D 6.5in

Another Majorana Idea:

Real and Imaginary in the Weinberg Theory^�

Valeri V. Dvoeglazov Escuela de Física, Universidad Autónoma de Zacatecas Antonio Dovalí Jaime s/n, Zacatecas 98068, ZAC., México Internet address: VALERI@CANTERA.REDUAZ.MX (September 8, 1996)

The Majorana concept of neutrality is applied to the solutions of j = 3D1 Weinberg equations in the (j, 0) � (0, j) representation of the Poincarè group.

PACS numbers: 03.50.De, 11.30.Er, 12.90.+b

∗Submitted to “Int. J. Theor. Phys.”

It is well known that the Dirac equation can be separated in a relativistic invariant way into a real part and an imaginary part [1]. In the hamiltonian form the real Dirac equation reads: [ 1 c ∂ ∂t − (α, grad) + β^′μ ] U = 3D0 , (1)

where the Dirac matrices are chosen to be:

α_x = 3Dρ_1σ_x; α_y = 3Dρ_3; α_z = 3Dρ_1σ_z; β^′ = 3D − iβ = 3Diρ_1σ_y , (2)

and the mass term is μ = 3Dmc/h̄. The anticommutaion rules are in the configurational space

U_i(q) U_k(q^′) + U_k(q^′) U_i(q) = 3D 1 2 δ_{ik}δ(q − q^′) . (Eq.12^{[1]}) (3)

The hamiltonian operator is then defined H = 3D ∫ U^† [ −c(α, p) − βmc^2 ] Udq . (Eq.13^{[1]}) (4)

According to Majorana “. . . in the present state of our knowledge equations (12) and (13) constitute the simplest theoretical representation of a system of neutral particles”. Recent indications at the mass term of neutrino [2] and at the neutrino oscillations [3] induce one to look for a formalism which could account a possible mass term and in the massless limit could lead to the Weyl scheme [4–6] in order to reproduce some predictions of the standard model.

On the other hand, recent analysis of experimental data [7] in the decays of π^− and K^+ mesons indicates the necessity of introducing tensor interactions in theoretical models. This induces one to correct our understanding the nature of the minimal coupling and to pay attention to another types of Lorentz-invariant interaction structures between the spinor and higher spin fields. In the sixties the formalism was proposed [8] for arbitrary spin-j particles, which is on an equal footing with the Dirac formalism in the (1/2, 0)⊕(0, 1/2) representation. It allows for other forms of Lorentz-invariant couplings [8a,§7] and [9]. Moreover, it is on an equal footing with the Dirac construct in the (1/2, 0) ⊕ (0, 1/2) representation and has no the problem of indefinite metric. The interest in this description has been considerably increased as a consequence of constructing an explicit example of the theory of the Wignertype [10] and with the necessity of the detailed interpretation of the E = 3D0 solution of the Maxwell’s equations [11–14].

In ref. [6a] the author proved that one cannot built self/anti-self charge conjugate “spinors” in the (1, 0) ⊕ (0, 1) representation. The equation S^c_{[1]}ψ = 3De^{iα}ψ has no solutions in the field of complex numbers. The Γ^5S^c_{[1]} self/anti-self conjugate “spinors” have been introduced there [6]. So, we have to look at alternative ways for describing j = 3D1 neutral quantum fields. The aim of this note is to apply the abovementioned Majorana idea of neutrality to the j = 3D1 states of the (1, 0) ⊕ (0, 1) representation.

In the generalized canonical (standard) representation the Barut-Muzinich-Williams matrices are expressed:

γ^{CR}_{00} = 3D ( 11 0 0 −11 ) , γ^{CR}_{i0} = 3Dγ^{CR}_{0i} = 3D ( 0 −J_i J_i 0 ) , (5a) γ^{CR}_{ij} = 3Dγ^{CR}_{ji} = 3D ( η_{ij} + {J_i, J_j} 0 0 −η_{ij} − {J_i, J_j} ) . (5b)

Here J_i, i, j = 3D1, 2, 3 are the j = 3D1 matrices and η_{μν} is the flat space-time metric. We work in the isotropic basis in which the spin matrices read

J_x = 3D 1 √ 2 0 1 0 1 0 1 0 1 0 , J_y = 3D i √ 2 0 −1 0 1 0 −1 0 1 0 , J_z = 3D 1 0 0 0 0 0 0 0 −1 . (6)

By using the Wigner time-reversal operator (Θ_{[j]}JΘ^{−1}_{[j]} = 3D − J^∗)

Θ_{[j=3D1]} = 3D

0 0 1 0 −1 0 1 0 0 (7) one can apply the Majorana procedure to transfer over the representation where all γ_{μν} matrices are the real matrices. The unitary matrix (U^†U = 3DUU^† = 3D11) for this procedure is U = 3D 1 2 √ 2 ( (1 − i) + (1 + i)Θ −(1 − i) + (1 + i)Θ (1 + i) + (1 − i)Θ −(1 + i) + (1 − i)Θ ) , (8a)

U^† = 3D 1 2 √ 2 ( (1 + i) + (1 − i)Θ (1 − i) + (1 + i)Θ −(1 + i) + (1 − i)Θ −(1 − i) + (1 + i)Θ ) . (8b)

As a result we arrive, γ^{MR}_{μν} = 3DUγ^{CR=}_{μν} U^†:

γ^{MR}_{00} = 3D ( 0 Θ Θ 0 ) , γ^{MR}_{01} = 3Dγ^{MR}_{10} = 3D ( 0 −J_1Θ −J_1Θ 0 ) , (9a)

γ^{MR}_{02} = 3Dγ^{MR}_{20} = 3D ( iJ_2Θ 0c̄r0 −iJ_2Θ ) , γ^{MR}_{03} = 3Dγ^{MR}_{30} = 3D ( 0 −J_3Θ −J_3Θ 0 ) , (9b) γ^{MR}_{ij} = 3Dγ^{MR}_{ji} = 3D 1 2 ( i(J^∗_{ij} − J_{ij})Θ (J^∗_{ij} + J_{ij})Θ (J^∗_{ij} + J_{ij})Θ −i(J^∗_{ij} − J_{ij})Θ ) and γ^{MR}_5 = 3D ( 0 i11 −i11 0 ) . (9c)

Here we introduced the notation J_{ij} = 3Dη_{ij} +{J_i, J_j}. Since J_2 is the only (of the J_i) matrix which is imaginary in the isotropic basis we can conclude that a set of real Barut-Muzinich- Williams matrices is constructed. The (1, 0) ⊕ (0, 1) functions in this representation are defined

u^{MR} (p) = 3D 1 2 ( ϕ_L + Θϕ_R ϕ_L + Θϕ_R ) + i 2 ( −ϕ_L + Θϕ_R ϕ_L − Θϕ_R ) = 3DU^+ + iV^+ , (10a)

v^{MR} (p) = 3D 1 2 ( −ϕ_L + Θϕ_R −ϕ_L + Θϕ_R ) + i 2 ( ϕ_L + Θϕ_R −ϕ_L − Θϕ_R ) = 3DU^− + iV^− . (10b)

One can see that

v^{MR} (p^μ) = 3Dγ^{MR}_5 u^{MR} (p^μ) = 3Diγ^{W R}_5 γ^{W R}_0 u^{MR} (p^μ) = 3D ( 0 i11 −i11 0 ) u^{MR} (p^μ) . (11)

The index CR stands for ‘the canonical representation’, WR, for ‘the Weyl representation’, MR, for ‘the Majorana representation’. For the second-type spinors [6] λ^{S,A} and ρ^{S,A} in both the j = 3D1/2 and j = 3D1 case the use of the Majorana representation leads to the natural separation into the real and imaginary parts when referring to positive- (negative-) solutions.

The real and imaginary parts of the positive-energy u− bispinors of the helicity ±1 are the following (cf. with the j = 3D1/2 case, see ı= t Appendix):

U^+_↑ (p^μ) = 3DU^+_↓ (p^μ) = 3D 1 2 √ 2 p^− −^{p2(p1+p2)} E+m − √ 2(p_1 −^{p2p3}_{E+m} ) p^+ +^{p2(p1−p2)} E+m p^− +^{p2(p1−p2)} E+m − √ 2(p_1 +^{p2p3}_{E+m} ) p^+ −^{p2(p1+p2)} E+m

, (12a)

V^+_↑ (p^μ) = 3D−V^+_↓ (p^μ) = 3D 1 2 √ 2

−p^− +^{p1(p1+p2)}_{E+m} − √ 2(p_2 +^{p1p3}_{E+m} ) p^+ −^{p1(p1−p2)} E+m p^− −^{p1(p1−p2)} E+m − √ 2(p_2 −^{p1p3}_{E+m} ) −p^+ +^{p1(p1+p2)}_{E+m}

. (12b)

Surprisingly, real (and imaginary) parts of bispinors of different helicities appear to be equal each other (within a sign). Thus, they are connected by the operation of the complex conjugation. As to the solution with h = 3D0 one has only imaginary part of the positiveenergy bispinor:

U^+_→(p^μ) ≡ 0 , V^+_→(p^μ) = 3D 1 2

(p^− + m)^{p1+p2}_{E+m} − √ 2(m +^{p21+p2}_{E+m} ) (p^+ + m)^{p1−p2}_{E+m} (p^− + m)^{p2−p1}_{E+m} √ 2(m +^{p21+p2}_{E+m} ) −(p^+ + m)^{p1+p2}_{E+m}

. (13)

The corresponding procedure can also be carried out for the negative-energy solutions; the “bispinors” are connected with (12a,12b,13) using the equation (11). Unlike to ‘transversal’ bispinors (h = 3D ± 1) the bispinor v_→(p^μ) has only a real part.

Finally, one cannot find a matrix which transfers over the equation with pure imaginary matrices because the unit matrix commutes with all matrices of the unitary transformation.

In conclusion, using the standard form of the field operator in the x- representation one can separate out the real and imaginary parts of the (1, 0) ⊕ (0, 1) coordinate-space “bispinors”, then the result can be compared with the case of the (1/2, 0) ⊕ (0, 1/2) representation. Relevant commutation relations can be found. However, if we would wish to obtain an entirely real coordinate-space equation (without any care of the x− space imaginary part of the field function) such a procedure leads to certain constraints between components of the 4-vector momentum and/or constraints on the phase factors. The physical interpretation of the latter statement is unobvious and should be searched in a separate paper.

Acknowledgements. I appreciate encouragments and discussions with Profs. D. V. Ahluwalia, M. W. Evans, A. F. Pashkov and G. Ziino. Many internet communications from collegues are acknowledged. I am grateful to Zacatecas University for a professorship. This work has been partly supported by el Mexican Sistema Nacional de Investigadores, el Programa de Apoyo a la Carrera Docente, and by the CONACyT under the research project 0270P-E.

Appendix. Here we wish to present the explicit forms of U^±_{↑↓} and V^±_{↑↓}, the real and

imaginary parts of bispinors in the j = 3D1/2 Majorana representation. Comparing with the j = 3D1 case we can observe differences. The matrix of transfer over the Majorana representation from the Weyl representation is U = 3D 1 2 ( 11 − iΘ 11 + iΘ −11 − iΘ 11 − iΘ ) , U^† = 3D 1 2 ( 11 − iΘ −11 − iΘ=¸ r11 + iΘ 11 − iΘ ) .

(14)

The γ- matrices are given by

γ^0_{MR} = 3D ( 0 −iΘ_{[1/2]} −iΘ_{[1/2]} 0 ) , γ^1_{MR} = 3D ( −iσ_1Θ_{[1/2]} 0 0 −iσ_1Θ_{[1/2]} ) (15a)

γ^2_{MR} = 3D ( 0 −σ_2 σ_2 0 ) , γ^3_{MR} = 3D ( −iσ_3Θ_{[1/2]} 0

0 −iσ_3Θ_{[1/2]} ) , (15b)

and γ^5_{MR} = 3D ( −iΘ_{[1/2]} 0 0 iΘ_{[1/2]} ) . (15c)

All they are imaginary and are related with Eq. (2).

U^+_↑ (p^μ) = 3D 1 2 √ (E + m) E + m − p_2 0 −p_3 −p_1 , U^+_↓ (p^μ) = 3D 1 2 √ (E + m) 0 E + m − p_2 −p_1 p_3

, (16a)

V^+_↑ (p^μ) = 3Dγ^{W R}_5 γ^{W R}_0 U^+_↓ ( ~p^μ) = 3D 1 2 √ (E + m) p_1 −p_3 0 −E − m = −p_2 , (16b)

V^+_↓ (p^μ) = 3D−γ^{W R}_5 γ^{W R}_0 U^+_↑ ( ~p^μ) = 3D 1 2 √ (E + m) −p_3 −p_1 E + m + p_2 0 . (16c)

The negative-energy spinors are related with the positive-energy ones by using the formulas:

v^{MR}_↑ (p^μ) = 3D − i[u^{MR}_↓ (p^μ)]^∗ , v^{MR}_↓ (p^μ) = 3D + i[u^{MR}_↑ (p^μ)]^∗ , (17) and, thus,

U^+_↑ = 3DV^−_↓ = 3Dℜe u^{MR}_↑ = 3D u^{MR}_↑ − iv^{MR}_↓ 2 , U^+_↓ = 3D − = lV^−_↑ = 3Dℜe u^{MR}_↓ = 3D u^{MR}_↓ = +iv^{MR}_↑ 2 , (18a)

V^+_↑ = 3D= lU^−_↓ = 3Dℑm u^{MR}_↑ = 3D u^{MR}_↑ + iv^{MR}_↓ 2i , V^+_↓ = 3D − U^−_↑ = 3Dℑm u^{MR}_↓ = 3D u^{MR}_↓ − iv^{MR}_↑ 2i . (18b)

These formulas also can be used to form even- and odd- bispinors with respect to p → −p.

[1] E. Majorana, Nuovo Cim. 14 (1937) 171 [English translation: Tech. Trans. TT-542, Nat. Res. Council of Canada] [2] S. Boris et al., Phys. Rev. Lett. 58 (1987) 2019, see for a review: G. Gelmini and E. Roulet, Rept.

Prog. Phys. 58 (1995) 1207 [3] G. Athanassopoulos et al., Phys. Rev. Lett. 75 (1995) 2650, see for an alternative analysis: J. E. Hill, ibid, p. 2654 [4] J. A. McLennan, Phys. Rev. 106 (1957) 821; K. M. Case, Phys. Rev. 107 (1957) 307 [5] A. O. Barut and G. Ziino, Mod. Phys. Lett. A8 (1993) 1011; G. Ziino, Int. J. Mod. Phys. A11 (1996) 2081 [6] D. V. Ahluwalia, Int. J. Mod. Phys. A11 (1996) 1855; V. V. Dvoeglazov, Rev. Mex. Fis. Suppl. 41 (1995) 159; Int. J. Theor. Phys. 34 (1995) 2467; Nuovo Cim. A108 (1995) 1467 [7] V. N. Bolotov et al., Phys. Lett. B243 (1990) 308; S. A. Akimenko et al., ibid 259 (1991) 225 [8] S. Weinberg, Phys. Rev. B133 (1964) 1318; ibid 134 (1964) 882; ibid 181 (1969) 1893 [9] V. V. Dvoeglazov, Hadronic J. 16 (1993) 423; Rev. Mex. Fis. Suppl. 40 (1994) 352 [10] D. V. Ahluwalia, M. B. Johnson and T. Goldman, Phys. Lett. B316 (1993) 102. This paper presents an explicit example of the quantum field theory of the Bargmann-Wightman-Wigner-type [E. P. Wigner, en Group Theoretical Concepts and Methods in Elementary Particle Physics (Lectures of the Istanbul Summer School of Theoretical Physics, 1962, Ed. F. Gürsey), Gordon & Breach, 1965, p. 37] [11] E. Majorana, Scientific Manuscripts (1928-1932), edited by R. Mignani, E. Recami and M. Baldo, Lett.

Nuovo Cim. 11 (1974) 568; see also: E. Gianetto, Lett. Nuovo Cim. 44 (1985) 140 [12] J. R. Oppenheimer, Phys. Rev. 38 (1931) 725 [13] D. V. Ahluwalia and D. J. Ernst, Mod. Phys. Lett. A7 (1992) 1967 [14] M. W. Evans, S. Jeffers, S. Roy and J.-P. Vigier, Enigmatic Photon. Vol. 1 -3 (Kluwer Academic Pub., Dordrecht, 1994-96); see also: V. V. Dvoeglazov Yu. N. Tyukhtyaev and S. V. Khudyakov, Russ. Phys.

J. 37 (1994) 898 and V. V. Dvoeglazov, unpublished preprints (1994)