Ves96] Ivan Veselić, Lokalisierung bei zufällig gestörten periodischen Schrödingeroperatoren in Dimension Eins, Diplomarbeit, Ruhr- Universität Bochum, 1996.

[Weg81] F. Wegner, Bounds on the DOS in disordered systems, Z. Phys.

B 44 (1981), 9–15.