Singular Reduction of Axially Symmetric Perturbations of the Isotropic Harmonic Oscillator

Richard Cushman

Mathematisch Instituut, Universiteit Utrecht 3508 TA Utrecht, The Netherlands

Sebastián Ferrer

Departamento de Matemática Aplicada, Universidad de Murcia 30203 Cartagena, Spain

Heinz Hanßmann

Institut für Reine und Angewandte Mathematik der RWTH Aachen 52056 Aachen, Germany

18 May 1998

Abstract

The normal form of an axially symmetric perturbation of the isotropic harmonic oscillator is invariant under a 2-torus action and thus integrable in three degrees of freedom. The reduction of this symmetry is performed in detail, showing how the singularities of the reduced phase space determine the distribution of periodic orbits and invariant 2-tori in the original perturbation. To illustrate these results a particular quartic perturbation is analysed.

x1 Introduction

Consider a Hamilton function H in 3-space that is invariant under rotation about the vertical axis, i.e. axially symmetric. We assume that the origin is an elliptic equilibrium and that the three (normal) frequencies of this equilibrium are equal. This means that the linearization DXH (0) is the isotropic harmonic oscillator, or in 1:1:1 resonance. Thus, near the origin the Hamiltonian system is a small axially symmetric perturbation of a

(maximally) superintegrable system — all orbits of the isotropic harmonic oscillator are periodic.

The situation where H is an arbitrary (small) axially symmetric perturbation of the isotropic harmonic oscillator is only slightly more general. After a translation the origin is again an equilibrium, and the only further effect is that the perturbation may also detune the frequencies of the equilibrium.

In astrophysics one models the motion in the core of an (axially symmetric) galaxy as perturbations of the isotropic harmonic oscillator. The dominant part in 1:1:1 resonance accounts for the central part of the galaxy being spherically symmetric. Furthermore one assumes an additional reflectional symmetry, cf. [Saaf;68], [Verhulst;79], [de Zeeuw;85,87] and references therein.

Only few general statements can be made about perturbations of superintegrable systems in three degrees of freedom. In [Arnol’d;63] KAM-theory is adapted to show that, if the perturbation “removes the degeneracy”, a measure-theoretically large part of the phase space becomes filled by invariant 3-tori. Unlike perturbations of non-degenerate integrable systems, where the geometry of the Cantor-fibration into 3-tori is imposed by the unperturbed system, the distribution of invariant 3-tori in the perturbation of a superintegrable system is determined by the perturbation itself.

The axial symmetry implies that, next to the Hamilton function H , the third component N of the angular momentum is an integral of motion. Thus we are one integral short an integrable system. The energy H_0 of the isotropic harmonic oscillator is a “formal integral” : it becomes an integral only after a normalizing co-ordinate transformation and the truncation of the higher order terms. In this way one obtains a normal form of order n that is ε^{n+1}-close to H (if ‖H − H_0‖ ∼ ε ). Often it is sufficient to work with the normal form of order 1 which may be computed as the average H̄ of H along the periodic orbits of the isotropic harmonic oscillator.

The integrable system H̄ (with integrals H̄, N and H_0 ) makes the phase space a ramified 3-torus bundle, consisting of 3-parameter families of invariant 3-tori, 2-parameter families of invariant 2-tori, 1-parameter families of periodic orbits and the equilibrium at the origin. It is exactly this distribution of 3-tori, 2-tori and periodic orbits that determines how the Cantor families of invariant 3-tori and 2-tori and the periodic orbits of XH are distributed in phase space. Therefore, our first goal is to understand the integrable approximation H̄ of H . The 2-torus symmetry generated by XN and XH_0 allows to reduce to a one-degree-of-freedom problem. We require these systems to be structurally stable as a family, parametrized by the two actions N and H_0. If they were not we would try the normal form of order 2 etc. The next step is to reconstruct the dynamics of the normal form H̄ from the family of one-degree-of-freedom systems, and the final step has to relate the dynamics defined by XH̄ to the original system XH .

The main object of the present paper is to explain the reduction of the 2-torus symmetry, which lies at the basis of the program sketched above. Since there are nontrivial isotropy groups, regular reduction does not apply. Indeed, all reduced phase spaces turn out to have singular points. We also keep in mind that we want to use the reduction to understand the dynamics of XH . Both H and H̄ are axially symmetric, so first reducing this symmetry allows to perform the perturbation analysis in two degrees of freedom. It turns out that the reduction of the axial symmetry transforms the unperturbed system XH_0 into the 2:1 resonance, which is then reduced in a second step.

This paper is organized as follows. In the remaining part of this introduction we recall the dynamics of the isotropic harmonic oscillator. In Section 2 the reduction procedure is carried out. We study the singularities that occur and give a physical interpretation of the corresponding motion. This reduction procedure shall be applied to the normal form. The necessary theorem is generalized in Section 3 to the present case of Poisson spaces. The final two sections explain how the reduction is used to study a perturbation of the isotropic harmonic oscillator. We exemplify our results with the perturbing galactic-type potential ε(x^2_1 +x^2)x^2_3 . Section 4 contains the study of the one-degree-of-freedom problem defined by the normal form and the reconstruction of the corresponding two-degree-of-freedom system (with the axial symmetry still reduced). In Section 5 we see how the flow of the normal form is perturbed when the higher order terms are added. Furthermore the dynamics of the full system is reconstructed.

1.1 The isotropic harmonic oscillator

We are going to perturb the harmonic oscillator with three equal frequencies. Therefore, we now recapitulate the main facts about this system. The presentation of these wellknown results also allows us to fix some notations. The reader may find more details in [Jauch,Hill;40], [Fradkin;65], [Marmo,Saletan,Simoni,Vitale;85].

In one degree of freedom the harmonic oscillator has the equations of motion

ẋ = ∂H_0 ∂p = p , ṗ = − ∂H_0 ∂x = −ω^2x ;

the energy being H_0 =^1_2 p^2 +^{ω2}_2 x^2 . The superposition of three such systems is called an isotropic harmonic oscillator (in three degrees of freedom) if the frequency ω > 0 is the same for all three subsystems. As a result the corresponding flow

φ_t(x, p) = (cos ωt)I_3^1_ω (sin ωt)I_3

−ω(sin ωt)I_3 (cos ωt)I_3 ( x p )

is periodic with common period^{2π}_ω , here I_3 denotes the 3×3 identity matrix. In particular the isotropic harmonic oscillator is a maximally superintegrable Hamiltonian system. This can also be deduced from the symmetries of the system. Indeed, H_0 is invariant under an action of U(3) , the group of unitary complex 3×3-matrices. To show this, and also for other purposes, it is convenient to introduce the following complex notation.

In complex variables z_j = ωx_j + ip_j (j=1,2,3) the symplectic structure becomes 3∑ j=1 dx_j ∧ dp_j = i 2ω 3∑ j=1 dz_j ∧ dz̄_j

and the energy reads

H_0 = 1 2 (p | p) + ω^2 2 (x | x) = 1 2 (z | z) . Here and in the following (..|..) denotes the standard inner product (in the hermitian case of complex entries : linear in the first argument). In z-variables it is immediate that the Hamilton function H_0 is invariant under the standard action U(3) × IC^3 −→ IC^3 . From Noether’s theorem, or by direct verification, one concludes that real and imaginary part of all components of the hermitian 3 × 3-matrix (z_jz̄_k)_{j,k=1,2,3} are invariant under the flow φ_t(z) = e^{−iωt}z of our equations of motion ż = −iω z . On the other hand, a short computation shows that the common level sets of the z_jz̄_k coincide with the trajectories of this flow.

Remark : The trace of the matrix (z_jz̄_k)_{j,k=1,2,3} is 2H_0 . Therefore, many authors prefer to restrict the above action to the group SU(3) of unitary 3×3-matrices with determinant 1 . The non-diagonal components of the imaginary part Imz_jz̄_k = ω(x_jp_k − x_kp_j) yield the angular momentum, induced by the subgroup SO(3) < SU(3) of orthogonal real 3×3-matrices with determinant 1 . The real part (Rez_jz̄_k)_{j,k=1,2,3} determines the ellipse in configuration space along which the flow proceeds, cf. [Holas,March;90]. The trajectory in phase space is completed by a similar ellipse in momentum space, with a phase shift of^π_2 .

1.2 Axially symmetric perturbations

Our main interest is not so much the isotropic harmonic oscillator itself, but a (small) perturbation H_ε of H_0 . We assume H_ε to be axially symmetric ; by this we mean that H_ε is invariant under the axial S^1-action

ϱ : S^1 × T^∗IR^3 −→ T^∗IR^3 (ν, (x, p)) → (exp_ν x, exp_ν p) (1) where exp_ν stands for exp

(_0 �_{ν 0}

ν 0 0 0 0 0 ) = (_{cos ν} �_{sin ν 0}

sin ν cos ν 0 0 0 1 ) . Note that ϱ is the lift of the

action (ν, x) → exp_ν x of S^1 on the configuration space IR^3 to the cotangent bundle. The corresponding geometric description is a rotation by an angle ν about the vertical axis (the axis along x_3 ). In z-variables the axial S^1-action becomes

ϱ : S^1 × IC^3 −→ IC^3 (ν, z) → exp_ν z . (2) Because of the axial symmetry H_ε induces a Hamilton function, again denoted H_ε , on the quotient space T^∗IR^3/ϱ = IC^3/S1 . In this way the number of degrees of freedom is lowered from three to two.

Remark : As already mentioned, perturbations of the isotropic harmonic oscillator H_0 are encountered in various situations. Given an equilibrium of a Hamiltonian system H with linearization DXH(0) = XH_0 , we may perform the scaling x → εx , p → εp , t → ε^2t to obtain H_ε = H_0 + ϵH_1 + ε^2H_2 + . . . . Here H_i contains the terms of order i + 2 in (x, p) . If H_ε is invariant under an S^1-action, then the co-ordinates (x, p) can often be chosen in such a way that this S^1-action turns into the axial S^1-action.

x2 Symmetry reduction

We are given an axially symmetric Hamilton function H_ε on IC^3 . To study H_ε we first want to understand its average H̄_ε , which in addition is invariant under the periodic flow φ of the isotropic harmonic oscillator H_0 . Using these symmetries, we may reduce H̄_ε to a one-degree-of-freedom system.

The axial S^1-action ϱ leaves H_0 invariant, so φ and ϱ commute and induce a 2-torus action on IC^3 . But rather than directly reducing this 2-torus action, we proceed step by step and first reduce the axial S^1-action. Indeed, also the original Hamilton function H_ε is axially symmetric, and we may later consider the axially reduced H_ε as a perturbation of H̄_ε in two degrees of freedom, considerably facilitating our task.

2.1 Reduction of the axial symmetry

The axial S^1-action ϱ on IC^3 is not a free action since the subspace { (0, 0, z_3) j z_3 ∈ IC } is left fixed under all rotations. Therefore, the regular reduction theorem in [Abraham,Marsden;78] does not apply. Instead, we have to resort to singular reduction, as described in [Arms,Cushman,Gotay;91], [Sjamaar,Lerman;91], [Cushman,Bates;97]. Correspondingly, to obtain the equations of motion from the Hamilton function, we work with Poisson brackets rather than symplectic structures.

The key idea is to use a set π_1, . . . , π_n of generators of the ring of ϱ-invariant functions as co-ordinates on the reduced space IC^3/S1 . To be precise, the π_i allow an embedding of IC^3/S1 in IR^n, where the relations between the π_i determine the image of this embedding (which we identify with IC^3/S1 ). Restricting to a subset of IC^3 where ϱ acts (properly and) freely yields an open smooth submanifold in IC^3/S1 , while points with nontrivial isotropy group lead to singularities of IC^3/S1 .

Proposition 2.1

Let ϱ denote the axial S^1-action (2) on IC^3 . The functions

σ_1 = z^2_1 + z^2 σ_2 = z_1z̄_1 + z_2z̄_2 − z_1z̄_2 + z̄_1z_2 σ_3 = z_3 (3)

generate the Poisson algebra of (smooth) ϱ-invariant functions on IC^3 . They are subject to the relations σ_1σ̄_1 = (Reσ_2)^2 − (Imσ_2)^2 , Re σ_2 ≥ 0 .

Proof :

Using z_j = ωx_j + ip_j we express the invariant polynomials

π_1 = x^2_1 + x^2 π_3 = x_1p_1 + x_2p_2 π_5 = x_3 π_2 = p^2_1 + p^2 π_4 = x_1p_2 − x_2p_1 π_6 = p_3 as π_1 =^1_{2ω2} (Re σ_1 + Reσ_2) π_3 =^1_{2ω} Imσ_1 π_5 =^1_ω Reσ_3 π_2 =^1_2 (Reσ_2 − Re σ_1) π_4 =^1_{2ω} Imσ_2 π_6 = Imσ_3 ,

leading the situation back to Chapter IV, Claim 2.1 of [Cushman,Bates;97] ; q.e.d.

An elementary computation yields the Poisson structure, see table 2.1. In particular N(σ) =^1_{2ω} Im σ_2 is a Casimir element of the Poisson algebra. This does not come as a surprise, N =^i_{2ω} (z_1z̄_2 − z̄_1z_2) = x_1p_2 − x_2p_1 is the third component of the angular momentum and generates the axial S^1-action ϱ (i.e. ϱ is the flow of the Hamiltonian vector field XN ).

{A, B} Reσ_1 Imσ_1 Re σ_2 Imσ_2 Re σ_3 Imσ_3 B Reσ_1 0 4ωReσ_2 4ωImσ_1 0 0 0 Imσ_1 −4ωReσ_2 0 −4ωReσ_1 0 0 0 Reσ_2 −4ωImσ_1 4ωReσ_1 0 0 0 0 Imσ_2 0 0 0 0 0 0 Reσ_3 0 0 0 0 0 ω Imσ_3 0 0 0 0 −ω 0 A Table 2.1 : The Poisson bracket on the reduced phase space.

In fact table 2.1 defines a Poisson structure on IC^3 . The function defined by

P (σ) = (Reσ_1)^2 + (Imσ_1)^2 − (Reσ_2)^2 + (Imσ_2)^2 (4)

is the second Casimir element, so P^{−1}(0) ⊆ IC^3 is invariant under every Hamiltonian system on “the σ-space” IC^3 . Note that this also holds for the reduced phase space IC^3/S1 = { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } , cf. the remark below. All other Casimir elements are functions of N and P as the Poisson bracket in table 2.1 has rank 4 .

The relations do not involve σ_3 — the axial symmetry only concerns the planar subsystem. To understand the singularity of the reduced system it is therefore sufficient to study it after projecting IC^3 −→ IC^2 to the first two co-ordinates. In IC^2 ∼= IR^4 the relations

(Reσ_1)^2 + (Imσ_1)^2 + (Imσ_2)^2 = (Reσ_2)^2 , Reσ_2 ≥ 0

describe a cone — the upper half of the standard double cone in IR^4 . If we fix the value a of N , the level set is (the upper half of) a hyperboloid for a ≠ 0 , and (half of) a standard cone in IR^3 for a = 0 . To return to the full reduced phase space we have to attach a plane IC to every point. Hence, the level sets { σ ∈ IC^3 j N(σ) = a , P (σ) = 0 } are diffeomorphic to IC^2 for a ≠ 0 , while for a = 0 this set is only homeomorphic to IC^2 , having a singular stratum { (0, 0, σ_3) j σ_3 ∈ IC } .

Remark : The Poisson space IC^3/S1 is stratified into symplectic strata, in accordance with [Sjamaar,Lerman;91]. In particular, the singular stratum { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 = 0 } of P^{−1}(0) is invariant under every Hamiltonian system on the σ-space IC^3 .

Remark : It is not always the case that the Poisson structure on a singular reduced space is the restriction of a Poisson structure on the “ambient space” IR^n where n denotes the number of generators of the ring of invariant functions. A counter example is the 1:1:2 resonance, see [Egilsson;95]. It works here because the singular reduced space is a level set of a Casimir element.

2.2 Reduction of the oscillator symmetry

The flow φ of the isotropic harmonic oscillator commutes with the axial S^1-action (2) and induces an action on IC^3/S1 ⊆ IC^3 which we denote by the same letter. We extend φ to the whole σ-space IC^3 in the natural way and obtain the flow

φ_t(σ) = (e^{−2iωt}σ_1, σ_2, e^{−iωt}σ_3)

of the Hamiltonian vector field defined by (the natural extension of) H_0 on IC^3 . Indeed, H_0(σ) =^1_2 Re σ_2 +^1_2 (Re σ^2_3 + Im σ^2_3) , and using table 2.1 we obtain the equations of motion σ̇_1 = −2iωσ_1 , σ̇_2 = 0 , σ̇_3 = −iωσ_3 . Normalizing the period to 2π , we obtain the reduced oscillator symmetry

ψ : S^1 × IC^3 −→ IC^3 (ℓ, σ) → φ ℓ_ω (σ) (5) which is generated by L : σ →^1_{2ω} (Re σ_2 + σ_3σ̄_3) . The subspace { (0, σ_2, 0) j σ_2 ∈ IC } is left fixed under all rotations ψ_ℓ , and the π-rotation ψ_π fixes the whole subspace { σ_3 = 0 } of IC^3 , so ψ is not a free action. In fact we have reduced H_0 to the 2:1 resonance, cf. [Kummer;86], and our next goal is to further reduce to one degree of freedom. Again we use invariant theory to perform the reduction.

Proposition 2.2

Let ψ denote the S^1-action (ℓ, σ) → (e^{−2iℓ}σ_1, σ_2, e^{−iℓ}σ_3) on IC^3 . The complex-valued function τ_1 = σ_1σ̄^2_3 (6)

together with the real-valued functions

τ_2 = Reσ_2 τ_3 = σ_3σ̄_3 τ_4 = Imσ_2 τ_5 = σ_1σ̄_1 (6) generates the Poisson algebra of (smooth) ψ-invariant functions on IC^3 . The generators satisfy the relations τ_1τ̄_1 = τ^2_3 τ_5 , τ_3 ≥ 0 , τ_5 ≥ 0 .

Proof :

The invariants τ_3, τ_5, Re τ_1, Im τ_1 perform the standard reduction of the 2:1 resonance, see Appendix B, Claim 4.6 of [Cushman,Bates;97], and this process is parametrized by σ_2 = τ_2 + iτ_4 ; q.e.d.

Like after the axial reduction, the Poisson structure, given by table 2.2, extends to the whole space IC × IR^4 . The Casimir elements N : τ →^1_{2ω} τ_4 and P : τ → τ_5 − τ^2_2 + τ^2_4 already present before the reduction are completed by the Casimir elements L : τ → 1 2ω (τ_2 + τ_3) and R : τ → τ_1τ̄_1 − τ^2_3 τ_5 . In particular R^{−1}(0) ⊆ IC × IR^4 is invariant under any Hamiltonian system on “the τ-space” IC × IR^4 , and again this also holds for the reduced phase space IC^3/S1 = { τ ∈ IC × IR^4 j R(τ) = 0, τ_3 ≥ 0, τ_5 ≥ 0 } . From the axial reduction we inherit the inequality τ_2 ≥ 0 .

{A, B} Reτ_1 Imτ_1 τ_2 τ_3 τ_4 τ_5 B Re τ_1 0 4ω(τ_2τ^2_3 − τ_3τ_5) 4ωImτ_1 −4ωImτ_1 0 8ωτ_2Imτ_1 Imτ_1 −4ω(τ_2τ^2_3 − τ_3τ_5) 0 −4ωReτ_1 4ωRe τ_1 0 −8ωτ_2Reτ_1 τ_2 −4ωImτ_1 4ωRe τ_1 0 0 0 0 τ_3 4ωImτ_1 −4ωReτ_1 0 0 0 0 τ_4 0 0 0 0 0 0 τ_5 −8ωτ_2Imτ_1 8ωτ_2Re τ_1 0 0 0 0 A Table 2.2 : The Poisson bracket on the second reduced phase space.

The zeros of the real polynomial u^2 − v^2w in three variables (u, v, w) form the so-called Whitney umbrella, homeomorphic to a cone on a figure eight. Restricting to v ≥ 0 yields “a 2-dimensional cone on a pinched S^1”. For fixed τ_2, τ_4 the zeros of R (τ) = (Re τ_1)^2 + (Im τ_1)^2 − τ^2_3 τ_5 also form a cone : on a figure eight, rotated about the long axis. The restriction τ_3 ≥ 0 makes this surface look like a turnip, that is a pinched 2- sphere. The singularity ‘at the pinch’ is a standard cone u^2 + v^2 − w^2 = 0 . For future reference we call this 3-dimensional semi-algebraic variety a turnip cone, so IC^3/S1 = { τ ∈ IC × IR^4 j R(τ) = 0, τ_3 ≥ 0, τ_5 ≥ 0 } is the product of a plane with a turnip cone.

To obtain the double reduced phase space we have to impose τ_2 ≥ 0 and intersect IC^3/S1 with P^{−1}(0) . This allows us to eliminate τ_5 = τ^2_2 − τ^2_4 . The projection π : IC × IR^4 −→ IC × IR^3 (7) is a global chart of the submanifold P^{−1}(0) ⊆ IC×IR^4 . Thus we are led to a semi-algebraic subvariety V of IC × IR^3 , given by the relations |τ_1|^2 = τ^2_3 (τ^2_2 − τ^2_4 ) , τ_3 ≥ 0 , τ_2 ≥ |τ_4| . (8) Here τ_1 ∈ IC and τ_2, τ_3, τ_4 ∈ IR are co-ordinates on IC × IR^3 .

Proposition 2.3

Let V ⊆ IC × IR^3 be defined by (8) and let S be the union of

S_1 = { (0, τ_2, 0, τ_4) ∈ IC × IR^3 j |τ_4| < τ_2 } S_2 = { (0, 0, τ_3, 0) ∈ IC × IR^3 j τ_3 > 0 } S_3 = { (0, τ_2, 0, τ_4) ∈ IC × IR^3 j |τ_4| = τ_2 } .

Then V \S is a smooth manifold and every point in S is a singularity of V . The local structure of V along S_1 is the product of a 2-dimensional standard cone with a plane, while along S_2 it is the product of a 3-dimensional standard cone with a line. In nonzero points of S_3 the local structure of V is the product of a line with a turnip cone. All families of singularities extend to the origin.

Proof :

From the implicit mapping theorem we may conclude that V is smooth in all points where DR = (2 Re τ_1 , 2 Im τ_1 , −2 τ_2τ^2_3 , −2 τ_3 (τ^2_2 − τ^2_4 ) , 2 τ^2_3 τ_4) does not vanish. This holds if τ_1 ≠ 0 or if τ_3τ_4 ≠ 0 . Note that τ_4 = 0 implies that τ_2 = 0 under the condition τ_1 = 0 ≠ τ_3 . Thus S contains the singularities of V .

For τ^2_2 − τ^2_4 > 0 , as well as for τ_3 > 0 , the cone structure of the singularity can be read directly off from (Reτ_1)^2 + (Imτ_1)^2 − τ^2_3 (τ^2_2 − τ^2_4 ) = 0 .

For the singularities along S_3\{0} we can write the above equation as (Reτ_1)^2 + (Imτ_1)^2 − τ^2_3 (τ_2 + τ_4) (τ_2 − τ_4) = 0 .

Since τ_2 > 0 we find that either τ_2 + τ_4 > 0 or τ_2 − τ_4 > 0 , furthermore recall that τ_3 ≥ 0 . Thus the singularities of V along S_3\{0} are two 1-parameter families of turnip cones ; q.e.d.

The two remaining Casimir elements N and L slice V into subvarieties which are invariant under every Hamiltonian flow. Because the projection IC × IR^3 −→ IC × IR is a global chart of N^{−1}(a) ∩ L^{−1}(b) , we can eliminate τ_4 = 2ωa and τ_3 = 2ωb − τ_2 . Thus V ∩ N^{−1}(a) ∩ L^{−1}(b) becomes the variety

V_{a,b} = { τ ∈ IC × IR j |τ_1| = √ F_{a,b}(τ_2) , 2ω|a| ≤ τ_2 ≤ 2ωb } , where F_{a,b}(τ_2) = (τ_2 − 2ωb)^2 (τ^2_2 − 4ω^2a^2) .

For |a| = b this set reduces to the point τ = (0, 2ωb) , all these point sets coming from the singularities in S_3 ⊆ V , and |a| > b implies V_{a,b} = ∅ . In the remaining cases V_{a,b} is a 2-dimensional surface of revolution, generated by √ F_{a,b} between the two roots τ_2 = 2ω|a| and τ_2 = 2ωb . For 0 < |a| < b this yields a pinched sphere that looks like a turnip, see figure 2.1a, while for a = 0 < b one obtains a topological sphere with two singularities, see figure 2.1b.

Figure 2.1 : The twice reduced spaces V_{a,b} ⊆ IC×IR , with the horizontal axis along τ_2 .

a). For 0 < |a| < b this surface has the form of a turnip. b). For a = 0 < b this surface has the form of a lemon.

Note that the Poisson structure on V_{a,b} induced by table 2.2 can also be written as the vector triple product

{G, H} = 2ω ( ∇G × ∇H j ∇((Reτ_1)^2 + (Imτ_1)^2 − F_{a,b} ) ) .

As implied by singular reduction, the singular strata are preserved by all Hamiltonian flows. The singularities at τ = (0, 2ωb) come from S_1 ⊆ V , while S_2 ⊆ V induces for a = 0 a singularity at the origin.

cases b > 0 Topological structure of N^{−1}(a) ∩ L^{−1}(b) a > b empty set a = b diffeomorphic to S^1 0 < a < b diffeomorphic to S^3 × S^1

a = 0 stratified into TT^2 × IR^2 and S^1 −b < a < 0 diffeomorphic to S^3 × S^1

a = −b diffeomorphic to S^1 a < −b empty set Table 2.3 : The subsets of the original phase space T^∗IR^3 with third component N of the angular momentum equal to a and energy H_0 = ωL of the isotropic harmonic oscillator equal to ωb > 0 .

We end this section with a description of the subsets

N^{−1}(a) ∩ L^{−1}(b) = { (x, p) ∈ T^∗IR^3 j N(x, p) = a , L(x, p) = b } of the original phase space, see table 2.3. In the co-ordinates r = ωx_1 + p_2 t = ωx_2 + p_1 v = ωx_3 s = ωx_1 − p_2 u = ωx_2 − p_1 w = p_3

the defining equations of N^{−1}(a) ∩ L^{−1}(b) ⊆ T^∗IR^3 become r^2 + u^2 + v^2 + w^2 = 2ω(b + a) s^2 + t^2 + v^2 + w^2 = 2ω(b − a) .

This shows again that N^{−1}(a) ∩ L^{−1}(b) is empty for |a| > b , that N^{−1}(0) ∩ L^{−1}(0) is the origin and that N^{−1}(±b) ∩ L^{−1}(b) , b > 0 is an S^1 . Furthermore we conclude that N^{−1}(a) ∩ L^{−1}(b) is diffeomorphic to the product S^3 × S^1 for 0 < |a| < b .

The axial S^1-action simultaneously rotates the (r, u)-plane and the (s, t)-plane. Under the axial reduction, the 2-torus

{ r^2 + u^2 = 2ω(b + a) − v^2 − w^2 , s^2 + t^2 = 2ω(b − a) − v^2 − w^2 , v, w fixed } gets reduced to an S^1 , and the circle { min(r^2 + u^2, s^2 + t^2) = 0 , v, w fixed } becomes a point. Thus the image of S^3 × S^1 under the axial reduction mapping is a smooth 3-sphere. In case a = 0 < b the axial reduction map is singular at r^2 + u^2 = s^2 + t^2 and the image of N^{−1}(0) ∩ L^{−1}(b) is { σ ∈ IC^3 j σ_1σ̄_1 = Re σ_2 , Imσ_2 = 0 , Reσ_2 + σ_3σ̄_3 = 2ωb } which is only a topological 3-sphere, because it has a cone-like singularity at the singular circle { (0, 0, σ_3) ∈ IC^3 j σ_3σ̄_3 = 2ωb } . From this, one reconstructs the subset { (x, p) ∈

T^∗IR^3 j N(x, p) = 0 , L(x, p) = b } which is not a submanifold, since the derivative of N vanishes along the circle C = { (0, 0, x_3, 0, 0, p_3) ∈ T^∗IR^3 j ω^2x^2_3 + p^2_3 = 2ωb } . Here the local structure is the product of a line (corresponding to the circle) with the 2-torus cone { (r, s, t, u) ∈ IR^4 j r^2 + u^2 − s^2 − t^2 = 0 } . The complement of the singular circle C in N^{−1}(0) ∩ L^{−1}(b) is a 1-parameter family of 3-tori which shrink to a 2-torus as ω^2x^2_3 + p^2_3 → 0 ; in other words : the regular part of N^{−1}(0) ∩ L^{−1}(b) is diffeomorphic to TT^2 × IR^2 .

Remark : Note that the structure of N^{−1}(0) ∩ L^{−1}(b) , b > 0 which we have found above is topologically necessary since all subsets N^{−1}(a) ∩ L^{−1}(b) , −b ≤ a ≤ b have to fit together to form the 5-sphere { (x, p) ∈ T^∗IR^3 j H_0(x, p) = ωb } .

2.3 Physical interpretation

The two S^1-actions ϱ : (ν, z) → exp_ν z and ψ : (ℓ, z) → e^{−iℓ}z on the original phase space IC^3 commute and give rise to a 2-torus action

ψ∘ϱ : (S^1 × S^1) × IC^3 −→ IC^3 ((ν, ℓ), z) → ϱ_ν (ψ_ℓ(z)) with momentum mapping (N, L) : IC^3 −→ IR^2 . The composite

IC^{3 σ}−→ IC^{3 τ}−→ IC × IR^{4 π}−→ IC × IR^3

of the mappings defined by (3), (6) and (7) makes IC^3 a ramified 2-torus bundle over V = im(π∘τ ∘σ) . Indeed, restricted to (π∘τ ∘σ)^{−1}(V \S) the 2-torus symmetry is free and proper and all values of the momentum mapping are regular. Here the regular reduction applies, see Section 4.3 of [Abraham,Marsden;78].

Let us show that all fibres of π∘τ ∘σ : IC^3 −→ V can be reconstructed from their projection onto configuration space. The orbits of the S^1-action (5) coincide with the trajectories of the isotropic harmonic oscillator in phase space. Scaling this ellipse in configuration space by ω yields the corresponding ellipse in the space of momenta. Recall that the oscillator flow along these two ellipses is synchronised with a phase shift of^π_2 . The reconstructed fibre of the ramified 2-torus bundle is the orbit swept out by these ellipses under the axial S^1-action (2). The effect of ϱ_ν is to rotate in both the configuration space and the space of momenta about the third co-ordinate axis.

This explains immediately why there is a 2:1 resonance in the second reduction. The condition τ_3 = 0 implies that the S^1-family of ellipses corresponding to a singular point in S_1 ⊆ V is contained in the (x_1, x_2)-plane. Because of the geometric symmetry of an ellipse, the axial π-rotation ϱ_π and the π-rotation ψ_π along the ellipse coincide. This S^1-family of ellipses has the non-trivial isotropy group ZZ_2 = {(0, 0), (π, π)} < S^1 × S^1 . While the fibre still is a 2-torus, the bundle is not locally trivial over points of S_1 . At points of S_3 , i.e. when moreover τ_4 = ±τ_2 , the ellipse degenerates into a circle C and the “S^1-family of ellipses” consists of exactly this circle C in the (x_1, x_2)-plane. Here the isotropy group is S^1 = { (ν, ℓ) ∈ S^1 × S^1 j ν + ℓ = 2π } ; the only exception is the equilibrium in the origin which is invariant under the whole 2-torus action. The isotropy group of a point in a fibre above S_2 ⊆ V is S^1 = { (ν, ℓ) ∈ S^1 × S^1 j ℓ = 0 } . The corresponding ellipse is a rectilinear one along the x_3-axis.

It is instructive to further identify the fibres over smooth points of V . We first consider points in V \S with τ_1 = 0 . Since τ_3 ≠ 0 , this implies τ_2 = |τ_4| ≠ 0 ; the whole energy 1 2 τ_2 of the (z_1, z_2)-subsystem of the isotropic harmonic oscillator is contained in the third component N =^1_{2ω} τ_4 of the angular momentum. Hence, the corresponding S^1-family of ellipses projects into a circle in the (x_1, x_2)-plane.

The other 2-tori are parametrised by τ_2 > 0 , τ_3 > 0 , τ_4 ∈ ]−τ_2, τ_2[ and the argument arg τ_1 ∈ S^1 of τ_1 . While N =^1_{2ω} τ_4 and^1_2 τ_2 describe the geometry of the projection of the ellipse into the (x_1, x_2)-plane, the z_3-subsystem has the energy^1_2 τ_3 . The angle arg τ_1 = arg(z^2_1 + z^2 ) − 2 arg z_3 determines the synchronisation of (the S^1-families of) the two subsystems. Let us illustrate this with two significant examples.

For τ_4 = 0 the (z_1, z_2)-subsystem has no angular momentum, this leads to (S^1-families of) rectilinear ellipses in the (x_1, x_2)-plane. Proper synchronisation yields (S^1-families of) rectilinear ellipses in the configuration space. These are characterised by G = 0 , where G := ‖x × p‖ denotes the total angular momentum. Using the relation

2 Reτ_1 + τ^2_2 + τ^2_3 − τ^2_4 = 3∑ j,k=1 (z_jz̄_k)^2 = 4ω^2L^2 − 4ω^2G^2 (9)

we obtain Re τ_1 = |τ_1| . The whole upper arc in the plane Im τ_1 = 0 connecting the two singularities of V_{0,b} (cf. figure 2.1b) corresponds to rectilinear ellipses.

The circular ellipses are characterised by G = L . It follows from (9) that

cos(arg τ_1) = −1 2|τ_1| (τ^2_2 + τ^2_3 − τ^2_4 )

and, hence, Imτ_1 = 0 , Re τ_1 = −τ^2_3 = −(τ^2_2 − τ^2_4 ) . For fixed |a| ≤ b the sole solution in V_{a,b} is (τ_1, τ_2) = (−^{ω2}_{b2} (b^2 −a^2)^2,^ω_b (a^2 +b^2)) . In particular the point (τ_1, τ_2) = (−ω^2b^2, ωb) on V_{0,b} corresponds to the S^1-family of circular ellipses with radius √ b/ω that are perpendicular to the (x_1, x_2)-plane.

Remark : Completing the angle ν conjugate to N and the angle ℓ conjugate to L by an angle g conjugate to G , one obtains a special set of action-angle variables for the isotropic harmonic oscillator, the nodal-Lissajous variables, cf. [Ferrer,Garate;96]. For a thorough discussion of the relation between the invariants τ_1, τ_2, τ_3, τ_4 and the nodal-Lissajous variables (ℓ, g, ν, L, G, N) the reader is referred to [Ferrer,Hanßmann,Palacián,Yanguas;98].

x3 The normal form

As remarked in Subsection 1.2 we may reduce a given axially symmetric Hamilton function H_ε to two degrees of freedom. To obtain a further reduction to one degree of freedom we use the fact that H_ε is a small perturbation of the isotropic harmonic oscillator H_0 . Indeed, the normal form H̄_ε of order 1 is by construction invariant under the oscillator symmetry ψ and inherits from H_ε the invariance under the axial S^1-action ϱ .

Our next aim is to formulate and prove a basic theorem in the present context of reduced phase spaces with singularities. Then we specialize to a particular quartic perturbation of the superintegrable oscillator H_0 .

3.1 Normalization in Poisson spaces

To compute the normal form of order 1 , we have to average H_ε along the periodic flow of H_0 . Since this process preserves symmetries, cf. [Broer;79,81], [Churchill,Kummer,Rod;83], [Cushman;92], reducing H̄_ε from T^∗IR^3 to T^∗IR^3/S1 and averaging (the reduced) H_ε on T^∗IR^3/S1 leads to the same Hamilton function H̄_ε on T^∗IR^3/S1 . While H_ε is ε-close to H_0 , it will be ε^2-close to H̄_ε . We formulate this using the C^2-norm ‖f‖_{C2(B)} = max{‖f‖_B , ‖Df‖_B , ‖D^2f‖_B } on some compact domain B of a Poisson space P . Note that this norm is also well-defined on the Poisson algebra A ⊆ C(T^∗IR^3/S1 ) , in spite of the singularities of the Poisson space T^∗IR^3/S1 . Indeed, A can be identified with the subalgebra C^∞_ϱ (T^∗IR^3) of smooth functions that are invariant under (1).

Theorem 3.1

On the Poisson space P let H_0 be a Hamilton function with periodic flow of constant frequency ω > 0 that has the origin 0 ∈ P as sole equilibrium. If H_ε satisfies the estimate ‖H_ε − H_0‖_{C2(B)} < γε on the closed ball B_R of radius R (with some constant γ ), then there is a canonical transformation ψ such that ‖H_ε∘ψ − H_0‖_{Br} < Γε^2 on the closed ball B_r of radius r := R − γε (with some constant Γ ).

Proof :

We construct our canonical transformation as the time one flow ψ^ε_1 of a Hamiltonian vector field with Hamilton function K := ω 2π ∫ 2π_ω 0 t · (H_ε − H_0)∘φ_t dt where φ_t denotes the flow of H_0 . The bound ‖XK ‖_{BR} ≤^π_ω ‖D(H_ε − H_0)‖_{BR} <^π_ω γε ensures that ψ^ε_1 maps the ball B_r into B_R . From {K, H_0} = H_ε − H̄_ε we derive H_ε∘ψ^ε_1 − H̄_ε = H_0∘ψ^ε_1 − H̄_0 − {H_0, K} + (H_ε − H_0)∘ψ^ε_1 − (H_ε − H_0) . (10) Since ‖D{f, g}‖ ≤ const ‖f‖_{C2} ‖g‖_{C2} , using the inequalities

‖(H_ε − H_0)∘ψ^ε_1 − (H_ε − H_0)‖_{Br} ≤ ‖D(H_ε − H_0)‖_{BR} ‖ψ^ε_1 − id‖_{Br} ‖ψ^ε_1 − id‖_{Br} ≤ ∫ 1 0 ‖XK ∘ψ^ε_t ‖_{Br} dt ≤ ‖XK‖_{BR} and ‖H_0∘ψ^ε_1 − H̄_0 − {H_0, K}‖_{Br} ≤ ∫ 1 0 ‖{H_0, K}∘ψ^ε_1 − {H_0, K}‖_{Br} dt ≤ ‖D{H_0, K}‖_{BR} ‖XK‖_{BR} we obtain the desired conclusion from (10) ; q.e.d.

The normal form H̄_ε can be reduced to one degree of freedom, see Section 2. This defines a family H̄^{a,b}_ε on the twice reduced spaces V_{a,b} , depending on the values (a, b) of the momentum mapping (N, L) . Under variation of the (distinguished) parameters a and b the family may undergo bifurcations. For instance, a centre and a saddle can meet in a centre-saddle bifurcation and vanish, or two saddles can have the same energy and get connected by heteroclinic orbits. Next to these codimension one bifurcations there may also occur codimension two bifurcations at isolated points (a, b) in the parameter plane.

3.2 An astrophysical example

The general case of axially symmetric cubic and quartic perturbations of the isotropic harmonic oscillator will be studied in a subsequent paper. Here we illustrate our results with the particular example H_ε(x, p) = 1 2 (p | p) + ω^2 2 (x | x) + ε (x^2_1 + x^2) x^2_3 (11)

which has also been considered in [Caranicolas;94] and [Ferrer,Gárate;96]. The normal form (of order one) of H_ε is

H̄_ε(x, p) = H_0(x, p) + 3ε 8ω^4

(ω^2x^2_1 + p^2_1 + ω^2x^2 + p^2)(ω^2x^2_3 + p^2_3) − ε 4ω^2

(x_1p_3 − x_3p_1)^2 − ε 4ω^2

(x_2p_3 − x_3p_2)^2 .

Using the invariants (3) of the axial symmetry the Hamilton function H_0 of the isotropic harmonic oscillator reads H_0(σ) = 1 2 Reσ_2 + 1 2 σ_3σ̄_3

while the perturbations H_ε and H̄_ε become

H_ε(σ) = H_0(σ) + ε 2ω^4

(Reσ_1 + Reσ_2)(Reσ_3)^2 and H̄_ε(σ) = H_0(σ) + ε 8ω^4

Re(σ_1σ̄^2_3) + ε 4ω^4 σ_3σ̄_3Reσ_2 .

The Hamilton function H_ε is not invariant under the induced harmonic oscillator symmetry (5) and therefore does not induce a function on the doubly reduced phase space. The normal form H̄_ε is by construction invariant under (5) and thus induces

H̄_ε(τ) = 1 2 (τ_2 + τ_3) + ε 8ω^4

Reτ_1 + ε 4ω^4 τ_2τ_3 .

on the doubly reduced phase space. For fixed values a and b of N and L the normal form H̄_ε of the perturbation H_ε induces a Hamilton function H̄^{a,b}_ε (τ) = ωb + ε 8ω^4

Reτ_1 − ε 4ω^4 τ^2_2 + εb 2ω^3 τ_2

on IC × IR . In the following two sections we analyse this example. On every step we first discuss the general statements that can be made, before exploiting features special to this system.

Remark : In cylindrical co-ordinates (r, ν, ζ) , with canonically conjugate momenta (p_r, N, p_ζ ) , the perturbed Hamilton function H_ε reads H_ε(r, ν, ζ, p_r, N, p_ζ) = 1 2 (p^2_r + p^2_ζ ) +

N^2 2r^2 + ω^2 2 (r^2 + ζ^2) + εr^2ζ^2 .

For N = 0 this is a perturbed harmonic oscillator in 1:1 resonance, cf. e.g. [Hénon,Heiles;64]. Unlike the set of invariants (3) of the axial symmetry, the radius r = √ 1 2ω^2 (Reσ1 + Reσ2)

is not smooth at the origin. This square root also accounts for the difference to the 2:1 resonance. As we have seen in Subsection 2.3, the interaction of the axially reduced planar subsystem (ζ, p_ζ) = 0 with the subsystem (r, p_r) = 0 is better described by the 2:1 resonance.

x4 The averaged flow

We are given an axially symmetric perturbation H_ε of the isotropic harmonic oscillator H_0 . In Section 2 we could reduce the normal form H̄_ε to a one-degree-of-freedom problem. In fact we have a whole family of one-degree-of-freedom systems, depending on the values a and b of N and L . In this section we study the normal form in its own right. For fixed a, b we give the phase portrait of the one-degree-of-freedom system XH̄_{a,bε} , and we describe how these systems fit together.

4.1 The one-degree-of-freedom system

Let us start with a rough description of the expected phase portraits of XH̄_{a,bε} on the twice reduced spaces V_{a,b} . For an open and dense part of the parameter plane the normal form is a Bott-Morse function. This leads to finitely many saddles and centres on V_{a,b} , furthermore the singular points of V_{a,b} are always equilibria.

To be more explicit, the orbits of the Hamiltonian vector field XH̄_{a,bε} are the intersections of the level sets { H̄^{a,b}_ε (τ_1, τ_2) = h } with V_{a,b} in IC × IR . From this the phase portraits can be obtained by geometric considerations.

In our particular example the level sets are the products of the (Im τ_1)-axis with the parabola

Reτ_1 = 2 τ^2_2 − 4ωb τ_2 +

8ω^4h ε − 8ω^5b ε . Since V_{a,b} is a surface of revolution, the points where a level set is tangent (i.e. the equilibria of XH̄_{a,bε} ) lie in the plane Im τ_1 = 0 . Therefore, we merely have to study the intersections of the above parabola with

(Reτ_1)^2 = F_{a,b}(τ_2) = (τ_2 − 2ωb)^2 (τ^2_2 − 4ω^2a^2) .

The possible positions of the parabola with respect to Re τ_1 = ± √ F_{a,b}(τ_2) are depicted in figure 4.1. From these one immediately obtains the phase portraits of figure 4.2. For instance, when a = 0 there is a centre at τ = (ω^2b, ωb) and a saddle at τ = (−ω^2b, ωb) , while the two singular points are both centres.

Note that the sole bifurcation, a centre-saddle bifurcation, is of codimension one. Indeed, the scaling τ_1 → 4ω^2b^2 τ_1 τ_2 → 2ωb τ_2 a → b a (12) shows that only the ratio μ =^a_b is relevant for the qualitative dynamics of the reduced system. Replacing furthermore h by^{εb2}_{2ω2} h + ωb and rescaling time we are led to the Hamilton function H(τ) = Reτ_1 + 2 τ_2 (1 − τ_2) (13) on the phase space

V_μ = { τ ∈ IC × [μ, 1] j R_μ(τ) = 0 } , (14)

where R_μ(τ) = τ_1τ̄_1 − (τ_2 − 1)^2(τ^2_2 − μ^2) , with Poisson bracket { f , g } = ( ∇f × ∇g | ∇R_μ ) . (15) The dependence of the phase space on μ makes this a one-parameter family of Hamiltonian systems.

Proposition 4.1

The family of Hamiltonian systems defined by (13) − (15) is structurally stable.

Proof :

To show structural stability we study the behaviour of the equilibria of XH on R^{−1}_μ (0) . These are the points on V_μ where ∇H is parallel to ∇R_μ . Introducing

F_μ(τ_2) = (τ_2 − 1)^2 (τ^2_2 − μ^2)

(whence R_μ(τ) = (Reτ_1)^2 + (Imτ_1)^2 − F_μ(τ_2) ) we are led to the equation

λ · 1 0 2 − 4τ_2 = 2 Reτ_1 2 Imτ_1 −F^′_μ(τ_2)

Figure 4.1 : Intersections of H̄^{a,b}_ε = h with the phase space V_{a,b} in the plane Imτ_1 = 0 for significant values h . The four ratios μ =^a_b are μ = 0 , μ = 0.116 , μ = 0.231839 and μ = 0.35 . The axes are τ_2 (horizontal) and Reτ_1 (vertical).

under the condition (Re τ_1)^2 + (Im τ_1)^2 = F_μ(τ_2) . The Lagrange multiplier λ must be equal to 2 Re τ_1 = 2ϵ √ F_μ(τ_2) , ϵ = ±1 , and the solutions τ̂_2 = τ̂_2(μ) of the third equation yield the equilibria (ϵ̂ √ F_μ(τ̂_2) + i0, τ̂_2) . Note that the sign ϵ distinguishes between the upper and lower arc of V_μ ∩ {Imτ_1 = 0} , see figure 4.1.

The case F_μ(τ̂_2) = 0 is readily analysed : these equilibria are necessarily the singular

Figure 4.2 : Possible phase portraits of the twice reduced system. The four ratios μ =^a_b are the same as in figure 4.1. Corresponding to the maximal energy value there is in all cases a further centre, hidden at the other side.

points of the phase space R^{−1}_μ (0) , and since d dτ_2 ϵ √ F_μ(τ_2)

jτ2 = 1 = −ϵ √ 1 − μ^2 < 2 = d dτ_2 (

2 τ^2_2 − 2 τ_2 + h)

jτ2 = 1

and, for μ = 0 , d dτ_2 ϵ √ F_0(τ_2)

jτ2 = 0

= ϵ > −2 = d dτ_2 (

2 τ^2_2 − 2 τ_2 + h)

jτ2 = 0

the equilibrium at τ = (0 + i0, 1) is a centre, as well as, for μ = 0 , the equilibrium at the origin.

Thus we concentrate on F_μ(τ̂_2) ≠ 0 . In the neighbourhood of an equilibrium we choose local co-ordinates q and p on the phase space V_μ according to

Reτ_1 Imτ_1 τ_2 = ϵ̂ √ F_μ(τ̂_2 + q) − p^2 p τ̂_2 + q .

Geometrically this corresponds to a projection onto the (Im τ_1, τ_2)-plane. In particular q and p are not symplectic co-ordinates, having Poisson bracket {q, p} = −2ϵ̂ √ F_μ(τ̂_2 + q) − p^2 .

In such co-ordinates the Hamilton function reads H_μ(q, p) = ϵ̂ √ F_μ(τ̂_2 + q) − p^2 − 2q^2 + 2q − 4τ̂_2q + 2τ̂_2 − 2τ̂^2_2 .

As^{∂2Hμ(0,0)}_{∂p2} = −ϵ̂√_{Fμ(τ̂2)} ≠ 0 and^{∂2Hμ(0,0)}_{∂q∂p} = 0 the equilibrium at the origin is, respectively, a centre, a saddle or a parabolic equilibrium for negative, positive and vanishing ϵ̂^{∂2Hμ(0,0)} ∂q^2 . Let us show that the family undergoes a centre-saddle bifurcation at ocurring

parabolic equilibria. We have to check that the three determining coefficients

A := 1 2 ∂^2H_{μ̂}(0, 0) ∂p^2 = −ϵ̂ 2 √ F_{μ̂}(τ̂_2)

B := 1 2 ∂^3H_{μ̂}(0, 0) ∂q^3 = 3ϵ̂μ̂^2 (τ̂_2 − μ̂^2) 2 √ τ̂^2_2 − μ̂^{2 5} C := − ∂^2H_{μ̂}(0, 0) ∂μ∂q = −ϵ̂μ̂ (τ̂_2 − μ̂^2) √ τ̂^2_2 − μ̂^{2 3}

do not vanish at the parameter value μ̂ where the bifurcation takes place, cf. [Meyer;70,75], [Broer,Chow,Kim,Vegter;93], [Hanßmann;95]. It is not necessary to calculate the actual value μ̂ (and −μ̂ ) by equating

∂^2H_{μ̂}(0, 0) ∂q^2 = −ϵ̂ 2τ̂_2(τ̂^2_2 − μ̂^2) + μ̂^2(1 − τ̂_2) √ τ̂^2_2 − μ̂^{2 3}

− 4 (16)

to zero. Indeed, μ̂ ≠ 0 because^{∂2H0(0,0)}_{∂q2} = −2ϵ̂ − 4 < 0 , and F_{μ̂}(τ̂_2) ≠ 0 implies τ̂^2_2 − μ̂^2 > 0 . From (16) we conclude that the equilibria on the upper arc, i.e. with ϵ̂ = +1 are centres. For ϵ̂ = −1 the signs of the determining coefficients are sgn A = +1 , sgn B = −1 and sgnC = sgn μ̂ . Hence, as |μ| increases, a saddle and a centre meet in the parabolic equilibrium and vanish in a centre-saddle bifurcation. In particular, |μ̂| is uniquely determined. As shown above we have |μ̂| ∈ ]0, τ̂_2[ ⊆ ]0, 1[ .

Finally no global bifurcations (between stable and unstable manifolds of different saddles) occur since there is always at most one saddle ; q.e.d.

Remark : Whenever H̄_ε − H_0 is homogeneous in the original variables ωx and p , the scaling (12) reveals the reduced system H̄^{a,b}_ε to depend on the distinguished parameters only via μ =^a_b . The most important case is that H̄_ε − H_0 contains only fourth order terms, i.e. the original Hamilton function H_ε is a perturbation of H_0 by terms of order three and four. To unfold occurring bifurcations of codimension two within the single system defined by H̄_ε , one would either have to allow for a detuning of the frequencies of H_0 , or also include terms of order (five and) six. Note that near an equilibrium (with linearization governed by H_0) these latter terms are of the same magnitude as the additional terms in the normal form of order 2 .

Remark : It is instructive to compare the phase portraits of figure 4.2 with figure 5 in [Ferrer,Gárate;96]. While corresponding flows are conjugate for a ≠ 0 , those with a = 0 are not. Indeed, the south pole of the sphere S^2_{L,0} in [Ferrer,Gárate;96] corresponds to all rectilinear ellipses. Hence, to pass from V_{0,b} to S^2_{L,0} one has to identify all points on the arc Imτ_1 = 0 , Re τ_1 ≥ 0 . While the saddle at the north pole of S^2_{L,0} corresponds to the saddle τ = (−ω^2b^2, ωb) of V_{0,b} , the degenerate equilibrium at the south pole gets blown up to three centres. See also [Ferrer,Hanßmann,Palacián,Yanguas;98].

4.2 Reconstruction of the averaged flow

Our next goal is to reconstruct the dynamics of XH̄_ε on the subset { σ ∈ IC^3 j P (σ) = 0 } defined by the relation (4). Note that we refrain from reconstructing the complete flow of XH̄_ε on T^∗IR^3 . Indeed, since the original Hamilton function H_ε is axially symmetric, we can perform the perturbation from H̄_ε to H_ε on the (first) reduced phase space { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } . The momentum mapping N of the reduced axial symmetry being an integral of motion for both H̄_ε and H_ε , this perturbation analysis takes place in two degrees of freedom, allowing for better results.

For the reconstruction we have to attach a 1-torus (i.e. an S^1) to every point on V_{a,b} . In this way the periodic orbits of XH̄_{a,bε} give rise to invariant 2-tori, and the equilibria lead to periodic orbits of XH̄_ε . Thus the 3-dimensional invariant subvarieties N^{−1}(a) ∩ L^{−1}(b) of P^{−1}(0) become ramified 2-torus bundles. The regular fibres form families of 2-tori which are separated by the stable and unstable manifolds of hyperbolic periodic orbits

(or, occasionally, of parabolic periodic orbits) and shrink down to elliptic periodic orbits with σ ≠ 0 . The situation near the periodic orbit σ(t) = (σ_1(t), 2ω(b + ia), 0) (with |σ_1(t)| = 2ω √ b^2 − a^2 ) of XH̄_ε is more involved, reflecting the 2:1 resonance. Indeed, the frequency of the periodic orbit is 2ω + O(ε) , while the surrounding tori have the frequency ω + O(ε) next to a frequency of order ε accounting for the slow motion on the twice reduced phase space. As a → ±b this periodic orbit shrinks to an equilibrium, here the whole “ramified torus bundle” { σ ∈ IC^3 j P (σ) = 0 , L(σ) = b , N(σ) = ϵb } , ϵ = ±1 , b ≥ 0 consists of this single point.

Figure 4.3 : The b-slice Σ_b of the set Σ of critical values (h, a, b) of (H̄_ε, N, L) .

We also have to understand how the invariant level sets fit together to form the (reduced) phase space { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } . We can collect the relevant information in one picture, the set Σ of critical values of

(H̄_ε, N, L) : { σ ∈ IC^3 j P (σ) = 0 , Reσ_2 ≥ 0 } −→ IR^3 .

Note that the lift of this mapping to T^∗IR^3 is the energy-momentum mapping of H̄_ε on T^∗IR^3 .

In our particular example the set Σ can be obtained from the proof of Proposition 4.1. The critical values are symmetric with respect to the reflection a → −a . For a fixed value b of L the slice Σ_b of critical values is depicted in figure 4.3. The scaling (12) shows that the whole set Σ of critical values is a cone over Σ_b , distances in the a-direction increase linearly with b as does the minimal energy on Σ_b, while the maximal energy on Σ_b behaves like b + εb^2 . In particular also a level set H̄_ε = h of Σ is diffeomorphic to the depicted b-slice.

x5 Implications for the original system

In the previous section we could give a quite detailed description of the dynamics of H̄_ε on the (axially) reduced phase space { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } . This is due to the oscillator symmetry. The behaviour is governed by the reduced system with one degree of freedom. But unlike these one-degree-of-freedom systems the vector field XH̄_ε is not structurally stable (in the class of all Hamiltonian vector fields on P^{−1}(0) ). Under any small perturbation it can (and usually does) lose its integrability.

We have to keep track of several perturbation problems here. First, our “original Hamilton function” H_ε is a perturbation (of order ε ) of the isotropic harmonic oscillator H_0 . Using Theorem 3.1 we consider H_ε as a perturbation (of order ε^2 ) of its normal form H̄_ε . Furthermore we know that perturbations of the family H̄^{a,b}_ε of one-degree-of-freedom systems defined by H̄ do not lead to qualitative changes. This is what we want to use to gain information about the perturbation from H̄_ε to H_ε on P^{−1}(0) .

Note that we did not reconstruct the complete flow of XH̄_ε on T^∗IR^3 . In this way the perturbation analysis takes place in two degrees of freedom, considerably facilitating our task. For instance, the surviving maximal tori provided by KAM-theory now divide the energy shells, which leads to global stability results (in the sense of Lyapunov). In a final step we reconstruct the complete flow of XH_ε on T^∗IR^3 .

5.1 Persistence in two degrees of freedom

Our aim is to understand the dynamics of a generic axially symmetric perturbation of the isotropic harmonic oscillator. In Subsection 2.1 we used the S^1-symmetry of the Hamilton function H_ε to reduce the phase space to { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } and in Subsections 4.2 we described the dynamics of the integrable approximation H̄_ε of H_ε . We now extract from this information a (partial) description of the flow defined by XH_ε .

First we use that the set { (0, 0, σ_3) j σ_3 ∈ IC^3 } of singularities of P^{−1}(0) is necessarily XH_ε-invariant. The intersections with the energy levels { H_ε = h } correspond to the solutions of the one-degree-of-freedom subsystem

σ̇_3 = −2ωi ∂H_ε ∂σ̄_3 . In particular there is an equilibrium in an ε-neighbourhood of the origin. In applications this will usually be the origin itself.

We now turn to the regular subset { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } . Theorem 3.1 yields the inequality ‖H_ε∘ψ − H̄_ε‖_{A(h)} ≤ Γ(h) · ε^2 for sufficiently small ε . Here ‖ .. ‖_{A(h)} denotes the supremum norm on the union A(h) of the energy shells {H = h^′} with h^′ ≤ h , and Γ(h) is a constant that only depends on h (and not on ε ).

We look for persistence of the dynamics of XH̄_ε on the energy shells. To apply the implicit mapping theorem on equilibria and periodic orbits (including parabolic periodic orbits that undergo a (periodic) centre-saddle bifurcation) we need estimates |H_ε∘ψ − H̄_ε| < cε on some neighbourhood, with a constant c independent of ε . Such estimates are true for ε <^c_{Γ(h)} .

The persistence of most invariant 2-tori follows from [Arnol’d;63], [Broer,Huitema;91]. The crucial point is the asymptotic behaviour of the frequency mapping as ε → 0 . With respect to suitably chosen actions (L, I) the frequency vector is of the form DH̄_ε(L, I) = ( ω 0 ) + O(ε) . To ensure the persistence of a large Cantor set of 2-tori on each energy shell we need that the determinant det ( D^2H̄_ε DH̄_ε DH̄_ε 0 ) = −ω^2

∂^2H̄_ε ∂I^2 + O(ε^2) (17)

is of order ε . Hence the derivative^d_{dε}^{∂2H̄ε}_{∂I2} has to be nonzero at ε = 0 , which is a generic condition. The momentum mapping N of the reduced axial S^1-action is an integral of motion not only for H̄_ε , but also for H_ε . The 2-dimensional invariant tori divide the 3-dimensional invariant submanifolds of constant N and H_ε , they are nested within these 3-spheres. Therefore, the centres and the elliptic periodic orbits are stable in the sense of Lyapunov.

While the stable manifold of e.g. a hyperbolic periodic orbit coincides with the unstable manifold in the averaged system H̄_ε , these manifolds split for generic H_ε . This gives rise to transverse homoclinic orbits and, as we vary the energy, to tangency bifurcations ; cf. [Robinson;70a,b], [Broer,Tangerman;86], [Duarte;94]. This applies mutatis mutandis to heteroclinic orbits.

In our particular example the polar subsystem σ_1 = σ_2 = 0 is the harmonic oscillator σ̇_3 = −iω σ_3 , in particular the origin remains fixed. The planar subsystem σ_3 = 0 is also invariant : again the perturbation vanishes and the equations of motion σ̇_1 = −2iω σ_1 , σ̇_2 = 0 are those of the axially reduced 1:1 resonance. This accounts for the centres at σ = (0, |a| + ia, 0) , a ∈ IR and the elliptic periodic orbits (e^{−2iωt}σ_1, b + ia, 0) , |a| < b . For sufficiently small ε also the second family of elliptic periodic orbits that originates from the centres (0, |a| + ia, 0) survives the perturbation from H̄_ε to H_ε . This also holds true for the continuation of the elliptic periodic orbits (0, 0, e^{−iωt}σ_3) and the 2-parameter family of hyperbolic periodic orbits. Furthermore the (periodic) centresaddle bifurcation survives where both families merge to a 1-parameter family of parabolic periodic orbits and vanish.

To show the persistence of large Cantor sets of invariant 2-tori on each energy shell we remark that the reduced system XH̄_{a,bε} on V_{a,b} depends on ε only through a global

multiplication. Furthermore, the frequency^{∂H̄ε}_{∂I} is an analytic function, so it suffices to show that this function is not constant. Now the system has hyperbolic periodic orbits, and upon approaching a separatrix, the frequency^{∂H̄ε}_{∂I} converges to zero. Extracting some neighbourhood of the isolated zeros of^{∂2H̄ε}_{∂I2} we get the necessary lower bound εκ of the determinant (17).

5.2 Reconstruction of the full system

We finally return to three degrees of freedom and reconstruct the dynamics of the full system XH_ε on T^∗IR^3 . With the exception of { (0, 0, σ_3) j σ_3 ∈ IC^3 } , every point of the reduced phase space { σ ∈ IC^3 j P (σ) = 0 , Re σ_2 ≥ 0 } gets a 1-torus (i.e. an S^1) attached. Elliptic and hypoelliptic equilibria thereby turn into periodic orbits of the same type. Elliptic, hyperbolic and parabolic periodic orbits in P^{−1}(0) become, respectively, normally elliptic, hyperbolic and parabolic invariant 2-tori on T^∗IR^3 . From invariant 2-tori with quasi-periodic motion we get invariant 3-tori that may be resonant, but do not foliate into periodic orbits. The set { (0, 0, σ_3) j σ_3 ∈ IC^3 } of singularities simply becomes T_2 := { (x, p) ∈ T^∗IR^3 j x_1 = x_2 = 0 = p_1 = p_2 } . These periodic orbits are oscillator “ellipses” that survive the perturbation from H_0 to H_ε . The singular points of the second reduction also influence the dynamics. Recall that T^∗IR^3 is a ramified 2-torus bundle over V , and that the singular fibres are exactly the ones attached to points in the singular subset S = S_1 ∪ S_2 ∪ S_3 of V . By T_i (i=1,2,3) we denote the union of the fibres of points in S_i . The above considerations prove the following result.

Theorem 5.1

Let H_ε ∈ C^∞(T^∗IR^3) be a generic axially symmetric Hamilton function that has an equilibrium at the origin. Moreover, suppose that the linearization of H_ε at 0 is in 1:1:1 resonance. In a small neighbourhood of the origin the flow has the following properties.

The subset T_2 ⊆ T^∗IR^3 consists of periodic orbits of H_ε which shrink down to the origin. From this equilibrium also originate two 1-parameter families of periodic orbits of H_ε which are close to T_3 . For N > 0 these are (almost) direct planar circular orbits, while N < 0 corresponds to the retrograde case. These latter periodic orbits and the equilibrium are stable in the sense of Lyapunov. Near T_1 the system has a 2-parameter family of invariant 2-tori.

The existence of three periodic orbits on each energy shell H_ε = const follows already from index-theoretical considerations, cf. [Moser;70]. As we have seen, the axial symmetry not only completely determines the polar periodic orbit in T_2 , but also forces the other two periodic orbits to be almost planar.

Some remarks on the topological structure of the invariant subsets are in order. The energy levels H_ε = const are 5-spheres, indeed they are perturbed from H_0 = const . Intersecting with N = a leads to 4-dimensional invariant submanifolds close to N^{−1}(a) ∩ L^{−1}(b) . For a ≠ 0 the latter are diffeomorphic to S^3 × S^1 , while N^{−1}(0) ∩ L^{−1}(b) has a more intricate structure described at the end of Subsection 2.2. Since { (x, p) j N(x, p) = a ≠ 0 , H_ε(x, p) = const } is reconstructed from the smooth 3-sphere { σ j P (σ) = 0 , N(σ) = a ≠ 0 , H_ε(σ) = const } , this set is again diffeomorphic to S^3 × S^1 . For topological reasons { (x, p) j N(x, p) = 0 , H_ε(x, p) = const } must therefore be homeomorphic to N^{−1}(0) ∩ L^{−1}(b) . The singular circle is exactly the periodic orbit T_2 ∩ {H_ε = const} .

The dynamics on the “regular part” (π∘τ ∘σ)^{−1}(V \S) of T^∗IR^3 depend heavily on the actual form of the perturbation H_ε . Already the normal behaviour of the periodic orbits in T_2 ∪{(0, 0)} or the invariant 2-tori near T_1 can only be determined when H_ε is specified.

Let us collect what we found out about our particular example.

Theorem 5.2

Consider the Hamilton function (11) on T^∗IR^3 . For sufficiently small ε the corresponding flow has the following properties.

A measure-theoretically large part of the phase space is filled by 3-dimensional Cantor families of invariant 3-tori. On each energy shell the measure of their complement goes to zero as ε → 0 . The motion on these 3-tori is quasi-periodic.

Different Cantor families of invariant 3-tori are separated by the stable and unstable manifolds of 2-parameter families of normally hyperbolic invariant 2-tori. The latter arise and vanish in (quasi-)periodic centre-saddle bifurcations. The Cantor families of invariant 3-tori shrink down to 2-parameter families of normally elliptic 2-tori.

The periodic orbits in T_2 are elliptic. The two families of invariant 2-tori that originate from these vanish in the (quasi-)periodic centre-saddle bifurcations. From the elliptic periodic orbits at T_3 originate two families of normally elliptic invariant 2-tori, the ones at T_1 being in 1:1 resonance. The origin and all elliptic periodic orbits and normally elliptic 2-tori are stable in the sense of Lyapunov.

We can be more specific about the motion in configuration space corresponding to the normally hyperbolic 2-tori when N = 0 , i.e. only parametrised by the value h of the energy. Recall that for the normal form H̄_ε such 2-tori are foliated by periodic orbits along circular ellipses with radius^{√h}_ω which are perpendicular to the (x_1, x_2)-plane. Now note that for N = 0 also the motion of H_ε in configuration space is planar as^{x2p3−x3p2}_{x3p1−x1p3} becomes a conserved quantity. In this way we recover the (almost circular) periodic orbits found with a semi-numerical method in [Caranicolas;94]. Similarly, the normally elliptic 2-tori at N = 0 give rise to periodic motions very close to straight lines through the origin of the configuration space, passing the (x_1, x_2)-plane with slope 1 .

Remark : The validity of the normal form is restricted to a small neighbourhood of the origin. For instance, the two invariant circles x^2_1 + x^2 = −^{ω2}_{2ε} , x^2_3 = −^{ω2}_{2ε} , p_i = 0 are not accessible to this perturbation analysis.

Acknowledgements : We thank Sang-Woo Cho, Jesús Palacián, Angel Viartola and Patricia Yanguas for fruitful discussions and their interest in our work. H.H. thanks the Grupo de Mecánica Espacial at the Universidad de Zaragoza for the warm hospitality during his stay in Spring ’96. The figures were made using the software packages

Mathematica and ESFERAS, see [Wolfram;88], [Pascua,Rubio,Viartola,Ferrer;96] for de-

scriptions. Partial support for this research was given by the Comisión Interministerial Científica y Técnica of Spain (CICYT PB 95-0795).

Bibliography

R. Abraham, J.E. Marsden [78] Foundations of Mechanics, 2^{nd} ed.; Benjamin (1978)

J.M. Arms, R.H. Cushman, M.J. Gotay [91] A Universal Reduction Procedure for Hamiltonian Group Actions ; p. 33 – 51 in The Geometry of Hamiltonian Systems, Berkeley 1989 (ed. T. Ratiu), Springer (1991)

V.I. Arnol’d [63] Small denominators and problems of stability of motion in classical and celestial mechanics ; Russ. Math. Surv. 18(6), p. 85 – 191 (1963)

H.W. Broer [79] Bifurcations of Singularities in Volume Preserving Vector Fields ; Ph.D. thesis, Rijksuniversiteit te Groningen (1979)

H.W. Broer [81] Formal Normal Form Theorems for Vector Fields and some Consequences for Bifurcations in the Volume Preserving Case ; p. 54 – 74 in Dynamical systems and turbulence, Warwick 1980 (eds. D. Rand, L-S. Young) LNM 898, Springer (1981)

H.W. Broer, S.-N. Chow, Y. Kim, G. Vegter [93] A normally elliptic Hamiltonian bifurcation ; Z. angew.

Math. Phys. 44, p. 389 – 432 (1993)

H.W. Broer, G.B. Huitema [91] A proof of the isoenergetic KAM-theorem from the “ordinary” one ; J.

Diff. Eq. 90(1), p. 52 – 60 (1991)

H.W. Broer, F.M. Tangerman [86] From a differentiable to a real analytic perturbation theory, applications to the Kupka Smale theorems ; Ergod. Th. & Dynam. Syst. 6, p. 345 – 362 (1986)

N.D. Caranicolas [94] 1-1-1 resonant periodic orbits in 3-dimensional galactic-type Hamiltonians ; Astron. & Astrophys. 282, p. 34 – 36 (1994)

R.C. Churchill, M. Kummer, D.L. Rod [83] On Averaging, Reduction, and Symmetry in Hamiltonian Systems ; J. Diff. Eq. 49, p. 359 – 414 (1983)

R. Cushman [92] A Survey of Normalization Techniques Applied to Perturbed Keplerian Systems ; Dynamics Rep., new ser. 1, p. 54 – 112 (1992)

R. Cushman, L. Bates [97] Global Aspects of Classical Integrable Systems ; Birkhäuser (1997)

P. Duarte [94] Plenty of elliptic islands for the standard family of area preserving maps ; Ann. Inst. H.

Poincaré, Analyse non linéaire 11(4), p. 359 – 409 (1994)

A.S. Egilsson [95] On embedding the 1:1:2 resonance space in a Poisson manifold ; El. Res. Announc.

AMS 1(2), p. 48 – 56 (1995)

S. Ferrer, J. Gárate [96] On perturbed 3D elliptic oscillators : A case of critical inclination in galactic dynamics ; p. 179 – 197 in New trends for Hamiltonian Systems and Celestial Mechanics, Cocoyoc 1994 (eds. E.A. Lacombe, J. Llibre) Advanced Series in Nonlinear Dynamics 8, World Scientific (1996) S. Ferrer, H. Hanßmann, J. Palacián, P. Yanguas [98] On Perturbed Oscillators in 1-1-1 Resonance : The Case of Axially Symmetric Cubic Potentials ; in preparation D.M. Fradkin [65] Three-Dimensional Isotropic Harmonic Oscillator and SU_3 ; Am. J. Phys. A 33, p.

207 – 211 (1965) H. Hanßmann [95] Quasi-periodic Motions of a Rigid Body — A case study on perturbations of superintegrable systems ; Ph.D. thesis, Rijksuniversiteit Groningen (1995) M. Hénon, C. Heiles [64] The Applicability of the Third Integral of Motion : Some Numerical Experiments ; Astron. J. 69, p. 73 – 79 (1964) A. Holas, N.H. March [90] A generalisation of the Runge-Lenz constant of classical motion in a central potential ; J. Phys. A : Math. Gen. 23, p. 735 – 749 (1990) J.M. Jauch, E.L. Hill [40] On the problem of degeneracy in quantum mechanics ; Phys. Rev. 57, p. 641 – 645 (1940) M. Kummer [86] On resonant Hamiltonian systems with finitely many degrees of freedom ; p. 19 – 31 in Local and global methods of nonlinear dynamics, Silver Spring 1984 (eds. A.V. Sáenz, W.W. Zachary, R. Cawley) Lect. Notes Phys. 252 (1986) G. Marmo, E.J. Saletan, A. Simoni, B. Vitale [85] Dynamical Systems – a Differential Geometric Approach to Symmetry and Reduction ; John Wiley & Sons (1985) K.R. Meyer [70] Generic bifurcation of periodic points ; Trans. AMS 149, p. 95 – 107 (1970) K.R. Meyer [75] Generic Bifurcation in Hamiltonian Systems ; p. 62 – 70 in Dynamical Systems — Warwick 1974 (ed. A. Manning) LNM 468, Springer (1975) J. Moser [70] Regularization of Kepler’s Problem and the Averaging Method on a Manifold ; Comm.

Pure Appl. Math. 23, p. 609 – 636 (1970) P. Pascua, J.L. Rubio, A. Viartola, S. Ferrer [96] Visualizing Relative Equilibria and Bifurcations by Painting Hamiltonians on Personal Computers, Int. J. Bif. Chaos 6 p. 1411 – 1424 (1996) C. Robinson [70a] Generic properties of conservative systems ; Am. J. Math. 92, p. 562 – 603 (1970) C. Robinson [70b] Generic properties of conservative systems II ; Am. J. Math. 92, p. 897 – 906 (1970) A.F. Saaf [68] A formal third integral of motion in a nearly spherical stellar system ; Astrophys. J. 154, p. 483 – 498 (1968) R. Sjamaar, E. Lerman [91] Stratified symplectic spaces and reduction ; Ann. Math. 134, p. 375 – 422 (1991) F. Verhulst [79] Discrete-symmetric dynamical systems at the main resonances with applications to axisymmetric galaxies ; Phil. Trans. Royal Soc. London A 290, p. 435 – 465 (1979) S. Wolfram [88] Mathematica : A System for Doing Mathematics by Computer ; Addison-Wesley (1988) T. de Zeeuw [85] Motion in the core of a triaxial potential ; Mon. Not. Royal Astr. Soc. 215, p. 731 – 760 (1985) T. de Zeeuw [87] Dynamical models for axisymmetric and triaxial galaxies ; p. 271 – 290 in Structures and Dynamics of Elliptical Galaxies, IAU Symp. 127 (ed. T. de Zeeuw), D. Reidel (1987)