STABILITY PROPERTIES IN HAMILTONIAN PERTURBATIONS OF RESONANT PDE’S WITH SYMMETRY: THE CASE OF NLS^1

Federico AVANZINI^∗, Dario BAMBUSI* Dipartimento di Matematica dell’Università, Via Saldini 50, 20133 MILANO, Italy.

Abstract. In this paper we present some stability results for Hamiltonian PDE’s which have an exact symmetry, and are perturbations of a linear resonant system. We also give an application to some nonlinear Schrödinger equations constructing infinitely many families of elliptic periodical orbits, one of which is orbitally stable, and infinitely many families of “approximatively invariant” 2-dimensional tori, which are stable over very long times.

1. Introduction

In this paper, we will study, in the spirit of Nekhoroshev’s theorem^{[1,2]}, the dynamics of Hamiltonian PDE’s which have an exact symmetry, and are perturbations of a linear resonant system. The point is that when an exact symmetry is present one can pass to the reduced system (Marsden–Weinstein reduction procedure^{[3,4]}) to study the dynamics of the system under consideration. In particular it is well known that critical points of the reduced hamiltonian are invariant manifolds of the original system, and that extrema of the reduced hamiltonian are (orbitally) stable invariant manifolds of the system (see e.g. [5]; for applications in PDE’s see e.g. [6]). Moreover, if the original system is a perturbation of a linear resonant system we will show that one can construct a resonant normal form^{[7]}, which can be used (see [8, 9]) to find “approximatively invariant manifolds” which

1 D.B. Acknowledges the support of EC contract ERBCHRXCT940460 for the project “Stability and universality in classical mechanics”.

* e-mail: favanz@tin.it, bambusi@mat.unimi.it

Paper contained in Proceedings of Symmetry and Perturbation Theory: the whole volume is available at ‘www.mat.unimi.it/html/rice/spt96/contents.html’ are stable over times exponentially with a suitable small parameter ϵ; more precisely, for any b ≥ 2, we will prove that solutions starting O(ϵ^b) close to such manifold remain O(ϵ^{b/2}) close to it up to times of order ϵ^{b−2} exp(a/ϵ^2) (a > 0).

Here, to illustrate in a precise way the results that can be obtained by the above method (and the difficulties one meets in actually applying it) we will concentrate on the nonlinear Schrödinger equation with vanishing boundary conditions on a segment, namely iu_t = −u_{xx} − uφ(|u|^2) , u(0, t) = u(π, t) = 0 , (1.1) where φ is a function analytic in a neighbourhood of the origin such that φ(0) = 0, φ^′(0) ≠ 0. In particular we will construct infinitely many families of (small amplitude) periodical orbits one of which is also proved to be orbitally stable, and infinitely many families of two dimensional “approximatively invariant” tori which are stable over times exponentially long with the inverse of the square of the H^1 norm of the initial datum.

We recall that very much is already known for small amplitude solutions of eq. (1.1). In particularly some Nekhoroshev type results for (1.1) were already obtained in [10,11,12]; the tori we construct in the present paper are stable for times much longer than those considered in such papers. A discussion of the relation of the present results with those of the above quoted papers, together with a description of the picture of the dynamics arising from these works (and from [13]) will be given in sect. 5.

2. The nonlinear Shrödinger equation

Consider NLS (1.1) on [0, π] with vanishing boundary conditions. Since we are interested in small amplitude solutions it is useful to make the rescaling u = ϵu^′, and moreover to separate the main part of the perturbation so that the equation assumes the form iu_t + u_{xx} = ϵ^2πu |u|^2 + ϵ^4uψ(|u|^2) , (2.1)

where we omitted the primes, denoted

ψ(x) := 1 ϵ^4

[φ(ϵ^2x) − ϵ^2πx] and assumed (without lack of generality) that φ^′(0) = π. It is well known that NLS is a Hamiltonian system e.g. on the phase space P := H^1_0 ([0, π], C) endowed by the symplectic form Ω and by the scalar product ⟨., .⟩ defined by

Ω(u, v) := Re ∫_π 0 uiv^∗dx , ⟨u, v⟩ := 1 2 Re ∫_π 0 u^∗_xv_xdx ; (2.2)

the hamiltonian being given by

H(u) := 1 2 ∫_π 0 |u_x|^2 dx + ϵ^2 π 4 ∫_π 0 |u|^4dx + ϵ^4 ∫_π 0 Ψ(|u|^2)dx , (2.3) where Ψ is a primitive of ψ satisfying Ψ(0) = Ψ^′(0) = Ψ^{′′}(0) = 0. To introduce canonically conjugated variables consider the space Fourier expansion of u, namely

u(x) = ∑ k≥1 u_k √ 2 π sin kx , (2.4)

and put

p_k := Reu_k , q_k := Imu_k , I_k := |u_k|^2 2 = p^2_k + q^2_k 2 , (2.5)

then (p_k, q_k) are canonically conjugated variables and I_k are the linear actions. We will use the following notations

h_0(u) := 1 2 ∫_π 0 |u_x|^2 dx = ∑ k≥1 k^2 p^2_k + q^2_k 2 ,

f(u) := π 4 ∫_π 0 |u|^4 dx , f_1(u) := ∫_π 0 Ψ(|u|^2)dx, so that (2.3) can be rewritten as

H(u) = h_0(u) + ϵ^2f(u) + ϵ^4f_1(u) . (2.6)

We will also denote by

N(u) := 1 2 ∫_π 0 |u|^2dx = ∑ k≥1 p^2_k + q^2_k 2 ,

the constant of motion associated to the phase shift invariance of (1.1).

3. Periodic orbits

As anticipated above, the main idea is to use the group action S^1 × P ∋ (α, u) → e^{iα}u to reduce the system, and then to study the equilibria of the reduced system. The procedure is quite standard, but, as an introduction to the developments of the next section, we think it is useful to sketch it at an elementary (and formal) level.

Introduce (formal) action angle coordinates given by (I_k, ϕ_k) (cf. eq. (2.5)), pass to new action J defined by

J_1 := ∑ k≥1 I_k ; J_2 := ∑ k≥1 k^2I_k ; J_k := I_k , k ≥ 3 ,

and denote by ψ_1, ψ_2, ..., ψ_∞ the corresponding new angles. Since N = J_1 is a constant of motion, the hamiltonian is independent of ψ_1, and so one can consider J_1 as a parameter (i.e. pass to the reduced system). To find the critical points of the reduced system we want to exploit the fact that H is a perturbation of h_0(≡ J_2), by looking for critical points of h_0, and then continuing them to critical points of H; however, it is clear that the calculations has to be developed in the original (p, q) variables^1 exploiting the fact that the critical points of the reduced hamiltonian are indeed critical points of the restriction of the original hamiltonian to the surface of constant L^2. However, due to the existence of a symmetry which is common to h_0 and N, these critical points consist of a whole orbit of the symmetry group, and so they are always degenerate, and the implicit function theorem does not apply. So, we first introduce a Poincaré section P and apply the implicit function theorem to the restriction of H to the intersection of P with a level surface of N. This is possible provided the critical points are nondegenerate in the directions transversal to the orbit of the symmetry group (for a detailed description of the continuation procedure see [8] lemma 8.4).

To give a precise statement consider the surface N_a := {u ∈ P : ‖u‖_L2 = a} , and, for any fixed integer j ≥ 1, the family of closed curves defined by C_{j,α} := {u ∈ P : |u_j | = α , u_k = 0 , ∀k ≠ j} . We directly state our result for small amplitude solutions of the original system (1.1).

1 Clearly, the critical points coincide with the singularities of the coordinates (J, ψ); indeed at such points J_1 is not independent of J_2

Theorem 3.1. Consider equation (1.1); for any integer j ≥ 1 there exist positive constants ϵ_j , C_j and a family of periodic orbits with trajectories { γ^j_ϵ } 0≤ϵ≤ϵ_j with the following properties 1) The periodic solution with trajectory γ^j_ϵ lies on N_ϵ, has period T^ϵ_j which depends analytically on ϵ ∈ (0, ϵ_∗) and which, as ϵ → 0, converges to 2π/j^2.

2) γ^j_ϵ is an analytic curve, moreover u ∈ γ^j_ϵ =⇒ u ∈ C^∞(0, π). 3) γ^j_ϵ is close to C_{j,ϵ}, precisely one has d_H1 (u, γ^j_ϵ ) ≤ C_j ϵ^3 , ∀u ∈ C_{j,ϵ} 4) γ^1_ϵ is orbitally stable.

5) γ^j_ϵ is elliptic (i.e. it has vanishing Lyapunov exponents).

Remark 3.2. Statements 1,2,3, were already proved, by a slightly different method, in [13].

Proof. We use the method of Lagrange multiplier to compute the critical points of h_0 | |_{N1} . For X ∈ P we have

⟨λdN − dh_0, X⟩ = ∑ k≥1 X_{pk} ∂ ∂p_k (λdN − dh_0) + X_{qk} ∂ ∂q_k (λdN − dh_0) = ∑ k≥1 (λ − k^2)(p_kX_{pk} + q_kX_{qk} ) ,

(3.1)

where X_{pk} and X_{qk} are the real and the imaginary part of the k−th Fourier coefficient of X. So, for any j ≥ 1 one has that

p_k = q_k = 0 , if k ≠ j p^2_j + q^2_j 2 = 1 , λ = λ_j = j^2 (3.2)

is a solution of λdN − dh_0 = 0, and the curve C_{j,1} is a critical set for h_0 | |_{N1} .

In order to continue these critical points to critical points of the total hamiltonian (2.3) we have to show that they are nondegenerate in the transversal directions. So, fix u ∈ C_{j,1} and compute the second differential of h_0 | |_{N1} at u. For X ∈ T_uN_1 one has ⟨ d^2h_0 | |_{N1} ; X, X ⟩ = λ_j ⟨ d^2N; X, X ⟩ − ⟨ d^2h_0; X, X ⟩ = ∑ j≠k (λ_j − k^2)(X^2_{pk} + X^2_{qk} ) .

(3.3)

Let P ⊂ P be the hyperplane through u orthogonal to C_{j,1}, then it is easy to see that the application

T_uN_1 ∩ P → (T_uN_1 ∩ P )^∗ X → α_X := ⟨d^2h_0 | N1 (u); X, .⟩ (3.4)

is an isomorphism.

So the implicit function theorem applied to H | |_{N1∩P} ensures that for small enough ϵ such a function has a critical point close to C_{j,1} ∩ P which depends smoothly on ϵ^2. Going back to original variables (i.e. removing the scaling) (1) follows. To see (2) remark that γ^j_ϵ is the trajectory of the solutions of the hamiltonian vector field of N, which is a bounded linear vector field. Smoothness of the functions u ∈ γ^j_ϵ follows by a bootstrap argument (for the details see [8] lemma 8.2) which allows to show that u is in the domain of (∂_{xx})^k for any positive k. The stability property of γ_1 follows from the fact that, since the second differential (3.4) is definite for j = 1, such a curve is an extremum of the reduced hamiltonian.

To see 5) consider the reduced system obtained by exploiting the phase shift invariance: the curve γ^j_ϵ is a stationary point for its Hamiltonian. Moreover, the linearization of the system at such a stationary point is close to the linearization of the unperturbed system (ϵ = 0) at the stationary point corresponding to the orbit γ^j_0. In turn the unperturbed linear system has the form ⟨z, Qz⟩, where Q is a linear opertor which, by (3.3), is diagonal and has eigenvalues {λ_j − k^2}_{k≥1,j≠k}. Since such eigenvalues are simple and real, 5) follows by standard perturbation theory for linear Hamiltonian system.

4. Exponentially stable two dimensional tori

Using the (formal) coordinates (J, ψ) the hamiltonian takes the form

J_2 + ϵ^2f(J, ψ_2, ..., ψ_∞) + ϵ^4f_1(J, ψ_2, ..., ψ_∞) . (4.1)

The idea is now to make a resonant normal form in order to eliminate the dependence of the hamiltonian on ψ_2. By classical averaging theorem (see e.g. [14,15]), one can expect that it should be possible to find a canonical transformation T so that the hamiltonian is reduced to H ∘ T = J_2 + ϵ^2⟨f⟩(J, ψ_3, ..., ψ_∞) + ϵ^4Z(J, ψ_3, ..., ψ_∞) + e^{−C/ϵ2} R(J, ψ_2, ψ_3, ..., ψ_∞) (4.2) where ⟨f⟩ is the average of the hamiltonian with respect to ψ_2, Z is a part in normal form (i.e. it does not depend on ψ_2), and R is a remainder which gives an exponentially small correction to the dynamics.

To study the dynamics of (4.2) we begin by considering the simplified system in which the remainder R is neglected: its hamiltonian is independent of ψ_2, and (passing to the reduced system) is equivalent to H_s = ϵ^2⟨f⟩(J, ψ_3, ..., ψ_∞) + ϵ^4Z(J, ψ_3, ..., ψ_∞) (4.3) Since (4.3) is a perturbation of ϵ^2⟨f⟩, which can be explicitly computed, the idea is again to compute the critical points of ⟨f⟩, and to continue them to critical points of the simplified hamiltonian.

Afterwards one has to take into account the remainder R: it is clear that it can produce a drift which is only exponentially small. So one has that the invariant tori of the simplified system are only ensured to be approximatively invariant for the complete dynamics, and their stability properties can be ensured only for exponentially long times.

This is the result one can expect to obtain; however, as pointed out in the previous section there is the technical problem that one cannot use the variables J, ψ to study the dynamics. In the present case the problem is even more serious: ψ_2 is essentially the time along the flow generated by J_2, which in turn is the hamiltonian of the linear system iu̇ = −u_{xx} whose solutions are only continuous in time. So ψ_2 is a continuous nondifferentiable variable. Remark that this has the intrinsic (i.e. coordinate independent) consequence that the group action of T^2 on P under which the simplified system is invariant is only continuous, so that the reduced system has in general a hamiltonian which is not differentiable.

To overcome the above problems we proceed in some steps. First we apply the method of [7,12] to put the system in normal form (without introducing the variables (J, ψ), and preserving the symmetry^{[16]}).

In this way one obtains the following theorem in which we will denote by B_R ⊂ P the ball of radius R in the H^1 norm. Moreover we will denote by C_1, C_2, C_3... positive constants independent of ϵ Theorem 4.1. Provided ϵ is small enough there exists an analytic canonical transformation T defined on B_2 with the following properties

1. T leaves invariant N, namely N ∘ T = N, and satisfies

sup_{B2} ‖ 1l − T ‖ ≤ C_1ϵ^2 ; (4.4)

the same estimate holds for T^{−1}.

2. T puts the hamiltonian in resonant normal form, namely one has

H ∘ T = h_0 + ϵ^2⟨f⟩ + ϵ^4Z + R (4.5) where 2a. ⟨f⟩ is the average of f with respect to the unperturbed flow, i.e. ⟨f⟩(u) := 1 2π ∫_{2π} 0 f(e^{it∂xx} u)dt and is explicitly given by ⟨f⟩(u) := 1 2 ( N(u) )_2 − 1 8 ∑ k≥1 |u_k|^4 ; (4.6)

2b. Z = Z(u, ϵ) satisfies {h_0, Z} = 0 and {N, Z} = 0; it is analytic on B_2, together with its symplectic vector field, and is jointly C^∞ in u and ϵ. Moreover it is bounded on B_2, together with its symplectic vector field, by a constant independent of ϵ 2c. R is a remainder analytic on B_2 together with its symplectic gradient; it satisfies {R, N} = 0 and the estimates

sup_{B2} |R| ≤ C_2ϵ^4 exp [ − ( a ϵ )_2] , sup_{B2} ‖JdR‖ ≤ C_3ϵ^4 exp [ − ( a ϵ )_2] . (4.7)

Remark 4.2. The classical algorithm gives a normal form Z which depends in a discontinuous way on ϵ; to obtain a smooth Z one has to use the technique developed in [8] for the proof of lemma 8.1.

For the proof see [7,8,12].

Once the system has been put in normal form, following [8], we look for the critical points of ⟨f⟩ restricted to a surface of constant N and h_0. Such critical points, which are invariant under the flow generated by h_0(= J_2) and N(= J_1) turn out to be smooth tori, even if the flow generated by h_0 is only continuous (this is due to the fact that the perturbation has a smooth hamiltonian vector field; for details see [8]). So one can introduce smooth coordinates which are adapted to such tori, and use them to study the dynamics of the system. This was done in [8] for systems without symmetry and extended to the case of systems with symmetry in [9]; here we just give the statement of the corresponding lemma. To this end denote S_{E,c} = h^{−1}_0 (E) ∩ N_c, Z := ⟨f⟩ + ϵ^2Z

and assume that (ND) For some fixed c the function ⟨f⟩|_{S1,c} has a nondegenerate extremal set T_{1,c} which is a torus; precisely there exists a positive constant C_⊥ such that, for any u ∈ T_{1,c} and any X ∈ T_uS_{1,c} (tangent space to S_{1,c} at u) orthogonal to T_{1,c} one has ±⟨d^2⟨f⟩|_{S1,c} ; X, X⟩ ≥ C_⊥ ‖X‖^2 , where the signum plus holds for minima and the minus for maxima.

Lemma 4.3. There exists ϵ_∗ such that, for any positive ϵ < ϵ_∗ there exists a torus T^ϵ_{1,c} smoothly dependent on ϵ, and close to T_{1,c}; precisely, such that d(u, T_{1,c}) ≤ C_4ϵ^2 ∀u ∈ T^ϵ_{1,c} , which is a nondegenerate extremum of Z|_{S1,c} ; moreover, fix u ∈ T^ϵ_{1,c}, and denote by P the codimension 2 hyperplane through u orthogonal to T_uT^ϵ_{1,c}; then there exists a coordinate system

IR^4 × B ⊃ V → P ((ϕ_1, ϕ_2, E, l), ξ) → u(ϕ_1, ϕ_2, E, l, ξ) where B := T_u(P ∩ S_{1,c}), such that the following properties hold i) u(ϕ_1, ϕ_2, E, l, ξ) ∈ S_{E,l} ii) u(0, 0, 1, c, ξ) ∈ P iii) u(ϕ_1, ϕ_2, 1, c, 0) ∈ T^ϵ_{1,c}, iv) for u ∈ N_c one has d(u, T^ϵ_{1,c}) ≤ C_5|E − 1| + C_6 ‖ξ‖, where the norm is the natural norm of B.

The proof is a combination of Marsden–Weinstein reduction theorem and of lemma 8.6 of [8], which in turn exploits just the smoothness of the periodic orbit of the system obtained by reduction with respect to (J_1, ψ_1) only; it will be given in detail in [9].

In the above coordinates the function Z = Z(ϕ_1, ϕ_2, E, l, ξ) = Z_{ϕ1,ϕ2,l}(E, ξ) has a Taylor expansion in E, ξ, which at any point of T_{1,c} is of the form

Z(E, ξ) = Z(1, 0) + ∂Z ∂E (1, 0)(E − 1) +

∂^2Z ∂ξ^2 (1, 0)(ξ, ξ) + R_3(E, ξ) , (4.8)

where ∂^2Z ∂ξ^2 (1, 0)

is the second differential of Z with respect to the variables ξ; since (1, 0) is an extremum of Z (as a function of ξ), it is a (positive or negative) definite two form.

So it is easy to show that the distance of u ∈ N_c from T_{1,c} is controlled by the two quantities ΔZ := |Z(E, ξ) − Z(1, 0)| and ΔE := |E − 1|, whose evolution, by the normal form theorem, is only exponentially slow. Precisely we have the following Theorem 4.4. Under the same assumptions of 4.3 the torus T^ϵ_{1,c} is approximatively invariant, and is stable over exponentially long times. Precisely, ∀b > 2, one has d(u_0, T^ϵ_{1,c}) ≤ C_7ϵ^b implies d(u(t), T^ϵ_{1,c}) ≤ C_8ϵ^{b/2} for all times less than

C_9ϵ^{b−2} exp ( a ϵ )_2

We are now going to explicitly compute the extrema of the average of the perturbation in the case of NLS, and go back to the original (nonrescaled) variables. In the statement of the result we will use the notations

Ē(k_1, k_2) = k^{21} + k^2 2 , ĉ(k_1, k_2) = k^2_1 + k^2 − 2 k^4_1 + k^4_2 − k^2_1 − k^2 , I_δ(k_1, k_2) = (ĉ + δ, Ē^{−1} − δ) ;

moreover, for any fixed couple of integers (k_1, k_2) we shall denote by T^{k1,k2}_{ϵ,c} the family of 2–dimensional tori given by

T^{k1,k2}_{ϵ,c} = {u : h_0(u) = ϵ^2, N(u) = cϵ^2, u_j = 0 ∀j ≠ k_1, k_2}.

Theorem 4.5. Consider equation (1.1) with vanishing boundary conditions and fix a positive K ≥ 2; then there exist positive constant ϵ_∗, a and δ = O(K^{−2}) (depending only on K, and on the perturbation φ) such that for any couple of integers k_1, k_2 < K, k_1 ≠ k_2 there exists a family of 2–dimensional tori { T^{k1,k2} ϵ,c }_{c∈Iδ (k1,k2)} |ϵ|≤ϵ� , which are approximatively invariant exponentially stable, and close to the tori T^{k1,k2}_{ϵ,c} . More precisely one has i) T^{k1,k2}_{ϵ,c} lies in N_ϵ^√_c and d(u, T^{k1,k2}_{ϵ,c} ) ≤ C_{10}ϵ^2 ∀ u ∈ T^{k1,k2}_{ϵ,c} . ii) for any b > 2 and for any initial datum u_0 satisfying d(u_0, T^{k1,k2}_{ϵ,c} ) ≤ C_{11}ϵ^b the corresponding solution u(t) satisfies the estimate d(u(t), T^{k1,k2}_{ϵ,c} ) ≤ C_{12}ϵ^{b/2} for all the times t ≤ C_{13}ϵ^{b−2} exp( a ϵ^2 ) . iii) For (k_1, k_2) = (1, 2) the above stability property holds also for c ∈ (^{13}_{28} + δ, 1 − δ). Proof. Recalling the expression (4.6) it is clear that the critical set of ⟨f⟩ |_{S1,c} coincides with the critical set of the function g |_{S1,c} , where g = −^1_8 ∑ j (p^2_j + q^2_j )^2.

We use the method of Lagrange multipliers to look for the critical points. This gives ∂g ∂p_j (p, q) + λ_1 ∂h_0 ∂p_j (p, q) + λ_2 ∂N ∂p_j (p, q) = 0 ∂g ∂q_j (p, q) + λ_1 ∂h_0 ∂q_j (p, q) + λ_2 ∂N ∂q_j (p, q) = 0 ∀j ≥ 1 .

An easy calculation shows that the solutions of this system are the points (p, q) such that { p^2_j + q^2_j = 2π(λ_1j^2 + 2λ_2) for j ∈ I p_j = q_j = 0 elsewhere ,

(4.9)

where I ⊂ N \ {0} is any index set and λ_1, λ_2 have to be computed in such a way that (p, q) ∈ S_{1,c}. Therefore, to any set of indexes there corresponds a set of critical points. As these points must have finite values of energy and norm, we can immediately deduce that the cardinality of the set I must be finite: I := {k_1 . . . k_n}. Therefore, the critical points of ⟨f⟩ |_{S1,c} are constituted by finite dimensional tori.

One dimensional tori (corresponding to I = {k}) coincide with the closed curves C_{k,c}, which have already been studied in section 3. We want now to identify those sets I which can correspond to nondegenerate critical points (i.e. points that satisfy condition (ND)). Tori with dimension n ≥ 3 are necessarily degenerate; thus we focus on the 2–dimensional tori I = {k_1, k_2}, (k_1 < k_2). The condition (p, q) ∈ S_{1,c} gives

p^2_{k1} + q^2_{k1} = 1 2 [c +

2(cĒ − 1) k^2 − k^2_1 ], p^2_{k2} + q^2_{k2} = 1 2 [c − 2(cĒ − 1) k^2 − k^2_1 ], p_j = q_j = 0 ∀j ≠ k_1, k_2 .

(4.10)

Equations (4.10) are meaningful only when their r.h.s. are positive, and this gives the condition 1 k^2 ≤ c ≤ 1 k^2_1 .

For values of c at the limits of this interval the torus shrinks to a closed curve (the k_1th or the k_2th mode).

This concludes our study of the first differential.

We want now to find among the critical tori those which are extremal. One finds that at a point (p, q) belonging to the (k_1, k_2)–torus the second differential takes the form d^2(⟨f⟩ |_{S1,c} ) |_{(p,q)} (X, X) = ∑ j≠k1,k2 (X^2_{pj} + X^2_{qj} ) · C_j (k_1, k_2) ,

with

C_j (k_1, k_2) = 1 4(k^2 − k^2_1)^2

[c · (k^2 − k^2_1)^2 + 4(1 − cĒ)(j^2 − Ē)] .

The sign of C_j (k_1, k_2) definitively coincides with the sign of (1 − cĒ); then if we look for minima it has to be c < Ē^{−1}. For these values of c the coefficients C_j are clearly increasing in j, so we study the sign of C_1 and find

C_1(k_1, k_2) > 0 ⇔ c > k^2 + k^2_1 − 2 k^4_2 + k^4_1 − k^2 − k^2_1

:= ĉ(k_1, k_2).

So we conclude that for c ∈ (ĉ, Ē^{−1}) the points of the (k_1, k_2) torus are minima.

In order to find maxima we assume c > Ē^{−1} and remark that C_1(k_1, k_2) > 0 for any k_1 ≥ 2; if we choose k_1 = 1 then C_2(k_1, k_2) > 0 for any k_2 ≥ 3. This means that only points belonging to the (1, 2) torus can be maxima; indeed, this is true until 1 > c > 13/28, while when c reaches this value the coefficient C_3(1, 2) changes its sign and becomes positive. However it is easy to see that for c ≤ 13/28 the maximum points do not disappear, but are situated on a n-dimensional torus whose dimension n increases for decreasing values of c.

Remark that the measure of the intervals (ĉ, Ē^{−1}) tends to 0 when k_1, k_2 tends to ∞; therefore we have to fix an integer K and work with k_1, k_2 < K. Moreover, when c reaches the limits of the intervals (ĉ, Ē^{−1}) there is an eigenvalue of the second differential of ⟨f⟩ which changes its sign, and due to this degeneration it is no more possible to apply the implicit function theorem (more precisely, the constant ϵ^∗ appearing in the statement of theorem 4.5 tends to 0). We then introduce a small δ and work on the intervals I_δ(k_1, k_2) so that the constant ϵ^∗ is strictly positive for every value of c in these intervals.

Finally, one has to go back to the original variables; this has to be done carefully as this time we have to consider not only the rescaling but also the canonical transformation that puts the system in normal form.

5. Multiple time scales in NLS

First we emphasize that in the present paper we used only the phase shift invariance of (1.1) and the complete resonance of the linearized system. However, (1.1) can be view as a perturbation of the integrable Zakharov–Shabat nonlinear Schrödinger equation, and this allows to obtain many more informations on the dynamics. In particular collecting the results of the papers [13,10,11,12] one obtains the picture of the dynamics we are going to briefly sketch.

For times of order higher than any power of

ϵ := [ 1 2 ∫_π 0 |∂_xu_0|^2dx ]_{1/2}

(where u_0 is the initial datum), but shorter than exponential, the dynamics corresponding to smooth enough initial data is essentially integrable in the sense that all the actions are approximate constant^{[12]}. Afterwards, up to times of order exp ( a/ϵ^{1/2n} ) , all n–dimensional invariant tori of the linearized system are stable in H^1 norm^{[12]}. Then, up to times of order exp ( a/ϵ^{1/n} ) , only diophantine^2 n dimensional tori are stable^{[11]} (again in H^1 norm). We also recall that close to such diophantine tori of the linearized system there exist tori which are exactly invariant under the complete dynamics^{[13]}, and that one can expect such tori to be stable up to times of order O(ϵ^{−M} ) (given a positive M), for higher Sobolev norms^{[10]}. Afterwards only the particular two dimensional tori we found in the present paper remain stable, and this for times of order exp(a/ϵ^2); finally, after the times considered in theorem 4.5 the only remaining stable objects are given by the periodic orbits found in theorem 3.1.

References

[1] N.N. Nekhoroshev: Behaviour of Hamiltonian systems close to integrable.

Funct. Anal. and Appl. 5 338–339 (1971).

[2] N.N. Nekhoroshev: Exponential estimate of the stability time of near integrable Hamiltonian systems. Russ. Math. Surveys. 32 (6) 1-65 (1977)

[3] M. Abraham, J. E. Marsden: Foundations of mechanics. The Benjamin/Cummings Published Company Inc. (Massachusetts 1978).

[4] R. Schmid: Infinite dimensional Hamiltonian systems. Bibliopolis (Napoli 1987).

[5] V.I. Arnold: Mathematical methods of classical mechanics. Springer-Verlag (New York, 1978).

2 in the sense that the corresponding linear actions form a diophantine vector.

[6] T.B. Benjamin: The Stability of Solitary Waves Proc. R. Soc. Lond. A 328, 153–183 (1972).

[7] D. Bambusi, A. Giorgilli: Exponential Stability of States Close to Resonance in Infinite Dimensional Hamiltonian Systems. Jour. Stat. Phys. 71, p. 569- 606 (1993).

[8] D. Bambusi, N.N. Nekhoroshev: A property of exponential stability in nonlinear wave equation near the fundamental linear mode. Preprint 16/1996 Dipartimento di Matematica, Università di Milano.

[9] F. Avanzini, D. Bambusi, in preparation.

[10] J. Bourgain: Construction of approximative and almost periodic solutions of perturbed linear Schrödinger and wave equation GAFA 6 201–230 (1995).

[11] D. Bambusi: Long time stability of some small amplitude solutions in nonlinear Schrödinger equations Commun. Math. Phys. 189 205-226 (1997) [12] D. Bambusi: Nekhoroshev theorem for small amplitude solutions in nonlinear Schrödinger equations. Math. Z., In print [13] S.B. Kuksin, J. Pöschel: Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear Schrödinger equation Ann. of Math. 142 149–179 (1995).

[14] A. Neishtadt: The separation of motions in systems with rapidly rotating phase PMM 48 (2) 133-139 (1984) [15] G. Benettin, L. Galgani, A. Giorgilli: Realization of Holonomic Constraints and Freezing of High Frequency Degrees of Freedom in the Light of Classical Perturbation Theory, Part I. Commun. Math. Phys. 113, 87-103 (1987).

[16] R.C. Churchill, M. Kummer, D.L. Rod: On averaging, reduction, and symmetry J. Diff. Eq. 49, 359–414 (1983).