A Classical Large N Hierarchical Vector Model in Three Dimensions: A Nonzero Fixed Point and Canonical Decay of Correlation Functions

P. A. Faria da Veiga^�

ICMSC - Universidade de São Paulo Caixa Postal 668, 13560 São Carlos SP, Brazil

M. O’Carroll^� and R. Schor^�

Departamento de Física - ICEX Universidade Federal de Minas Gerais 31270 Belo Horizonte MG, Brazil

�Partially supported by CNPq.

E-mail: ocarroll@oraculo.lcc.ufmg.br, veiga@icmsc.sc.usp.br.

Hierarchical. . .

Abstract We consider a hierarchical N-component classical vector model on a three-dimensional lattice ZZ^3 for large N. The model differs from the usual one in that the kernel of the inverse Laplace operator is nontranslational invariant but has matrix elements which are positive and exhibit the same falloff as the inverse Laplacian in ZZ^3. We introduce a renormalization group transformation and for N = 1, corresponding to the leading order of the 1/N expansion, we construct explicitly a nonzero fixed point for this transformation and also obtain some correlation functions. The two-point function has canonical decay. For 1 ø N < 1, we obtain the fixed point and the two-point function in the first 1/N approximation. Canonical decay is still obtained, in contrast to what is reported for the full model.

I. Introduction

Hierarchical models are formulated to mimic systems of interest in statistical mechanics and euclidean quantum field theories. In particular, they have proved to be a good laboratory to test ideas and to develop tools that allow the rigorous analysis of the continuum and the thermodynamic limits in such systems.

In the case of boson lattice field theories, the hierarchical versions are defined by replacing, in the Gaussian (free) measure, the Laplace operator Δ in the inverse covariance by a hierarchical long-range Laplacian Δ_h. In general, although (Δ_h)^{−1} is not translational invariant on the lattice, it has matrix elements with the same canonical decay properties as for Δ^{−1}.

The main simplification involved in hierarchical models is of a technical nature and has to do with renormalization group transformations (RGT), which preserve locality of the interacting potential.

In [1], a given hierarchical version for the lattice real boson vector model, with a large number N ∈ IN of components and in three euclidean dimensions, was considered that led to a recursion of the RGT which corresponds to the Wilson’s (approximate) recursion when the value of the associated block-spin length, L ∈ IN, L > 1, in the lattice Λ ⊂ ZZ^3, equals two for each

RGT step. In dimension d ∈ IN, the corresponding RGT is given by

e^{−T V (⃗ϕ)} = const ∫ e^{− 12 Ld} [ V ( L^{− d−} 2 2 ⃗ϕ+⃗z ) +V ( L^{− d−} 2 2 ⃗ϕ−⃗z )] dν (⃗z) (I.1)

where ⃗ϕ = (ϕ_1, ϕ_2, . . . , ϕ_N ) ∈ lR^N denotes the N-component field (a random process), V is the interacting potential, ⃗z describes the fluctuation field (another random process) and where

dν (⃗z) = ∏ x∈Λ e^{− 12 |⃗z(x)|2} d⃗z(x)

for d⃗z(x), at each lattice site x, being the product of Lesbesgue measures dz_1(x) . . . dz_N (x); is a normalized and mean zero Gaussian measure with unit covariance on Λ ⊂ ZZ^d. In (I.1), the const factor is a normalization and T V describes the effective potential generated by the RGT.

In [1], a nonzero fixed point solution of the above RGT was constructed first for the N = ∞ regime, given by the leading order in the 1/N expansion for the model, and was then extended to the case 1 ≪ N < ∞. Physical stability, asymptotics and other properties of this solution have also been analyzed.

Recently, in a companion paper [2], we reconsidered the previous analysis of [1] for the finite N fixed point and improved our understanding of this model by constructing the thermodynamic limit of some correlation functions. Even though the fixed point is nonzero, we have shown that the two-point function has canonical (non-anomalous) decay at large distances. The canonical decay is also seen for other correlations studied there. This behavior differs from what is reported to occur in the full model (see e.g. [3, 4]).

In this paper, we consider another hierarchical version for the same problem for which, as will be shown in the sequel, instead of the Wilson’s transformation, the RGT in dimension d is given by (see [5]) e^{−T V (⃗ϕ)} = const ∫ e^{−Ld} [ V ( L^{− d−} 2 2 ⃗ϕ+⃗z )] dν (⃗z) . (I.2) Due to the non-symmetrical form of this transformation, in contrast with the Wilson’s case given in equation (I.1), we will refer to the present model as the non-symmetrical hierarchical model hereafter.

The point we will be focusing on is the decay of correlations at large distances. Precisely, we want to determine whether or not the correlations of the non-symmetrical hierarchical model also have canonical decay.

The reason that justifies our motivation in performing this analysis lays in the fact that, while sharing the “simplicity” of a hierarchical model, it presents desirable features not found in the Wilson’s symmetrical model (I.1), namely:

• the associated inverse hierarchical Laplacian Δ_h^{−1}, on the lattice, has positive matrix elements as for the Laplacian Δ^{−1} in the full case;

• as it will be shown in subsection I.3, in the case of a scalar quadratic perturbation V (ϕ) = μϕ^2/2, μ ≥ 0, associated with a nonzero Gaussian fixed point, non-canonical or anomalous behavior of the two-point function appears discontinuously in μ, at μ = 0;

• working with the non-symmetrical hierarchical classical vector model in dimension d = 3 or higher, the Goldstone picture has been confirmed in [6, 7] by showing the change from canonical to non-canonical decay of the two-point function, depending on the considered field direction.

These facts make the non-symmetrical model a better candidate to mimic the full model than Wilson’s. Next, we give a detailed description of this model.

I.1 The Model

Formally, the partition function for the N-component vector model on a lattice ZZ^d is taken as

Z = ∫ e^{− 12 ⟨⃗ϕ,Δ⃗ϕ⟩−V (⃗ϕ)} ∏ x d⃗ϕ(x) (I.3)

where Δ = −Δ_L, Δ_L being the lattice Laplacian, ⃗ϕ = (ϕ_1, . . . , ϕ_N ) ∈ lR^N , x ∈ ZZ^d.

We now define what we call the non-symmetrical hierarchical model. With a view to our renormalization group (RG) analysis, it is convenient to introduce a sequence of unit lattices {Λ_j, j = 0, 1, . . . , ℓ}, where Λ_j = [ −^{Lℓ−j}_2 ,^{Lℓ−j}_2 ]d ∩ ZZ^d, L > 1 odd. We also introduce N-component vector fields ⃗ϕ^{(j)}(x^{(j)}) ∈ lR^N , x^{(j)} ∈ Λ_j and Gaussian measures dμ_j(⃗ϕ^{(j)}). dμ_j are normalized and mean-zero measures and have covariances G_j which are taken to be diagonal in the components of the vector field, being defined by G_j ( x^{(j)} = Lx^{(j+1)} + u, y^{(j)} = Ly^{(j+1)} + ū )

= L^{−(d−2)}G_{j+1}(x^{(j+1)}, y^{(j+1)}) + δ_{j+1}(x^{(j+1)}, y^{(j+1)}) (I.4) where the symbol δ denotes the Kronecker delta function, G_ℓ ≡ G_ℓ(x^{(ℓ)}, y^{(ℓ)}) = [ 1 − L^{−(d−2)} ]−1 and u, ū ∈ B_0, B_0 being the lattice block [ −^L_2 ,^L_2 ]d ∩ ZZ^d containing L^d points of Λ_j.

Letting the site 0 denote the origin for the coordinate system on the lattice and e_1 the lattice unit vector for any given direction, it can be checked that, upon iteration, we have

G_0 ( 0, L^ke_1 ) = 1 (1 − L^{−(d−2)}) 1 L^{k(d−2)} ; k = 0, 1, . . . , ℓ − 1 (I.5)

that is, canonical decay for the covariances.

The partition function for the non-symmetrical hierarchical vector model in the finite volume Λ_0 is taken as in (I.3) with the Gaussian part being given by dμ_0, and for x ≡ x^{(0)} and ⃗ϕ(x) ≡ ⃗ϕ^{(0)}(x^{(0)}), we have V (⃗ϕ) = ∑ x(0)∈Λ0 V (⃗ϕ (0)(x^{(0)})). It reads Z_0 ≡ Z_0(ℓ) = ∫ e^{−V (⃗ϕ)} dμ_0(⃗ϕ) (I.6) The definition of the normalized p-point correlation functions follows in a similar way and is given by

⟨ϕ_{i1} (x_1) ϕ_{i2} (x_2) . . . ϕ_{ip} (x_p)⟩_ℓ =

= (Z_0)^{−1} ∫ ϕ_{i1} (x_1) ϕ_{i2} (x_2) . . . ϕ_{ip} (x_p) e^{−V (⃗ϕ)} dμ_0(⃗ϕ)

(I.7)

with i_1, . . . , i_p = 1, . . . , N, and with Z_0 given in (I.6).

I.2 The Non-Symmetrical RGT

In the context of the RG method, we now present some identities for the partition function, introduce the RGT, effective actions and give representations for correlation functions in terms of effective actions and effective spin (field) variables.

Corresponding to the decomposition (I.4) of the covariance, we introduce the decomposition of the fields by

⃗ϕ^{(j)}(x^{(j)} = Lx^{(j+1)} + u) = L^{−(d−2)/2} ⃗ϕ^{(j+1)}(x^{(j+1)}) + ⃗η^{(j+1)}(x^{(j+1)})

which gives the fundamental identity, for any given function f_x, ∫ ∏ x∈Λ_j f_x(⃗ϕ^{(j)}) dμ_j(⃗ϕ^{(j)}) = ∫ ∏ x∈Λ_j+1

f̄_x(⃗ϕ^{(j+1)}) dμ_{j+1}(⃗ϕ^{(j+1)}) (I.8) with f̄_x(⃗ϕ) = ∫ ∏ u∈B0 f_{Lx+u}(L^{−(d−2)/2} ⃗ϕ + ⃗ζ) e^{−⃗ζ 2/2} d⃗ζ where we adopt the convention that the ⃗ζ integral includes the normalization factor (2π)^{− N2} .

The fundamental identity (I.8) follows from the decomposition identity for the generating function of Gaussian measures. As it can be seen, repeated applications of (I.8) to the partition function Z_0 ≡ Z_0(ℓ) gives

Z_0 ≡ ∫ ∏ x(0)∈Λ0

e^{−V} (^{⃗ϕ(0)(x(0))})dμ_0 = ∫ ∏ x(1)∈Λ1

e^{−RV} (^{⃗ϕ(1)(x(1))})dμ_1 = · · · = ∫ e^{−RℓV} (^{⃗ϕ(ℓ)(x(ℓ))})dμ_ℓ ≡ Z_ℓ

where, up to a normalization, the RGT is defined, in agreement with (I.2), by e^{−RW (⃗ϕ)} = ∫ e^{−LdW} (^{L−(d−2)/2 ⃗ϕ+⃗η}) e^{−⃗η 2/2}d⃗η (I.9) Thus, it is clear that the effective actions remain local under this transformation.

Applying the fundamental identity (I.8) to both, the numerator and the denominator of the expression (I.7), we can represent the p-point functions in terms of effective spin variables. Doing this for the two-point function, and letting I_i(⃗ϕ) = ϕ_i, we get

⟨⃗ϕ_i(0) ⃗ϕ_j(L^ke_1)⟩_ℓ =

= (Z_1)^{−1} ∫ M_V I_i ( ⃗ϕ^{(1)}(0) ) M_V I_j ( ⃗ϕ^{(1)} ( L^{k−1}e_1 ))

× ∏ x(1)∈Λ1

e^{−RV} (^{⃗ϕ(1)(x(1))}) dμ_1 = · · · = (Z_k)^{−1} ∫ [(M_Rk−1_V . . . M_V I_i) ( ⃗ϕ^{(k)}(0) )

× (M_Rk−1_V . . . M_V I_i)] ( ⃗ϕ(k)(e_1) ) ∏ x(^k)∈Λ_k e^{−RkV} (^{⃗ϕ(k)(x(k))}) dμ_k = · · · = (Z_{k+1})^{−1} ∫ [M_Rk_V [(M_Rk−1_V . . . M_V I_i) (M_Rk−1_V × . . . M_V I_i)]] ( ⃗ϕ(k+1)(0) ) ∏ x(^k+1)∈Λ_k+1

e^{−Rk+1V} (^{⃗ϕ(k+1)(x(k+1))}) dμ_{k+1} = · · · = (Z_ℓ)^{−1} ∫ [M_Rℓ−1_V . . . M_Rk_V × [(M_Rk−1_V . . . M_V I_i) (M_Rk−1_V . . . M_V I_i)]] ( ⃗ϕ(ℓ) ) e^{−Rℓ−1V} (^{⃗ϕ(ℓ)}) dμ_ℓ (I.10) where all the partition functions also carry an ℓ dependence and M_W is the linear operator

[M_W f] ( ⃗ϕ ) = ∫ f ( L^{−(d−2)/2} ⃗ϕ + ⃗η ) e^{−W} (^{L−(d−2)/2 ⃗ϕ+⃗η}) e^{− 12 ⃗η 2} d⃗η ∫ e^{−W} (^{L−(d−2)/2 ⃗ϕ+⃗η}) e^{− 12 ⃗η 2} d⃗η (I.11)

Remarks:

1. In (I.10), after (k − 1) iterations, the points 0 and L^ke_1 belong to the same block, thus reducing the two corresponding fields to the same variable. After this, the action of M is global, on both fields.

2. We note that in (I.11), apart from a normalization, when acting on a field ⃗ϕ, M_W gives the associated effective spin (field) variable obtained by integration over the corresponding fluctuation against an interacting potential W .

3. Also, it is clear from equation (I.11) that, at a given point W , the operator M_W is L^{−d} times the linearized RGT associated with RW at this point. This observation is helpful in understanding the scaling behavior of effective spin variables.

The above formalism appears in [6, 7, 8], and was used in [2] to compute the N = ∞ correlation functions. When N = ∞, at the nonzero fixed point, the spectral properties of the operator M_V turn out to be completely known for the symmetrical case.

The same method is, in principle, successful to treat any case whenever the properties of M_V can be obtained. Below, we illustrate how it works in another model. For d > 2, we consider the case of a non-symmetrical hierarchical scalar (one-component) model with a quadratic perturbation. This consists of an example of how an anomalous decay appears within a non-symmetrical model.

I.3 A Nonzero Fixed Point and Anomalous Decay: A Non-Symmetrical Hierarchical Model with a Quadratic Potential

We are going to consider the case of a quadratic perturbation V (ϕ) = 1 2 μϕ^2, μ ≥ 0, of a non-symmetrical hierarchical model with a one-component field in dimension d > 2. The RGT here reduces to [see equation (I.9)]

e^{−RV (ϕ)} = ∫ e^{− 12 μLd}(^{L−(d−2)/2ϕ+η})^2 e^{−η 2/2}dη (I.12)

Let us first assume μ > 0. Simply by computing the Gaussian integral above, we see that, under (I.12), V (ϕ) → V_1(ϕ) ≡ [RV ] (ϕ) =^1_2 ( μL^2/ ( 1 + μL^d )) ϕ^2.

That is, μ_0 ≡ μ → μ_1 ≡ μL^2/ ( 1 + μL^d ) . Obviously, iteration of the RGT (I.12) gives V_n(ϕ) ≡ [R^nV ] (ϕ) =^1_2 μ_nϕ^2 =^1_2^{μn−1L2}_{1+μn−1Ld} ϕ^2, with μ_j ≡^{μj−1L2}(_{1+μj−1Ld}), j = 1, . . . , n − 1. Hence, for μ ≡ μ_0 > 0, we have the nonzero fixed point solution ~V (ϕ) ≡ lim_{n→∞} V_n(ϕ) = 1 2 μ̃ϕ^2 where μ̃ =

L^2 − 1 L^d (I.13) corresponds to the n −→ ∞ limit of

μ_n =

L^{2n} μ_0μ̃ μ̃ + (L^{2n} − 1) μ_0

. (I.14)

Now, we will compute the infinite volume two-point function

⟨ϕ(0) ϕ(L^ke_1)⟩_∞ ≡ lim_{ℓ−→∞} ⟨ϕ(0) ϕ(L^ke_1)⟩_ℓ .

This will be done using (I.10). To compute the action of the M-operator strings appearing in (I.10), taking the two points to the same block, we will use the formalism developed in [6]. It is shown there that the action of each of these operator strings can be expressed uniquely in terms of the last RG step action. For the generic N-component case, we have (compare with equation (1.13) of [6]) [M_Rn−1_V . . . M_V I_k]_ℓ(⃗ϕ) = L^{−n d−22} ϕ_k − a_n ∂ϕ_k(I.15)where the constant a_n ≡ a_n (d) is given by

a_n = L^{−n}(^{(d+2)2} ) ( L^{2n} − 1 ) μ̃^{−1}. (I.16)

When N = 1, (I.3) amounts to [M_Rn−1_V . . . M_V I]_ℓ(ϕ) = L^{−n (d−2)}2 ϕ−a_n^{∂RnV (ϕ)}_{∂ϕ} , for I(ϕ) = ϕ, reducing to [( L^{−n (d−2)}2 − a_nμ_n ) ϕ ] after evaluation on R^nV .

Applying this result to (I.10), setting ϕ^{(ℓ)} ≡ ϕ, we then obtain ⟨ϕ(0) ϕ(L^ke_1)⟩_ℓ = (Z_ℓ)^{−1} ∫ [M_Rℓ−1_V . . . M_Rk_V (M_Rk−1_V . . . M_V I) × (M_Rk−1_V . . . M_V I)] (ϕ) e^{−Rℓ−1V (ϕ)} dμ_ℓ = (Z_ℓ)^{−1} ∫ M_Rℓ−1_V . . . M_Rk_V × [( L^{−k d−2}2 − a_kμ_k ) I ]2 (ϕ) e^{−Rℓ−1V (ϕ)} dμ_ℓ = (Z_ℓ)^{−1} ∫ [M_Rℓ−1_V . . . M_Rk_V ] × [( L^{−k (d+2)}2 + ( L^{−k d+2}2 − L^{−k d−2}2 ) (^{μk}_{μ̃} − 1) ) I ]2 (ϕ) × e^{−Rℓ−1V (ϕ)} dμ_ℓ (I.17) where, at each step, the partition function Z_ℓ ≡ Z_ℓ(ℓ) is given by the same integral with M_Rℓ−1_V . . . M_Rk_V [ ]^2 (ϕ) replaced by the number one.

On the other hand, we can easily compute the action of the remaining M-string in (I.17) obtaining (M_Rℓ−1_V . . . M_Rk_V ) ϕ^2 = γ_{ℓ−k} + ξ_{ℓ−k} ϕ^2 (I.18) where γ_{ℓ−k} = L^{−2} ℓ−1∑ j=k ξ_j μ_{j−1} μ_j ξ_{ℓ−k} = L^{−(d+2)(ℓ−2k)} ( μ_{ℓ−k} μ_k )2 . (I.19) With this, using (I.14) and performing the last integrals in (I.17), we get ⟨ϕ(0) ϕ(L^ke_1)⟩_ℓ = [ L^{− d+2}2^k + L^{− d−4}2^k ( 1 − L^{−3k} ) μ̃−μ0 μ̃+(L^{2k}−1)μ0 ]2

× ( γ_{ℓ−k} + ξ_{ℓ−k}^1_{1−L−(d−2)} ) (I.20)

As, from (I.13), 0 < μ̃ < 1 and, according to (I.14), μ̃ < (^{L2n−1})^{μ0μ̃}_{μ̃+(L2n−1)μ0} < μ_n< 2μ̃ the behavior of both γ_{ℓ−k} and ξ_{ℓ−k} in (I.19) are controlled by the L^{−(d+2)(ℓ−2k)} factor. For this reason, only the constant term of (I.18) matters in, both, the thermodynamic limit at fixed k and the double limit k, ℓ → ∞ with k ≤ ℓ, the later corresponding to the limit of infinite separation.

Letting γ_∞ be given as lim_{ℓ→∞} γ_{ℓ−k} [see (I.19)], then the last observation applied to (I.20) gives, after taking the thermodynamic limit,

⟨ϕ(0) ϕ(L^ke_1)⟩_∞ = γ_∞ [ L^{− d+22 k} + L^{− d−42 k} ( 1 − L^{−3k} ) μ̃ − μ_0 μ̃ + (L^{2k} − 1) μ_0 ]2

(I.21) whenever μ_0 > 0. As, for μ_0 = 0 [check below (I.4)], corresponding to a starting model with no interacting potential, the model has a zero fixed point and the two-point function has canonical decay L^{−(d−2)}, we see in (I.21) that the two-point function for μ_0 > 0 has a non-canonical decay given by L^{(d+2)/2}. This effect has thus a discontinuity at μ = 0 and is associated with a change from one to γ_∞ in the wave-function renormalization (coefficient).

I.4 The Large N Non-Symmetrical Hierarchical Vector Model in Three Dimensions: Definition and Results.

Going back to the N-component vector model, hereafter we set d = 3 and assume that the initial action is rotational invariant, so that the system has an O(N) symmetry. In order to analyze this model when N is a finite but large integer, it is suitable to introduce the reduced variable φ ∈ lR, and fluctuation variables s ∈ lR and u ≥ 0 verifying ⃗ϕ = N^{1/2}(φ, 0, . . . , 0) (I.22) and ⃗z = N^{1/2}(s, ζ_1, . . . , ζ_{N−1}) , ζ_1^2 + . . . + ζ_{N−1}^2 = u . (I.23) Then, d⃗z = u^{(N−3)/2}du ds dΩ_{N−1}. Further upon making the substitutions V ( ⃗ϕ ) = v ( ⃗ϕ2 ) →^N_2 v (φ^2) and RV ( ⃗ϕ ) = Rv ( ⃗ϕ2 ) →^N_2 v_1(φ^2), the RGT for the non-symmetrical model (I.9) can be written as

e^{− N2 v1} = NΩ_{N−1} ∫ ∞ −∞ ds ∫ ∞ 0 du e^{−L3 N2 v(ψ)} e^{− N2} (^{s2+u−ln u}) e^{− 32 ln u} (I.24) where ψ ≡ ψ(φ, s, u) = (L^{− 1}2 φ + s)^2 + u and Ω_{N−1} is the (N − 1)-dimensional solid angle.

Corresponding to the leading order of the (formal) 1/N-expansion for (I.24), and letting v(φ^2) ≡ v_{N=∞}(φ^2) be independent of N, we define the

N = ∞ RGT as

v_1 = inf_{s,u} [ L^3 v(ψ) + s^2 + u − ln u ] ≡ L^3v(ψ_0) + s^2_0 + u_0 − ln u_0 (I.25)

for s_0 ≡ s_0(φ^2) and u_0 ≡ u_0(φ^2) being solutions of the variational equations L^3v^′(ψ) ( s + L^{− 1}2 φ ) + s = 0 L^3v^′ (ψ) + 1 − 1/u = 0

(I.26)

where the prime denotes a derivative with respect to φ^2, and ψ_0 ≡ψ(φ, s_0, u_0).

Our first result describes a nonzero fixed point solution to (I.25). We have:

Theorem 1 Let τ = v^′ and t_0 =^L_{L−1} ≡ (φ_0)^2. Then, when N = ∞, there exists a fixed point ~v_{N=∞} of (I.25) given, in terms of t, the inverse function of ~v^′, by

t(τ) = t_0 + t_0 L τ^∞ ∑ n=0 1 L^n [ 1−L^−2 (1−L^−2)−(1−L^−2^n)Lτ ]2

× [ 1−L^−2 (1−L^−2)−(1−L^−2(^n+1))Lτ

] (I.27)

for τ ≠ τ_n ≡^{1−L−2}_{L(1−L−2n)} , n = 0, 1, . . .. Thus, t(τ) extends to an analytic function in a disk centered at τ_0. Moreover, the potential ~v_{N=∞} (φ^2) is stable whenever φ is real, that is t^′(τ) > 0 for τ < (1 − L^{−2})/L, and ~v^′_{N=∞}(φ^2) is analytic there. The fixed point ~v_{N=∞} is nonzero and has a unique minimum at φ^2 = (φ_0)^2, with ~v^{′′}_{N=∞} ((φ_0)^2) = (2Lφ^2_0)^{−1}. Finally, normalizing ~v_{N=∞} so that ~v_{N=∞} (φ^2) = 0 the following global bounds hold

a^′ + b^′|φ| ≤ ~v_{N=∞}(φ^2) ≤ a + bφ^2 , φ ∈ lR (I.28)

for some real a and a^′ and positive b and b^′.

Remark: The derivatives of the critical potential ~v_{N=∞}(φ^2) can be all computed, as an application of the analytic inverse function theorem. An integral representation for the inverse function is given in [9], and in [10] explicit formulas for the Taylor coefficients are obtained.

Concerning the two-point function, we note that because of the O(N) symmetry of the model,

⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_ℓ = δ_{ij} N ⟨⃗ϕ(0) · ⃗ϕ(L^ke_1)⟩_ℓ (I.29)

the dot denoting the Euclidean inner product in lR^n.

Using in (I.29) the definition (I.10), and applying the relations ∑N i=1 ϕ_i (∂V/∂ϕ_i) = 2Nφ^2 v^′(φ^2) and ▽V · ▽V = 4Nφ^2[v^′(φ^2)]^2, to pass to the reduced variables (I.22) and (I.23), we obtain, for I(φ^2) = φ^2,

⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_ℓ = δ_{ij} (Z_ℓ)^{−1} ∫ [ m_{ℓ−k} [( L^{−k/2}I − a_kv^′(I)I )2 (φ^2) ]]

× e^{− N}2^{v(φ2)} e^{− N2} (^{1−L−1})^{φ2} e^{(N−1) ln φ} dφ (I.30) where, as in (I.11), for rotational invariant f(φ^2), we define

[m f] (φ^2) = ∫ ∞ −∞ ds ∫ ∞ 0 du f(ψ) e^{− N2 (s2+u−ln u)− 32 ln u} e^{− N2 L3v(ψ)} ∫ ∞ −∞ ds ∫ ∞ 0 du e^{− N2 (s2+u−ln u)− 32 ln u} e^{− N2 L3v(ψ)} (I.31)

Note that, for N = ∞, we define the action of m_∞ ≡ m_{N=∞} of the operator m in (I.31), according to the Laplace method, as [m_∞ f] (φ^2) = f ( ψ_0 ≡ (L^{−1/2}φ + s_0)^2 + u_0 ) (I.32) We can now state our second result, regarding the N = ∞ two-point functions:

Theorem 2 For N = ∞, in the thermodynamic limit ℓ → ∞, we have ⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_{N=∞,∞} ≡ lim_{ℓ→∞} ⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_{N=∞,ℓ} = δ_{ij} L^{−k}φ^2_0 (I.33) Remarks:

1. As it will become clear in the sequel, our techniques apply as well to other correlation functions. In particular, for the “partially truncated” (P.T.) functions defined below, we have, 1 N^{n+j} ⟨ [( ⃗ϕ · ⃗ϕ ) (0) ]n [( ⃗ϕ · ⃗ϕ ) (L^ke_1) ]j ⟩^{P.T.}_{N=∞,∞} ≡ lim_{ℓ→∞} ( 1 N^{n+j} ⟨ [( ⃗ϕ · ⃗ϕ ) (0) ]n [( ⃗ϕ · ⃗ϕ ) (L^ke_1) ]j ⟩_{N=∞,ℓ} − 1 N^{n+j} ⟨ [( ⃗ϕ · ⃗ϕ ) (0) ]n ⟩_∞⟨ [( ⃗ϕ · ⃗ϕ ) (L^ke_1) ]j ⟩_{N=∞,ℓ} )

= L^{−2k(n+j)}(φ_0)^{2(n+j)} .

2. Though the coefficient φ^2_0 in I.33 show a change in the wave-function (re-)normalization, as compared to the free case, all the above correlation functions have canonical decay, as L^{−k} = |x|^{−1}.

3. We do not know if Wick’s theorem holds for expectations of all monomials.

Let us now consider the 1 ≪ N < ∞ regime and the model as described by the 1/N expansion. In this case, by extending the preceding analysis to the first 1/N correction, using the Laplace method to write an expansion for the integrals in (I.10), we can state our last result:

Theorem 3 Let 1 ≪ N < ∞. Up to order 1/N:

1. the fixed point solution to (I.24) is given by

~v = ~v_{N=∞} + 1 N ~r (I.34)

where ~v_{N=∞} is the N = ∞ nonzero fixed point solution of Theorem 1 and ~r is given in equation (III.4) below, so that v ≠ 0 for sufficiently large N.

2. the (finite-volume) two-point function for extremely separated points 0 and L^{ℓ−1} in the lattice Λ_ℓ, for fixed ℓ and at the fixed point v of (I.34), has canonical decay and is given by

⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ = δ_{ij} L^{−(ℓ−1)}(φ_0)^2 ( 1 + c N ) (I.35)

for some finite real constant c, independent of N and ℓ.

Remark: The extreme separation condition should not be taken as an a priori limitation of the last result for the two-point function. Besides the fact c does not depend on ℓ, as seen in the case of the quadratic perturbation treated above, though we see a change in the wave-function (re- )normalization, the two-point function has the same non-canonical decay there, no matter whether the thermodynamic limit is taken first, followed by the limit of infinite separation, or the separation taken to infinity, together with the volume.

In Section II., we treat the N = ∞ case and prove theorems 1 and 2. Theorem 3 will be proven in Section III.. We leave some final remarks for Section IV. and, for completeness regarding the non-symmetrical model, the spectral properties of the inverse Laplace operator (Δ_h)^{−1} as well as the falloff of the matrix elements of Δ_h are presented in the Appendix.

II. The N = 1 Model: Fixed Point and Correlation Functions

In this section, we consider the N = ∞ model. We derive and solve a functional equation for t appearing in theorem 1, the inverse function of ~v^′_{N=∞} ≡ d~v_{N=∞}/dφ^2, where ~v_{N=∞} ≡ ~v_{N=∞}(φ^2) is the fixed point solution of (I.25). Furthermore, we give bounds on the globally defined ~v, and also obtain correlation functions.

¿From the variational equations (I.26), we have s_0 = (u_0 − 1) L^{−1/2}φ (II.1) and taking the derivative of (I.25) gives v^′_1 = h · (v^′ ∘ G) where the dot here means multiplication, ψ_0 is given below (I.26) and where we define h = L^2 +

L^{5/2}s_0 φ ; G(φ^2) = ψ_0 .

At the fixed point v^′ = h · (v^′ ∘ G) . (II.2) Multiplying (II.2) by 1/h, applying t, using (II.1) and (I.26), we obtain t(v^′/h) = L^{−1}u_0^2 + u_0 (II.3)

We now introduce the parameter τ ≡ v^′. From (I.26) and (II.1), we have

u_0 = 1 − Lτ which, upon substituting in (II.3) yields

t(τ) − L (1 − Lτ)^2 t ( τ L^2(1 − Lτ) ) = − L 1 − Lτ . (II.4)

¿From (II.4), we note that t(0) = φ^2_0 ≡ L/(L − 1), so that introducing

the linear operator M by

(Mf) (τ) = L (1 − Lτ)^2 f ( τ L^2(1 − Lτ) ) ,

and after subtracting t(0), we rewrite (II.4) as

[(1 − M) (t − t(0))] (τ) =

L^2τ (L − 1)(1 − Lτ) . (II.5)

Using in (II.5) the Neumann series for (1 − M)^{−1}, we then obtain

t(τ) = L L − 1 1 1 − Lτ + L^2 L − 1 ∞∑ n=1 [ M^n ( · 1 − L· )] (τ) . (II.6)

It can be easily verified that [ M^n ( · 1−L· )] (τ) =^τ_{Ln}^1 [1−L(1+L^{−2}+...+L^{−2(n−1)})]^2

×^1 [1−L(1+L^{−2}+...+L^{−2n)})] (II.7)

which establishes (I.27). Thus, from (II.6) and (II.7), we see that t(τ) is

meromorphic with poles at τ_n = L^{−1} [1 + L^{−2} + . . . + L^{−2n}]^{−1}, n = 0, 1, . . .,

with an accumulation point at τ_∞ ≡ L^{−1}(1−L^{−2}). Thus, the analytic inverse function theorem can be used to show analyticity of ~v^′, as well as to compute ~v^{′′}(φ^2_0).

It is clear from representation (II.6) that t^′ ≡ dt(τ)/dτ is positive for τ ∈ [0, τ_∞), but we also have

Lemma II..1 The function t^′ satisfies t^′(τ) > 0, for τ ∈ (−∞, τ_∞).

Proof: Notice that for

A_0 ≡ 1 ; A_n(τ) ≡ σ σ − (1 − L^{−2n}Lτ) , n = 1, . . . ,

with σ = 1 − L^{−2}, and with t_0 of Theorem 1, (II.6) can be written as

t(τ) = t_0 + t_0 L τ ∑ n≥0 1 L^n ( [A_n(τ)]^2A_{n+1}(τ) ) . (II.8)

Next, using τ A^′_n(τ) = (1 − L^{−2n}) Lτ σ − (1 − L^{−2n}) Lτ A_n(τ) , we have from (II.8), by direct computation, t^′(τ) t_0L

= [A_1(τ)]^2 + ∑ n≥1 [A_n(τ)]^2A_{n+1}(τ) L^n [2A_n(τ) + A_{n+1}(τ) − 2] . (II.9)

Next, we notice that A_n, n > 0, has simple poles at p_n/L, where {p_n ≡ σ 1−L^−2^n , n ∈ IN} is a decreasing sequence converging to 0 < σ < 1. This

ensures that the sequence {A_n, n ∈ IN} = {1/[1 − p^{−1}_n ] , n ∈ IN} converges to A_∞ ≡ σ/(σ − Lτ), monotonically, being decreasing for τ < 0 and increasing for 0 < τ < σ/2. This result can be used to get lower bounds on (II.9), taking the first or the last term of the sum, depending on the sign, and achieve the proof of the Lemma II..1. 2 By Lemma II..1, the analytic inverse function theorem, and the asymptotic behavior lim_{τ→−∞} t(τ) = −L and lim_{τ→∞} t(τ) = ∞, there exists v^′(φ^2), monotone increasing and analytic in (−L, ∞) with v^′( φ^2_0 ) = 0 and lim_φ2_{→∞} v^′ (φ^2) = (1 − L^{−2}) /L. Normalizing v such that v (φ^2_0) = 0, then v (φ^2) has a Taylor expansion about φ^2_0 starting with^1_{2Lφ20} (φ^2 − φ^2_0)^2. Moreover, we also have global upper and lower bounds for v given in: Proposition 1 Set a ≡ φ^2_0 (2 − L^{−2}) σ^{−1} and let Φ^2 = φ^2 − φ^2_0. Then σ L [ Φ^2 −

3a^{1/3} 2 ( (φ^2)^{2/3} − (φ^2_0)^{2/3} ) ] ≤ ~v_{N=∞}(φ^2) ≤ 1 L [ Φ^2 − φ^2_0 ln φ^2 φ^2_0 ]

(II.10) Proof: We note that if f(τ) > t(τ) then, setting h ≡ t^{−1}, v^′(φ^2) < h(φ^2) which upon integration gives v(φ^2) < ∫ φ2 φ20 h(ϕ)dϕ and similarly for the lower bound. The upper bound in (II.10) follows by taking for f the first term in (II.6). For the lower bound, we note that the first term of t(τ) in (II.6) is φ^2_0 (1 − Lτ)^{−1} and that the sum is bounded by (φ^2σ)^{−1} τ (1 − τ^{−1}_∞ τ)^{−1}. For f, we take f = a (1 − τ^{−1}_∞ τ)^{−3}.

This concludes Proposition 1 and, as (II.10) gives (I.28), also the proof of Theorem 1. 2

We now turn to the correlation functions. Iterating (II.2) p times gives

v^′ = H_pv^′ ∘ G^{(1)} ∘ . . . ∘ G^{(p)} (II.11)

where the upper indices count the number of compositions, and

H_p = p−1∏ j=0 h_j with h_0 ≡ h and

h_j(φ^2) = ( h ∘ G^{(1)} ∘ . . . ∘ G^{(j)} ) (φ^2) .

Multiplying (II.11) by 1/H_p and applying t yields t ( 1 H_p v^′ ) = G^{(1)} ∘ . . . ∘ G^{(p)} . (II.12)

Now, the linear operator m_∞ [see (I.32)] acting on f(φ^2) gives

(m_∞f) (φ^2) = f(ψ_0) ≡ (f ∘ G)(φ^2) (II.13)

so that (m_∞I)(φ^2) = G(φ^2) and m^n_∞I = G^{(1)} ∘. . .∘G^{(n+1)}. Thus, using (II.12) m^n_∞I = t ( 1 H_{n+1} v^′ )

and then, going back to (I.30), we obtain

⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_{N=∞,∞} ≡ lim_{ℓ→∞} ⟨ϕ_i(0)ϕ_j(L^ke_1)⟩_{N=∞,ℓ} = δ_{ij} L^{−k} lim_{n→∞} [ t ( 1 H_n+1 v

′(φ^2) )]

= δ_{ij} L^{−k}t(0) = δ_{ij} L^{−k}φ^2_0 .

(II.14) which corresponds to (I.33). Taking more general f’s in (II.13) allows us to compute other correlation functions. We have now concluded the proof of Theorem 2. 2

III. The First 1=N Correction

In this section, we extend some of the N = ∞ results of section II. up to the first 1/N correction and prove Theorem 3. In the framework of the 1/N expansion, we write

v(φ^2) = v_{N=∞}(φ^2) + 1 N r(φ^2) (III.1)

where v_{N=∞} is the N-independent leading order potential of section II. [see above equation (I.25)]. Doing the analogous decomposition for v_1 in (I.24), letting w ≡ (s, u) ∈ lR × [0, ∞) and for ψ defined below (I.24), we have

e^{− N2 (vN=∞,1 + 1N r1)} = NΩ_{N−1} ∫ dw e^{−Nf(w)} e^{−g(w)} (III.2)

where, with an abuse of notation, we have f(w) ≡ f(s, u) =^1_2 L^3v_{N=∞}(ψ) +^1_2 (s^2 + u − ln u) g(w) ≡ g(s, u) =^1_2 L^3r(ψ) +^3_2 ln u

(III.3)

Applying the steepest descent method, we can compute an expansion for the integral in (III.2) about w_0 = (s_0, u_0), s_0 and u_0 being solutions of (I.26).

Comparing terms of the same 1/N order gives back (I.25) and shows that, under the RGT (I.24), r transforms according to

r_1(φ^2) = L^3r(ψ_0) + 3 ln u_0 + ln [( detD^2f ) 0 ]

with ψ_0 defined below (I.24) and where (detD^2f)_0 is the Hessian of f at w_0. At the fixed point, we thus have

~r(φ^2) = L^3 ~r(ψ_0) + 3 ln u_0 + ln [( detD^2f ) 0 ] (III.4)

which can already be used to calculate any derivative of ~r at φ^2_0, assuming r̃ analytic. From (III.4), we also see that the order 1/N fixed point solution

~v(φ^2) = ~v_{N=∞}(φ^2) + 1 N ~r(φ^2)

is nonzero for large enough N.

This shows part one of Theorem 3. To prove the second part, we go back to the two-point function (I.30) and, for technical simplification, we assume the points to have an extreme separation in the lattice. This is enough for our purposes here. The general case can be treated as well, following what is presented below.

Similar to f and g in (III.3), we define the functions f̂ and ĝ by f̂(ŵ) ≡ f̂(s, u, φ) = f(w) +^{1−L−2}_2 φ2 −^1_2 ln φ2 ĝ(ŵ) ≡ ĝ(s, u, φ) = g(w) + ln φ^2 (III.5) with ŵ ≡ (s, u, φ) ∈ lR × [0, ∞) × lR. Now, letting h(ŵ) = ψ [ L^{−ℓ/2}φ − a_ℓ dv(ψ) dψ ]2 (III.6)

the two-point function (I.30), for extremely separated points 0 and x = L^{ℓ−1}e_1 can be expressed as

⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ = δ_{ij} (Z_ℓ)^{−1} ∫ d ŵ h(ŵ) e^{−Nf̂(ŵ)} e^{−ĝ(ŵ)} (III.7)

with Z_ℓ given by the same integral with h(ŵ) replaced by one.

Direct calculation shows that the function f̂ has a minimum at w_0 = (s_0, u_0, φ_0) with the same s_0 and u_0 of (I.26), and φ_0 = √ L/(L − 1) given in Theorem 1. Hence, applying the steepest descent method to the integrals in (III.7), with y = √ N (w − w_0), we obtain ⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ = δ_{ij} h_0 +^{h′0√}_N ∫ y dρ(y) −^{h′0√}_N (∫ y dρ(y) ) (∫ [( T^{(3)}_0 f̂ ) + ĝ^′_0 √ N y ] dρ(y) )

+ ∫ [ − h^′_0 √ N y [ ( T^{(3)}_0 f̂ ) + ĝ^′_0 √ N y ] + h^{′′}_0 2N y^2 ] dρ(y) + O ( N^{−3/2} ) (III.8) where the subscript 0 means evaluation at w = [w_0 + y/ √ N]_{y=0} = w_0, and T^{(3)} is the third order Taylor operator, so that when acting on f̂ produces an O ( N^{−1/2} ) term. All the primes indicates derivatives within the multivariable context regarding ŵ = (s, u, φ) entering in y, and dρ(y) is a normalized measure with Gaussian density exp ( −f̂^{′′}_0 y^2/2 − ĝ^′_0y/ √ N ) .

Applying a parity argument, all the linear terms in s − s_0 and φ − φ_0 in the ∫ y dρ(y) integrals vanish. Paying with an exponentially small factor O ( e^{−ϵN} ) , ϵ > 0, the same is verified for the integral of the linear u−u_0 term.

This also ensures that only diagonal or product of diagonal terms (denoted below by D) survive in the integrals of even powers of y so that (III.8) yields ⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ = δ_{ij} h_0 −^{δij}_N ∫ [ (h^′_0y) [ ĝ^′_0y + ( T^{(3)}_0 f̂ ) y^3 ] + h^{′′}_0 2 y^2 ] D × dρ(y) + O ( N^{−3/2} ) (III.9) Using (III.1), (III.5) and (III.6), and for a_n in (I.16), putting b_n ≡ L^{n/2}a_n = L^3 ( 1 − L^{−2ℓ} ) (L^2 − 1)^{−1}, we have h_0 = φ^2_0 L^{−ℓ} ( 1 − 2b_ℓ N ( dr(ψ) dψ ) 0 )

h^′_0 = L^{−ℓ} ( ∂ ψ ∂ y ) 0 [ 1 − 2φ^2_0 b_ℓ v^{′′}_∞(φ^2_0) ]

h^{′′}_0 = L^{−ℓ} {( ∂^2 ψ ∂ y^2 ) 0 [ 1 − 4 b_ℓ v^{′′}_∞(φ^2_0) − 2 φ^2_0 b_ℓ v^{′′}_∞(φ^2_0) ] (III.10)

+ 2φ^2_0 b_ℓ ( ∂ ψ ∂ y )2 0 [ b_ℓ ( v^{′′}_∞(φ^2_0) )2 − v^{′′′}_∞(φ^2_0) ] . As ĝ^′_0 and f̂^{′′′}_0 do not depend on ℓ, we see that the two-point function (III.9) has the structure

⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ = δ_{ij} L^{−ℓ} φ^2_0 [ 1 + 1 N ( K_1b_ℓ + K_2b^2_ℓ ) + O ( N^{−3/2} )]

for some constants K_1 and K_2, fixed essentially by equations (III.10) and independent of ℓ and N. Hence, in the thermodynamic limit ℓ → ∞, we obtain L^ℓ ⟨ϕ_i(0)ϕ_j(L^{ℓ−1}e_1)⟩_ℓ → δ_{ij} φ^2_0 [ 1 + K N + O ( N^{−3/2} )]

for some finite K, uniform in N.

This shows (I.35) and concludes the proof of Theorem 3. 2 Remark: With more work, the above analysis can be used to treat a generic two-point function and may be extended to compute other 2p−point functions. It can also be used obtain higher orders in 1/N. It is likely that only even powers of √ 1/N appear in the expansion for these functions.

IV. Final Remarks

In the case of finite N, we have considered the fixed point and correlation functions only to order 1/N, obtaining canonical decay for the two-point function. We expect this result to hold also without this restriction. The reason for this is that, due to the good properties of the N = ∞ fixed point solution, such as global stability and analyticity, we do not see any obstacles to carrying out a rigorous construction of a fixed point for N large, as in [1] and obtain the correlation functions as done in [2], for the symmetrical model.

There is the question of whether or not there exists some finite value N_0 of N where anomalous behavior sets in. For N = 1, the existence of a nonzero fixed point in a hierarchical model is shown in [11], but the behavior of correlation functions is not determined. As our results show absence of anomalous decay (even though the fixed points are nonzero and the wavefunction renormalization is different from one) in both, the symmetrical and the non-symmetrical O(N) vector hierarchical models, contrarily to what happens in the case of a one-component quadratic perturbation, it is certainly interesting to understand the full model from the point of view of configurations in a real space renormalization group approach.

Appendix: Infinite Lattice Covariance

Here we obtain the spectral decomposition of the infinite lattice covariance operator G which is used to determine the long-range behavior of G^{−1}. G satisfies the recursion relation [see (I.4) and (I.5)], with x, y ∈ ZZ^d, u_α, ū_α ∈ [0, L), α = 1, . . . , d,

G (Lx + u, Ly + ū) = L^{−(d−2)}G(x, y) + δ(x, y) .

We define the normalized block average operator C : ℓ_2(ZZ^d) → ℓ_2(ZZ^d) by

(Cf) (x) = L^{−d/2} ∑ 0≤uα<L f(Lx + u) ,

with ∑ u meaning the multiple sum over the d components of u. We find, for the adjoint C^∗, (C^∗g) (Lx + u) = L^{−d/2}g(x) , 0 ≤ u_α < L and easily check that CC^∗ = I.

Now let, with C_0 = I and C_n ≡ C^n, n ≥ 1,

Γ_n = C^∗_nC_n − C^∗_{n+1}C_{n+1} . (A.1)

We verify that

Γ_nΓ_m = δ_{nm}Γ_n , Γ^∗_n = Γ_n C^∗_nΓ_nC_n = Γ_{n+1} (A.2) C_{n+1}Γ_n = 0 . (A.3)

¿From (A.1), we see that the functions in the range R (Γ_n) of Γ_n are constant on the L^n blocks and, from (A.3), we see that the average of f ∈ R (Γ_n) over a L^{n+1} block is zero. Furthermore, {Γ_n} furnishes a resolution of the identity, i.e. I = ∑∞ n=0 Γ_n, and will be used in the spectral decomposition of G in R (Γ_0)^⊥ given by:

Proposition 2 Let λ_n = L^dL^{2(n−1) 1−L−2n}_{1−L−2} . Then G = ∞∑ n=0 λ_nΓ_n (A.4)

in the subspace R (Γ_0)^⊥. Each λ_n has infinite multiplicity.

Proof: It is easily shown that G = L^2C^∗GC + L^dC^∗C . (A.5) Write G = ∑∞ n=0 β_nΓ_n, substitute in (A.5) with L^dC^∗C = L^d [−Γ_0 + ∑∞ n=0 Γ_n] and use (A.2). Equating coefficients of Γ_n we have β_n = L^2β_{n−1} + L^d . (A.6) Iterating (A.6) with β_0 = 0 gives β_n = L^d n−1∑ j=0 L^{2j} = L^dL^{2(n−1)} 1 − L^{2n} 1 − L^2 , from which (A.4) follows. 2 ¿From Proposition 2, the hierarchical Laplacian Δ_h = G^{−1} has a positive point spectrum {λ^{−1}_n } with zero as the only point of accumulation.

We now determine the long-range behavior of Δ_h ( 0, L^ke ) = ∑ n λ^{−1}_n Γ_n ( 0, L^ke ) (A.7) where we recall that Γ_n = C^∗_nC_n − C^∗_{n+1}C_{n+1}. Let f(x) = δ(x, 0) and g(y) = δ(y, L^ke). Since C_nf(x) = L^{−nd/2} ∑ 0≤u<L^n f(L nx + u), C_nf(x) only has support at x = 0, and thus we only need C_ng(0) = L^{−nd/2} χ(k < n), where χ is the characteristic function. Substituting in (A.7) gives Δ_h ( 0, L^ke ) = L^d L^2 − 1 ∑ n ( L^{2n} − 1 )

× [ L^{−nd}χ (k < n) − L^{−(n+1)d}χ(k < (n + 1)) ]

which, for large k, has a dominant const L^{−k(d+2)} behavior.

The spectral decomposition of G can also be used to calculate directly the matrix elements of (Δ_h + μI)^{−1} = (G^{−1} + μI)^{−1}, i.e. the two-point function of the hierarchical model with quadratic perturbation.

References

[1] Gawedzki, K., Kupiainen, A.: Non-Gaussian Fixed Points of the Block Spin Transformation. Hierarchical Model Approximation, Commun. Math. Phys. 89, 191-220 (1983).

[2] Faria da Veiga, P.A., O’Carroll, M., Schor, R.: Correlation Functions for the Large N Classical Vector Hierarchical Model in Three Dimensions, preprint.

[3] Ma, S.K.: Modern Theory of Critical Phenomena, Benjamin, New York, (1976). See also The Renormalization Group and the large n Limit, J. Math. Phys. 15, 1866-1891 (1974).

[4] Zinn-Justin, J.: Quantum Field Theory and Critical Phenomena, Oxford University Press, Oxford, 1993.

[5] Gawedzki, K., Kupiainen, A.: Asymptotic Freedom and Beyond Perturbation Theory, in Phenomènes Critiques, Théories de Jauge et

Systèmes Aléatoires, K. Osterwalder and R. Stora eds., Les Houches Summer School, 1984 Session, Elsevier, Amsterdam, 1986.

[6] Schor, R., O’Carroll, M.: Correlation Functions and the Goldstone Picture for the Hierarchical Classical Vector Model at Low Temperatures in Three or More Dimensions, J. Stat. Phys. 64, 163-191 (1991).

[7] Schor, R., O’Carroll, M.: Low Temperature Properties of the Hierarchical Classical Vector Model, Commun. Math. Phys. 138, 487-505 (1991).

[8] Gawedzki, K., Kupiainen, A.: Rigorous Renormalization Group and Asymptotic Freedom, in Scaling and Self-Similarity in Physics, J. Fröhlich, Birkhäuser, Boston, 1983.

[9] Hille, E.: Analytic Function Theory, 2 vols., Ginn and Company, Boston, 1962.

[10] Schor, R., O’Carroll, M.: On the Mass Spectrum of the 2 + 1 Gauge- Higgs Lattice Quantum Field Theory, Commun. Math. Phys. 103, 569- 597 (1986).

[11] Koch, H., Wittwer, H.: A Non-Gaussian Renormalization Group Fixed Point for Hierarchical Scalar Lattice Field Theories, Commun.

Math. Phys. 106, 495-532 (1986); On the Renormalization Group Transformation for Scalar Hierarchical Models, Commun. Math. Phys. 138, 537-568 (1991).

Note Added in Proof: After the submission of this paper, we found that K. Gawedzki and A. Kupiainen [see J. Stat. Phys. 35, 267-284 (1984)] had already proven the main result of our companion work [2]. Neither did their method make use of our basic equations (I.10) and (I.3), nor did they solved the spectral properties of the linearized RGT at N = ∞.