On Formal Quasi-Periodic Solutions of the Schrödinger Equation for a Two-Level System with a Hamiltonian Depending Quasi-Periodically on Time

João C. A. Barata^1

Instituto de Física Universidade de São Paulo Caixa Postal 66 318 05315 970. São Paulo. SP. Brasil

Abstract: We consider the Schrödinger equation for a class of two-level atoms in a quasi-periodic external field for large coupling, i.e., for which the energy difference 2ϵ between the unperturbed levels is sufficiently small. We show that this equation has a solution in terms of a formal power series in ϵ, with coefficients which are quasi-periodical functions of the time, in analogy to the Lindstedt-Poincaré series in classical mechanics.

1Partially supported by CNPq. E-mail: jbarata@fma.if.usp.br

1 Introduction and Summary

The problem of existence of quasi-periodic solutions of the Schrödinger equation with quasi-periodic coefficients is a classical problem in analysis, with recent applications to the theory of “quantum chaos” [1] (see also [2] for a review with recent results). In the scalar almost-periodic case, the solution is provided by a theorem of H. Bohr [3] (generalizing previous results by P. Bohl for the quasi-periodic case [4]). We now pass from the scalar case to the simplest non-commutative setting, i.e., the Schrödinger equation for two-level systems (e.g. atoms) in a quasi-periodic (external) field, with Hamiltonian H(t) = ϵσ_3 − f(t)σ_1, (1.1) where σ_1, σ_2 and σ_3 denote the Pauli matrices, which satisfy the SU(2)-commutation relations [σ_1, σ_2] = 2iσ_3 plus cyclic permutations.

In (1.1), f(t) is a quasi-periodic function of time t f(t) = ∑ m ~^{∈ZB} f_m ~ e^{im}~^{·ω}~^{f t} (1.2)

and ϵ is a “small” parameter (half of the energy difference between the unperturbed levels), which characterizes the large coupling domain [5]. Above ω

~^{f is a vector of frequencies ω}~^{f = (ω} 1 f , . . . , ω^B_f ) for some B ≥ 1, where we will assume ω^j_f > 0 for all 1 ≤ j ≤ B. Moreover, m

~^{· ω}~^{f denotes}

m_1ω^1_f + · · · + m_Bω^B_f .

We have chosen the regime where ϵ is small because the result which is equivalent [1] to the existence of quasi-periodic solutions in this case – the pure point spectrum of the so-called generalized quasi-energy operator [6] – has not yet been proven in full generality [5].

The analogous problem in classical mechanics has been very nicely sketched in [7] – albeit just as a pedagogical introduction to perturbative renormalization in quantum field theory. The main theorem of [7] – existence of formal quasi-periodic solutions of a class of quasi-periodic Hamiltonian systems as a series in ϵ – the Lindstedt-Poincaré series – has a counterpart – for (1.1) – in Theorem 2.2 of the present paper. In classical mechanics there is, however, a method, due to Eliasson [8], to isolate the divergent contributions to the Lindstedt-Poincaré series (see [7] for a simple but illuminating discussion on these terms) and introduce further renormalization counter-terms ensuring convergence. See [9] for a realization of this idea in a special model and [10] for a review of the models and method.

The question now poses itself whether methods similar to those discussed above might yield the existence of a quasi-periodic solution to the Schrödinger equation i ∂ψ(t) ∂t = H(t)ψ(t) (1.3)

with H(t) given by (1.1). The natural guide is the (convergent) Dyson perturbation series, which we describe now. By a rotation of π/2 around the 2-axis, we may replace H(t) by

H_1(t) = e^{−iπσ2/4}H(t)e^{iπσ2/4} = ϵσ_1 + f(t)σ_3 (1.4)

and the Schrödinger equation becomes i ∂Φ(t) ∂t = H_1(t)Φ(t), (1.5) with Φ(t) := e^{−iπσ2/4}ψ(t). (1.6) Defining now ~Φ(t) ≡ exp (iα(t)σ_3) Φ(t), (1.7) where α(t) ≡ ∫ t 0 dτ f(τ ) (1.8) the Schrödinger equation (1.5) becomes i ∂ ~Φ(t) ∂t = ϵ~H(t) ~Φ(t), (1.9) where ~H(t) ≡ ( 0 e^{2iα(t)} e^{−2iα(t)} 0 ) . (1.10)

The Dyson series solution to (1.10) is

~Φ(t) = ~Φ(0) + ∞∑ n=1 (−iϵ)^n n! ∫ t 0 dτ_1 · · · ∫ τ_{n−1} 0 dτ_n ~H(τ_1) · · · ~H(τ_n) ~Φ(0). (1.11)

Let, now, f be such that q(t) := e^{iα(t)} = exp ( i ∫ t 0 f(τ ) dτ ) (1.12) is quasi-periodic (see Appendix B), and write q(t)^2 = ∑ n∈Z^A g_ne^{in·ωt}, (1.13)

where ω ≡ (ω_1, . . . , ω_A) is a frequency vector satisfying some Diophantine conditions to be stated later on, and assume that (for the purpose of this introduction) g_0 ∈ R. (1.14)

Relation (1.14) is seen to hold explicitly, for instance, if f(t) = f(ω_1t, . . . , ω_Bt) = B∑ i=1 cos(ω_it).

Then, explicit summation of all orders in (1.11) of the n = 0 term in (1.10), which is, by (1.13) and (1.14) of the form g_0σ_1, we find

~Φ(t) = [ cos(tg_0) − i sin(tg_0)σ_1 ] ~Φ(0), (1.15) which is quasi-periodic. This illustrates that non-uniform convergence of a sequence of non-quasi-periodic functions may yield a quasi-periodic function and, in fact, this does occur in the general solution (1.11). Coupled with the fact that the general n-th term in (1.11) grows as t^n, it is obvious that (1.11) is grossly unsuitable to show quasi-periodicity of the wave function. We therefore try to subtract (1.15) explicitly from the solution of (1.9) by writing ϵ~H(t) = M_ϵ + ~H_1(t), (1.16) where M_ϵ = ϵ ( 0 g_0 g_0 0 ) = ϵg_0σ_1. (1.17)

under assumption (1.14). In correspondence to (1.16) we set

~Φ_1(t) = e^{iMϵt} ~Φ(t). (1.18)

The equation for ~Φ_1 is i ∂ ~Φ_1(t) ∂t = ~H^{(I)}_{1, ϵ}(t) ~Φ_1(t), (1.19)

where ~H^{(I)}_{1, ϵ}(t) ≡ e^{iMϵt} ~H_1(t)e^{−iMϵt}. (1.20) The Dyson series (1.11) for (1.20) has the first order term −iϵ ∫ t 0 dτ ~H^{(I)}_{1, ϵ}(τ ) ~Φ_1(0) =

−iϵ ∫ t 0 dτ i sin(ϵg_0τ ) cos(ϵg_0τ )(λ(τ ) − λ(τ )) sin^2(ϵg_0τ )λ(τ ) + cos^2(ϵg_0τ )λ(τ )

sin^2(ϵg_0τ )λ(τ ) + cos^2(ϵg_0τ )λ(τ ) i sin(ϵg_0τ ) cos(ϵg_0τ )(λ(τ ) − λ(τ ))

~Φ_1(0),

(1.21) where λ(t) := q(t)^2 − g_0.

Note, however, that, due to the ϵ-dependence of M_ϵ in (1.17), this Dyson series is not a power series in ϵ: there has been a nonlinear in ϵ, non-perturbative “renormalization” embodied in (1.20). Looking at the first matrix element in (1.21) (the discussion of the others is similar), we find ϵ ∫ t 0 sin(ϵg_0τ ) cos(ϵg_0τ ) ( q(τ )^{−2} − q(τ )^2 ) dτ = iϵ 2 ∫ t 0 sin(2ϵg_0τ ) ∑ n≠0 (g_{−n} − g_n)e^{in·ωτ} dτ

= − iϵ 4 ∑ n≠0 (g_{−n} − g_n) [ e^{i(n·ω+2ϵg0)t} n · ω + 2ϵg_0 − e^{i(n·ω−2ϵg0)t} n · ω − 2ϵg_0 ] .

(1.22)

In addition to the small denominators of the form n · ω ± 2ϵg_0 as found above, there occurs in (1.21) also small denominators of the form n · ω and it is necessary to require, for instance | | |n · ω ± 2ϵg_0 | | | ≥ γ_n = γ(1 + |n|^2)^{−α}, (1.23)

|n · ω| ≥ γ^′_n = γ^′(1 + |n|^2)^{−α′} (1.24)

in order to ensure convergence in (1.22) with |g_n| ≤ c exp(−d|n|), with d > 0, the exponential decay being a consequence of analyticity of f in a strip, (1.8) and (1.13). Above, |n| is the l^1 norm of the vector n.

Assume now, for simplicity, that A = 2 in (1.13), and set α = ω_1/ω_2 ∈ (0, 1). Suppose, now, that g_0 ≠ 0 (1.25) and consider (without loss, because ϵ is supposed “small”) ϵ such that β ≡ 2ϵg_0 ∈ (0, 1). It is easy to show using Cassels theorem [11] that, if α, α^′ > 1 in (1.23)-(1.24), the set of (α, β) in the open unit square such that (1.23)-(1.24) are satisfied for all γ, γ^′ > 0 is of full Lebesgue measure. The intersection of this set with the ϵ-axis is thus, however, not an open set and, therefore, no convergence may be expected for ϵ in any (small) open set around the origin. Hence, any power series in ϵ cannot be expected to be analytic, or to converge uniformly in some open set containing the origin. Other strong indications of this fact (not a proof!) will appear later in the context of (pure) power series in ϵ (see the heuristic discussion in Section 7).

Our discussion above relied on (1.25) (otherwise ϵ does not appear in (1.23)). It is interesting to remark that (1.25) holds whenever f_0 ~ = 0, (see Appendix C), which was the case left open in [5].

Is it possible to go further and analyze the whole Dyson series for (1.20)? The problem is that higher order terms require further subtractions and we were not able to show that they can be “renormalized” as in (1.20) (with a different M_ϵ, of course). It seems that the natural way to obtain a formal (asymptotic) series in ϵ with quasi-periodic coefficients is to write an Ansatz for (1.1) in exponential form and then to “renormalize” the exponential in an inductive way. This is the purpose of the present paper.

As we will see in Section 2.1 and in Appendix A, the solutions of the Schrödinger equation (1.5) can be studied in terms of the solutions of a complex and quasi-periodic version of Hill’s equation: ϕ^{′′}(t) + ( ϵ^2 + if^′(t) + f(t)^2 ) ϕ(t) = 0. (1.26)

We attempt to solve this last equation using the Ansatz ϕ(t) = exp ( −i ∫ t 0 (g(τ ) + f(τ ))dτ ) , where g satisfies a generalized Riccati equation, and we try to find solutions for g in terms of a

(formal) power expansion in ϵ like g(t) = q(t) ∞∑ n=1 ϵ^n c_n(t).

As discussed above, perturbative solutions of quasi-periodically time-dependent systems are usually plagued by small denominators and by the presence of the so-called “secular terms”, i.e. polynomials in t, that spoil the analysis of convergence of the series and the proofs of quasiperiodicity of the perturbative terms. We discovered a particular way to eliminate completely the secular terms from the perturbative expansion of g and we were able, under some special assumptions, to show that the coefficients c_n(t) are all quasi-periodic functions.

We prove explicitly the convergence of our perturbative solution in the somewhat trivial case where f(t) is a non-zero constant function. Unfortunately, however, no conclusion could be drawn about the convergence of the perturbative expansion for g in the general case. We conjecture, however, that our expansion is uniformly convergent at least in the situation where f(t) − f_0 ~ is uniformly small.

Remarks on the notation. In this paper R_+ will denote the open interval (0, ∞). Given the Fourier representation (1.2) of the quasi-periodic function f, we will denote by ω the vector of frequencies defined by

ω := ω ~^{f ∈} R^B, if f0_~ = 0 (ω ~^{f , f0~) ∈}

R^{B+1}, if f0_~ ≠ 0,^{. (1.27)}

Since we are assuming that ω ~^{f ∈} R^B_+, the definition above says that all components of ω are always

non-zero. Moreover, we will denote

A :=

B, if f_0 ~ = 0 B + 1, if f_0 ~ ≠ 0

. (1.28)

We will denote vectors in Z^B (or R^B) by v

~^{and vectors in}

Z^A (or R^A) by v. The symbol |n| will

denote the l^1(Z^A) norm of a vector n = (n_1, . . . , n_A) ∈ Z^A: |n| := |n_1| + · · · + |n_A|.

We will use the symbol 1l for the identity matrix. Mat(n, C ) is the set of all n × n matrices with complex entries.

For an almost-periodic (in particular, quasi-periodic) function h we denote by M(h) the mean value of h, defined as M(h) := lim_{T →∞} 1 2T ∫ T −T h(t) dt. (1.29)

Acknowledgements. I am very indebted to Walter F. Wreszinski for suggesting me to study the system considered here, for many conversations, for encouraging me to write these notes and for contributions to this manuscript.

I am also grateful to H. Jauslin, D. H. U. Marchetti, C. Moreira and T. Spencer for fruitful discussions and suggestions.

2 The Main Results

In this section we will state our two main results. The first one describes the solution of the Schrödinger equation (1.5) in terms of a particular solution of a generalized Riccati equation. The reason for considering the Schrödinger equation in the form (1.5) is that, as we will see below and in Appendix A, we will be able to decouple the two components of Φ(t) by increasing the order of the equation.

Theorem 2.1 Let f : R → R, f ∈ C^1(R) and ϵ ∈ R and let g : R → C , g ∈ C^1(R) be a particular solution of the generalized Riccati equation

G^′ − iG^2 − 2ifG + iϵ^2 = 0. (2.1)

Then, the function Φ : R → C^2 given by

Φ(t) = ( ϕ_+(t) ϕ_−(t) ) = U(t)Φ(0), (2.2)

where

U(t) := R(t) (1 + ig(0)S(t)) −iϵR(t)S(t) −iϵR(t) S(t) R(t) ( 1 − i g(0) S(t) ) , (2.3)

with R(t) := exp ( −i ∫ t 0 (f(t^′) + g(t^′)) dt^′ ) (2.4) and S(t) := ∫ t 0 R(t^′)^{−2} dt^′ (2.5)

is a solution of the Schrödinger equation (1.5) with initial value Φ(0) = ( ϕ_+(0) ϕ_−(0) ) ∈ C^2 . 2

In Section 2.1 we will present a proof of Theorem 2.1. The proof and the solution will be further discussed in Appendix A.

Theorem 2.1 reduces the problem of solving (1.5) to the not necessarily easier question of finding solutions for (2.1). Somewhat surprisingly, however, some interesting results could be proven about the nature of some particular solutions of (2.1) for the case where f is a quasi-periodic function subjected to some additional restrictions. These results are described in Theorem 2.2.

Theorem 2.2 Let f be quasi-periodic with f(t) = ∑ n ~^{∈ZB} f_n ~ e^{iω}~^{f ·n}~^t, and such that the sum above contains only a finite number of terms. Assume that the vector ω (defined in (1.27)) satisfies Diophantine conditions, i.e., assume the existence of constants Δ > 0 and σ > 0 such that, for all n ∈ Z^A, n ≠ 0, |n · ω| ≥ Δ^{−1}|n|^{−σ}.

I. Assume that f satisfies the condition M(q^2) ≠ 0. Then, there exists a formal power series g(t) = q(t) ∞∑ n=1 c_n(t)ϵ^n, representing a particular solution of the generalized Riccati equation (2.1) such that all coefficients c_n can be chosen to be quasi-periodic and can be represented as c_n(t) = ∑ m∈Z^A C^{(n)}_m e^{im·ωt}, where, for the Fourier coefficients C^{(n)}_m , we have |C^{(n)}_m | ≤ K_ne^{−χ0|m|}, where χ_0 > 0 is a constant and K_n ≥ 0.

II. Assume that f satisfies the conditions M(q^2) = 0 and M(Q_1) ≠ 0, where Q_1(t) := q(t)^2 ∫ t 0 q^{−2}(t^′)dt^′. Then, there exists a formal power series g(t) = q(t) ∞∑ n=1 e_n(t)ϵ^{2n}, representing a particular solution of the generalized Riccati equation (2.1) such that all coefficients e_n can be chosen to be quasi-periodic and can be represented as e_n(t) = ∑ m∈Z^A E^{(n)}_m e^{im·ωt}, where, for the Fourier coefficients E^{(n)}_m , we have |E^{(n)}_m | ≤ L_ne^{−χ0|m|}, where χ_0 > 0 is a constant and L_n ≥ 0. 2

Sections 3 and 5 are dedicated to the proof of part I of this theorem and Sections 4 and 6 to the proof of part II. The proof of part I consists in establishing inductively the bound |C^{(n)}_m | ≤ K_ne^{−(χ−δn)|m|}, (2.6) for all n ∈ N, with positive K_n and χ and with an increasing positive sequence δ_n converging to some δ_∞ < χ. We set χ_0 := χ − δ_∞. Quasi-periodicity of the functions c_n follows from the bound (2.6). The proof of part II is analogous.

Unfortunately, as discussed at the end of Section 5, the behaviour for large n of the constants K_n and L_n is apparently too bad to guarantee absolute convergence of the formal power series above. Uniform convergence of that power series in ϵ would imply quasi-periodicity of g.

The hypothesis that the Fourier series of f contains only a finite number of terms is not really crucial and may be eliminated with more work. Actually this hypothesis is used only in Appendices C and D. This hypothesis is anyway closer to the physical reality, since f represents an external interaction coupled to the system.

2.1 Proof of Theorem 2.1

Let Φ(t) = V (t)Φ(0) be the solution of the Schrödinger equation (1.5) with initial value Φ(0), where V : R → Mat(2, C ). Then V is the solution of iV^′(t) = H_1(t)V (t) (2.7) with V (0) = 1l. Hence, V also satisfies iV^′(0) = H_1(0) and iV^{′′}(t) = D(t)V (t), (2.8) where D(t) := H^′_1(t) − iH_1(t)^2. An explicit computation shows that D(t) is the diagonal matrix

D(t) = f^′(t) − i(ϵ^2 + f(t)^2) 0 0 −f^′(t) − i(ϵ^2 + f(t)^2)

. (2.9)

We will show that the matrix U(t) defined in (2.3) satisfies a) U(0) = 1l, b) iU^′(0) = H_1(0) and c) iU^{′′}(t) = D(t)U(t). By the uniqueness of solutions of systems of linear second order differential equations with continuous coefficients we conclude that U(t) = V (t).

The proof of a) follows from the facts that R(0) = 1 and S(0) = 0. To show b) we note that, since R^′(t) = −i(f(t) + g(t))R(t) and S^′(t) = R(t)^{−2}, an explicit computation gives

iU^′(t) = f(t) + g(t) 0 0 − ( f(t) + g(t) ) U(t) + R(t)^{−1} 0

0 R(t)^{−1} −g(0) ϵ ϵ g(0) . (2.10) Since R(0) = 1 and U(0) = 1l, it follows from (2.10) that

iU^′(0) = f(0) ϵ ϵ −f(0) = H_1(0), (2.11)

proving b). From (2.10) we have iU^{′′}(t) = E(t)U(t) where

E(t) := f^′(t) + g^′(t) − i(f(t) + g(t))^2 0 0 −f^′(t) − g^′(t) − i ( f(t) + g(t) )_2

. (2.12)

Now, under the assumption that g satisfies (2.1), we easily check that E(t) = D(t), completing the proof of Theorem 2.1.

The solution (2.3) has not been guessed out of nothing. In Appendix A we present a more constructive proof of Theorem 2.1. There we also discuss some questions related to the solution (2.3), as its relation to the general solution of the generalized Riccati equation.

Our starting point in Appendix A will be the fact that, translated back to the components ϕ_±(t) of the wave function, equation iU^{′′}(t) = D(t)U(t) becomes a complex and quasi-periodic version of Hill’s equation: ϕ^{′′}_±(t) + (±if^′(t) + ϵ^2 + f(t)^2) ϕ_±(t) = 0.

3 The Solution g and its Dependence on ϵ

Now we will start our analysis of the formal particular solution of the generalized Riccati equation (2.1) and the proof of Theorem 2.2.

The solution presented in (2.3) is still incomplete, since no particular solution g of the generalized Riccati equation (2.1) has been presented. First we note that for the case ϵ ≡ 0, the solution for U(t) is well known and is a diagonal matrix, whose diagonal elements are exp ( ∓i ∫ t 0 f(τ )dτ ) . Comparing with (2.3), we see that for the case ϵ ≡ 0 we should consider the particular solution g(t) ≡ 0. For more about this, see the discussion of Appendix A. A natural proposal would be to express g as a formal power expansion on ϵ which vanishes at ϵ = 0. For convenience, we write this expansion as g(t) = q(t) ∞∑ n=1 c_n(t)ϵ^n, (3.1)

where q(t) was defined in (1.12). This would give the desired solution, provided the infinite sum converges for all values of ϵ and t contained in some open intervals. Inserting (3.1) into (2.1) leads to_∞ ∑ n=1 (qc_n)^′ − i n−1∑ p=1 q^2c_pc_{n−p} − 2ifqc_n ϵ^n + iϵ^2 = 0. (3.2)

Under the assumptions above, we conclude (qc_1)^′ − 2ifqc_1 = 0, (3.3)

(qc_2)^′ − iq^2c^2_1 − 2ifqc_2 + i = 0, (3.4) (qc_n)^′ − i n−1∑ p=1 q^2c_pc_{n−p} − 2ifqc_n = 0, n ≥ 3. (3.5) The solutions of (3.3)-(3.4) are c_1(t) = α_1 q(t), (3.6)

c_2(t) = q(t) [ i ∫ t 0 ( α^2_1q(t^′)^2 − q(t^′)^{−2} ) dt^′ + α_2 ] , (3.7)

c_n(t) = q(t) i n−1∑ p=1 ∫ t 0 c_p(t^′)c_{n−p}(t^′) dt^′ + α_n , for n ≥ 3, (3.8)

where the α_n’s above, n = 1, 2, . . . , are arbitrary integration constants.

Since the differential equation (2.1) involves ϵ^2, the reader may wonder why we try in (3.1) to find solutions given in terms of power series on ϵ and not on λ ≡ ϵ^2. One should note that, in the case f ≡ 0, a particular solution of (2.1) is given simply by g(t) = ϵ, which leads to solutions of the form A cos(ϵt) + B sin(ϵt) for ϕ_±, as expected. Therefore, solutions like (3.1) must also be also considered, in principle. It is interesting to note, however, that we will meet in Section 4 a situation where the solution g involves a power expansion on λ.

In the next two subsections we analyze two different choices of the constants α_n.

3.1 First Choice of the Constants αn

In order to illustrate some potential problems, we choose first α_1 = 1 and α_n = 0, ∀n ≥ 2. We get c_1(t) = q(t), (3.9) c_2(t) = iq(t) ∫ t 0 ( q(t^′)^2 − q(t^′)^{−2} ) dt^′, (3.10)

c_n(t) = iq(t) n−1∑ p=1 ∫ t 0 c_p(t^′)c_{n−p}(t^′) dt^′, for n ≥ 3. (3.11)

In this case we can easily find a condition guaranteeing the convergence of the formal power expansion (3.1). We have |c_1(t)| = 1, (3.12) |c_2(t)| ≤ ∫_|t_| 0 2dt^′ = 2|t|. (3.13) Admitting that |c_k(t)| ≤ (2|t|)^{k−1} for all k with 1 ≤ k < n, we have |c_n(t)| ≤ n−1∑ p=1 ∫_|t_| 0 (2|t^′|)^{p−1}(2|t^′|)^{n−p−1} dt^′ = 2^{n−2}|t|^{n−1}

≤ (2|t|)^{n−1}. (3.14) This proved by induction that |c_n(t)| ≤ (2|t|)^{n−1}, (3.15) for all n ≥ 1. Hence, |g(t)| ≤ ∞∑ n=1 (2|t|)^{n−1}|ϵ|^n, which converges, provided 2|t||ϵ| < 1.

3.2 Second Choice of the Constants αn. Elimination of Polynomial Terms on t

Let us return to (3.6)-(3.8). We will show that there is a choice of the α_n’s for which all functions c_n are quasi-periodic functions of t. If this holds, there is a chance that g be also quasi-periodic, provided the sum (3.1) converges uniformly on R.

To fix some ideas, let us start recalling some well-known facts about almost-periodic functions. For an almost-periodic function h, let us denote by σ(h) the spectrum of h (see, e.g. [12]). The function h has the Fourier decomposition h(t) = ∑ ω_i∈σ(h) h_ie^{iωit} that converges uniformly on R (see, e.g. [12] for a precise statement). According to a celebrated theorem by H. Bohr (see, e.g. [12]), a necessary and sufficient condition for H(t) := ∫ t 0 h(t^′)dt^′ being also almost-periodic is H ∈ L^∞(R).

For this, it is sufficient that M(h) = 0 and ∑ ωi∈σ(h) ωi≠0 |h_i| |ω_i| < ∞. Bohr’s theorem generalizes a previous

result by P. Bohl on the quasi-periodic case [4].

A quasi-periodic function h is an almost-periodic function with the following property. There exists N ∈ N, N > 0, and a N-tuple ω = (ω_1, . . . , ω_N ) ∈ (R_+)^N , such that σ(h) ⊂ {n · ω, n ∈ Z^N}. For a given quasi-periodic function h we will denote the associated N-tuple ω by β(h).

For the analysis below we will admit that f is such that M(q^2) ≠ 0. A sufficient condition for this will be discussed in Appendix C. The case M(q^2) = 0 will be considered in Section 4.

Let us start with c_2. In order to have c_2 quasi-periodic one needs at least to guarantee that the integrand in (3.7) contains no constant term, i.e., M ( α^2_1q^2 − q^{−2} ) = 0, (3.16) that means, α^2_1 =

M(q^{−2}) M(q^2) = M(q^2) M(q^2)

. (3.17)

More generally, in order to have c_n quasi-periodic, n ≥ 3, one needs to guarantee at least that the integrand in (3.8) contains no constant term, i.e., n−1∑ p=1 M (c_pc_{n−p}) = 0. (3.18)

This means 2M(c_1c_2) = 2α_1M(qc_2) = 0 (3.19) for n = 3 and 2α_1M(qc_{n−1}) = − n−2∑ p=2 M (c_pc_{n−p}) . (3.20)

for n ≥ 4. Defining for n ≥ 2

d_n(t) := q(t)(c_n(t) − α_nq(t)) = iq(t)^2 ∫ t 0 ( α^2_1q(t^′)^2 − q(t^′)^{−2} ) dt^′, n = 2,

iq(t)^2 n−1∑ p=1 ∫ t 0 c_p(t^′)c_{n−p}(t^′) dt^′, n ≥ 3, (3.21)

we get from (3.19) α_2 = −

M(d_2) M(q^2)

, (3.22) which fixes α_2. For n ≥ 4 we have M(qc_{n−1}) = M(d_{n−1}) + α_{n−1}M(q^2). (3.23) Condition (3.20), combined with (3.23), says that α_{n−1} = − 1 M(q^2) M(d_{n−1} ) + 1 2α_1 n−2∑ p=2 M (c_pc_{n−p}) . (3.24) for n ≥ 4. Now, note that d_{n−1} depends only on {c_1, . . . , c_{n−2}} and, therefore, relation (3.24) fixes α_{n−1} for given {α_1, . . . , α_{n−2}}. This, together with (3.17) and (3.22), fixes recursively all constants α_∗ and guarantees (3.16) and (3.18) for all n ∈ N.

Fixing the constants α_n in the way described above is an important step towards the proof of quasi-periodicity of the functions c_n and, eventually, of g. With this choice for the α_n’s no polynomial terms on t will appear after performing the integrations found in (3.6)-(3.8). As a consequence, one should expect to get here better estimates for the behaviour on t of the functions c_n than that found in (3.15) for our first choice of the α_n’s. As a matter of fact we will be able to prove that all functions c_n are quasi-periodic by analysing recursively their Fourier coefficients. This will be performed in Section 5. Now we will consider the case M(q^2) = 0.

4 A Solution g in the Case M(q^2) = 0

In the case where M(q^2) = 0 there are two equivalent procedures to start with. In the first we adopt the Ansatz (3.1) and choose α_1 = 0, what implies c_n ≡ 0 for all odd n. In the second, which we follow here, we adopt directly the Ansatz g(t) = q(t) ∞∑ n=1 e_n(t)λ^n, (4.1)

with λ := ϵ^2. Inserting this into (2.1) leads to ∞∑ n=1 (qe_n)^′ − i n−1∑ p=1 q^2e_pe_{n−p} − 2ifqe_n λ^n + iλ = 0, (4.2) or (qe_1)^′ − 2ifqe_1 + i = 0, (4.3) (qe_n)^′ − i n−1∑ p=1 q^2e_pe_{n−p} − 2ifqe_n = 0, n ≥ 2. (4.4) The solutions are

e_1(t) = q(t) ( −i ∫ t 0 q^{−2}(t^′) dt^′ + β_1 ) , (4.5)

e_n(t) = q(t) i n−1∑ p=1 ∫ t 0 e_p(t^′)e_{n−p}(t^′) dt^′ + β_n , for n ≥ 2, (4.6)

where the β_n’s above, n = 1, 2, . . . , are arbitrary integration constants.

Since now M(q^2) = M(q^{−2}) = 0, e_1 is bounded and, therefore, quasi-periodic. For e_2 we have

e_2(t) = q(t) [ i ∫ t 0 e_1(t^′)^2 dt^′ + β_2 ] . (4.7)

Using the same strategy used in the case M(q^2) ≠ 0 above, we require M(e^2_1) = 0. Since e_1(t)^2 = q(t)^2 ( − (∫ t 0 q^{−2}(t^′)dt^′ )_2 − 2iβ_1 (∫ t 0 q^{−2}(t^′)dt^′ ) + β^2_1 ) , (4.8) we must have −2iβ_1M(Q_1) = M(Q_2), (4.9) with Q_1(t) := q(t)^2 ∫ t 0 q^{−2}(t^′)dt^′ and (4.10)

Q_2(t) := q(t)^2 (∫ t 0 q^{−2}(t^′)dt^′ )_2

. (4.11) Hence we can choose β_1 = i 2 M(Q_2) M(Q_1)

, (4.12) provided M(Q_1) ≠ 0, i.e. M(Q_1) = i ∑ n∈ZA_{n≠0}^{|Q(2)n |2n · ω ≠ 0, (4.13)} what we will assume here.

For all n ≥ 3 we require n−1∑ p=1 M(e_pe_{n−p}) = 0, that means,

2M(e_1e_{n−1}) + n−2∑ p=2 M(e_pe_{n−p}) = 0, (4.14)

with the convention that n−2∑ p=2 M(e_pe_{n−p}) = 0 for n = 3. Define,

j_n(t) := q(t)(e_n(t) − β_nq(t)) = iq(t)^2 n−1∑ p=1 ∫ t 0 e_p(t^′)e_{n−p}(t^′) dt^′, (4.15) for n ≥ 2. We get for n ≥ 3 M(e_1e_{n−1}) = M(q^{−1}e_1j_{n−1}) + β_{n−1}M(e_1q) = M(q^{−1}e_1j_{n−1}) + β_{n−1} ( −iM(Q_1) + β_1M(q^2) )

= M(q^{−1}e_1j_{n−1}) − iβ_{n−1}M(Q_1). (4.16) Hence, condition (4.14) implies

β_{n−1} = −i M(q^{−1}e_1j_{n−1}) + 1 2 n−2∑ p=2 M(e_pe_{n−p}) M(Q_1)

, n ≥ 3. (4.17)

With the choices (4.12) and (4.17) we guarantee that no polynomial terms on t will appear after performing the integrations in (4.5) and (4.6). In Section 6 we will establish that the functions e_n are all quasi-periodic.

4.1 The Power Series Solutions for the Case f(t) = Constant

Before we finish this section let us consider one particular but interesting situation.

For the case f(t) = f_0 ≡ f_0 ~ , constant, the Riccati equation (2.1) has g = −f_0 ± √ f^2_0 + ϵ^2 as particular solutions and for both U(t) becomes U(t) = 1 ω_0 ω_0 cos(ω_0t) − if_0 sin(ω_0t) −ϵ sin(ω_0t)

−ϵ sin(ω_0t) ω_0 cos(ω_0t) + if_0 sin(ω_0t)

, (4.18)

as expected, with ω_0 := √ f^2_0 + ϵ^2.

It is important to take notice of the fact that, in the situation where f(t) = f_0 ~ ≡ f_0, constant, with f_0 ≠ 0, we have precisely the conditions described above, namely, we have M(q^2) = 0 and M(Q_1) = i(2f_0)^{−1} ≠ 0. We should therefore expect that the power series (4.1) reproduces the solution g = −f_0 + √ f^2_0 + ϵ^2 (we take f_0 > 0 without loss).

Let us prove that this is indeed the case, at least for |ϵ| < |f_0|. We will show by induction, using (4.6) and (4.17), that e_m(t) = l_m q(t)^{−1} (4.19) and β_m = l_m, (4.20) for all m ∈ N, where l_m := (−1)^{m−1}

(2m − 2)! m!(m − 1)! 1 (2f_0)^{2m−1}

. (4.21)

An explicit computation using (4.12) and (4.5) shows that e_1(t) = (2f_0)^{−1}q(t)^{−1} = l_1q(t)^{−1} and that β_1 = (2f_0)^{−1} = l_1. Let us assume (4.19) and (4.20) valid for 1 ≤ m ≤ n − 1. By (4.17) we have

β_n = −(2f_0)

M(q^{−1}e_1j_n) + 1 2 n−1∑ p=2 M(e_pe_{n+1−p}) , (4.22)

but, by (4.19), M(e_pe_{n+1−p}) = l_pl_{n+1−p}M(q^2) = 0 and, hence,

β_n = −(2f_0)M(q^{−1}e_1j_n) = −iM n−1∑ p=1 ∫ t 0 e_p(t^′)e_{n−p}(t^′) dt^′

= − 1 2f_0 n−1∑ p=1 l_p l_{n−p}

= (−1)^{n−1} (2f_0)^{2n−1} n−1∑ p=1 (2p − 2)! (2n − 2p − 2)! p!(p − 1)!(n − p)!(n − p − 1)! . (4.23)

Using the identity_{n−1} ∑ p=1 (2p − 2)! (2n − 2p − 2)! p!(p − 1)!(n − p)!(n − p − 1)! = (2n − 2)! n!(n − 1)!

, (4.24)

the proof of (4.20) for m = n is complete and from (4.20) we have

e_n(t) = q(t) i ∫ t 0 q(t^′)^{−2}dt^′ n−1∑ p=1 l_p l_{n−p} + l_n

= l_n q(t)^{−1}, (4.25)

using (4.6) and (4.24) again. This proves (4.19) and (4.20) by induction for all n ∈ N.

Relation (4.24) can be obtained from the more general identity n∑ k=0 ( tk + r k ) ( tn − tk + s n − k ) r tk + r s tn − tk + s = (tn + r + s n ) r + s tn + r + s (4.26)

by taking t = 2, r = s = −1 and by moving the terms with k = 0 and k = n to the right hand side of (4.26). Relation (4.26) is one of the so-called “convolution identities” for binomial coefficients and is valid for n ∈ N, t, r, s ∈ R. Its proof is indicated in [13], Chapter 5.

With (4.19) one can easily check that the series (4.1) becomes exactly the Taylor series in ϵ (about ϵ = 0) of the function −f_0 + √ f^2_0 + ϵ^2, which is a particular solution of (2.1) for the case f(t) = f_0. In this case the convergence of (4.1) is clearly restricted to |ϵ| < |f_0|.

In the general case we learn from this example that one should not expect convergence of (4.1) for all values of ϵ. Further, we see that, in the situation where M(f) ≠ 0 and f has small oscillations around its mean value, i.e., in the situation where f(t) − M(f) is small (in some sense to be precised), the series (4.1) should be expected to converge (at least for small values of ϵ). Unfortunately our analysis below was insufficient to provide a proof of this conjecture.

5 Quasi-Periodicity of the Functions c_n

In this section we will prove the quasi-periodicity of the functions c_n for our second choice of the constants α_n and for the case M(q^2) ≠ 0.

Let us describe briefly the general strategy we will follow and the problems we will face. The strategy and the problems will be the same in the case M(q^2) = 0, treated in Section 6. We first express formally the recursive relations (3.6)-(3.8) for the functions c_n (with the choices (3.17), (3.22) and (3.24)) in terms of its Fourier coefficients C^{(n)}_m , m ∈ Z^A. The recursive relations for the coefficients C^{(n)}_m involve convolutions (a consequence, lately, of the quadratic character of the generalized Riccati equation) and, inevitably, small denominators.

Assuming an exponential decay of the form |Q_m| ≤ Q e^{−χ|m|} for the Fourier coefficients Q_m of the function q, a fact that will be proven in Appendix D, we prove inductively bounds of the form |C^{(n)}_m | ≤ K_ne^{−(χ−δn)|m|} for the Fourier coefficients of the functions c_n. This exponential decay justifies the formal expression of the functions c_n in terms of the coefficients C^{(n)}_m and the corresponding recursion relations and is enough to establish the quasi-periodicity of all the functions c_n by induction.

Due to the convolutions and to the small denominators appearing in the recursive relations for the coefficients C^{(n)}_m , the sequence δ_n is positive and increasing. It is possible to keep the sequence δ_n bounded and smaller than χ, but this ruins the behaviour in n of the constants K_n and obstructs the control of the absolute convergence of the formal power series (3.1).

5.1 The Fourier Decomposition of the Functions cn

To prepare the proof that the functions c_n are all quasi-periodic, we will first prove that c_1 is quasi-periodic. To prove that q is quasi-periodic we note that

q(t) := e^{if0}~^t exp ( i ∫ t 0 (f(t^′) − f_0 ~ ) dt^′ ) . (5.1)

Assuming now that 2 ∑ n ~^∈Z^{Bn} ~^{≠0}~ |f_n ~ | |n ~^{· ω}~^{f |}

< ∞ (5.2)

one has F (t) := ∫ t 0 (f(t^′) − f_0 ~ ) dt^′ ∈ L^∞(R) (5.3)

and we conclude, by Bohr’s theorem, that F is almost-periodic and, by the uniform convergence of the Fourier series (see, e.g. [12]), that F (t) = −i ∑ n ~^∈Z^{Bn} ~^{≠0}~ f_n ~ n ~^{· ω}~^f ( e^{in}~^{·ω}~^{f t} − 1 ) , (5.4)

what shows that F is quasi-periodic. A standard argument (see Appendix B) shows that exp(iF (t)) is also quasi-periodic with β(exp(iF (t))) = β(F ) = β(f). Therefore, we have established that q is quasi-periodic with σ(q) = σ(exp(iF )) + f_0 ~ . We write q(t) = ∑ n∈Z^A Q_n e^{in·ωt}, (5.5) where ω and A are defined in (1.27) and (1.28), respectively. See Appendix C for the relation between the Fourier coefficients of q and those of f.

For n ≥ 1, let us write c_n(t) = ∑ m∈Z^A C^{(n)}_m e^{im·ωt} . (5.6)

In the next we will be concerned with the recursion relations for the Fourier coefficients C^{(n)}_m . For C^{(2)}_m we have from (3.7)

C^{(2)}_m = Q_m α_2 − ∑ n∈ZA_{n≠0}^{α21Q(2)n − Q(2)−nn · ω} + ∑ n∈ZA_{n≠0}^{Qm−nn · ω (α21Q(2)n − Q(2)−n) . (5.7)}

Above, Q^{(2)}_n are the Fourier coefficients of q^2, namely

q(t)^2 = ∑ m∈Z^A Q^{(2)}_m e^{im·ωt} , (5.8)

with Q^{(2)}_m = ∑ n∈Z^A Q_nQ_{m−n} . (5.9)

For n ≥ 3 we have from (3.8)

C^{(n)}_m = ∑ n1, n2∈ZA n1+n2≠0 Q_{m−n1−n2} n−1∑ p=1 C^{(p)}_{n1} C^{(n−p)}_{n2} 1 (n_1 + n_2) · ω +

Q_m α_n − ∑ n1, n2∈ZA n1+n2≠0 n−1∑ p=1 C^{(p)}_{n1} C^{(n−p)}_{n2} 1 (n_1 + n_2) · ω

. (5.10)

For the constants α_n we have, according to (3.17), (3.22) and (3.24), the following expressions

α^2_1 = Q^{(2)}_0 / Q^{(2)}_0 , (5.11)

α_2 = − 1 M(q^2) ∑ n∈ZA_{n≠0} ( α^2_1Q^{(2)}_n − Q^{(2)}_{−n} ) n · ω ( Q^{(2)}_{−n} − Q^{(2)}_0 ) , (5.12)

α_n = − 1 M(q^2) { n_{−1} ∑ p=1 ∑ n1, n2∈ZA n1+n2≠0 C^{(p)}_{n1} C^{(n−p)}_{n2} (n_1 + n_2) · ω ( Q^{(2)}_{−(n1+n2)} − Q^{(2)}_0 )

+ 1 2α_1 n−1∑ p=2 ∑ n∈Z^A C^{(p)}_n C^{(n+1−p)} −n } , n ≥ 3. (5.13)

Inserting these expressions into (5.7) and (5.10) we get

C^{(1)}_m = α_1Q_m, (5.14)

C^{(2)}_m = ∑ n∈ZA_{n≠0} ( α^2_1Q^{(2)}_n − Q^{(2)}_{−n} ) n · ω Q_{m−n} − Q_mQ^{(2)}_{−n} Q^{(2)}_0

, (5.15)

C^{(n)}_m = ∑ n1, n2∈ZA n1+n2≠0 1 (n_1 + n_2) · ω n−1∑ p=1 C^{(p)}_{n1} C^{(n−p)}_{n2} Q_{m−(n1+n2)} − Q_mQ^{(2)}_{−n1−n2} Q^{(2)}_0

− Q_m 2α_1Q^{(2)}_0 ∑ n∈Z^A n−1∑ p=2 C^{(p)}_n C^{(n+1−p)} −n , n ≥ 3. (5.16) Above we used M(q^2) = Q^{(2)}_0 .

5.2 An Upper Bound for jQ^{(2)}m j

At this moment we have to introduce some restrictions, which ultimately reflect on restrictions on the function f. The first concerns the frequencies ω. We assume a so called Diophantine condition, namely, we assume the existence of constants Δ > 0 and σ > 0 such that, for all n ∈ Z^A, n ≠ 0, |n · ω| ≥ Δ^{−1}|n|^{−σ}. (5.17) The second restriction concerns the decay properties of the Fourier coefficients Q_m for |m| → ∞. We assume that there are constants Q > 0 and χ > 0 such that, for all m ∈ Z^A, |Q_m| ≤ Qe^{−χ|m|}. (5.18) This will be proven in Appendix D for the case where f has a Fourier decomposition given by a finite sum. As a consequence of (5.18), we have |Q^{(2)}_m | ≤ Q^2 Ξ_0(χ, m) (5.19) where, for α > 0, Ξ_0(α, m) := ∑ n∈Z^A e^{−α(|n|+|m−n|)}. (5.20) One has Ξ_0(α, m) = A∏ a=1 ∑ n∈Z e^{−α(|n|+|ma−n|)}. (5.21) A simple computation shows that ∑ n∈Z e^{−α(|n|+|ma−n|)} = e^{−α|ma|} ( |m_a| + (tanh(α))^{−1} ) . (5.22)

Hence Ξ_0(α, m) ≤ ( |m| + (tanh(α))^{−1} )A e^{−α|m|}. (5.23) Using now the inequality |x|^σ ≤ ( σ eδ )σ e^{δ|x|}, (5.24) valid for all x ∈ C and all δ > 0, σ > 0, we arrive at

Ξ_0(α, m) ≤ [( A eδ )A e^{δ/ tanh(α)} ] e^{−(α−δ)|m|}. (5.25) Defining Q^{(2)}(δ) := Q^2 ( A eδ )A e^{δ/ tanh(χ)} (5.26) for δ > 0, we conclude that, for some δ_2 positive and small enough, |Q^{(2)}_m | ≤ Q^{(2)}(δ_2/2)e^{−(χ−δ2/2)|m|}. (5.27) Below we will frequently denote Q^{(2)} ≡ Q^{(2)}(δ_2/2).

5.3 An Upper Bound for jC^{(2)}m j

Since c_2 is expressed as the quasi-periodic function q times the integral of a quasi-periodic function, one has only to show, for proving that c_2 is quasi-periodic, that i ∫ t 0 (α^2_1q(t^′)^2 − q(t^′)^{−2}) dt^′ ∈ L^∞(R). (5.28) But, by the hypotheses above, and using the fact that |α_1| = 1, we have | | | |i ∫ t 0 (α^2_1q(t^′)^2 − q(t^′)^{−2}) dt^′ | | | | ≤ 2 ∑ n∈ZA_{n≠0}^{|Q(2)n ||n · ω| ≤ 2ΔQ(2) ∑}n∈ZA^{|n|σe−(χ−δ2/2)|n|. (5.29)} Above the term corresponding to n = 0 has been eliminated by the choice of α_1. Using (5.24) we get 2 ∑ n∈ZA_{n≠0}^{|Q(2)n ||n · ω| ≤ 2ΔQ(2) ( 2σeδ}2^{)σ ∑}n∈ZA^{e−(χ−δ2)|n| ≤ ∞ (5.30)} by choosing δ_2 < χ. This concludes the proof of (5.28) and shows that c_2 is quasi-periodic.

Relation (5.15) gives us the following upper bound for |C^{(2)}_m |:

|C^{(2)}_m | ≤ 2ΔQ^{(2)}Q ∑ n∈Z^A |n|^σe^{−(χ−δ2/2)|n|} e^{−χ|m−n|} + Q^{(2)} |Q^{(2)}_0 | e^{−χ|m|−(χ−δ2/2)|n|}

≤ 2ΔQ^{(2)}Q ( σ eδ )σ L_1(m) + e^{−χ|m|} Q^{(2)} |Q^{(2)}_0 |

L_2(2χ − δ_2 − δ),

, (5.31)

where we used again (5.24) and the Diophantine condition (5.17). Above L_1(m) = Ξ(χ − δ_2/2 − δ, χ, m), where, for α, β > 0, Ξ(α, β, m) := ∑ n∈Z^A e^{−α|n|−β|m−n|} and L_2(α) := ∑ n∈Z^A e^{−α|n|}. Note that Ξ(α, β, m) = Ξ(β, α, m) and that Ξ(α, β, m) ≤ Ξ_0(min{α, β, }, m). (5.32) To proceed we have to find upper bounds for L_1 and L_2. We have for L_2(α) simply

L_2(α) = ( 1 + 2 ∞∑ a=1 e^{−αa} )A = ( 1 + e^{−α} 1 − e^{−α} )A (5.33)

for α > 0. For L_1 we have, using (5.32), L_1(m) ≤ Ξ_0(χ − δ_2/2 − δ, m) ≤ e^{−(χ−δ2/2−2δ)|m|} e^{δ/ tanh(χ−δ2/2−δ)} ( A eδ )A (5.34) by (5.25), for any δ > 0, small enough. Choosing δ = δ_2/4 we get L_1(m) ≤ e^{−(χ−δ2)|m|} e^{δ2/(4 tanh(χ−3δ2/4))} ( 4A eδ_2 )A . (5.35)

Putting the estimates above together we have for all δ_2 > 0 sufficiently small |C^{(2)}_m | ≤ K_2 e^{−(χ−δ2)|m|}, (5.36) where,

K_2 := 2ΔQ^{(2)}Q ( 4σ eδ_2 )σ e^{δ2/ tanh(χ−3δ2/4)} ( 4A eδ_2 )A + Q^{(2)} |Q^{(2)}_0 |

L_2(2χ − 5δ_2/4)

. (5.37)

Note that K_2 ∼ δ^{−(2A+σ)}_2 for δ_2 → 0.

5.4 Recursive Upper Bounds for jC^(n^)m j with n ˘ 3

In order to show that all c_n’s, n ≥ 3, are quasi-periodic we note that the kind of reasoning used above can be applied inductively and indicates to be sufficient to show that c_n ∈ L^∞(R). For this it is enough to establish that ∑ m∈Z^A |C^{(n)}_m | ≤ ∞. (5.38)

Using the Diophantine condition (5.17) together with (5.18) and (5.27) we get from (5.16) |C^{(n)}_m | ≤ ΔQ ∑ n_1, n_2∈Z^A

|n_1 + n_2|^σ n−1∑ p=1 |C^{(p)}_{n1} | |C^{(n−p)}_{n2} | e^{−χ|m−n1−n2|} + Q^{(2)} |Q^{(2)}_0 | e^{−χ|m|−(χ−δ2)|n1+n2|}

+ e^{−χ|m|} Q 2|Q^{(2)}_0 | ∑ n∈Z^A n−1∑ p=2 |C^{(p)}_n | |C^{(n+1−p)} −n |, n ≥ 3. (5.39)

The strategy we will follow is to use (5.39) for recursively proving a bound on the absolute value of the Fourier coefficients C^{(n)}_m , from which (5.38) should follow. We will assume that for 1 ≤ a ≤ n − 1 there are positive constants K_a and δ_a, δ_a < χ, such that, for all m ∈ Z^A, |C^{(a)}_m | ≤ K_a e^{−(χ−δa)|m|}. (5.40) We have already seen that we can adopt K_1 := Q, δ_1 := 0 and K_2 as in (5.37) with δ_2 arbitrary and small.

Inserting (5.40) into (5.39) and using once more the inequality (5.24), for some δ > 0 small enough to be chosen conveniently, gives |C^{(n)}_m | ≤ ΔQ ( σ eδ )σ n_{−1}∑ p=1 K_pK_{n−p} L_3(p, m) + e^{−χ|m|} Q^{(2)} |Q^{(2)}_0 |

L_4(p)

+ e^{−χ|m|} Q 2|Q^{(2)}_0 | n−1∑ p=2 K_pK_{n+1−p} L_5(p), (5.41) where L_3(p, m) := L_3(χ − δ_p, χ − δ_{n−p}, δ, χ, m), (5.42) L_4(p) := L_4(χ − δ_p, χ − δ_{n−p}, χ − δ_2 − δ), (5.43) L_5(p) := L_2(2χ − −δ_p − δ_{n+1−p}), (5.44) with 1 ≤ p ≤ n − 1 for L_3 and for L_4 and 2 ≤ p ≤ n − 1 for L_5, where L_3(α, β, μ, ν, m) := ∑ n_1, n_2∈Z^A

exp (−α|n_1| − β|n_2| + μ|n_1 + n_2| − ν|m − n_1 − n_2|) , (5.45)

L_4(α, β, γ) := ∑ n_1, n_2∈Z^A

exp (−α|n_1| − β|n_2| − γ|n_1 + n_2|) , (5.46)

with α, β, γ, μ, ν > 0 and μ small enough.

We have to find convenient upper bounds for the sums above. For L_5(p) we have L_5(p) = L_2(2χ − δ_p − δ_{n+1−p}) ≤ L_2 (2χ − 2δ[n]) , (5.47) where δ[n] := max_{p′<n} δ_p′. For L_4(α, β, γ) we have L_4(α, β, γ) ≤ L_4(α, β, 0) = L_2(α)L_2(β). (5.48) Hence, L_4(p) ≤ L_2(χ − δ_p)L_2(χ − δ_{n−p}) ≤ L_2 (χ − δ[n])^2 . (5.49) Let us now consider L_3(p, m). For later use let us try to find bounds for L_3(α, β, μ, ν, m).

We have, for any δ > 0 sufficiently small, L_3(α, β, μ, ν, m) ≤ ∑ n_1, n_2∈Z^A exp (−(α − μ)|n_1| − (β − μ)|n_2| − ν|m − n_1 − n_2|)

= ∑ n_1∈Z^A exp (−(α − μ)|n_1|) Ξ(β − μ, ν, m − n_1)

≤ ∑ n_1∈Z^A

exp (−(α − μ)|n_1|) Ξ_0(κ, m − n_1)

≤ ( A eδ )A exp ( δ tanh(κ) ) Ξ(α − μ, κ − δ, m)

≤ ( A eδ )A exp ( δ tanh(κ) ) Ξ_0(ζ, m) ≤ S e^{−(ζ−δ)|m|}, (5.50) with S := ( A eδ )_2A exp ( δ tanh(κ) + δ tanh(ζ) ) , κ := min{β − μ, ν} and ζ := min{α − μ, κ − δ} = min{α − μ, β − μ − δ, ν − δ}. Above, we made use of inequality (5.25) in the third and in the last inequalities, as well as of (5.32). After the corresponding replacements we conclude that L_3(p, m) ≤ [( A eδ )_2A exp ( 2δ tanh(χ − δ[n] − 2δ) )] exp (− (χ − δ[n] − 3δ) |m|) . (5.51)

Note that the bounds (5.47), (5.49) and (5.51) do not depend on p, but depend on n.

We choose the sequence δ_a, a ≥ 1 as a strictly increasing bounded sequence converging to some δ_∞ < χ. This makes δ[n] = δ_{n−1} We also choose δ such that δ_n = δ_{n−1} + 3δ. These choices give L_3(p, m) ≤ ( 3A e(δ_n − δ_{n−1}) )_2A exp ( 2δ_∞ 3 tanh(χ − δ_∞) ) exp (− (χ − δ_n) |m|) , (5.52)

L_4(p) ≤ L_2(χ − δ_∞)^2, (5.53)

L_5(p) ≤ L_2(2χ − 2δ_∞), (5.54)

with 1 ≤ p ≤ n − 1 for L_3 and for L_4 and 2 ≤ p ≤ n − 1 for L_5.

Returning to (5.41), we get |C^{(n)}_m | ≤ ΔQ ( 3σ e(δ_n − δ_{n−1}) )σ D_n ( e^{−(χ−δn)|m|} + e^{−χ|m|} ) n^{−1}∑ p=1 K_pK_{n−p}

+ e^{−χ|m|} Q 2|Q^{(2)}_0 |

L_2(2χ − 2δ_∞) n−1∑ p=2 K_pK_{n+1−p}, (5.55)

with

D_n := max ( 3A e(δ_n − δ_{n−1}) )_2A exp ( 2δ_∞ 3 tanh(χ − δ_∞) ) , L_2(χ − δ_∞)^2

Q^{(2)} |Q^{(2)}_0 |

. (5.56)

We finally got the bound |C^{(n)}_m | ≤ K_ne^{−(χ−δn)|m|}, (5.57) with

K_n := 2ΔQ ( 3σ e(δ_n − δ_{n−1}) )σ D_n n−1∑ p=1 K_pK_{n−p} + Q 2|Q^{(2)}_0 |

L_2(2χ − 2δ_∞) n−1∑ p=2 K_pK_{n+1−p}. (5.58)

By induction, this establishes the bound |C^{(n)}_m | ≤ K_ne^{−(χ−δ∞)|m|} (5.59) for all n ∈ N and this proves (5.38) for all n ∈ N. This, in turn, finally establishes that all functions c_n are quasi-periodic on R since it implies that ∑ m∈Z^A |C^{(n)}_m | < ∞.

5.5 The Convergence of the Power Expansion on ϵ

We have now to deal with the question of the absolute convergence of the formal power series in (3.1). Since |c_n(t)| ≤ K_n ∑ m∈Z^A e^{−(χ−δ∞)|m|} we have to analyze the convergence of the formal infinite

sum_∞ ∑ n=1 K_n|ϵ|^n. (5.60)

Since the increasing sequence δ_n, n ∈ N, introduced in the definition of K_n, has to converge to some δ_∞ < χ, the difference δ_n − δ_{n−1} occurring in (5.58) has to decrease to zero for n → ∞. Hence, the leading behaviour for n large of the right hand side of (5.58) is governed by K_n ≈ C (δ_n − δ_{n−1})^{σ+2A} n−1∑ p=1 K_pK_{n−p}, (5.61)

for some positive constant C. Even choosing a slowly converging sequence δ_n, for instance such that δ_n − δ_{n−1} ≃ n^{−(1+ϵ0)}, with some small ϵ_0 > 0, we would probably find a large-n behaviour for K_n like K_n ≈ (n!)^{(1+ϵ0)(σ+2A)}c^n for some constant c > 1.

Unfortunately we conclude that the upper bounds on the K_n obtainable from the recursive definition (5.58) are too bad, for whatever choice of the converging sequence δ_n, to guarantee the convergence of the sum in (5.60) for any finite ϵ and, hence, analyticity on ϵ cannot be established through the above analysis. Actually, we will discuss heuristically in Section 7 that, perhaps, analyticity around ϵ = 0 should not be generally expected to hold in the system we considered. On the other hand, uniform convergence of (3.1) for all t ∈ R for a special set (eventually dense, but with empty interior) of values of ϵ is not to be excluded, but to prove this conjecture would require a more refined analysis than that presented here.

6 Quasi-Periodicity of the Functions e_n

In this section we will prove the quasi-periodicity of the functions e_n.

6.1 The Fourier Decomposition of the Functions cn

For all n ≥ 1 we write, e_n(t) = ∑ m∈Z^A E^{(n)}_m e^{im·ωt}. (6.1)

We will study the Fourier coefficients E^{(n)}_m . We have from (4.5)

E^{(1)}_m = ∑ n∈ZA_{n≠0}^{Qm−nQ(2)−nn · ω + Qm} β_1 − ∑ n∈ZA_{n≠0}^{Q(2)−nn · ω} , (6.2)

and, for n ≥ 2, we have from (4.6)

E^{(n)}_m = ∑ n1, n2∈ZA n1+n2≠0 Q_{m−n1−n2} n−1∑ p=1 E^{(p)}_{n1} E^{(n−p)}_{n2} 1 (n_1 + n_2) · ω +

Q_m β_n − ∑ n1, n2∈ZA n1+n2≠0 n−1∑ p=1 E^{(p)}_{n1} E^{(n−p)}_{n2} 1 (n_1 + n_2) · ω , n ≥ 2. (6.3)

For the constants β_∗ we have (see (4.12) and (4.17))

β_1 = 1 2iM(Q_1) ∑ n1, n2∈ZA n1≠0, n2≠0 Q^{(2)}_{n1+n2} Q^{(2)}n_1 Q^{(2)}n_2 (n_1 · ω)(n_2 · ω) + ∑ n∈ZA_{n≠0}^{Q(2)nn · ω , (6.4)} β_n = 1 iM(Q_1) n−1∑ p=1 ∑ n1, n2∈ZA n1+n2≠0 Q^{(2)}_{−n1−n2} R − ∑ n∈ZA_{n≠0}^{Q(2)n+n1+n2 Q(2)nn · ω} E^{(p)}_{n1} E^{(n−p)}_{n2} (n_1 + n_2) · ω

+ 1 2 n−1∑ p=2 ∑ n∈Z^A E^{(p)}_n E^{(n+1−p)} −n + n−1∑ p=1 ∑ n1, n2∈ZA n1+n2≠0 E^{(p)}_{n1} E^{(n−p)}_{n2} (n_1 + n_2) · ω

, for n ≥ 2, (6.5)

where

R := β_1 + ∑ n∈ZA_{n≠0}^{Q(2)−nn · ω = 12iM(Q}1^{) ∑}n1, n2∈ZA_{n1≠0, n2≠0}^{Q(2)n1+n2 Q(2)n1 Q(2)n2(n}1^{· ω)(n}2^{· ω) . (6.6)}

Finally, for the Fourier coefficients we get,

E^{(1)}_m = ∑ n∈ZA_{n≠0}^{Qm+nQ(2)nn · ω + Qm2iM(Q}1^{) ∑}n1, n2∈ZA_{n1≠0, n2≠0}^{Q(2)n1+n2 Q(2)n1 Q(2)n2(n}1^{· ω)(n}2^{· ω)} = ∑ n∈ZA_{n≠0} Q_{m+n} + Q_m 2iM(Q_1) ∑ n′∈ZA_{n′≠0}^{Q(2)n+n′ Q(2)n′n′ · ω} Q^{(2)}n n · ω , (6.7)

E^{(n)}_m = n−1∑ p=1 ∑ n1, n2∈ZA n1+n2≠0 Q_{m−n1−n2} + Q_m iM(Q_1) Q^{(2)}_{−n1−n2} R − ∑ n∈ZA_{n≠0}^{Q(2)n+n1+n2 Q(2)nn · ω} E^{(p)}_{n1} E^{(n−p)}_{n2} (n_1 + n_2) · ω

+ Q_m 2iM(Q_1) n−1∑ p=2 ∑ n∈Z^A E^{(p)}_n E^{(n+1−p)}

−n , for n ≥ 2. (6.8)

In the next two subsections we will follow the same steps of the case M(q^2) ≠ 0 and we will try to find convenient upper bounds for the Fourier coefficients given recursively in (6.7) and (6.8).

6.2 An Upper Bound for jE^{(1)}m j

We will make use again of (5.18) and of (5.27) in the form |Q^{(2)}_m | ≤ Q^{(2)}(δ)e^{−(χ−δ)|m|}, for δ > 0 arbitrary but conveniently small. From (6.7) we have, using the same inequalities as in the previous case,

|E^{(1)}_m | ≤ QQ^{(2)}(δ) ∑ n∈ZA_{n≠0} e^{−χ|m+n|} + e^{−χ|m|} Q^{(2)}(δ)^2 2|M(Q_1)| ∑ n′∈ZA_{n′≠0}^{e−(χ−δ)(|n+n′|+|n′|)|n′ · ω|} e^{−(χ−δ)|n|} |n · ω|

≤ W_1 ∑ n∈Z^A e^{−χ|m+n|} + e^{−χ|m|}W_2 ∑ n^′∈Z^A e^{−(χ−δ)|n+n′|−(χ−2δ)|n′|)} e^{−(χ−2δ)|n|}, (6.9)

with W_1 := ΔQQ^{(2)}(δ) ( σ eδ )σ and W_2 := Δ^{Q(2)(δ)2}_{2|M (Q1)|} ( σ eδ )σ . Using the previously defined function Ξ_0, the last inequality in (6.9) leads to

|E^{(1)}_m | ≤ W_1Ξ_0(χ − 2δ, m) + e^{−χ|m|}W_2 ∑ n∈Z^A Ξ_0(χ − 2δ, n)e^{−(χ−2δ)|n|} (6.10)

and using (5.25) we get |E^{(1)}_m | ≤ L_1e^{−(χ−3δ)|m|} (6.11) for some constant L_1 (depending on χ, δ, σ etc.). Of course, one sees here that, choosing 0 < δ < χ/3, we have proven that e_1 is a quasi-periodic function on R.

6.3 Recursive Upper Bounds for jE^(n^)m j with n ˘ 2

We start now from relation (6.8) and try to find recursive bounds for |E^{(n)}_m |, with n ≥ 2, as in the case of the |C^{(n)}_m |’s. For 1 ≤ p ≤ n − 1 we assume the bound |E^{(p)}_m | ≤ L_p e^{−(χ−δp)|m|} (6.12) for L_p ≥ 0 and δ_p > 0, small enough. This assumption has been proven above for the case p = 1 (see (6.11)). From (6.8) we have |E^{(n)}_m | ≤ Q n−1∑ p=1 L_pL_{n−p} { ∑ n1, n2∈ZA n1+n2≠0

[ e^{−χ|m−n1−n2|} + e^{−χ|m|}Q^{(2)}(δ) |M(Q_1)| ( |R|e^{−(χ−δ)|n1+n2|} +

Q^{(2)}(δ) ∑ n∈ZA_{n≠0}^{e−(χ−δ)(|n+n1+n2|+|n|)|n · ω| )] e−(χ−δp)|n1|−(χ−δn−p)|n2|} |(n_1 + n_2) · ω| } +

e^{−χ|m|} Q 2|M(Q_1)| n−1∑ p=2 L_pL_{n+1−p} { ∑ n∈Z^A e^{−(2χ−δp−δn+1−p)|n|} } , for n ≥ 2. Using once more (5.17) we have |E^{(n)}_m | ≤ QΔ ( σ eδ )σ n_{−1}∑ p=1 L_pL_{n−p} { L_3(p, m) + e^{−χ|m|} Q^{(2)}(δ) |M(Q_1)| [ |R| L_4(χ − δ_p, χ − δ_{n−p}, χ − 2δ) +

Δ ( σ eδ )σ ( ∑ n∈Z^A e^{−(χ−2δ)|n|}L_3(χ − δ_p, χ − δ_{n−p}, 0, χ − δ, n) )]} +

e^{−χ|m|} Q 2|M(Q_1)| n−1∑ p=2 L_p L_{n+1−p} L_2(2χ − δ_p − δ_{n+1−p}). Using L_3(χ − δ_p, χ − δ_{n−p}, 0, χ − δ, n) ≤ L_2(χ − δ[n])^2 L_2(χ − δ) and L_4(χ − δ_p, χ − δ_{n−p}, χ − 2δ) ≤ L_2(χ − δ[n])^2 (see (5.48) and (5.51)), we get |E^{(n)}_m | ≤ L_n e^{−(χ−δ[n]−3δ)|m|}, (6.13) where

L_n := QΔ ( σ eδ )σ n−1∑ p=1 L_pL_{n−p} { ( A eδ )_2A exp ( 2δ tanh(χ − δ[n] − 2δ) ) +

Q^{(2)}(δ) |M(Q_1)| ( |R|L_2(χ − δ[n])^2 + Δ ( σ eδ )σ L_2(χ − δ[n])^2L_2(χ − δ)^2 )} +

Q 2|M(Q_1)| L_2(2χ − 2δ[n]) n−1∑ p=2 L_p L_{n+1−p} . (6.14)

Choosing δ_n as an increasing sequence (converging to δ_∞ < χ) one has δ[n] = δ_{n−1} and, with the choice δ = (δ_n − δ_{n−1})/3, we get from (6.13) |E^{(n)}_m | ≤ L_n e^{−(χ−δn)|m|}, (6.15) thus proving inductively the bound (6.12) for L_n given by the recurrence (6.14). As in the case of the functions c_n considered previously, this establishes that the functions e_n are, for all n ≥ 1, quasi-periodic on R since it implies that ∑ m∈Z^A |E^{(n)}_m | < ∞. Note that from (6.14) the leading behaviour of L_n for large n is expected to be like L_n ≈ C (δ_n − δ_{n−1})^{σ+2A} n−1∑ p=1 L_pL_{n−p}, (6.16)

as in the case of K_n above. As in that case, we draw the same negative conclusion about the possibility of proving absolute convergence of the infinite sum in (4.1) with the methods used in this paper.

7 Final Discussion

To finish these notes let us now briefly discuss in a non-rigorous way some problems involving our analysis and our results.

Our original intention was to prove quasi-periodicity of the solutions of the generalized Riccati equation (2.1) by analysing its power series expansion in ϵ. A step in this direction was the method of elimination of the secular terms, another was the proof of quasi-periodicity of the coefficients c_n and e_n. However, the series expansions for g in ϵ could not be proven to be uniformly convergent for all t ∈ R and ϵ in some open set containing the point ϵ = 0.

The question is, when should we expect that g is quasi-periodic? As discussed in Appendix A, the function g appeared in the Ansatz ϕ(t) = exp ( −i ∫ t 0 (f(t^′) + g(t^′))dt^′ ) for one of the particular solutions of one of the components of the wave function Φ, or more precisely, for a particular solution of the quasi-periodic Hill’s equation (1.26). It is clear that g could not be expected to be quasi-periodic if ϕ(t) becomes zero at some finite t, because quasi-periodic functions are bounded. A theorem by H. Bohr [14] asserts, modulo technicalities, that if ϕ(t) is bounded away from zero then g should be quasi-periodic. Hence, one of the questions would be to know whether there are particular solutions ϕ of the quasi-periodic Hill’s equation (1.26) such that |ϕ(t)| > δ for all t ∈ R and some δ > 0.

Its is hard to prove a priori this condition. However, in the situation where f(t) = f_0 is constant, we know that the particular solutions of (1.26) are of the form e^{±iω0t} with ω_0 = √ ϵ^2 + f^2_0 . Each of these particular solutions do not vanish for t ∈ R. In this case we have been able to show that the series expansion for g is convergent for |ϵ| < |f_0|. This leads to the conjecture that g should be quasi-periodic at least for small perturbations of the case f(t) = constant, for instance if f(t) − M(f) is uniformly small.

We have not been able to prove this conjecture but there is another problem which has to be faced for a better understanding of the whole picture. The unitarity condition U(t)U(t)^∗ = 1l reads |R(t)|^2 ( 1 − 2Im (g(0)S(t)) + ( |g(0)|^2 + ϵ^2 ) |S(t)|^2 ) = 1. (7.1)

Looking at (7.1) we see that some additional constraints have to be fulfilled for a physically reasonable solution.

First we note that, if we assume that a quasi-periodic solution g for the generalized Riccati equation (2.1) was found, then we must have M(g) ∈ R for real ϵ. For, if Im(M(g)) > 0, R(t) diverges exponentially for t → +∞ while S(t) stays bounded, violating (7.1) for large t. If, on the other hand, Im(M(g)) < 0, R(t) will decay like exp(− |Im(M(g))| t) for t → +∞ while S(t) will behave as exp(+2|Im(M(g))|t). Hence, the product |R(t)|^2|S(t)|^2 will diverge for t → +∞ making (7.1) impossible again. It is difficult to verify the condition M(g) ∈ R for real ϵ directly from our perturbative expansions for g but, from the unitarity of the time evolution, this must be true.

This, however, is not the whole story, since an additional problem involving the unitarity condition (7.1) exists. Under the assumption that g is quasi-periodic with M(g) ∈ R for real ϵ it could still happen that M(R^{−2}) ≠ 0. In this case the function S(t) will develop a term like M(R^{−2})t, which is linearly increasing in t, violating again (7.1) for large t. Hence, if we assume unitarity an additional mechanism must impose the condition M(R^{−2}) = 0. A non-rigorous argument indicates, however, that this is a tricky condition. If we assume that our perturbative expansions for g converge, the function R(t)^{−2} must be, presumably, of the form

R(t)^{−2} = e^{2i(M (f )+M (g))t} ∑ m∈Z^A h_m(ϵ)e^{−im·ωt}.

Hence, except for some miraculous cases, we can only guarantee that M(R^{−2}) = 0 if the equation 2M(g) = m · ω − 2M(f) has only solutions for m ∈ Z^A if h_m(ϵ) = 0 for the corresponding values of m.

Now, if the perturbative expansions we attempted converge absolutely and uniformly on t ∈ R, then M(g) is analytic on ϵ on some open neighbourhood of ϵ = 0 and vanishes for ϵ = 0, mapping thus a real open neighbourhood of ϵ = 0 onto another real open neighbourhood of ϵ = 0. Moreover, the set {m · ω − 2M(f), m ∈ Z^A} is dense on R due to the Diophantine conditions imposed on the frequencies. Thus, there must be a countable and dense set E_0 of values of ϵ on a small enough real open neighbourhood of ϵ = 0 for which 2M(g) = m · ω − 2M(f) has a solution for some m ∈ Z^A. For these values of ϵ and m we must have h_m(ϵ) = 0, according to the argument above.

Such a condition is not impossible, but it shows how subtle is the mechanism which imposes unitarity of the time evolution for a quasi-periodic function g.

Another possibility would be that for ϵ in the set E_0 the function g fails to be almost-periodic, due to some sort of resonance, and the linearly increasing term M(R^{−2})t appearing in (7.1) would make no sense. This could explain the apparent impossibility of proving uniform convergence of our perturbative expansions for g.

It would be very interesting to investigate which, if any, of the mechanisms above is actually in action in the system considered. This should involve a deeper analysis than that attempted here.

Appendices

A The Wave Function, Hill’s Equation and a Generalized Riccati Equation

Let Φ : R → C^2 , R ∋ t → ( ϕ_+(t) ϕ_−(t) ) , with ϕ_± ∈ C^2(R), be a solution of the Schrödinger equation (1.5) with Hamiltonian H_1 above:

iΦ^′(t) = (ϵσ_1 + f(t)σ_3)Φ(t), (A.1)

for f : R → R, f ∈ C^1(R) and ϵ ∈ R, with initial data ( ϕ_+(0) ϕ_−(0) ) ∈ C^2 . Above σi are the Pauli

matrices in their usual representations.

Taking the time derivative of both sides of (A.1) we get iΦ^{′′}(t) = f^′(t)σ_3Φ(t) − i(ϵσ_1 + f(t)σ_3)^2Φ(t)

= f^′(t)σ_3Φ(t) − i [ (ϵ^2 + f(t)^2)1l + ϵf(t)(σ_1σ_3 + σ_3σ_1) ] Φ(t). (A.2) Hence, iΦ^{′′}(t) = ( f^′(t)σ_3 − i(ϵ^2 + f(t)^2)1l ) Φ(t), (A.3) which is a diagonal equation for Φ(t). For the components of Φ, (A.3) means ϕ^{′′}_+(t) + ( +if^′(t) + ϵ^2 + f(t)^2 ) ϕ_+(t) = 0, (A.4) ϕ^{′′}_−(t) + ( −if^′(t) + ϵ^2 + f(t)^2 ) ϕ_−(t) = 0. (A.5) The solutions of (A.1) can be recovered from the solutions of the differential equations (A.4) and (A.5) with initial data (ϕ_+(0), ϕ^′_+(0)) and (ϕ_−(0), ϕ^′_−(0)), respectively, by imposing iΦ^′(0) = (ϵσ_1 + f(0)σ_3)Φ(0) (A.6) as a restriction to the initial data, i.e., by imposing iϕ^′_+(0) = f(0)ϕ_+(0) + ϵϕ_−(0), (A.7)

iϕ^′_−(0) = −f(0)ϕ_−(0) + ϵϕ_+(0). (A.8) Since (A.5) is obtained from (A.4) by the change f → −f, we will study only the equation ϕ^{′′}(t) + ( if^′(t) + ϵ^2 + f(t)^2 ) ϕ(t) = 0, (A.9) with initial data (ϕ(0), ϕ^′(0)).

In order to motivate the Ansatz we are going to use, let us consider first a particular way of solving (A.9) for the case ϵ ≡ 0.

A.1 The Case ϵ = 0

In this case equation (A.9) reduces to ϕ^{′′}(t) + ( if^′(t) + f(t)^2 ) ϕ(t) = 0. (A.10) A natural Ansatz is given by solutions of the form ϕ(t) = ϕ_0 exp ( −i ∫ t 0 (G(t^′) + f(t^′)) dt^′ ) , where ϕ_0 is an arbitrary constant. This leads to the following equation for G: G^′ − iG^2 − 2ifG = 0. (A.11) This is an equation of the Bernoulli type, and has one obvious solution: g ≡ 0. Another solution can be found defining v = 1/G, which, in face of (A.11), leads to the linear equation v^′ + 2ifv + i = 0, (A.12) whose general solution is v(t) = 1 p_0(t) ( a_0 − i ∫ t 0 p_0(t^′)dt^′ ) , (A.13) where a_0 is an arbitrary constant and p_0(t) := exp ( 2i ∫ t 0 f(t^′)dt^′ ) . (A.14) This leads to the following general expression for the solution of (A.11): G(t) = p_0(t) a_0 − i ∫ t 0 p_0(t^′)dt^′

. (A.15)

Since G ≡ 0 is also a solution of (A.11), we allow formally a_0 ∈ C ∪ {+∞}.

Hence, the general solution of (A.10) is

ϕ(t) = ϕ_0 exp ( −i ∫ t 0 f(t^′) dt^′ ) exp −i ∫ t 0 p_0(t^′) a_0 − i ∫ t′ 0 p_0(t^{′′})dt^{′′} dt^′ , (A.16)

for arbitrary constants ϕ_0 and a_0. Since p_0(t) a_0 − i ∫ t 0 p_0(t^′)dt^′ = i ( ln ( a_0 − i ∫ t 0 p_0(t^′)dt^′ ))_′

we get, finally, the general solution of (A.10), ϕ(t) = exp ( −i ∫ t 0 f(t^′) dt^′ ) [ ϕ_1 + ϕ_2 ∫ t 0 p_0(t^′)dt^′ ] , (A.17) with ϕ_1 = ϕ_0a^2_0 and ϕ_2 = −iϕ_0a_0, or in terms of the initial data, ϕ_1 = ϕ(0), ϕ_2 = if(0)ϕ(0) + ϕ^′(0).

(A.18)

After imposing (A.7) and (A.8) (with ϵ = 0, of course) we get, as expected, the solutions ϕ_+(t) = ϕ_+(0) exp ( −i ∫ t 0 f(t^′) dt^′ ) , (A.19) ϕ_−(t) = ϕ_−(0) exp ( +i ∫ t 0 f(t^′) dt^′ ) . (A.20)

A.2 The Case ϵ 6= 0

For ϵ ≠ 0 we will follow steps analogous to the previous case, but the situation here is more complicated. For solving (A.9) we start with the same Ansatz, namely, ϕ(t) = ϕ_0 exp ( −i ∫ t 0 (G(t^′) + f(t^′)) dt^′ ) . This leads to equation (2.1) for G.

Equation (2.1) is a differential equation of the generalized Riccati type. According to the theory of the generalized Riccati equations, given a particular solution g of (2.1), a general solution is of the form G = g + u, where u satisfies the Bernoulli equation u^′ − 2i(f + g)u − iu^2 = 0. (A.21) This, in turn, can be transformed into a linear equation by defining v := 1/u, which gives for v v^′ + 2i(f + g)v + i = 0. (A.22) The general solution of (A.22) is v(t) = 1 p(t) ( a_0 − i ∫ t 0 p(t^′)dt^′ ) , (A.23) where a_0 is an arbitrary constant and p(t) := exp ( 2i ∫ t 0 (f(t^′) + g(t^′))dt^′ ) . (A.24) Hence, the general solution of (2.1) is G(t) = g(t) + p(t) a_0 − i ∫ t 0 p(t^′)dt^′ . (A.25)

Since u ≡ 0 is, in principle, also a solution of (A.21), we allow formally a_0 ∈ C ∪ {+∞}.

For (A.9) we get, in complete analogy with the ϵ = 0 case, the general solution

ϕ(t) = exp ( −i ∫ t 0 (f(t^′) + g(t^′)) dt^′ ) [ ϕ_1 + ϕ_2 ∫ t 0 p(t^′)dt^′ ] , (A.26)

with ϕ_1, ϕ_2 ∈ C , arbitrary constants. In terms of the initial data one easily checks that

ϕ_1 = ϕ(0),

ϕ_2 = i(f(0) + g(0))ϕ(0) + ϕ^′(0).

(A.27)

Expression (A.26) indicates the solution for ϕ_+. The solution for ϕ_− can be obtained, as we pointed before, by interchanging f → −f. Since g depends on f, we must first discover what happens to g by changing the sign of f. The generalized Riccati equation (2.1) indicates that, if g is a solution for f, then −g is a solution for −f. Hence, using the constraints (A.7)-(A.8), we get finally equations (2.2) and (2.3) which express ϕ_± in terms of g and of the initial conditions.

In the general case it is interesting to note that the whole dependence on ϵ in (A.21) is hidden in the still unknown function g. For ϵ = 0, equation (2.1) reduces to (A.11). Comparing (A.21) with (A.11), (A.14) with (A.24) and (A.15) with (A.25) we conclude that we should have g ≡ 0 for ϵ = 0.

In the case where f(t) = f_0 is a constant, the solution g = −f_0 + sign(f_0) √ f^2_0 + ϵ^2 for f_0 ≠ 0 satisfies this condition. For f_0 = 0 we have g = ±ϵ.

B The Quasi-Periodicity of q(t) and exp(iF (t))

It is already clear that exp(iF (t)) is an almost-periodic function since F (defined in (5.3)) is quasiperiodic and since the set of all almost-periodic functions on R is a closed sub-algebra of L^∞(R) (see, e.g. [12]).

Let P_n be the Taylor polynomial of degree n of the exponential function: P_n(x) = n∑ a=0 x^a a! . We

know that | exp(x) − P_n(x)| ≤ ( 1 − |x| n + 2 )_{−1} |x|^{n+1} (n + 1)!

, (B.1)

for n + 2 > |x|, x ∈ C . Let F_n, n ∈ N, be given by F_n(t) := −i ∑ n ~^∈Z^{B, n}~^{≠0}~ |n ~^{|∞≤n} f_n ~ n ~^{· ω}~^f ( e^{in}~^{·ω}~^{f t} − 1 ) , (B.2)

with |n ~^{|∞ := max{|n1|, . . . , |nB|}, the l} ∞ norm on Z^B, and define

σ_n(t) ≡ σ_n[F ](t) :=

F_1(t) + · · · + F_n(t) n . (B.3)

By the hypothesis, σ_n converges to F uniformly on R (see e.g. [12]). We also know that |F_n| ≤ D, uniformly on n and t, where D is the left hand side of (5.2). Therefore |σ_n(t)| ≤ D uniformly on n and t. Hence, for n large enough,

| exp(iF (t)) − P_n(iσ_n(t))| ≤ | exp(iF (t)) − exp(iσ_n(t))| + | exp(iσ_n(t)) − P_n(iσ_n(t))|

≤ | exp(iF (t)) − exp(iσ_n(t))| + ( 1 − |σ_n(t)| n + 2 )_{−1} |σ_n(t)|^{n+1} (n + 1)! . From the fact that |σ_n(t)| is uniformly bounded on n and t and from the uniform continuity of the exponential function on compact sets we conclude that | exp(iF (t)) − P_n(iσ_n(t))| can be made smaller than any prescribed ϵ > 0, for all t ∈ R, by choosing n large enough.

The Fourier coefficients W (ξ), ξ ∈ R, of the almost-periodic function exp(iF (t)) are given by (see, e.g. [12]) W (ξ) = lim_{T →∞} 1 2T ∫ T −T exp(iF (τ ))e^{−iξτ} dτ. (B.4) According to our previous remark, we have |W (ξ)| ≤ ϵ + lim_{T →∞} 1 2T | | | | | ∫ T −T P_n(iσ_n(τ ))e^{−iξτ} dτ | | | | | , (B.5)

for any prescribed ϵ > 0, for n large enough. Now, for each n fixed, ∫ T −T P_n(iσ_n(τ ))e^{−iξτ} dτ is bounded in T if ξ is not of the form n

~^{· ω}~^{f , with n}~^∈

Z^B.

Hence, for ξ not of the form n

~^{· ω}~^{f , with n}~^∈

Z^B, we have W (ξ) = 0. This completes the proof

that exp(iF (t)) (and hence q(t)) is quasi-periodic with β(exp(iF (t))) = β(F ) = β(f).

C The Relation Between q and f

Since f is real and quasi-periodic we write

f(t) = f_0 + ∑ n ~^∈Z^{Bn} ~^{≠0}~ f_n ~ e^{in}~^{·ω}~^{f t},

with f_0 = M(f) ∈ R and f_n ~ = f_{−n} ~ . To simplify our analysis we will consider here the case where the sum above is a finite sum.

This situation is physically more realistic anyway.

To fix the notation we write f(t) = f_0 + 2J∑ a=1 f_ae^{in}~^{a·ω}~^{f t}, (C.1)

with the convention n

~^{a = −n}~^{2J−a+1 ≠ 0}~^{, 1 ≤ a ≤ J, with fa ≡ fña and where J ≥ 1. Clearly}

f_a = f_{2J−a+1}, 1 ≤ a ≤ J.

We get q(t) = e^{iγf} e^{if0t} 2J∏ a=1 exp ( f_a n ~^{a · ω}~^f e^{in}~^{a·ω}~^{f t} ) , (C.2)

34 with γ_f := i 2J∑ a=1 f_a n ~^{a · ω}~^f

. (C.3)

As one easily sees, γ_f ∈ R.

Expanding the exponential functions inside of the product we have q(t) = e^{iγf} ∞∑ p_1, ..., p_{2J} =0 {_2J ∏ a=1 [ 1 p_a! ( f_a n ~^{a · ω}~^f )p_a ]} exp ( i ( f_0 + ω ~^{f ·} 2J∑ b=1 p_b n ~^b ) t ) . (C.4)

The function q^2 is obtained by replacing f → 2f, what gives

q(t)^2 = e^{i2γf} ∞∑ p_1, ..., p_{2J} =0 {_2J ∏ a=1 [ 1 p_a! ( 2f_a n ~^{a · ω}~^f )p_a ]} exp ( i ( 2f_0 + ω ~^{f ·} 2J∑ b=1 p_b n ~^b ) t ) . (C.5)

Hence, M(q^2) = e^{i2γf} ∞∑ p_1, . . . , p_{2J} = 0 2f_0 + ω ~^{f ·} 2J∑ b=1 p_b n ~^{b = 0}

2J∏ a=1 1 p_a! ( 2f_a n ~^{a · ω}~^f )p_a . (C.6)

Depending on the values of f_0 and of n

~^{a · ω}~^{f , 1 ≤ a ≤ 2J, it may be impossible to find a solution} for 2f_0 + ω ~^{f ·} 2J∑ b=1 p_b n ~^{b = 0 (C.7)}

with p_1, . . . , p_{2J} ≥ 0. If that happens we have M(q^2) = 0.

Note that (C.7) has always solutions in the case f_0 = 0. There we have ω ~^{f ·} 2J∑ b=1 p_b n ~^{b = ω}~^{f ·} J∑ b=1 (p_b − p_{2J−b+1}) n ~^{b (C.8)}

and this can be made equal to zero by taking p_b = p_{2J−b+1} for all b with 1 ≤ b ≤ J.

From (C.4) we conclude that q has a Fourier decomposition q(t) = ∑ m∈Z^A Q_me^{im·ωt} with ω defined in (1.27) and with Q_m = e^{iγf} ∞∑ p_1, ..., p_{2J} =0 δ (P , m) 2J∏ a=1 [ 1 p_a! ( f_a n ~^{a · ω}~^f )p_a ] , (C.9)

where

P ≡ P (p_1, . . . , p_{2J} , n ~^{1, . . . , n}~^{2J ) :=} 2J∑ b=1 p_bn ~^{b ∈} Z^B, if f0_~ = 0,

(_2J ∑ b=1 p_bn ~^{b, 1} ) ∈ Z^{B+1}, if f0_~ ≠ 0.

(C.10) and where δ (P , m) is the Krönecker delta: δ (P , m) := { 1, if P = m, 0, else.

The presence of the factor δ (P , m) remembers the fact that Q_m is trivially zero if P = m has no solutions for p_1, . . . , p_{2J} ∈ N. We say that Q_m is non-trivial if P = m has solutions for some p_b’s in N D The Exponential Decay of Q_m

After the remarks of Appendix C we are now prepared for the proof of inequality (5.18). Of course, we have to concentrate on the non-trivial Q_m’s. In this case the vectors m are either of the form m = (m ~^{, 1) ∈}

Z^{B+1} for f0_~ ≠ 0 or of the form m = m ~^∈

Z^B for f0_~ = 0, where m ~^∈

Z^B satisfies m ~^= 2J∑ b=1 p_bn ~^{b (D.1)}

for some p_1, . . . , p_{2J} ∈ N.

Let us denote by m^k (respectively, by n^k_b ) the k-th component of m

~^{(respectively, of n}~^{b) with}

1 ≤ k ≤ B. The condition (D.1) says that

m^k = 2J∑ b=1 p_bn^k_b with 1 ≤ k ≤ B. Hence, |m^k| ≤ ( max 1≤b≤2J p_b )_2J∑ b=1 |n^k_b | and, after summing over all k, we get ( max 1≤b≤2J p_b ) ≥ N^{−1}|m ~^{|, (D.2)}

where |m

~^{| = ‖m}~^{‖1 is the l1 norm of m}~^{and where}

N := 2J∑ b=1 |n ~^{b|.} Note that, since the n

~^{b’s are fixed by the choice of f, N is non-zero and will not be changed.}

Let us now return to (C.9). It says that for the non-trivial Q_m’s we have |Q_m| ≤ ∞∑ p_1, . . . , p_{2J} = 0 max 1≤b≤2J p_b ≥ N^{−1}|m ~^| φ^{p1+···+p2J} p_1! · · · p_{2J} !

≤ 2J ∞∑ p_1, ..., p_{2J−1}=0 ∞∑ p_{2J} ≥N^{−1}|m ~^| φ^{p1+···+p2J} p_1! · · · p_{2J} !

= 2Je^{(2J−1)φ} ∞∑ n≥⌈N^{−1}|m ~^{|⌉} φ^n n! , (D.3)

where φ := max_{1≤a≤2J} | | | | | f_a n ~^{a · ω}~^f | | | | | . We conclude that |Q_m| ≤ ( 2Je^{(2J−1)φ} ) φ^{⌈N −1|m}~^{|⌉} ⌈N^{−1}|m ~^{|⌉!} ( 1 − φ ⌈N^{−1}|m ~^{|⌉ + 1} )_{−1} , (D.4) for ⌈N^{−1}|m ~^{|⌉ + 1 > φ. Above ⌈x⌉ is the lowest integer larger or equal to x. From this, and since} |m ~^{| ≤ |m| ≤ 1 + |m}~^{| for the sort of vectors m ∈}

Z^A in consideration, the inequality (5.18) follows

immediately, for convenient choices of Q and χ > 0.

Note that (D.4) implies an actually even stronger decay in |m| for Q_m than that given in (5.18). Unfortunately, however, this does not seem to help to improve our estimates in a way to change the main results of this paper, specially those concerning the large-n behaviour of the constants K_n and L_n, important for the proof of quasi-periodicity of the solution g.

References

[1] H. Jauslin. “Stability and Chaos in Classical and Quantum Hamiltonian Systems” in II Granada Seminar on Computational Physics. Ed. by P. Garrido and J. Marro. World Scientific, Singapore. 1993.

[2] W. F. Wreszinski. “Atoms and Oscillators in Quasi-Periodic External Fields”. Helv. Phys. Acta 70 (1997) 109-123.

[3] H. Bohr. “Zur Theorie der fastperiodischen Funktionen. I.”. Acta Mathematica 45, (1924) 29- 127. “Zur Theorie der fastperiodischen Funktionen. II.”. Acta Mathematica 46, (1925) 101-214. “Zur Theorie der fastperiodischen Funktionen. III.”. Acta Mathematica 47, (1926) 237-281.

[4] P. Bohl. “Über eine Differentialgleichung der Störungstheorie”. Journal de Crelle 131, (1906) 268-321.

[5] W. F. Wreszinski and S. Casmeridis. “Models of Two Level Atoms in Quasiperiodic External Fields”. J. Stat. Phys. February 1998. To appear.

[6] H. Jauslin and J. L. Lebowitz. “Spectral and Stability Aspects of Quantum Chaos”. Chaos 1, 114 (1991).

[7] J. Feldman and E. Trubowitz. “Renormalization in Classical Mechanics and Many Body Quantum Field Theory”. Jornal D’Analyse Mathématique 58, 213 (1992).

[8] L. H. Eliasson. “Absolutely Convergent Series Expansions for Quasi Periodic Motions”. Mathematical Physics Electronic Journal 2, No. 4 (1996) (see the URL http://www.ma.utexas.edu/mpej/MPEJ.html)

[9] G. Gallavotti. “Twistless KAM Tori”. Commun. Math. Phys. 164, 145-156 (1994).

[10] G. Gentile and V. Mastropiero. “Methods for the Analysis of the Lindstedt Series for KAM Tori and Renormalizability in Classical Mechanics. A Review with Some Applications”. Rev. Math. Phys. 8 (1996) 393-444.

[11] J. W. S. Cassels. “Some Metrical Theorems in Diophantine Approximation. I”. Proc. Camb.

Phil. Soc. 46, 209 (1950).

[12] Yitzhak Katznelson. “An Introduction to Harmonic Analysis”. Dover Publications. 1978.

[13] Ronald L. Graham, Donald E. Knuth and Oren Patashnik. “Concrete Mathematics - A Foundation for Computer Science”. Addison-Wesley Publishing Company. 1994.

[14] H. Bohr. “Über fastperiodische ebene Bewegungen”. Comment. Math. Helv. 4, (1932) 51-64.