On the Surface Spectrum in Dimension Two

Vojkan Jakšić^1 and Stanislav Molchanov^2

1Department of Mathematics and Statistics University of Ottawa, 585 King Edward Avenue Ottawa, ON, K1N 6N5, Canada

2Department of Mathematics University of North Carolina Charlotte, NC 28223, USA

April 28, 1998

Abstract

We study spectral properties of the discrete Laplacian H_ω on the half space Z^2_+ = Z×Z_+ with a random boundary condition ψ(n, −1) = V_ω(n)ψ(n, 0). Here, V_ω(n) are independent and identically distributed random variables on a probability space (Ω, F, P ). We show that outside the interval [−4, 4] (the spectrum of the Dirichlet Laplacian) the spectrum of H_ω is P -a.s. dense pure point.

1 Introduction

This paper is a part of the program introduced in [JMP]. This program is concerned with spectral and scattering theory of the discrete Laplacian on a half-space with a random boundary condition. We refer the reader to [JMP] for the history of the problem and additional information. In this section we define the model, review some of the known results and state theorems which will be proven in this paper. At the end of the section we will sketch some of the main ideas involved in the proofs of the theorems.

Let d ≥ 1 be given and let Z^{d+1}_+ = Z^d × Z_+, where Z_+ = {0, 1, . . .}. We denote the points in Z^{d+1}_+ by (n, x), n ∈ Z^d, x ∈ Z_+. Let (Ω, F, P ) be a probability space and V_ω, ω ∈ Ω, a random process on Z^d such that V_ω(n) are independent and identically distributed random variables with density p(x). We denote by V the support of the probability measure p(x)dx. Let H_ω be the discrete Laplacian on l^2(Z^{d+1}_+ ) with the boundary condition ψ(n, −1) = V_ω(n)ψ(n, 0). If V_ω ≡ 0, this operator reduces to the Dirichlet Laplacian which we denote by H_0. The operator H_ω acts as (H_ωψ)(n, x) = { ∑ |n−n^′|++|x−x^′|=1 ψ(n ′, x^′) if x > 0, ψ(n, 1) + ∑ |n−n^′|+=1 ψ(n, 0) + Vω(n)ψ(n, 0) if x = 0, where |n|_+ = ∑d j=1 |n_j|. Note that operator H_ω can be viewed as the random Schrödinger operator H_ω = H_0 + V_ω, (1.1)

where the random potential V_ω acts only along the boundary ∂Z^{d+1}_+ = Z^d. For many purposes, it is convenient to adopt this point of view and we will do so in the sequel. Since H_0 is bounded, the operator H_ω is properly defined as a self-adjoint operator on l^2(Z^{d+1}_+ ).

It follows from the standard argument (see Section 9.1 of [CFKS] for basic notions concerning random Schrödinger operators) that there are deterministic sets Σ, Σ_{pp}, Σ_{ac} and Σ_{sc} such that P - a.s., σ(H_ω) = Σ, σ_{pp}(H_ω) = Σ_{pp}, σ_{ac}(H_ω) = Σ_{ac}, σ_{sc}(H_ω) = Σ_{sc}. Obviously, Σ = Σ_{pp} ∪ Σ_{ac} ∪ Σ_{sc}. We will use the usual notation Σ_c = Σ_{ac} ∪ Σ_{sc}, Σ_s = Σ_{pp} ∪ Σ_{sc}. The set Σ can be explicitely computed (see [JMP], and for detailed proof [JL]). Let S(V) ≡ { E + a + 1 a : E ∈ [−2d, 2d], a ∈ V and |a| ≥ 1 } . (1.2)

Note that S(V) is a closed set and that S(V) = ∅ if and only if V ⊂ (−1, 1). Recall that σ(H_0) = [−2(d + 1), 2(d + 1)]. Then

Σ = σ(H_0) ∪ S(V).

Note also that whenever V ∩ (R \ [−1, 1]) ≠ ∅, the set Σ has parts lying outside σ(H_0).

The first natural question concerning the spectral theory of H_ω is what is the structure of the sets Σ_{pp}, Σ_{ac}, Σ_{ac}. We briefly summarize the known results.

1) Under very general conditions (e.g. it suffices that E(|V_ω(0)|^α) < ∞ for some α > 0), we have that σ(H_0) ⊂ Σ_{ac}. The proof of this result is sketched in [JMP]. If the random variables V_ω(n) are bounded this result is deterministic, i.e. for any bounded real function V on Z^d we have that σ(H_0) ⊂ σ_{ac}(H_0 + V ).

2) If S(V) = ∅ then Σ_s = ∅, i.e. if V ⊂ (−1, 1) the spectrum of H_ω is P -a.s. purely absolutely continuous. More generaly, if d = 1 then Σ_s ∩ (σ(H_0) \ S(V)) = ∅. The same result holds in any dimension if V is an interval (this assumption is needed for technical reasons). These results are proven in [JL]. We also remark that these results are deterministic - suitably reformulated they hold for a deterministic boundary potential V .

3) Under some additional technical assumptions on the distribution function p(x) (e.g. it suffices that p is compactly supported and in L^∞(R)), there exists E_c > 2(d + 1), which depends on p only, such that Σ_c ∩ {E : |E| > E_c} = ∅. (1.3) In other words, P -a.s. the spectrum of H_ω is pure point outside the interval [−E_c, E_c]. It is also known that the corresponding eigenfunctions decays exponentially. Similar results hold in the “large disorder regime” - for any ε > 0 there exists δ(ε) such that if ‖p‖_∞ > δ(ε) then (1.3) holds with E_c = 2(d + 1) + ε. The corresponding eigenfunctions also decay exponentially. These results are proven in [AM] and [G]. For some related results see [BS].

In this paper, we are interested in improving the results of 3) in d = 1. We will make the following assumptions concerning the random potential V_ω. (H1) The topological boundary of V is a discrete set and p ∈ L^∞(R). Our main result is

Theorem 1.1 Let d = 1 and assume that (H1) holds. Then Σ_c ∩ {E : |E| > 4} = ∅. In other words, P -a.s. the spectrum of H_ω outside the interval [−4, 4] is pure point.

Remark 1. Our estimates give some control of the decay of the eigenfunctions of H_ω. It follows from our arguments that P -a.s. the eigenfunctions corresponding to the eigenvalues outside [−4, 4] decay as |ψ_{E,ω}(n, x)| ≤ C_{E,ω,k} exp(−γ_E|x|)(1 + |n|)^{−k}, (1.4) for any k > 0. We expect that the estimate (1.4) is not optimal, and that the eigenfunctions decay exponentially in the n-variable. To establish such decay near the edges ±4 appears to be a difficult technical problem.

Remark 2. We expect that Theorem 1.1 is optimal. More precisely, we expect that if d = 1 then Σ_{pp} = R \ (−4, 4). This result can be proven in some cases where the boundary potential V is almost periodic [JM1], [KP].

Remark 3. The condition that topological boundary of V is a discrete set is needed for technical reasons and in some cases it could be relaxed. For example, if the Lebesgue measure of V is infinite, the result holds under the assumption that int(V) ≠ ∅.

Let us summarize the results of 1) and 2) combined with Theorem 1.1. Assume for simplicity that the random variables V_ω(n) are uniformly distributed on [α, α + 1], where α > 1 is a parameter. Let α_c be the solution of the equation α + 1/α = 6 such that α_c > 1 (α_c = 5.83...). We then have the following three regimes. The results are to be understood in the P -a.s. sense. a) 1 < α < α_c. In this case Σ = [−4, 2 + (α + 1) + 1/(α + 1)]. The spectrum on the interval [−4, −2 + α + 1/α] is purely absolutely continuos and on the interval [4, 2 + (α + 1) + 1/(α + 1)] is dense pure point. There exists a component of absolutely continuous spectrum on [−2 + α + 1/α, 4], but the precise nature of the spectrum on this set is unknown.

b) α = α_c. In this case, σ(H_0) = [−4, 4] and S(V) = [4, 8.68..]. The spectrum on [−4, 4] is purely absolutely continuous and on [4, 8.68..] dense pure point.

c) α > α_c. In this case the spectrum consists of two disjoint components, σ(H_0) = [−4, 4] and S(V) = [−2 + α + 1/α, 2 + (α + 1) + 1/(α + 1)]. The spectrum on [−4, 4] is purely absolutely continuous and on S(V) dense pure point.

We remark that an interesting open question is what is the structure of the spectrum on the set σ(H_0) ∩ S(V). If the existing results (see [JM1]) can serve as a guide, one may expect that the spectrum on this set is also purely absolutely continuous. This problem remains to be investigated in the future.

We finally would like to relate Theorem 1.1 to the discusssion of the surface waves presented in [JMP]. For any boundary potential V we define the surface spectrum of the operator H_0 + V as the closure of the set of energies E for which the equation (H_0 + V )u(n, x) = Eu(n, x) has a non-zero solution which satisfies ∑ n∈Z^d (1 + |n|)^{−k} ∑ x≥0 |u(n, x)|^2 < ∞, for some k > 0. Roughly, the surface spectrum consists of the energies whose corresponding generalized eigenfunctions have some decay in the x-variable. We denote the surface spectrum by σ_{surf} (H_0 + V ). One can show (see [JMP]) that σ(H_0 + V ) \ σ(H_0) ⊂ σ_{surf} (H_0 + V ). An absolutely continuous surface spectrum exists if V is a constant or a periodic function and max_n |V (n)| > 1. In this case, the generalized eigenfunctions are localized in the x-direction and propagate along the boundary. Theorem 1.1 asserts that if d = 1 and the constant boundary condition is replaced with a random boundary condition, then all propagating surface waves with energies outside [−4, 4] are localized by the random fluctuations of the boundary. This is physically the most interesting consequence of Theorem 1.1. An interesting open question is whether there are any propagating surface waves with energies inside σ(H_0). This problem also remains to be investigated in the future.

In the rest of this introduction we sketch some of the basic ideas involved in the proof of Theorem 1.1.

The first idea concerns dimension reduction ([AM], [G], [JMP]). Roughly speaking, “integrating” the x-variable we will reduce the 2-dimensional spectral problem to an 1-dimensional spectral problem which will depend non-linearly on the spectral parameter E. This reduction could be done in any dimension. For the latter applications, we will describe and prove this result in the general setting.

Let I be a closed interval on the energy axis such that I ∩ σ(H_0) = ∅. Let T = R/2πZ be the circle and T^d the d-dimensional torus. We denote the points in T^d by ϕ = (ϕ_1, . . . , ϕ_d), and by dϕ the usual Lebesgue measure. In the sequel we use a shorthand Φ(ϕ) = 2 ∑d k=1 cos ϕ_k. Let λ(ϕ, E) be the solution of the quadratic equation λ(ϕ, E) + 1 λ(ϕ, E) + Φ(ϕ) = E,

such that |λ(ϕ, E)| < 1. Let ĵ(ϕ, E) = λ(ϕ, E) + Φ(ϕ), j(n, E) = ∫ T^d e^{−in·ϕ}ĵ(ϕ, E)dϕ. (1.5) We will prove in Section 2 that there are constants C and γ, which depend only on the distance of I from σ(H_0), such that for E ∈ I, |j(n, E)| ≤ C exp(−γ|n|_+). Let h_0(E) be the operator on l^2(Z^d) defined by

(h_0(E)ψ)(n) = ∑ k∈Z^d j(n − k, E)ψ(k). (1.6) We define one parameter family of random operators on l^2(Z^d) by

h_ω(E) = h_0(E) + V_ω, E ∈ I. (1.7)

Our argument will be based on the following variant of Simon-Wolff theorem [SW]. Let m be the Lebesgue measure on R.

Theorem 1.2 If for a.e. (E, ω) ∈ I × Ω with respect to the product measure m ⊗ P ,

lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞, (1.8)

then Σ_c ∩ I = ∅.

We will prove this theorem in Section 2.

In comparison with the usual theory of random Schrödinger operators, there are two essential difficulties in studying the quantity ‖(h_ω(E)−E −iζ)^{−1}δ_0‖. The first is that h_0(E) is a long-range Laplacian, and the second is that h_0(E) depends on energy. These difficulties are succesfully resolved in the high energy or large coupling regime adopting the techniques of the multiscale analysis and the method of Aizenman-Molchanov [G], [AM]. Of course, in general these results cannot be improved without major new insights into the theory of random Schrödinger operators.

The case d = 1 is however special. In this case, the operators h_ω(E) act on l^2(Z), and there was a hope that the results of 3) could be improved using some of the techniques specific to the theory of one-dimensional Schrödinger operators. As a first part of this program, we have investigated in [JM] the long-range, one dimensional random Schrödinger operators of the form h_ω = h_0 + V_ω(n), where V_ω(n) is as in (1.1), and h_0 is a translationaly invariant self-adjoint operator with some off-diagonal decay. The simplification is that h_0 now does not depend on E,

(h_0ψ)(n) = ∑ k∈Z j(n − k)ψ(k). Note that again the spectrum of h_ω and its pp, sc, ac component are P -a.s. deterministic sets. Furthermore, P -a.s. σ(h_ω) = σ(h_0) + V.

Before stating a theorem from [JM] which will concern us here, we set some hypothesis on h_0:

(H2) There is δ > 0 such that ∀n, |j(n)| ≤ C(1 + |n|)^{−8−δ}. (H3) The function ĵ(ϕ) = ∑ n j(n) exp(inϕ) is even, real and strictly monotone on [0, π].

The following results was proven in [JM].

Theorem 1.3 Assume that Hypothesis (H2)-(H3) hold and that int(V) ≠ ∅. Then for a.e. (E, ω) ∈ R × Ω with respect to the product measure m ⊗ P ,

lim_{ζ→0} ‖(h_ω − E − iζ)^{−1}δ_0‖ < ∞. (1.9)

In particular, P -a.s. the operators h_ω have pure point spectrum.

The techniques used in the proof of this theorem will play a critical role in the proof of Theorem 1.1. For this reason we briefly review some of the basic steps in the argument.

The proof of Theorem 1.3 is based on a geometric approach to localization in d = 1 which goes back to [SS], [KMP], [M], [M1], [GJMS]. The principal idea is to show that a particle with given energy E_0 has to tunnel through an infinite sequence of “barriers” to reach infinity. This idea is formalized as follows. Let E_0 be a given point in σ(h_0) + V, and I a small open interval around E_0. Using the structure of the random potential V_ω(n), one constructs P -a.s. a sequence of intervals (barriers) I_k(ω) ⊂ Z, with centers c_k(ω) and of width l_k(ω), such that c_k(ω) → ±∞ and l_k(ω) → ∞ as k → ±∞, and such that

I ∩ σ(h_{Ik(ω)}) = ∅, (1.10)

for all k. Here, h_{Ik(ω)} is the restriction of h_ω to I_k(ω) with the Dirichlet boundary condition. For barriers to be effective in preventing tunneling, we need that they are sufficently long, namely that #I_k(ω) ≥ c_ω|k|, and they are not too far apart, namely that |c_k(ω)| ≤ a^{|k|}_ω , for some positive constants c_ω and a_ω. Once such a geometric configuration of the barriers is given, the random parameter ω is fixed, and plays no further role. Thus, we drop subscript ω for the rest of this paragraph. Let Δ_k be the intervals between I_k and I_{k+1}, M_k = I_k ∪ Δ_k ∪ I_{k+1} and h_{Mk} the restriction of h to M_k with the Dirichlet boundary condition. One now constructs an iterative expansion of the resolvent (h − E)^{−1} in terms of the resolvents (h_{Mk} − E)^{−1} and (h_{Ik} − E)^{−1}. At this point one encounters an analog of the “small divisor problem”. The contributions from (h_{Ik} − E)^{−1} are small due to (1.10). Since we do not have any control on the potential within Δ_k’s, we need an appriory estimate on (h_{Mk} − E)^{−1} which will make use of the fact that the intervals M_k are not too long. Such an estimate is obtained by randomization of the energy E within interval I. The end result is that for typical E ∈ I with respect to the Lebesgue measure, the size of the terms (h_{Mk} −E)^{−1} is compensated by (h_{Ik} −E)^{−1}, and this will ultimately yield the estimate (1.8). We remark that although the ideas of the argument are intuitive and transparent, the technical details are involved.

There are two basic mechanism which can yield Relation (1.10). The first is that within intervals I_k(ω) the absolute value of the potential is sufficently large. This argument is applicable for example in the case where the Lebesgue measure of V is infinite. In this case, the proof is somewhat simpler and we do not need Hypothesis (H2) for Theorem 1.3 to hold. In more general situations, however, to verify (1.10) we had to construct long periodic approximations V_{p,ω} of the random potential V_ω such that E_0 is in the spectral gap of the operator h_0 + V_{p,ω}. Since h_0 is long range, this construction is involved and technical. It is precisely in this construction that Hypothesis (H2) enters the game. We refer the reader to Sections 5 and 6 of [JM] for details of the argument.

In this paper we will use the techniques developed in [JM] to show that under the assumptions of Theorem 1.1 Theorem 1.2 holds. Note that for fixed E ∉ [−4, 4], ĵ(ϕ, E) is real, even, analytic and strictly monotone on [0, π] so will adopt the strategy of the proof of Theorem 1.3. The main difficulty is that if h_0 depends on E, the randomization of energy used to get an appriory estimate on (h_{Mk} −E)^{−1} is not possible any more. We replace this step in the argument with a construction to which we will refer as a probabilistic reduction. More precisely, we will make suitable partitions of the probability space Ω which will fix the positions of the “barrier” intervals I_k (the intervals for which an analog of (1.10) holds). Within these partitions the random variables V_ω(n) will be independent but not identically distributed. The appriory estimate on (h_{Mk} (E) − E)^{−1} will be obtained for fixed E within the partitions with the help of a Wegner type result already used in [AM], [M1]. For this reason we need that p ∈ L^∞(R), an additional condition which played no role in [JM]. The rest of the argument will follow closely [JM].

We have attempted to give complete proofs, except for the results which are verbatim the same as in [JM].

Acknoweldgments We are grateful to Y. Last, L. Pastur, and B. Simon for usefull discussions. The research of the first author was supported in part by NSERC and of the second by NSF. Part of this work was done during the visit of the second author to University of Ottawa which was supported by NSERC.

2 Dimension reduction

In this section we prove Theorem 1.2.

Let V : Z^d → R be an arbitrary potential. We denote by the same letter the induced multiplication operator on l^2(Z^{d+1}_+ ) which acts as follows: (V ψ)(n, x) = 0 if x > 0 and (V ψ)(n, 0) = V (n)ψ(n, 0). Let H = H_0 + V where H_0 is a Dirichlet Laplacian on Z^{d+1}_+ . We recall that the points in Z^{d+1}_+ are denoted by n = (n, x), n ∈ Z^d, x ∈ Z_+. Let

R(m, n; z) = (δ_m, (H − z)^{−1}δ_n).

If Im(z) ≠ 0 and m is fixed, these matrix elements satisfy the equation R(m, (n, x+1); z)+R(m, (n, x−1); z)+ ∑ |n−n^′|+=1 R(m, (n^′, x); z) = δ_{mn}+zR(m, (n, x); z), (2.11)

if x > 0, and

R(m, (n, 1); z) + ∑ |n−n^′|+=1 R(m, (n^′, 0; z) + (V (n) − z)R(m, (n, 0); z) = δ_{mn}, (2.12)

if x = 0. If m = (m, 0) is a point on the boundary, Equation (2.11) can be “integrated”. This is most conveniently done in the Fourier representation associated to the variable n. Let T^d and

Φ(ϕ) be as in (1.5). We define a unitary map F : l^2(Z^{d+1}_+ ) → L^2(T^d) ⊗ l^2(Z^+) by the formula (F ψ)(ϕ, x) ≡ ψ̂(ϕ, x) = 1 (2π)^{d/2} ∑ n∈Z^d ψ(n, x)e^{in·ϕ}. In the new representation, Equations (2.11) and (2.12) become (recall that m = (m, 0)), R̂(m, (ϕ, x + 1); z) + R̂(m, (ϕ, x − 1); z) + (Φ(ϕ) − z)R̂(m, (ϕ, x); z) = 0, (2.13) R̂(m, (ϕ, 1); z) + (Φ(ϕ) − z)R̂(m, (ϕ, 0); z) + ^V R(m, (ϕ, 0); z) − zR̂(m, (ϕ, 0); z) = e_m(ϕ), (2.14) where e_m(ϕ) = F (δ_{mn}) = (2π)^{−d/2} exp(imϕ). It follows from Equation (2.13) that if x > 0, R̂(m, (ϕ, x); z) = R̂(m, (ϕ, 0); z)λ(ϕ, z)^x, (2.15) where λ(ϕ, z) is a solution of the quadratic equation λ(ϕ, z) + 1 λ(ϕ, z) + Φ(ϕ) = z, which satisfies |λ(ϕ, z)| < 1. Note that for any fixed ϕ, λ(ϕ, z) is an analytic function in the second variable in the region C\σ(H_0). Substituting (2.15) into (2.14) we get that R̂(m, (ϕ, 0); z) satisfies the equation

R̂(m, (ϕ, 0); z)(λ(ϕ, z) + Φ(ϕ)) + ^V R(m, (ϕ, 0); z) − zR̂(m, (ϕ, 0); z) = e_m(ϕ). (2.16) In the sequel we will use a shorthand R(m, n; z) ≡ R((m, 0), (n, 0); z) = (δ_{(m,0)}, (H − z)^{−1}δ_{(n,0)}). (2.17) Let ĵ(ϕ, z) = λ(ϕ, z) + Φ(ϕ), j(n, z) = ∫ T^d e^{−in·ϕ}ĵ(ϕ, z)dϕ. (2.18) Aplying F^{−1} to (2.16), we get that the matrix elements R(m, n; z) satisfy, for fixed m and z ∑ k j(n − k, z)R(m, k; z) + (V (n) − z)R(m, n; z) = δ_{mn}. (2.19) For any z ∈ C \ [−4, 4] we define a bounded operator h_0(z) on l^2(Z) by the formula (h_0(z)ψ)(n) = ∑ k j(n − k, z)ψ(k). We furher define h(z) = h_0(z) + V . Note that if z is real then h(z) is a self-adjoint operator on l^2(Z^d). Furthermore, it follows from (2.19) that if Im(z) ≠ 0 then z ∉ h(z) and (δ_m, (h(z) − z)^{−1}δ_n) = R(m, n; z). (2.20) We will need

Lemma 2.1 Let n ∈ Z^d and E ∉ σ(H_0) be given. Then lim_{ζ→0} ‖(h(E + iζ) − E − iζ)^{−1}δ_n‖ < ∞, if and only if lim_{ζ→0} ‖(h(E) − E − iζ)^{−1}δ_n‖ < ∞. Proof: Note first that ‖(h(E + iζ) − E − iζ)^{−1}‖ ≤ 1/ζ, ‖(h(E) − E − iζ)^{−1}‖ ≤ 1/ζ. The second inequality is obvious, and the first follows from (2.17) and (2.20). It now follows from the resolvent identity that ‖(h(E + iζ) − E − iζ)^{−1}δ_n‖ ≤ ‖(h(E) − E − iζ)^{−1}δ_n‖ (1 + ‖h_0(E + iζ) − h_0(E)‖/ζ) ‖(h(E) − E − iζ)^{−1}δ_n‖ ≤ ‖(h(E + iζ) − E − iζ)^{−1}δ_n‖ (1 + ‖h_0(E + iζ) − h_0(E)‖/ζ) . These inequalities combined with the simple estimate ‖h_0(E + iζ) − h_0(E)‖ ≤ sup_{ϕ∈Td} |λ(ϕ, E + iζ) − λ(ϕ, E)| = O(ζ) yield the lemma. 2 Remark. Since (δ_{(m,0)}, (H − E − iζ)^{−1}δ_{(n,0)}) = (δ_m, (h(E + iζ) − E − iζ)^{−1}δ_n), we have that for a.e. E with respect to the Lebesgue measure the limit lim_{ζ→0} |(δ_m, (h(E + iζ) − E − iζ)^{−1}δ_n)|, exists and is finite. Arguing as in the proof of Lemma 2.1 one can easily show that for a.e. E ∈ R, lim sup ζ→0 |(δ_m, (h(E) − E − iζ)^{−1}δ_n)| < ∞. This observation will be used latter.

We are now ready for Proof of Theorem 1.2: Let H_n be the cyclic subspace of l^2(Z^{d+1}_+ ) generated by the vector δ_{(n,0)} and the operator H_ω. It is easy to show that H_n is the same as the cyclic subspace generated by H_0 and δ_{(n,0)}. Furthermore, the linear span of ∪_{n∈Z}H_n is dense in l^2(Z^{d+1}_+ ). These two simple facts are proven in [JL]. The Simon-Wolff theorem yields that that for a given closed interval I,

Σ_c ∩ I = ∅ if for any n ∈ Z^d and for a.e. (E, ω) ∈ I ⊗ Ω with respect to the product measure m ⊗ P we have that

lim_{ζ→0} ‖(H_ω − E − iζ)^{−1}δ_{(n,0)}‖^2 = lim_{ζ→0} ∑ k∈Z^d+1+

|R_ω((n, 0), k; E + iζ)|^2 < ∞. (2.21)

Since the family of operators H_ω is ergodic with respect to the usual shift operators on Ω (see e.g. Section 9.1 in [CFKS]), it suffices to establish (2.21) in the case n = (0, 0). The analysis of this section applied to V = V_ω yields that ∑ k∈Z^d+1+

|R_ω((0, 0), k, E + iζ)|^2 = 1 (2π)^d ∑ x≥0 ∫ T^d | | |R̂_ω((0, 0), (ϕ, 0); E + iζ) | | | 2 |λ(ϕ, z)|^{2x}dϕ

= 1 (2π)^d ∫ T^d | | |R̂_ω((0, 0), (ϕ, 0); E + iζ) | | | 2 1 − |λ(ϕ, E + iζ)|^2 . Since I ∩ σ(H_0) = ∅ there are positive constants c_1 and c_2 such that for ϕ ∈ T^d, E ∈ I and 0 ≤ ζ ≤ 1, c_1 ≤ (1 − |λ(ϕ, E + iζ)|^2)^{−1} ≤ c_2.

Thus, (2.21) holds if and only if

lim_{ζ→0} 1 (2π)^d ∫ T^d | |R̂_ω((0, 0), (ϕ, 0); E + iζ) | | 2 dϕ = lim_{ζ→0} ∑ k∈Z^d |R_ω(0, k; E + iζ)|^2 < ∞. Finally, it follows from Lemma 2.1 that the second limit is finite if and only if

lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞. (2.22)

We conclude that if for a.e. (E, ω) ∈ I ⊗ Ω with respect to m ⊗ P Relation (2.22) holds then Σ_c ∩ I = ∅. Theorem 1.2 follows. 2

We finish this section by collecting a few facts concerning the function j(n, E) which we will use in the sequel. Note that if n = (n_1, . . . , n_d), and ñ = (|n_1|, . . . , |n_d|) then j(n, E) = j(ñ, E). We also have the following estimate:

Proposition 2.2 Let E ∉ σ(H_0) be given. Then there are constants C_E and γ_E such that |j(n, E)| ≤ C_E exp(−a(E)|n|_+). (2.23) These constants can be chosen as follows. Let γ_E = (|E| − 2)/2d. Then

a(E) = ln γ_E, C_E = (2π)^d(1 + 2dγ_E).

Remark. The estimates (2.23) are crude, but they will suffice for our purposes. Proof: We denote the points in C^d by z = (z_1, z_2, . . . , z_d). Let Φ : C^d → C ∪ {∞} be defined by Φ(z) = d∑ k=1 ( z_k + 1 z_k ) , and let λ(z, E) be the solution of the equation λ(z, E) + 1 λ(z, E) + Φ(z) = E, such that |λ(z, E)| < 1. Parametrization z_k = exp(iϕ_k) and (2.18) yield that j(n, E) = (−i)^d ∫ T^d z^{−n−1} [λ(z, E) + Φ(z)] dz, (2.24) where T^d = {z : ∀k, |z_k| = 1}, and z^{−n−1} = ∏ z^{−nk−1} k . Without loss of generality we can assume that n_k ≥ 0. Let S_γ = {z : |z_k| ∈ (1, γ)}. If ∀z ∈ S_γ , |Φ(z) − E)| > 2, (2.25) then the function λ(z, E) is holomorphic in S_γ in each variable separately, and continuous and bounded on S_γ . It is a simple exercise to show that if γ_E = (|E| − 2)/2d, then (2.25) holds, and that on the boundary of S_{γE} we have an estimate |λ(z, E)| + |Φ(z)| ≤ 1 + 2dγ_E. Interchanging the domain of integration in (2.24) we derive the proposition. 2

3 Preliminaries

3.1 Path expansions and all that

In this section we collect a few technical results from [JM] concerning the operators h(E) = h_0(E) + V on l^2(Z), where h_0(E) is given by (1.6), E is a fixed point outside [−4, 4], and V is an arbitrary potential. For the proofs we refer the reader to Section 2 of [JM].

A path τ connecting n and m is any sequence of sites τ = (i_0, i_1, . . . i_k) such that i_0 = n, i_k = m. The length of this path is |τ| = k. To the path τ we associate a sequence of bonds τ_b = (b_1, . . . , b_k), where b_1 = (i_0, i_1), b_1 = (i_1, i_2), . . . , b_k = (i_{k−1}, i_k).

We write s ∈ τ if s is one of the sites of the path τ, and b = (s, t) ∈ τ_b if b is one of its bonds. We use the shorthand j(b) = j(s − t; E), and R(n, m; z) = (δ_n, (h(E) − z)^{−1}δ_m).

Let j_0(E) = ∑ n |j(n, E)|. Proposition 3.1 If Im(z) > j_0(E) then R(n, m; z) = − δ_{nm} z − V (n) − ∑ τ [ ∏ s∈τ 1 z − V (s) ] · ∏ b∈τ_b j(b) , (3.26)

where the sum is over all paths connecting n and m. For each ε > 0 the series converges uniformly in the half-plane Im(z) ≥ j_0(E) + ε.

A similar result holds if the system is restricted to a box. Let I ⊂ Z be an arbitrary set, and let h^D_0 (E) be the operator h_0(E) restricted to I with the Dirichlet boundary condition. This operator is obtained by removing the couplings between the points in I and Z \ I, and acts on l^2(I) according to the formula

(h^D_0 (E)ψ)(n) = ∑ m∈I j(n − m, E)ψ(m). (3.27) Remark. For latter applications, we remark that if E > 4 then h^D_0 (E) > 0 and if E < −4 then h^D_0 (E) < 0.

We define the operator h_I (E) on l^2(I) by the formula h_I (E) = h^D_0 (E)+V . We will refer to h_I (E) as the restriction of h(E) = h_0(E) + V to I with the Dirichlet boundary condition. If n, m ∈ I, let R_I (n, m; z) = (δ_n, (h_I (E) − z)^{−1}δ_m). Then R_I (n, m; z) = − δ_{nm} z − V (n) − ∑ τ [ ∏ s∈τ 1 z − V (s) ] · ∏ b∈τ_b j(b) , (3.28)

where the sum is over all paths which connect n and m and belong to I. If n or m ∉ I we set R_I (n, m; z) = 0.

Notation. In the sequel, we will use a shorthand ⟨n⟩ = (1 + n^2)^{1/2}.

Proposition 3.2 Let I be a closed interval outside [−4, 4] such that sup_{E∈I} dist{E, σ(h_I(E))} = δ > 0, and let l be an integer. Then there is a constant C_{δ,l}, which depends on δ and l only, such that sup_{E∈I} |R_I (n, m; E)| ≤ C_{δ,l}⟨n − m⟩^{−l}. Remark. The decay of matrix elements R_I (n, m; E) is probably exponential, but the above weaker result will suffice in our applications.

We will also need

Proposition 3.3 Let l an integer and I a closed interval outside [−4, 4]. Let I ⊂ Z be such that for some δ > 0 inf n∈I,E∈I | v(n) − E| = j_0(E) + δ. Then sup_{E∈I} |R_I (n, m; E)| ≤ C_{δ,l}⟨n − m⟩^{−l}, where C_{δ,l} depends on δ and l only. Furthermore, there is a constant C_l which depends on l only, such that for δ > 1, C_{δ,l} < C_l/δ.

Proposition 3.4 Let I_ℓ be a sequence of finite intervals such that I_ℓ ↑ Z as ℓ → ∞, and let E be such that ∀ℓ, E ∉ σ(h_ℓ(E)). Then, ∀n ∈ Z, lim_{ζ→0} ‖(h(E) − E − iζ)^{−1}δ_n‖ ≤ lim inf_{ℓ→∞} ‖(h_{Iℓ} (E) − E)^{−1}δ_n‖. The final technical result we need is

Proposition 3.5 Let E_0 ∉ [−4, 4] be given. Then

lim_{E→E0} sup_{I⊂Z} ‖h_I (E) − h_I (E_0)‖ = 0.

Since this last proposition was not discussed in [JM], we sketch its proof. Proof: It follows from Lemma 5.2 in [JM] (see also [Ka], Section 1.4.3 and Lemma 7.1 in [SS]) that sup_{I⊂Z} ‖h_I (E) − h_I (E_0)‖ ≤ ∑ n∈Z |j(n, E) − j(n, E_0)|. Note that j(n, E) − j(n, E_0) = ∫ T e^{−inϕ}[λ(ϕ, E) − λ(ϕ, E_0)]dϕ. If n ≠ 0, integrating by parts twice we arrive at the estimate |j(n, E) − j(n, E_0)| ≤ O(|E − E_0|)/n^2. The result follows. 2

3.2 Appriori estimates

The results of the previous section have to be complemented with an appropriate version of Kolmogorov’s lemma (Proposition 2.4 in [JM]) for technique of [JM] to work. We however cannot randomize energies E if h_0 depends on E, and this part of the argument will be distinctly different from the one in [JM]. The technical results which will be used instead of Proposition 2.4 of [JM] are described in this section.

Let H_0 be a symmetric matrix (operator) on R^N , and let ξ_1, . . . , ξ_N be independent random variables on the probability space (Ω̃, F̃, P̃ ). We define random operators H_ω by the formula

H_ω = H_0 + N∑ i=1 ξ_i(ω)(δ_i, ·)δ_i.

We denote by h^{(0)}_{kl} the matrix elements of H_0 in the basis {δ_i}. We make the following hypotheses: (A1) For any k, h^{(0)}_{kk} ≠ 0, and for any k and l, h^{(0)}_{kk} h^{(0)}_{ll} − (h^{(0)}_{kl} )^2 ≠ 0.

(A2) The random variables ξ_i(ω) have densities p_i which are uniformly bounded, i.e. for some σ > 0 and all i, ‖p_i‖_∞ < σ.

We remark that Hypothesis (A1) is automatically satisfied if H_0 > 0 or H_0 < 0 (and this will be the case in our applications, recall the remark after (3.27)). We also remark that without loss of generality we can take for our probability space Ω̃ = R^N . Then F̃ is the Borel σ-algebra on R^N , dP̃ = ∏ p(x_i)dx_i, and if ω = (x_1, . . . , x_N ) then ξ_i(ω) = x_i. We denote E(f) = ∫ f(ω)dP̃ (ω). The first observation we need is

Lemma 3.6 Assume that Hypothesis (A2) hold. Then 0 ∉ σ(H_ω) P̃ -a.s.

Remark. For this lemma to hold we only need that the random variables ξ_i have densities. Proof: It suffices to show that detH_ω ≠ 0 P̃ -a.s. This can be shown by induction as follows. Statement is obvious if N = 1. If N > 1, expanding the determinant with respect to the last row we can write detH_ω = ξ_N (ω)R(ω) + D(ω).

Here, R(ω) is the determinant of the matrix obtained from H_ω by removing the last row and the last column. By induction hypothesis, R(ω) ≠ 0 P̃ -a.s., and detH_ω = 0 implies ξ_N (ω) − D(ω)/R(ω) = 0. Since ξ_N and R/D are independent random variables,

P̃ {ω : detH_ω = 0} ≤ sup a∈R P̃ {ω : ξ_N (ω) = a} = 0. 2

From this lemma it follows that H^{−1}_ω exists P̃ -a.s. We denote R_ω(k, l) = (δ_k, H^{−1}_ω δ_l). The principal result of this section is

Theorem 3.7 Assume that Hypothesis (A1) and (A2) hold. Let 0 < s < 1 be given. Then for any k and l, E (|R_ω(k, l)|^s) ≤ C(s, σ), where the constant C(s, σ) depends on s and σ only.

Remark 1. The proof of this result is outlined in [M1]. For reader convenience, we present a detailed proof below.

Remark 2. For latter applications, it is critical that this theorem holds for random variables which are not necessarily identically distributed. We will make use of the following consequence of Theorem 3.7.

Corollary 3.8 Assume that Hypothesis (A1) and (A2) hold. Then there exist a constant C(σ), which depends on σ only, so that for any k and l, P̃ {ω : |R_ω(k, l)| > M} ≤ C(σ)/M, (3.29) P̃ {ω :^N∑ j=1 |R_ω(k, j)|^2 > M} ≤ C(σ)N/M^{1/4}. (3.30) Proof: Relation (3.29) follows from Chebyshev’s inequality. The prove (3.30), we note first that if {x_j}^N_{k=1} is a positive sequence and 0 < s < 1, then N∑ j=1 x^s_j ≥ N∑ j=1 x_j s . (3.31) Thus, if X_j(ω) = |R_ω(k, j)|, P̃ {ω :^N∑ j=1 X_j(ω)^2 > M} = P̃ {ω : N∑ j=1 X_j(ω)^2 1/4 > M^{1/4}}

≤ P̃ {ω : N∑ j=1 X_k(ω)^{1/2} > M^{1/4}} ≤ 1 M^{1/4} N∑ j=1 E(X_j(ω)^{1/2}) ≤ C(σ)N/M^{1/4}. In the first estimate we have used (3.31) and in the second Chebyshev’s inequality. 2.

The rest of this section is devoted to the proof of Theorem 3.7. We will need Lemma 3.9 Let k and l be given, and let H^{(k)}_ω ≡ H_0 + ∑ i≠k ξ_i(ω)(δ_i, ·)δ_i = H_ω − ξ_k(ω)(δ_k, ·)δ_k H^{(k,l)}_ω ≡ H_0 + ∑ i≠k,l ξ_i(ω)(δ_i, ·)δ_i = H_ω − ξ_k(ω)(δ_k, ·)δ_k − ξ_l(ω)(δ_l, ·)δ_l.

Then 0 ∉ σ(H^{(k)}_ω ) and 0 ∉ σ(H^{(k,l)}_ω ) P̃ -a.s.

Proof: Using Hypothesis (A1) and induction with respect to N, one argues in the same way as in the proof of Lemma 3.6. 2

In the sequel we will consider separately the cases k = l and k ≠ l. The first case is simpler since an argument based on the rank one perturbation theory suffices. The second case requires an argument based on the rank two perturbation theory. Case 1: k = l.

Let R̃_ω(i, j) be the matrix elements of [H^{(k)}_ω ]^{−1}. The identity H^{−1}_ω − [H^{(k)}_ω ]^{−1} = −ξ_k(ω)H^{−1}_ω [(δ_k, ·)δ_k] [H^{(k)}_ω ]^{−1}, leads to the formula R_ω(k, k) = R̃_ω(k, k) 1 + ξ_k(ω)R̃_ω(k, k) . Since ξ_k(ω) and R̃_ω(k, k) are independent random variables, E (|R_ω(k, k)|^s) ≤ sup_{t∈R} ∫ R 1 |x − t|^s p_k(x)dx. Since 0 < s < 1 and ‖p_k‖_∞ ≤ σ, decomposing ∫ R = ∫ [t−1,t+1] + ∫ R\[t−1,t+1], we easily estimate E (|R_ω(k, k)|^s) ≤ 1 + 2σ/(1 − s). This concludes the Case 1. Case 2: k ≠ l.

Let R̃_ω(i, j) be the matrix elements of [H^{(k,l)}_ω ]^{−1}. The identity

H^{−1}_ω − [H^{(k,l)}_ω ]^{−1} = −ξ_k(ω)H^{−1}_ω [(δ_k, ·)δ_k] [H^{(k,l)}_ω ]^{−1} − ξ_l(ω)H^{−1}_ω [(δ_l, ·)δ_l] [H^{(k,l)}_ω ]^{−1}, yields that for any i, j, R_ω(i, j) = R̃_ω(i, j) − ξ_k(ω)R_ω(i, k)R̃_ω(k, j) − ξ_l(ω)R_ω(i, l)R̃_ω(l, j). Substituing i = k, j = k and i = k, j = l in this relation, we get after simple algebra R_ω(k, k) [ 1 + ξ_k(ω)R̃_ω(k, k) ] + R(k, l)ξ_l(ω)R̃_ω(l, k) = R̃_ω(k, k), R_ω(k, k)ξ_k(ω)R̃(k, l) + R_ω(k, l) [ 1 + ξ_l(ω)R̃_ω(l, l) ] = R̃_ω(k, l). (3.32) The random variables ξ_k(ω) and ξ_l(ω) are independent from the random variables R̃_ω(k, k), R̃_ω(l, l) and R̃_ω(k, l), and it is a simple exercise to show that (1 + ξ_k(ω)R̃_ω(k, k))(1 + ξ_l(ω)R̃_ω(l, l) − ξ_k(ω)ξ_l(ω)R̃_ω(k, l)^2 ≠ 0 P̃ − a.s.

Then equations (3.32) yield that R_ω(k, l) = R̃_ω(k, l) (1 + ξ_k(ω)R̃_ω(k, k))(1 + ξ_l(ω)R̃_ω(l, l)) − ξ_k(ω)ξ_l(ω)R̃_ω(k, l)^2 .

We have used that R̃_ω(k, l) = R̃_ω(l, k). Let Δ_ω = R_ω(k, k)R_ω(l, l) − R_ω(k, l)^2. We will prove below that Δ_ω ≠ 0 P̃ − a.s. (3.33) Assuming this, we finish the proof of Theorem 3.7.

If (3.33) holds, then R_ω(k, l) = R̃_ω(k, l)/Δ_ω (ξ_k(ω) + R̃_ω(k, k)/Δ_ω)(ξ_l(ω) + R̃_ω(l, l)/Δ_ω) − R̃_ω(k, l)^2/Δ^2_ω . Thus, we have a bound ∫ Ω̃ |R_ω(k, l)|^s dP (ω) ≤ sup_{a,b,c∈R} ∫ Ω ( |a|^s (ξ_k(ω) + b)(ξ_l(ω) + c) − a^2 ) dP̃ (ω). We proceed to estimate the left-hand side of this inequality. Let a, b, c be fixed. Without loss of generality we can assume that a ≠ 0. We introduce a new random variables ξ̂_k(ω) = ξ_k(ω) + b, ξ̂_l(ω) = ξ_l(ω) + c. Clearly, ξ̂_k and ξ̂_l are are independent and their densities satisfy ‖p̂_l‖_∞ ≤ σ, ‖p̂_k‖ ≤ σ. We introduce the following sets: Ω_1 = {ω : ξ̂_k(ω) ≤ a/2, ξ̂_l(ω) ≤ a/2}, Ω_2 = {ω : ξ̂_k(ω) > a/2}, Ω_3 = {ω : ξ̂_l(ω) > a/2}.

Clearly, Ω_1 ∪ Ω_2 ∪ Ω_3 = Ω̃. We now have ∫ Ω1 |a|^s |ξ̂_k(ω)ξ̂_l(ω) − a^2|^s dP̃ (ω) ≤ (4/(3a))^s P̃ (Ω_1) ≤ (4/(3a))^s min{1, a^2/4} ≤ (4/3)^s.

Furthermore. ∫ Ω2 |a|^s |ξ̂_k(ω)ξ̂_l(ω) − a^2|^s dP̃ (ω) = ∫ R\[−a/2,a/2] p̂_k(x)dx ∫ R |a|^s |xy − a^2|^s p̂_l(y)dy ≤ ∫ R\[−a/2,a/2] |a|^s |x|^s p̂_k(x)dx ∫ R 1 |y − a^2/x|^s p̂_l(y)dy ≤ 2^s [1 + 2σ/(1 − s)] .

The estimation of ∫ Ω3 is analogous to that of ∫ Ω2 . Thus, we arrive at the estimate E (|R_ω(k, l)|^s) ≡ ∫ Ω̃ |R_ω(k, l)|^s dP̃ (ω) ≤ (4/3)^s + 2^{s+1}(1 + 2σ/(1 − s)), (3.34) and the theorem follows.

It remains to prove (3.33). If N = 2, Δ_ω = det(H_0)^{−1} ≠ 0 (recall (A1)). If N > 2, we will use that R̃_ω(k, k) = M^{kk}(ω) detH_ω , R̃_ω(l, l) = M_{ll}(ω) detH_ω

, R̃_ω(k, l)^2 = ( M_{lk}(ω) detH_ω )2

where M_{ij}(ω) is the cofactor of the element h_{ij}(ω) of the matrix H^{(k,l)}_ω (all the matrices are computed in the standard basis {δ_i}). Thus, Δ_ω ≠ 0 P̃ -a.s. if M_{kk}(ω)M_{ll}(ω) − M_{lk}(ω)^2 ≠ 0 P̃ − a.s. Let r ≠ k, l. M_{kk}(ω) is the determinant of the matrix obtained from H̃_ω by removing the k-th row and column. Expanding this determinant with respect to the row which contains ξ_r, we get that M_{kk}(ω) = ξ_r(ω)M^{(1)}_{kk} (ω) + E_{kk}(ω).

The random variable ξ_r(ω) is independent of M^{(1)}_{kk} (ω) and E_{kk}(ω). Note also that M^{(1)}_{kk} (ω) is the determinant of the matrix obtained from H̃_ω by removing the k-th and the r-th row and column. Similarly, we have that M_{ll}(ω) = ξ_r(ω)M^{(1)}_{ll} (ω) + E_{ll}(ω) M_{lk}(ω)^2 = [ ξ_r(ω)M^{(1)}_{lk} (ω) + E_{lk}(ω) ]2 . Here M^{(1)}_{ll} (ω) is the determinant of the matrix obtained from H̃_ω by removing the l-th and the r-th row and columns, and M^{(1)}_{lk} (ω) is the determinant of the matrix obtained from H̃_ω by removing l-th row, k-th column, and r-th row and column. We then have that M_{kk}(ω)M_{ll}(ω) − M_{lk}(ω)^2 = ξ_r(ω)^2a(ω) + ξ_r(ω)b(ω) + c(ω), where a(ω) = M^{(1)}_{kk} (ω)M^{(1)}_{ll} (ω) − M^{(1)}_{kl} (ω)^2 and ξ_r(ω) is independent of a(ω), b(ω) and c(ω). If a(ω) ≠ 0 P̃ − a.s., (3.35) then P̃ {ω : Δ_ω = 0} ≤ sup_{a,b,c} a≠0 P̃ {ω : ξ_r(ω)^2a + ξ_r(ω)b + c = 0} = 0.

To show that a(ω) ≠ 0, now pick r^′ ≠ r, l, k, expand the determinants M_{kk}, M_{ll} and M_{lk} with respect to the r^′-row of the matrix H_ω, and continue inductively. The algorithm terminates after N − 2 steps, and in the last step we get that M^{(n−2)}_{kk} (ω)M^{(n−2)}_{ll} (ω) − M^{(n−2)}_{lk} (ω)^2 = h^{(0)}_{kk} h^{(0)}_{ll} − (h^{(0)}_{lk} )^2, which is different from zero by Hypothesis (A1).

4 The main theorem

Let h_0(E) be given (1.6) and V_ω be a random potential on Z such that V_ω(n) are independent, but not neccesarily identically distributed random variables on some probability space (Ω̃, F̃, P̃ ). We assume that each random variable V_ω(n) has density p_n(x). Furthermore, we assume (A) There exist σ > 0 such that ∀n, ‖p_n‖_∞ < σ. Let h_ω(E) = h_0(E) + V_ω(n).

This operator is in general different from h_ω(E) defined by (1.7).

We will freely use the notation of the previous sections. In this section we prove

Theorem 4.1 Let I = [c, d] be an interval outside [−4, 4] and a ≥ 2 an integer. Assume that (A) holds and that there exists an integer N ≥ 0 such that, ∀n > 0, the intervals

±[a^{N+n} + 1, a^{N+n+1} − 1],

contain sub-intervals I_{±n} of the length l_{±n} ≥ n such that P̃ -a.s. sup_{E∈I} dist{E, σ(h_{I±,n,ω}(E)} = δ > 0. (4.36) Then for a.e. (E, ω) ∈ I × Ω̃ with respect to the measure m ⊗ P̃ , and for any n ∈ Z,

lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_n‖ < ∞. (4.37)

Remark. We emphasize that the intervals I_{±n} are deterministic.

Given the results of the previous section, the proof of Theorem 4.1 reduces to translating line by line the arguments of Section 3 in [JM]. To see how this translation is carried out, we will reproduce here a part of the argument.

The first observation we will need is that (4.36) and Proposition 3.2 yield that for any E ∈ I and p, q ∈ I_{±n}, |R_{I±n,ω}(p, q; E)| < C_{δ,l}⟨p − q⟩^{−l}, (4.38) where C_{δ,l} does not depend on I_{±n} and ω. In this technical sense the intervals I_{±n} are the intuitive “barriers” discussed in the introduction.

To simplify the notation, we will prove (4.37) only in the case n = 0. This is the case that we will use latter.

We begin by introducing several sequences of intervals. Let the I_n’s be as in the theorem, I_n ≡ [a_n, b_n], and let l_n = |a_n − b_n|+1. Let M_0 = [a_{−1}, b_1]. For n > 0, we set M_n = [a_n, b_{n+1}], and for n < 0, M_n = [a_{n−1}, b_n]. Let Δ_0 = [b_{−1}, a_1]. For n > 0, we set Δ_n = [b_n, a_{n+1}], and for n < 0, Δ_n = [b_{n−1}, a_n]. Note that for n > 0,

M_n = I_n ∪ Δ_n ∪ I_{n+1}. (4.39)

A similar relation for n < 0 Notation. In the sequel we will drop subscript ω whenever there is no danger of confusion. Thus, we write h(E) for h_ω(E) etc.

We denote by h_{Mn} (E) the restriction of h(E) to M_n with the Dirichlet boundary condition. Let R_{Mn} (E) = (h_{Mn} (E) − E)^{−1} be the resolvent of h_{Mn} (E) and R_{Mn} (p, q; E) its matrix elements. We first collect some appriori estimates on R_{Mn} (E). Let

x^{(1)}_n = a_n, x^{(2)}_n = b_n, x^{(3)}_n = a_{n+1}, x^{(4)}_n = b_{n+1}.

Recall that ⟨x⟩ = (1 + x^2)^{1/2}. We denote by L_n the number of points in M_n, L_n = #M_n.

Proposition 4.2 Let E ∈ I , γ > 0 and l > 0 be fixed. Then for every ε > 0 there is a measurable set Ω̃(ε) ⊂ Ω̃ such that: 1. P̃ (Ω̃ \ Ω̃(ε)) = 0.

2. For each ω ∈ Ω̃(ε) there is a positive integer n_{ω,ε} such that for |n| ≥ n_{ω,ε} the following estimates hold: max_{i,j} | |R_{Mn} (x^{(i)}_n + p, x^{(j)}_n + q; E) | | ≤ ε⟨n⟩^{1+γ}⟨p⟩^{1+γ}⟨q⟩^{1+γ}, (4.40) max_i ∑ q∈Mn | |R_{Mn} (x^{(i)}_n + p, q; E) | |2 ≤ L^4_n⟨n⟩^{4(1+γ)}⟨p⟩^{4(1+γ)}, (4.41) max |p−q|>ln/2 |R_{In} (p, q; E)| < ε⟨p − q⟩^{−l}. (4.42) Given Theorem 3.7 and Corollary 3.8, the proof of (4.40) and (4.41) reduces to a simple application of Borel-Cantelli lemma. Note that Hypothesis (A) and the remark after (3.27) imply that all the conditions of Theorem 3.7 are satisfied. The estimate (4.42) follows from Proposition 3.2.

Note that n_{ω,ε} is not specified uniquely. To avoid some ambiguites, for given ε > 0 and ω ∈ Ω̃(ε) we define n_{ω,ε} as the smallest positive integer such that (4.40)-(4.42) hold for all |n| ≥ n_{ω,ε}. Proposition 4.2 gives information on the resolvent matrix elements of R_{Mn} starting with a sufficiently large index n which depends on ω. To circumvent some difficulties which arise from this ω-dependence, we introduce the sets

Ω̃_{k,ε} =^k⋃ j=0 {ω : ω ∈ Ω̃(ε) and n_{ω,ε} = j}.

Since R_{Mn} (s, t; E) are measurable functions of ω, the sets Ω̃_{k,ε} are measurable. Clearly, if i > k then Ω̃_{k,ε} ⊂ Ω̃_{i,ε} Furthermore, it follows from Proposition 4.2 that for each ε > 0, ∪_{k≥0}Ω̃_{k,ε} is of full measure in Ω̃. Note that some of the sets Ω̃_{k,ε} might be empty. However, for each ε > 0 there is k(ε) > 0 such that Ω̃_{k,ε} ≠ ∅ if k > k(ε). Let C_l be the constant from Proposition 3.3 and let L = max{|c|, |d|} + j_0(E) + C_l/ε, (recall that I = [c, d], ). For given k and ε, we introduce an auxiliary potential V_{k,ε} by the formula V_{k,ε}(n) = { L if n ∈ M_s, |s| ≤ k, V (n) if n ∈ M_s, |s| > k. The reasons for introducing this auxiliary potential are the following: a) If ω ∈ Ω̃_{k,ε} and V is replaced by V_{k,ε} then the inequalites (4.40) and (4.41) hold for all n. b) If |n| ≤ k then it follows from Proposition 2.3 and the choice of L that the inequality (4.42) holds for all p, q ∈ I_n. Let J_ℓ ≡ ⋃ j,|j|≤ℓ M_j. We denote by h_{ℓ,k,ε}(E) the operator h_0(E) + V_{k,ε} restricted to J_ℓ with the Dirichlet boundary condition. We will prove below the following result.

Proposition 4.3 Let E ∈ I be given. Then there exists ε_0 > 0 such that for k > k(ε_0), ω ∈ Ω̃_{k,ε0} , and i ∈ ∪^k_{s=−k}M_s,

lim sup ℓ→∞ ∑ n∈J_ℓ | |(δ_i, (h_{ℓ,k,ε0}(E) − E)^{−1}δ_n) | |2 < ∞. Let us show how Relation (4.37) (for n = 0) follows from this proposition. Denote for the moment by R_{k,ε0} the resolvent of the operator h_0(E) + V_{k,ε0}. It then follows from Propositions 3.4 and 4.3 that for ω ∈ Ω̃_{k,ε0} and i ∈ ∪^k_{s=−k}M_s,

lim_{ζ→0} ∑ n∈Z |R_{k,ε0} (i, n; E + iζ)|^2 ≤ C_{E,i,k,ε0} < ∞. (4.43) Furthermore, it follows from the resolvent identity that R(0, n; E + iζ) = R_{k,ε0} (0, n; E + iζ) + ∑ i∈Ms,|s|≤k (L − V (i))R(0, i; E + iζ)R_{k,ε0}(i, n; E + iζ). Note that for a given ω, lim sup ζ→0 |R(0, i; E + iζ)| < ∞, for a.e. E ∈ R (recall the remark after the proof of Lemma 2.1). Thus, for a.e. E ∈ I and a.e. ω ∈ Ω̃_{k,ϵ0} |R(0, n; E + iζ)|^2 ≤ C_{E,ω} ∑ i∈Ms,|s|≤k |R_{k,ε0} (i, n; E + iζ)|^2 . This inequality and (4.43) yield Relation (4.37) for n = 0.

The proof of Proposition 4.3 follows closely the proof of Proposition 3.3 in [JM]. We just sketch the main steps.

Notation. In the sequel we will denote by the same letter C various constants which depend only on C_{δ,ℓ} in 4.38. The values of these constants may change from estimate to estimate. Furthermore, we will drop the subscripts k and ε in the sequel whenever there is no danger of confusion. For example, we denote by R_ℓ(n, m; z) the matrix elements of the resolvent (h_{ℓ,k,ε}(E) − z)^{−1}, etc.

We will discuss Proposition 4.3 only in the case where i = 0. A similar argument applies to the other values of i.

Let ℓ > 0 be given. Let us recall the construction of the iterative expansion of the matrix resolvent element R_ℓ(0, n; z) with respect to R_{Ms} . Let τ be any path in the expansion (3.26) which connects 0 and n, τ = (0, n_1, n_2, . . . , n_k, n). To such a path we associate a sequence of bonds (b_1, . . . , b_l) and a sequence of blocks (M_{s1} , . . . , M_{sl} ) in the following way. Let n_{k1} be the first of the n_l’s which is not in the block M_0. Then let b_1 = (n_{k1−1}, n_{k1} ). We denote the block to which n_{k1} belongs by M_{s1} . Let n_{k2} be the first of the n_l’s, for l > k_1, which is not in M_{s1} , and let b_2 = (n_{k2−1}, n_{k2} ). We denote the block to which n_{k2} belongs by M_{s2} . If n_{k2} ∈ M_s ∩ M_t then, by definition, k_2 = min{s, t} if s, t ≥ 0, and k_2 = max{s, t} if s, t ≤ 0. We now continue inductively. It is helpful to invoke the following picture. The path τ starts in the block M_0, and wanders for some time within this block. It then leaves M_0 and jumps to a different block M_{s1} . In the bond b_1 we record the site n_{k1−1} ∈ M_0 at which the path takes off, and the site n_{k1} ∈ M_{s1} at which it lands. The path now wanders through M_{s1} and then jumps to M_{s2} , etc. The last bond b_l = (n_{kl−1} , n_{kl} ) corresponds to the last entry into the block M_{sl} ≡ M_{n0} which contains n. Since neighboring blocks intersect, the paths can land at the site which belongs simultaneously to two blocks; in this case, by definition, we say that the path landed in the block which is closer to 0. Clearly, the sequences {b_i} and {M_{si} } are not uniquely determined by the path τ: great many paths τ will determine the same sequences of blocks. Note that {b_i}, however, uniquely determines {M_{si} }. Let B be the set of all sequences of bonds τ_b = {b_i} obtained in the above way.

Regrouping the elements in the expansion (3.26) we get

R_ℓ(0, n; z) = δ_{0n}/(V (0) − z) + ∑ τ_b∈B R_{M0} (0, n_{k1−1}; z)j(n_{k1−1} − n_{k1} )R_{Ms1} (n_{k1} , n_{k2−1}; z) . . . . . . R_{Msl−1} (n_{kl−1} , n_{kl−1}; z)j(n_{kl−1} − n_{kl} )R_{Mn0} (n_{kl} , n; z).

At this point, of course, this relation holds only for Im(z) > j_0(E). However, if z is arbitrary and the series on the right hand side converges absolutely then its sum is R_l(0, n; z). To show this, for z ∈ C we define

R_ℓ(0, n; z) = δ_{0n}/(V (0) − z) + ∑ τ_b∈B R_{M0} (0, n_{k1−1}; z)j(n_{k1−1} − n_{k1} )R_{Ms1} (n_{k1} , n_{k2−1}; z) . . . . . . R_{Msl−1} (n_{kl−1} , n_{kl−1}; z)j(n_{kl−1} − n_{kl} )R_{Mn0} (n_{kl} , n; z). (4.44) whenever the sum converges absolutely. We then have

Proposition 4.4 If z ∈ C and if R(0, n; z) is defined for all n ∈ J_ℓ, then z ∉ σ(h_ℓ(z)) and R_ℓ(0, n; z) = R_ℓ(0, n; z).

The proof is the same as in [JM]. In the sequel, we will apply this proposition in the case z = E ∈ R.

At this point one proceeds to prove the following statement. Let E ∈ I be given. Then there exists ε_0 > 0 such that for k > k(ε_0) and ω ∈ Ω̃_{k,ε0} , the formal series (4.44) converges absolutely and ∑ m∈J_ℓ |R_ℓ(0, m; E)|^2 ≤ C < ∞ where the constant C does not depend on ℓ. Proposition 4.3 then follows from Proposition 4.4.

Let us consider a typical term in the formal expansion (4.44): R_{Msi−1} (n_{ki−1} , n_{ki−1}; E)j(n_{ki−1} − n_{ki} )R_{Msi} (n_{ki} , n_{ki+1−1}; E). We fix ε > 0 and k > k(ε), and proceed to obtain a suitable estimate on R_{Msi−1} (n_{ki−1} , n_{ki−1}; E)j(n_{ki−1} − n_{ki} ) We now use (4.39) and the path expansion of Section 3 to decompose R_{Msi−1} in a such a way that the estimate (4.38) could be taken into the account. The rest of the arguments is virtually identical to the arguments in [JM] and we leave details as an exercise to the reader. We note that since j(n, E) is decaying exponentially, the estimates of [JM] could be substantially improved. Also, the argument of [JM] (see the remarks at the end of Section 3 in [JM]) yields the estimate sup 0<ζ<1 |(δ_0, (h_ω(E) − E − iζ)^{−1}δ_n)| < C_{ω,E,k}(1 + |n|)^{−k}. for any k > 0. This estimate and Simon-Wolff theorem [SW] will yield the decay of eigenfunctions described in Remark 1 after Theorem 1.1. We expect that this result is not optimal, and we will not discuss it any further.

5 Probabilistic reduction

In this section we construct a partition of the probability space (Ω, F, P ) associated to the model (1.1). This partition, combined with the results of the Sections 2 and some additional technical results described in Section 6, will allow us to reduce the proof of Theorem 1.2 to Theorem 4.1.

We first recall the definition of (Ω, F, P ) (for details see e.g. [CFKS]). The set Ω is given by

Ω = R^Z = ×_ZR.

Each ω ∈ Ω can be identified with the real sequence {ω_i}_{i∈Z}. The sigma algebra F is generated by cillinder sets {ω : ω_{i1} ∈ B_1, . . . , ω_{in} ∈ B_n}, where B_1, . . . , B_n are Borel subsets of R. If dμ = p(x)dx, the probability measure P is given by P = ×_Zμ.

Let J_1 and J_2 be two given disjoint open intervals and let J_0 = R\(J_1 ∪J_2). We will assume that p_0 = ∫ J0 p(x)dx > 0, p_1 = ∫ J1 p(x)dx > 0, p_2 = ∫ J2 p(x)dx > 0. Clearly, p_0 + p_1 + p_2 = 1. To each ω ∈ Ω we associate a sequence s(ω) = {s_i} of 0’s, 1’s and 2’s as follows:

s_i =

0 if ω_i ∈ J_0, 1 if ω_i ∈ J_1, 2 if ω_i ∈ J_2.

The sequence s(ω) is the skeleton of the event ω. We denote by S the set {s(ω) : ω ∈ Ω}. Let T be the sigma algebra on S generated by the cylinder sets, and π a measure defined by π = ×_Zb, where b{0} = p_0, b{1} = p_1 and b{2} = p_2. Note that if T : Ω → S is defined by T (ω) = s(ω), then T is a measurable transformation and for any measurable set F ⊂ S, P (T^{−1}(F )) = π(F ).

For any s ∈ S let Ω_s = {ω : s(ω) = s}. Each Ω_s is a measurable subset of Ω, Ω_s ∩ Ω_s′ = ∅ if s ≠ s^′ and Ω = ∪_{s∈S} Ω_s. We remark that for any s, P (Ω_s) = 0. Note that each Ω_s has the form

Ω_s = ×_{i∈Z}J_{si} .

Let s be given, and let μ^{(i)} be a probability measure on R with the density p^{(i)}(x) ≡ p(x)χ_{Jsi} (x)dx/ ∫ Js_i p(x)dx, (in the sequel χ_A stands for the characteristic function of the set A). Note that

‖p^{(i)}‖_∞ ≤ ‖p‖_∞/ min{p_0, p_1, p_2}. (5.45)

Let P_s be a probability measure on Ω defined by

P_s = ×_{i∈Z}μ^{(i)}.

Note that the measure μ^{(i)} is supported on J_{si} and that P_s is supported on Ω_s. In this way we obtain, for each s ∈ S, a new probability space (Ω, F, P_s). Note also that P (A/s) ≡ P_s(A ∩ Ω_s), is the usual conditional probability of event A given s.

Lemma 5.1 For any A ∈ F, the function P (A/·) : S → R is π-measurable, and P (A) = ∫ S P (A/s)dπ(s). Proof: If A is a cylinder set, the proof reduces to a simple computation. The general case follows by limiting argument. 2

We will also make use of Lemma 5.2 Let C ⊂ I × Ω be a measurable set and C_E = {ω : (E, ω) ∈ C}. (5.46) Then f(E, s) ≡ P (C_E/s) is a measurable function on I ⊗ S.

Proof: If C = B × A then the previous lemma yields that P (C_E/s) = χ_B(E)P (A/s) is a measurable function on I × S. The general case follows by limiting argument. 2 The stage is now set for our probabilistic reduction. Let I be a closed interval outside [−4, 4] and C = {(E, ω) ∈ I × Ω : lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞}. It is not difficult to show that for fixed ζ the function ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ is measurable on I × Ω. Therefore, the set C is measurable. According to Theorem 1.2, Theorem 1.1 holds if m ⊗ P measure of the set C is equal to |I|, the length of the interval I. Let C_E be given by (5.46). Lemmas 5.1 and 5.2 together with Fubini’s theorem yield that ∫ C dE ⊗ dP = ∫ I P (C_E)dE = ∫ I dE ∫ S P (C_E/s)dπ(s) = ∫ S dπ(s) ∫ I P (C_E/s)dE, and finally, that ∫ C dE ⊗ dP = ∫ S dπ(s) ∫ C dE ⊗ dP_s. We summarize:

Theorem 5.3 Theorem 1.2 holds if for π-almost all s and for a.e. (E, ω) ∈ I ⊗ Ω with respect to m ⊗ P_s we have that lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞.

For the obvious reasons, we will refer to this result as the probabilistic reduction.

We finish this section with a probabilistic estimate which will allow us to construct long periodic approximations of the random potential V_ω.

Proposition 5.4 Let p > 0 and a be given integers such that p_1a > 1 and p_2a > 1. Then π-a.s. there exists an integer n(s) such that the intervals ±[(pa)^{n(s)+n} + 1, (pa)^{n(s)+n+1} − 1], n > 0, contain sub-intervals I_{±n} of the length 4np such that

s_i = { 1 if i ∈ I_{±n}, i ≡ 0 mod p, 2 if i ∈ I_{±n}, i ≢ 0 mod p.

Proof: Let pa = b. For any positive n let

I^{(k)}_n = [(b^n + 8(k − 1)pn + 1, b^n + 8(k − 1/2)pn + 1], I^{(k)}_{−n} = I^{(k)}_n ,

where 1 ≤ k ≤ [b(b^n − 1)/8np] − 1 and [·] is the greatest integer part. Let

A_{n,k} = {s : s_i = 1 if i ∈ I^{(k)}_{±n}, i ≡ 0 mod p, and s_i = 2 if i ∈ I^{(k)}_{±n}, i ≢ 0 mod p}.

Let r = min{p_1, p_2}. One easily shows that π(A_{n,k}) ≥ r^{8np}. Let B_n be the event that no A_{n,k} take place, B_n = S \ (∪_kA_{n,k}). It follows that π(B_n) ≤ (1 − r^{8np})^{[b(bn−1)/8np]−1} = O(2^{−(ra)n} ). If ra > 1, ∑ n π(B_n) < ∞ and Borel-Cantelli lemma yields that π-a.s. only finitely many events B_n take place. 2

6 Periodic approximations and gaps

In this section we collect a few additional results from [JM] which will be used in the next section to verify the hypothesis of Theorem 4.1.

Let p > 0 be a positive integer, ε > 0 a positive parameter, and V_{ε,p} a periodic potential of the form V_{ε,p}(n) = { ε if n ≡ 0 mod p, 0 if n ≢ 0 mod p.

(6.47)

We set h_{ε,p} = h_0(E) + V_{ε,p}.

The operator h_0(E) in the Fourier representation acts as the operator of multiplication by the function ĵ(ϕ, E) = λ(ϕ, E) + 2 cos ϕ, which, for fixed E, is even, analytic and strictly monotone on the interval [0, π]. Thus, Hypothesis (H) of Section 4 in [JM] is satisfied. We will use the shorthand e_{k,p}(E) = ĵ(kπ/p, E). Theorem 4.1 of [JM] applied to h_{ε,p}(E) states the following.

Theorem 6.1 Let |E| > 4 be given, and assume that (θ_1, θ_2) ⊂ σ(h_0(E)). Then there exist ε_0(E) > 0 and p_0(E) > 0 such that for 0 < ε < ε_0(E), p > p_0(E), and e_{k,p}(E) ∈ (θ_1, θ_2), σ(h_{ε,p}(E)) ∩ (e_{k,p}(E), e_{k,p}(E) + δ_{ε,k,p}(E)) = ∅, for some δ_{ε,p}(E) > 0

We will also need a technical result from [JM] (Proposition 5.1) which asserts that the conclusions of Theorem 6.1 are essentially unaffected by Dirichlet decoupling. Let again |E| > 4 be given, and let V_p be a periodic potential with the period p. Let h_p(E) = h_0(E) + V_p. For any positive integer L, we define the operator h^L_p (E) as the restriction of h_p(E) to the interval [−2pL, 2pL] with the Dirichlet boundary condition. We then have Proposition 6.2 Let (a, b) be an interval such that 0 ∉ (a, b) and σ(h_p(E)) ∩ (a, b) = ∅. Let ϵ > 0 and δ > 0 be given small numbers. Then there exists finitely many points r_1, . . . , r_{kϵ,δ} in (a + ϵ, b − ϵ) and a positive number L_{ε,δ} such that for L > L_{ε,δ}, σ(h^L_p (E)) ∩ (a + ϵ, b − ϵ) ⊂ ∪^{kϵ,δ}_{l=1}[r_l − δ, r_l + δ]. The points r_l and the numbers L_{ϵ,δ} and k_{ϵ,δ} depend only on ϵ, δ and E. Furthermore, sup_{δ>0} k_{ϵ,δ} ≤ k_ϵ < ∞, where k_ϵ depends only on ϵ and E.

We will also make use of the following technical results.

Lemma 6.3 Assume that Hypothesis (H1) hold. Let E_0 ∈ S(V), E_0 ∉ [−4, 4], be given. Then there is ϕ_0 ∈ [−π, π] and a_0 ∈ V such that ĵ(ϕ_0, E_0) + a_0 = E_0. (6.48) Furthermore, there is a discrete set B ⊂ R \ [−4, 4] such that if E_0 ∉ B then a_0 and ϕ_0 can be chosen so that a_0 is an interior point of V and that ĵ(ϕ_0, E_0) is an interior point of σ(h_0(E_0)). Remark. This is the only place where we will use Hypothesis (H1). Proof: λ(ϕ, E_0) is the solution of the equation λ(ϕ, E_0) + 1/λ(ϕ, E_0) + 2 cos ϕ = E_0, (6.49) which satisfies |λ(ϕ, E_0)| < 1. If E_0 ∈ S(V), then (recall (1.2)) there exists ϕ_0 ∈ [−π, π] and a_0 ∈ V, |a_0| ≥ 1, such that 2 cos ϕ_0 + a_0 + 1/a_0 = E_0. It now follows from (6.49) that a_0 + 1/a_0 = λ(ϕ_0, E_0) + 1/λ(ϕ_0, E_0).

Since the function x + 1/x is strictly monotone on [1, ∞), we have that a_0 = 1/λ(ϕ_0, E_0). Substituting back in (6.49) we derive (6.48).

To prove the second part part of the lemma, note first that the function ĵ(ϕ, E_0) has two extreme points, at ϕ = 0 and ϕ = π. Clearly, by wigling ϕ_0 and a_0 in (6.49) a little, one can always achieve that a_0 is an interior point of V and that ĵ(ϕ_0, E_0) is an interior point of σ(h_0(E_0)) except possibly in singular cases where a_0 ∈ ∂V and ϕ_0 = 0 or π. Let

B = {E : ĵ(0, E) + a = E or ĵ(π, E) + a = E for some a ∈ ∂V}. (6.50)

Since ĵ(0, E) and ĵ(π, E) are analytic functions in C\[−4, 4] and the set ∂V is discrete, we derive that B is a discrete set as well. 2

7 Proof of Theorem 1.1

Let B be given by (6.50), and let E_0 be such that |E_0| > 4, E_0 ∈ S(V), and E_0 ∉ B. We will show that there exist an open interval I_0 ∋ E_0 such that for a.e. (E, ω) ∈ I_0 × Ω with respect to m ⊗ P , lim_{ζ→0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞. (7.51)

It then follows from Theorem 1.2 that Σ_c ∩ I_0 = ∅. Since B is discrete and E_0 is arbitrary, Theorem 1.1 follows.

It follows from Lemma 6.3 that there exist a_0 ∈ V and ϕ_0 such that ĵ(ϕ_0, E_0) + a_0 = E_0. Furthermore, a_0 and ϕ_0 can be chosen so that a_0 belongs to the interior of V and ĵ(ϕ_0, E_0) to the interior of σ(h_0(E_0)). Let θ > 0 be such that (a_0 − θ, a_0 + θ) ∈ V, and θ_1, θ_2 such that ĵ(ϕ_0, E_0) ∈ (θ_1, θ_2) ⊂ σ(h_0(E_0)). Choose ε_0 > 0 and p_0 > 0 such that Theorem 6.1 holds. Pick p > p_0 and k such that |ĵ(kπ/p, E_0) − ĵ(ϕ_0, E_0)| < θ/4, and that kπ/p ∈ (θ_1, θ_2). Choose ε > 0 such that ε < min{ε_0, θ/4}, and let V_{ε,p} be the periodic potential (6.47). We now use Proposition 6.2: For any ϵ > 0 and δ > 0 we can find L_{ϵ,δ} such that for L > L_{ϵ,δ} the spectrum of the operator h^L_{ε,p}(E_0) (the restriction of h_0(E_0) + V_{ε,p} to [−2pL, 2pL] with the Dirichlet boundary condition) satisfies σ(h^L_{ε,p}(E_0)) ∩ (a + ϵ, b − ϵ) ⊂ ∪^{kϵ,δ}_{l=1}[r_l − δ, r_l + δ], where a = ĵ(kπ/p, E_0), b = ĵ(kπ/p, E_0) + δ_{ε,k,p}(E_0). Choose now ϵ, δ and x_0 ∈ (−θ/4, θ/4) s.t. x_0 + E_0 − a_0 ∈ (a + ϵ, b − ϵ), x_0 + E_0 − a_0 ∉ ∪^{kϵ,δ}_{l=1}[r_l − δ, r_l + δ]. This is certainly possible since sup_{δ>0} k_{ϵ,δ} ≤ k_ϵ < ∞. It follows that

inf_{L>Lϵ,δ} dist{σ(h^L_{ε,p}(E_0)) + a_0 − x_0, E_0} > 0.

Furthermore, it follows from Proposition 3.5 that lim_{E→E0} sup_{L>0} ‖h^L_{ε,p}(E) − h^L_{ε,p}(E_0)‖ = 0.

A simple perturbation argument (see Lemma 5.3 in [JM]) yields that there exist an open interval I_0 ∋ E_0 and γ > 0 such that for any E ∈ I_0 and x ∈ (a_0 − x_0 − γ, a_0 − x_0 + γ), inf_{L>Lϵ,δ} dist{σ(h^L_{ε,p}(E)) + x, E} > 0. This result can be rephrased as follows: For any L > L_{ϵ,δ}, and any potential V on I = [−2pL, 2pL] which satisfies V (n) ∈ J_1 ≡ (a_0 − x_0 + ε − γ, a_0 − x_0 + ε + γ) if n ≡ 0 mod p, V (n) ∈ J_2 ≡ (a_0 − x_0 − γ, a_0 − x_0 + γ) if n ≢ 0 mod p, we have that sup_{E∈I0} dist{σ(h_I (E)), E} = α > 0, (7.52) where α does not depend on L. We of course can choose γ such that J_1 ∩ J_2 = ∅. From the construction, a_0 − x_0 and a_0 − x_0 + ε belong to (a_0 − θ/2, a_0 + θ/2). Thus, p_1 = ∫ J1 p(x)dx > 0, p_2 = ∫ J2 p(x)dx > 0. Also, by possibly reducing γ, we may assume that p_0 = 1 − p_1 − p_2 > 0.

We are now ready to apply the probabilistic reduction of Section 5. Let s ∈ S be an event for which the conclusions of Proposition 5.4 hold. According to Theorem 5.3 to establish (7.51) it suffices to show that for each such s, the relation lim_{ζ↓0} ‖(h_ω(E) − E − iζ)^{−1}δ_0‖ < ∞, holds for a.e. (E, ω) ∈ I_0 × Ω with respect to the measure m ⊗ P_s. We are now in position to use Theorem 4.1. Consider the random Schrödinger operator h_0(E) + V_ω on (Ω, F, P_s). It follows from (5.45) that Hypothesis (A) of Theorem 4.1 is satisfied. Estimate (7.52), Proposition 5.4 and translation invariance yield that all the other conditions of Theorem 4.1 are satisfied, and the result follows.

References

[A] Aizenman M., Localization at Weak Disorder: Some Elementary Bounds. Rev. Math.

Phys., 6, 1163 (1994)

[AM] Aizenman M., Molchanov S., Localization at Large Disorder and at Extreme Energies:

An Elementary Derivation. Commun. Math. Phys. 157, 245 (1993)

[BS] Boutet de Monvel A., Surkova A., Localisation des états de surface pour une classe d’opérateurs de Schrodinger discrets à potentiels de surface quasi-périodiques, preprint.

[CL] Carmona R., Lacroix J., Spectral Theory of Random Schrödinger Operators. Birkhauser, Boston 1990.

[CFKS] Cycon H., Froese R., Kirsch W., Simon B., Schrödinger Operators. Springer-Verlag, Berlin-Heidelberg 1987.

[G] Grinshpun V., Localization for random potentials supported on a susbpace. Lett. Math.

Phys. 34, 103-117 (1995)

[GJMS] Gordon Y., Jakšić V., Molchanov S., Simon B., Spectral Properties of Random Schrödinger Operators with Unbounded Potentials. Commun. Math. Phys. 157, 23 (1993)

[JL] Jakšić V., Last Y., in preparation.

[JM] Jakšić V., Molchanov S., Localization for One Dimensional Long Range Random Hamiltonians, to appear in Rev. Math. Phys.

[JM1] Jakšić V., Molchanov S., On the Spectrum of the Surface Maryland Model, to appear in Lett. Math. Phys.

[JMP] Jakšić V., Molchanov S., Pastur L., On the Propagation Properties of Surface Waves.

Wave Propagation in Complex Media, IMA Vol. Math. Appl. 96, 143 (1998).

[Ka] Kato T., Perturbation Theory for Linear Operators. Springer-Verlag, Berlin-Heidelberg 1980.

[KKS] Kirsch W., Kotani S., Simon B., Absence of Absolutely Continuous Spectra for One- Dimensional Random but Deterministic Schrödinger Operators. Ann. Inst. H. Poincareé 42, 383 (1985).

[KMP] Kirch W., Molchanov S., Pastur L., One-dimensional Schrödinger Operator with Unbounded Potential. Func. Anal. Prilozhen., 24, 14 (1990)

[KP] Khoruzenko, B.A., Pastur L., The localization of surface states: an exactly solvable model. Physics Reports 288, 109-126 (1997).

[M] Molchanov S., Lectures given at Caltech, Spring 1990.

[M1] Molchanov S., Lectures on Random Media. In Lectures on Probability, ed. P. Bernard, Lecture Notes in Mathematics, 1581, Springer-Verlag, Heidelberg 1994 [S] Simon B., Spectral Analysis of Rank One Perturbations and Applications. CRM Proc.

Lecture Notes, 8, AMS, Providence, RI, 1995.

[SS] Simon B., Spencer T., Trace Class Perturbations and the Absence of Absolutely Continuous Spectrum. Commun. Math. Phys. 125, 113 (1989) [SW] Simon B., Wolff T., Singular Continuous Spectrum Under Rank One Perturbations and Localization for Random Hamiltonians. Commun. Pure Appl. Math. 39, 75 (1986)