On the validity of van der Waals theory of surface tension

O. Benois^1, T. Bodineau^2, P. Buttà^3 and E. Presutti^3

École Normale Supérieure, Université de Rouen, Università di Roma Tor Vergata

Abstract. In this paper we prove a weak large deviation principle for the empirical distribution of Ising spins in d ≥ 2 dimensions when the interaction is determined by a Kac potential and the temperature is below the critical value. We prove that the rate function is proportional to the area of the interface by a factor which identifies the surface tension. Its value is the same as that predicted by the van der Waals theory.

1. Introduction.

Lebowitz and Penrose have proved in [17] that in systems with Kac potentials the thermodynamic potentials, like the free energy and the pressure, converge, in an appropriate limit, to the values predicted by the van der Waals theory. In this paper we continue their program, shifting from the bulk to the surface properties of the system and proving the analogous statement for the surface tension. As in [2] we start by relating the surface tension to the rate function of large deviations and the main point will be the proof of a weak large deviation principle.

We consider in the beginning a general Ising system in d ≥ 2 dimensions at inverse temperature β, supposing that it has two extremal, translationally invariant Gibbs measures, μ_± with magnetizations ±m_β , m_β > 0. Let μ_Λ be the Gibbs measure on the torus Λ of Z^d of side L (for simplicity we take L ∈ {2^n, n ∈ N}). Then, for large L, μ_Λ is well approximated by the 1/2-1/2 combination of μ_+ and μ_− so that we may suppose that with large μ_Λ-probability the configurations in Λ have empirical magnetizations either close to +m_β or to −m_β . The probability of observing configurations where the magnetization varies across a surface Σ from −m_β to +m_β , namely the probability of observing m_β u,

1 URA 1378, Université de Rouen, 76821 Mont Saint Aignan, France 2 DMI, École Normale Supérieure, 45 Rue d’ Ulm, 75005 Paris, France 3 Dipartimento di Matematica, Università di Roma Tor Vergata, Via della Ricerca Scientifica, 00133 Roma, Italy

This research has been partially supported by the CNR-CNRS agreement and by grant CEE CHRX- CT93-0411

Key Words: Large deviations, Kac potentials, interfaces, contours

where u is the function equal to +1 and to −1 in the two regions, separated by Σ, where the phases are respectively +m_β and −m_β , is then expected to be

μ_Λ ( {σ ≈ m_β u} ) ≈ e^{−βδF} (1.1) where δF is the excess free energy due to the interface at Σ. In an isotropic case this would be δF = |Σ|τ_β (1.2) where τ_β is the surface tension (the dependence on β is made here explicit). In general τ_β = τ_β(n), n = n(r) the unit vector normal to Σ, and δF = ∫ Σ λ(dr)τ_β ( n(r) ) (1.3)

where λ(dr) is the Hausdorff measure on Σ. If the diameter of Σ is proportional to L, the right hand side of (1.1) vanishes exponentially with exponent proportional to L^{d−1}, so that the analysis of the left hand side of (1.1) becomes a large deviation problem with the scaling factor L^{d−1} (and not the usual volume factor L^d, this is a feature related to the analysis of large deviations in the presence of a phase transition).

A mathematical definition based on the above ideas has been proposed in [2] and will be adopted here too. In macroscopic coordinates the torus of side L in Z^d becomes T , the unit torus in R^d with center the origin. We identify a configuration σ in the original torus of Z^d of side L with a function s ∈ L^∞(T ; {±1}) by setting s(r) = σ(i), if Lr is in the unit cube of center i. In macroscopic coordinates a spin configuration is a very rapidly oscillating function, it is then natural to introduce a homogenization procedure which leads to the coarse grained configuration s^{(ε)} ∈ L^∞(T ; [−1, 1]) (for simplicity we take ε ∈ {2^{−n}, n ∈ N}) defined by

s^{(ε)}(r) = 1 |C^{(ε)}(r)| ∫ C^{(ε)}(r)

dr^′ s(r^′) (1.4)

where C^{(ε)}(r) is the atom containing r in the partition D^{(ε)} of R^d made of cubes of side ε and such that one of its atoms has center 0. |C^{(ε)}(r)| is the volume of C^{(ε)}(r). ε is a small parameter that eventually vanishes, but only after L → +∞, thus ε should be thought of as very large with respect to the lattice mesh L^{−1}.

The coarse grained configuration is used to locate the phases: we will say that with accuracy δ and coarse graining ε the cube C^{(ε)}(r) is in the + phase if |s^{(ε)}(r) − m_β | < δ, it is in the − phase if |s^{(ε)}(r) + m_β | < δ. This is summarized by the variable η^{(ε)}_δ ∈ L^∞(T ; {0, ±1}) defined as

η^{(ε)}_δ (r) = { ±1 if | |s(ε)(r′) ∓ m_β | | < δ for all r′ ∈ C(ε)(r) 0 otherwise

(1.5)

Then we will say that a macroscopic profile u ∈ L^∞(T ; {±1}) is recognized with accuracy δ > 0 and coarse graining ε by a spin configuration σ if ‖η^{(ε)}_δ − u‖ ≤ δ (1.6) where ‖ · ‖ denotes hereafter the L^1(T ; dr)-norm. We are using the same δ in (1.5) and (1.6) only for notational simplicity. (1.6) with δ small implies that for a large fraction of points σ recognizes the ± phase specified by u, namely the empirical average of σ that produces s^{(ε)} is close to ±m_β .

Recalling (1.1) and (1.2), the quantity − 1 βL^{d−1} log μ_Λ ( {‖η^{(ε)}_δ − u‖ ≤ δ} )

represents the excess free energy needed to create an interface described by u. To make precise this notion we restrict u ∈ BV (T ; {±1}) and let ∂u be the boundary of {u(r) = 1}. It is proved in [12] that there is a subset ∂^⋆u of ∂u, called the reduced boundary of u, which is a regular, C^1 surface with a well defined unit normal n and full Hausdorff measure λ. We can then pretend that, measure theoretically, ∂u is a regular surface with an area.

We next define the upper and lower functional for large deviations on BV (T ; {±1}) by setting

F^′_β (u) := − lim_{δ→0+} lim inf_{ε→0+} lim inf_{L→+∞} 1 βL^{d−1} log μ_Λ ( {‖η^{(ε)}_δ − u‖ ≤ δ} ) (1.7) and F^{′′}_β (u) := − lim_{δ→0+} lim sup_{ε→0+} lim sup_{L→+∞} 1 βL^{d−1} log μ_Λ ( {‖η^{(ε)}_δ − u‖ ≤ δ} ) (1.8)

A weak large deviation principle holds if F^{′′}_β (u) = F^′_β (u) =: F_β(u) for all u ∈ BV (T ; {±1}). The surface tension τ_β(n) is well defined if for all such u

F_β (u) = ∫ ∂^⋆u λ(dr)τ_β ( n(r)) (1.9)

If we understand correctly the literature, the existing results, [10], [18], [15] [16], [19], on the Ising model with nearest neighbor interactions in d = 2 dimensions imply the validity of (1.7), (1.8) and (1.9).

The above definitions need to be modified when studying the Kac potentials because the range of the interaction is long and eventually diverges, the interface being correspondingly thick. We first recall the basic definitions of Ising systems with Kac potentials. X := {−1, 1}Z^d denotes the space of all the spin configurations σ and for any subset Λ of Z^d, σ_Λ ∈ X_Λ = {−1, 1}^Λ is the restriction of σ to Λ. γ > 0 is the Kac parameter (for simplicity, γ ∈ {2^{−n}, n ∈ N}), μ_{γ,Λ}(·|σ_Λc ) is the Gibbs distribution in the finite region Λ with boundary conditions σ_Λc , Λ^c the complement of Λ:

μ_{γ,Λ}(σ_Λ|σ_Λc ) = Z_{γ,Λ}(σ_Λc )^{−1} exp [ − βH_γ (σ_Λ|σ_Λc ) ] (1.10)

Z_{γ,Λ}(σ_Λc ) is the partition function,

H_γ (σ_Λ|σ_Λc ) = − 1 2 ∑ i≠j∈Λ J_γ (i, j)σ(i)σ(j) − ∑ i∈Λ,j∈Λ^c J_γ (i, j)σ(i)σ(j) (1.11)

J_γ (i, j) := γ^dJ(γ|i − j|), ∀ i, j ∈ Z^d (1.12) J is a nonnegative, smooth function supported by [0, 1] and normalized so that ∫ R^{d dr J(|r|) = 1 (1.13)}

In [6] and [4] it is shown that if β > 1 there is γ_β > 0 so that for all γ ≤ γ_β there are two distinct translationally invariant Gibbs states μ^±_γ , limits of the finite volume Gibbs states with all +1 and, respectively, all −1 boundary conditions. In [5] it is shown that these are the only extremal, translationally invariant Gibbs states. Moreover their magnetizations, ±m_{β,γ} , converge when γ → 0^+ to the van der Waals values ±m_β (see (1.19) below).

As before we consider the Gibbs measure on a torus Λ of Z^d of side L and denote it for simplicity by μ_{γ,Λ}. We define the lower functional for Kac potentials on BV (T ; {±1}) by setting

F^′_{β,γ} (u) := − lim_{δ→0+} lim inf_{ε→0+} lim inf_{L→+∞} γ βL^{d−1} log μ_{γ,Λ} ( {‖η^{(ε)}_δ − u‖ ≤ δ} ) (1.14)

The upper functional F^{′′}_{β,γ} (u) is defined analogously. The factor γ^{−1}L^{d−1} represents the scaling factor of the volume (in lattice units) of a neighborhood of the interface of thickness γ^{−1}, which by (1.12) is the range of the interaction.

In the simultaneous limit L → +∞ and γ → 0^+ (actually L = γ^{−1−a}, a > 0 and small) it is proved, [2], (see [1] for an extension to non isotropic interactions) that the limit upper and lower functionals, F^′_β(u) and F^{′′}_β (u), are identical:

F^′_β (u) = F^{′′}_β (u) = τ_β P (u) (1.15)

where P (u) is the Hausdorff area of ∂^⋆u and the limit surface tension, τ_β , is found to have the value predicted by the van der Waals theory, as we briefly recall. We start from the excess free energy van der Waals functional F_Λ(m), Λ a measurable set in R^d (or in a torus), m ∈ L^∞(Λ, [−1, 1]),

F_Λ(m) = ∫ Λ dx [ f ( m(x) ) − f(m_β) ] + 1 4 ∫ ∫ Λ×Λ dx dy J(|x − y|) [ m(x) − m(y) ]_2 (1.16)

f(m) = − m^2 2 − β^{−1}i(m) (1.17) i(m) = − 1 − m 2 log 1 − m 2 − 1 + m 2 log 1 + m 2 (1.18)

m_β = tanh{βm_β } (1.19) The convex envelope of f(m) is the limit free energy of the Ising system after first the thermodynamic limit and then the scaling limit γ → 0^+, [17].

Take now Λ in (1.16) to be the cylinder with axis the first coordinate r_1-axis and section the unit torus in R^{d−1} . Denote by M_Λ the set of m ∈ L^∞(Λ, [−1, 1]) such that lim_{r1→±∞} m(r) = ±m_β . Then, according to the van der Waals theory the surface tension is τ_β = inf_{m∈MΛ} F_Λ(m) (1.20)

τ_β in (1.20) is the same as τ_β in (1.15). In [9] it is also proved that the inf in (1.20) is a minimum attained on a unique (modulo translations) function m̄ which depends only on the coordinate r_1 and which satisfies the mean field equation m̄ = tanh{βJ ⋆ m̄} (1.21) where J ⋆ m̄ is the convolution of the two functions J and m̄. Under the assumption L = γ^{−1−a} of [2], one can exploit the structure of the Kac potentials and prove that the probability of a coarse grained configuration s^{(ε)} is (L_γ := γL below)

μ_{γ,Λ}(s^{(ε)}) ≈ exp { − γ^{−d}βF_{Lγ T} ( s^{(ε)}(L_γ ·) )} (1.22)

The approximation is strong enough to yield

F^′_β (u) := − lim_{δ→0+} lim sup_{Lγ →+∞} 1 L^{d−1}_γ inf {‖m−m_β u‖≤δ} F_{Lγ T} (m(L_γ ·)) (1.23)

where the inf is over all m ∈ L^1(T ; [−1, 1]). An analogous expression holds for the upper bound.

To make easier the comparison with [2], we call L_γ = ε^{−1}, ε here is not the same ε as in (1.22), observe also that γ in (1.23) appears only through L_γ . Then −F^′_β and −F^{′′}_β are the Γ-upper and lower limits, [7], as ε → 0^+, of the family of functionals {F^{(ε)}} defined on L^1(T , [−1, 1]) as F^{(ε)}(u) = −ε^{d−1}F_ε�1_T ( m_β u(ε^{−1} ·) ) (1.24)

In [2] and [3] it is proved that {F^{(ε)}} Γ-converges to τ_βP (·), where P (u) is the perimeter of u if u ∈ BV (T ; {±1}) (more precisely the perimeter of the set {u = 1}) and P (u) = +∞ otherwise.

The fact that in (1.14) L → +∞ with γ > 0 fixed, prevents from using (1.22) which is no longer valid. But, as we shall see, after suitable conditioning we will reduce to computing probabilities of events in regions for which (1.22), or suitable modifications, may be applied. In this way we will recover parts of the proofs in [2] that will be used in the proof of the following main result of this paper:

Theorem 1.1

There are positive functions τ^′_{β,γ} and τ^{′′}_{β,γ} such that for all u ∈ BV (T ; {±1}) F^′_{β,γ} (u) ≤ τ^′_{β,γ}P (u), F^{′′}_{β,γ} (u) ≥ τ^{′′}_{β,γ}P (u) (1.25) and lim γ→0^+ τ^′_{β,γ} = lim_{γ→0+} τ^{′′}_{β,γ} = τ_β (1.26)

The bounds in (1.25) must be strict as for γ > 0 the system is anisotropic and the surface tension depends on the orientation of the surface. The true theorem that we can only conjecture is that F^′_{β,γ} (u) = F^{′′}_{β,γ} (u) = ∫ ∂^⋆u λ(dr)τ_{β,γ} ( n(r) ) (1.27)

which, by our theorem, would imply that τ_{β,γ} → τ_β as γ → 0^+.

In the next section we will introduce the main notation and define the different scales at which the system will be studied. Section 3 is devoted to the analysis of the typical configurations of the periodic Gibbs state. We prove that for any γ sufficiently small the macroscopic magnetization is close to the equilibrium value m_{β,γ} (respectively −m_{β,γ} ) with μ_{γ,Λ}-probability 1/2.

Theorem 1.2

For any γ and δ > 0 small enough the following holds. For any ε > 0 small enough, lim L→+∞ μ_{γ,Λ} ( ‖s^{(ε)} − m_{β,γ} ‖ ≤ δ ) = 1 2

Finally we derive Theorem 1.1 by computing the limit as γ goes to 0 of the lower and upper functionals F^′_{β,γ} (·) and F^{′′}_{β,γ} (·), respectively in Sections 4 and 5. In an Appendix we report the statement on the Peierls estimates proved in [6] and the proofs of some technical lemmas that have been used earlier.

2. Basic notation and definitions.

Notations are particularly troublesome in this paper because we have three different scales and according to the case it is better to work with one or the other. We thus have basically the same object but with three different representations and this may be confusing, as it is even to these authors. For this reason we have decided to devote the present section to this issue.

The microscopic and the macroscopic levels The basic space is the “microscopic space”, i.e. the lattice Z^d whose elements are denoted by i, j and so on. We actually restrict to tori Λ of Z^d, d ≥ 2, of center 0 and side L and, for simplicity we take L = 2^n, n ∈ N, we will prove Theorem 1.1 in this context.

The macroscopic region corresponding to any of the tori Λ is always the same unit torus T of R^d with center 0. We usually denote by r its points. The configuration σ_Λ in X_Λ is mapped into a function s ∈ L^∞(T ; {±1}), by s(r) = σ(i), Lr ∈ C(i) (2.1) where C(i) is the unit cube of R^d with center i.

Before going to the mesoscopic level it is convenient to introduce notation for the partitions of R^d . We will denote by D^{(ℓ)} = {C^{(ℓ)}}, ℓ > 0, the partition of R^d into cubes of side ℓ with one of them having center 0. It is not important for the sequel to specify which one of the opposite faces of a cube should be taken off to make the different C^{(ℓ)} disjoint. We drop ℓ when ℓ = 1 and we also use the convention that C^{(ℓ)}(r) is the cube of D^{(ℓ)} that contains r.

The mesoscopic level: block spins and coarse graining The mesoscopic level is determined by the range of the interaction. Points in R^d are here denoted by x, y and so on. At the mesoscopic level the spin configuration S ∈ L^∞(L_γ T ; {±1}) is S(x) = s(L^{−1}_γ x), L_γ = γL, S(x) = σ(i), γ^{−1}x ∈ C(i) (2.2) The block spins are better defined at this level. The coarse grain size is 2^{−k}, k ∈ N, and the coarse grained spin configuration S^{(2}

�k_) ∈ L^∞(L_γ T ; [−1, 1]) is

S^{(2}

�k_) (x) = 1 |C^{(2}�^{k)}(x)| ∫ C^{(2}�^{k)}(x) dy S(y) (2.3)

Given k and h in N, ζ > 0, we then define the block spin η ∈ L^∞(γΛ; {0, ±1}) as

η(x) = { ±1 if | |S^{(2}�^{k)}(y) ∓ m_β | | < ζ for all y ∈ C^{(2h)}(x) 0 otherwise

(2.4)

This is the same definition as in [6] and [5] but employing mesoscopic coordinates. As in those papers k and h are “large” and ζ “small”. We will also write, with an abuse of notation, η_i = η(x) if γ^{−1}x ∈ C(i). We also define the block spin η(x) induced by a function m ∈ L^∞(L_γ T ; [−1, 1]) using the analogue of (2.4).

Observe that we are using the same symbol η (without subscript) with a different meaning than in the introduction. No ambiguity should arise if the reader recalls that in the introduction η had a subscript, which is here missing and this, if not the same context, will allow to distinguish the two. Using the same notation is not actually inconsistent since η(x) = ±1 means that the ± phase is recognized with accuracy ζ (in the sense of the introduction, but working on the mesoscopic scale) in each cube C^{(2}

�k_) contained in C^{(2h)}(x).

Islands and contours The point x is correct, or, equivalently, η(x) is correct, if η(x) ≠ 0 and η(y) = η(x) on the cubes C^{(2h)} that are ⋆-connected to C^{(2h )}(x). x is incorrect if it is not correct.

The maximal connected components of the correct set are called islands. In an island η(x) is constantly equal to 1 or to −1, accordingly the island is called a ± island. The boundary ∂I of an island I is the set of cubes C^{(2h)} not in I but at distance 0 from I. η = ±1 on the boundary ∂I of a ± island.

Each maximal ⋆-connected component of the incorrect set is the support of a contour, the contour Γ is defined by its support and by the values of the block spins on its support. When there is no risk of confusion, we may denote by Γ only its support. The boundary ∂Γ of the contour Γ is the union of ∂I ∩ Γ over the islands, the ± boundary, ∂Γ^±, is the union of ∂I ∩ Γ over the ± islands I.

On the torus there is a special class of contours, the “winding” contours: a contour in the torus L_γ T is winding if its extension to R^d has an unbounded connected component.

A collection of contours {Γ_1, . . . , Γ_κ} is compatible if it is produced by a spin configuration and we write σ ⇒ {Γ_1, . . . , Γ_κ}. We also write m ⇒ {Γ_1, . . . , Γ_κ}, m ∈ L^∞(L_γ T ; [−1, 1]), if m induces {Γ_1, . . . , Γ_κ}. A collection {Γ_1, . . . , Γ_κ} of compatible contours is admissible if there is no connected path of cubes from some ∂Γ^+_i to some ∂Γ^−_j in the complement of the supports of Γ_1, . . . , Γ_κ. The notion of an admissible collection of contours is relevant because in this case we can apply the Peierls estimates, see the Appendix and in particular Theorem 6.1. Notice that a non winding contour is admissible, which is not necessarily true for a winding one.

3. Typical configurations.

In this section we prove Theorem 1.2. We will be mainly working at the mesoscopic level, considering the torus L_γ T of side L_γ = γL. We define the cornice

Δ .= Q_{Lγ /3+(log Lγ )}2 \ Q_{Lγ /3−(log Lγ )}2 (3.1)

where Q_R denotes the closed cube in L_γ T of side 2R and center in the origin. We define here a ± circuit C as a connected, D^{(2h)}-measurable set where η is constantly equal to ±1. We also require that the complement of C has two connected components. We then call K^± the set of configurations σ such that there is a ± circuit C^± inside Δ such that the two connected components of its complement contain Q_{Lγ /3−(log Lγ )}2 and L_γ T \Q_{Lγ /3+(log Lγ )}2 respectively.

If σ /∈ K^− ∪ K^+ there is a contour connecting the two boundaries of Δ, thus we can bound the probability of the complement of K^− ∪ K^+ by computing the probability of a contour that connects the two boundaries. By the Peierls estimates proved in the Appendix, see Lemma 6.5 and Theorems 6.2 and 6.3, there is c > 0 so that for all γ sufficiently small μ_{γ,Λ} ( K^− ∪ K^+ ) ≥ 1 − cL^{d−1}_γ e^{−cγ} �d_{(log Lγ )}2 (3.2)

The factor L^{d−1}_γ comes from the number of cubes C^{(2h )} on the boundary while e^{−cγ}

�d_{(log Lγ )}2

bounds the probability of having a contour Γ that contains a given cube C^{(2h)} and such that |Γ| > (log L_γ )^2.

By (3.2) and the spin flip symmetry of the model lim L→+∞ μ_{γ,Λ}(K^±) = 1 2 (3.3)

By (3.3) and using again symmetry it is then enough to prove that for γ sufficiently small lim L→+∞ μ_{γ,Λ} ( ‖s^{(ε)} − m_{β,γ} ‖ ≤ δ | | | K^+ ) = 1 (3.4)

We first observe that given any δ > 0 for all ε > 0 small enough and for all L large enough { ‖s^{(ε)} − m_{β,γ} ‖_Δ0 ≤ δ 2 } ⊂ { ‖s^{(ε)} − m_{β,γ} ‖ ≤ δ }

where Δ^0 is the union of all the cubes C^{(εLγ )} that are in L_γ T \ Δ which have distance greater than εL_γ from Δ. ‖ · ‖_Δ0 is the L^1-norm in L^{−1}_γ Δ^0.

Let C^+ be the first + circuit in Δ coming from the outside and D the complement of C^+. Then using the strong Markov property of the Gibbs measure μ_{γ,Λ} we have μ_{γ,Λ} ( ‖s^{(ε)} − m_{β,γ} ‖_Δ0 ≤ δ 2 | | | K^+ ) = E^{μγ,Λ (·|K+)} [ μ_{γ,γ}�1_D ( ‖s^{(ε)} − m_{β,γ} ‖_Δ0 ≤ δ 2 | | | |σ^γ�^{1C+} )]

(3.5) Theorem 1.2 will follow from (3.5) and Lemma 3.1 below.

We denote in general by G^+(Λ), Λ any bounded, D^{(2h)}-measurable subset of Z^d, the set of configurations σ_Λc in X_Λc such that η(x) = 1 for all x ∈ γΛ^c with d(x, γΛ) ≤ 1.

Lemma 3.1

For all γ > 0 small enough the following holds. With the above notation, for any σ_γ�1_Dc ∈ G^+(γ^{−1}D), lim_{L→∞} μ_{γ,γ}�1_D ( ‖s^{(ε)} − m_{β,γ} ‖_Δ0 ≤ δ | | | σ_γ�1_Dc ) = 1 (3.6)

The same property holds for any arbitrary pair Δ^0 and D, with Δ^0 a D^{(εLγ )}-measurable set at distance greater than εL_γ from D^c, D a D^{(2h)}-measurable set.

Proof.

Let C^{(εLγ )}_ℓ , ℓ = 1, ..., N, be the cubes that are in Δ^0, by the definition of Δ^0 they have distance greater than εL_γ from the complement of D. Then we need to prove

lim_{L→∞} μ_{γ,γ}�1_D (^N∑ ℓ=1 F_ℓ > δN | | | σ_γ�1_Dc ) = 0 (3.7)

where,

F_ℓ = | | | γ^d |C^{(εLγ )}| ∑ i∈γ�1_C^{(εLγ )}_ℓ σ̃(i) | | |, σ̃(i) = σ(i) − m_{β,γ} (3.8)

By the Tchebyshev inequality,

μ_{γ,γ}�1_D (^N∑ ℓ=1 F_ℓ > δN | | | σ_γ�1_Dc ) ≤ 1 δN N∑ ℓ=1 E^{μγ,γ}�^{1D (·|σγ}�^{1Dc )}[F_ℓ] (3.9)

Then

μ_{γ,γ}�1_D (^N∑ ℓ=1 F_ℓ > δN | | σ_γ�1_Dc ) ≤ 1 δN N∑ ℓ=1 { E^{μγ,γ}�^{1D (·|σγ}�^{1Dc )}[F^2_ℓ ] }_{1/2} (3.10)

In [5] it is proved that there are c_1 and c_2 positive so that for all γ > 0 small enough, for any bounded, γ^{−1}D^{(2h)}-measurable region Λ and any σ_Λc ∈ G^+(Λ) and for any i and j in Λ | | |E^{μγ,Λ(·|σΛc )} ( σ̃(i)σ̃(j) ) − E^{μ+γ} ( σ̃(i)σ̃(j) )| | ≤ c1 exp(−c2γ^2dist({i, j}, Λ^c)) (3.11)

(recalling that μ^+_γ is the extremal Gibbs measure with magnetization m_{β,γ} ) and there is C_γ such that ∑ i∈Z^d E^{μ+γ} ( σ̃(0)σ̃(i) ) ≤ C_γ (3.12)

By (3.11) and (3.12) we obtain from (3.10)

μ_{γ,γ}�1_D (^N∑ ℓ=1 F_ℓ > δL^d | | | σ_γ�1_Dc ) ≤ N δ { C_γ (εL)^d + c_1(εL)^de^{−c2γ2εL} }_{1/2} (3.13)

hence (3.6). This completes Lemma 3.1.

4. Lower bound.

In this section we will prove that for any u ∈ BV (T ; {±1}) and any ω > 0

lim inf γ→0^+ −F^′_{β,γ} (u) ≥ −τ_β P (u) − ω (4.1) ¿From (1.14) and Lemma 6.6 we have

−F^′_{β,γ} (u) = lim_{δ→0+} lim inf_{ε→0+} lim inf_{L→+∞} γ βL^{d−1} log μ_{γ,Λ} ( {‖s^{(ε)} − m_{β,γ} u‖ ≤ δ} ) (4.2)

By [13], for any δ > 0 (and ω > 0 as above) there is u_δ ∈ BV (T ; {±1}) such that the boundary ∂u_δ is a C^∞ surface and P (u_δ) ≤ P (u) + ω^′, ‖u_δ − u‖ ≤ δ 2 (4.3)

where ω^′ is a coefficient that will be specified later. Let Λ be the torus of Z^d of side L where the spin system lives and L_γ = γL its side in mesoscopic units. We set

Σ^⋆ = { x ∈ L_γ T : L^{−1}_γ x ∈ ∂u_δ } (4.4)

Denoting by d(x, Σ^⋆) the signed distance from Σ^⋆, positive where u_δ = 1, we define

m^⋆(x) = m̄ ( d(x, Σ^⋆) ) (4.5)

where m̄(s), s ∈ R, is the instanton defined in (1.21). In [8] it is proved that m̄(s) is an increasing function that converges exponentially to ±m_β as s → ±∞. In the proof of the Γ-convergence in [2], it is shown that lim L_γ →+∞ 1 L^{d−1}_γ F_{Lγ T} (m^⋆) = τ_β P (u_δ) (4.6)

Given k, h and ζ, let η^⋆ be the block spin configuration associated to m^⋆, Γ the union of all its contours and I of its islands; δI is the union of all the cubes C^{(2h)} in I with 0-distance from Γ. We then define the following subsets of X_Λ (denoting by η the block spin configuration associated to σ_Λ)

B_{δI} = {η = η^⋆ on δI}, B_Γ = {η = η^⋆ on Γ} (4.7)

We also denote by ‖ · ‖_I the L_1 norm on L^{−1}_γ [I \ δI].

By exploiting the regularity of ∂u_δ, for any choice of k, h and ζ there is L^′ and for all L ≥ L^′ (calling m = m_{β,γ} u and m_δ = m_{β,γ} u_δ) μ_{γ,Λ} ( ‖s^{(ε)} − m‖ ≤ δ ) ≥ μ_{γ,Λ} ( {‖s^{(ε)} − m_δ‖_I ≤ δ/4} ∩ B_{δI} ∩ B_Γ ) (4.8)

We are going to show that given ω^′ there is ζ > 0 so that, for all γ > 0 small enough and all L large enough, μ_{γ,Λ} ( ‖s^{(ε)} − m‖ ≤ δ ) ≥ μ_{γ,γ}�1_I ( {‖s^{(ε)} − m_δ‖_I ≤ δ/4} ∩ B_{δI} ) e^{−β(τβ P (u)+ω} 0_{)γ}�1_Ld�1

(4.9) To prove (4.9) we use the continuum approximation in terms of the van der Waals functional, more precisely we condition on the complement of γ^{−1}Γ and use (6.1). The conditional probability is then bounded from below by exp ( − γ^{−d}β inf_{m⇒Γ} F_Γ(m) − cζ^2γ^{−1}L^{d−1}P (u_δ) − o(γ)γ^{−1}L^{d−1}P (u_δ)ξ ) (4.10)

The second term bounds ∫ Γ ∫ Γ^c dx dy J(|x − y|) [ m(x) − S^{(2} �k_) (y) ]_2

In fact in B_{δI} ∩ B_Γ the square bracket is bounded by 2ζ and for L large, by the regularity of ∂u_δ, the integral becomes proportional to L^{d−1}_γ P (u_δ)4ζ^2. ξ in (4.10) is the smallest number of the form n2^h, n ∈ N, such that m̄(n2^h) > m_β − ζ. Again for L large enough |Γ| ≤ 2L^{d−1}_γ P (u_δ)ξ Recalling (4.6) and (4.3) we then obtain (4.9).

We will next prove that given δ > 0 and ω^′ > 0 there are ε^′ > 0, L^′ > 0 and γ^′ > 0 so that for all L ≥ L^′, γ ≤ γ^′ and ε ≤ ε^′: μ_{γ,γ}�1_I ( B_{δI} ∩ {‖s^{(ε)} − m_δ ‖_I ≤ δ/4} ) ≥ e^{−βω} 0_γ�1_Ld�1 μ_{γ,γ}�1_I ( B_{δI} ) (4.11)

Since the region I is made of islands I_ℓ, ℓ = 1, .., ℓ^⋆, then after conditioning on δI the measure μ_{γ,γ}�1_I becomes a superposition of products of Gibbs measures over the spaces X_γ�1_{Iℓ} with boundary conditions in G^± and (4.11) follows from Lemma 3.1.

By using the spin flip symmetry we have μ_{γ,γ}�1_I ( B_{δI} ) = μ_{γ,γ}�1_I ( B^+_{δI} ) where B^+_{δI} is obtained from B_{δI} by changing all the minus constraints into plus constraints.

By repeating in reverse the argument that leads from (4.8) to (4.9) we then have μ_{γ,γ}�1_I ( B^+_{δI} ) ≥ e^{−βω} 0_γ�1_Ld�1 μ_{γ,Λ} ( B^+_{δI} ) (4.12)

because now the function m = m_β on Γ is compatible with B^+_{δI} .

Calling C^{(2h )}_ℓ , ℓ = 1, ..., N, the cubes in δI, we then have to estimate

μ_{γ,Λ} (^N⋂ ℓ=1 {η = 1 on C^{(2h)}_ℓ } )

We condition on the set Δ = N⋂ ℓ=2 {η = 1 on C^{(2h)}_ℓ }

and, by (6.3), μ_{γ,Λ\γ}�1_Δ ( {η = 1 on C^{(2h)}_1 } | | σΔ ) ≥ 1 − e^{−cγ} �d ≥ 1 2 for all γ small enough. Then

μ_{γ,Λ} (^N⋂ ℓ=1 {η = 1 on C^{(2h )}_ℓ } ) ≥ 1 2 μ_{γ,Λ} (^N⋂ ℓ=2 {η = 1 on C^{(2h)}_ℓ } )

By iteration we then get

μ_{γ,Λ} (^N⋂ ℓ=1 {η = 1 on C^{(2h )}_ℓ } ) ≥ ( 1 2 )_N

Since N ≤ cL^{d−1}_γ we get for γ small enough

μ_{γ,Λ} (^N⋂ ℓ=1 {η = 1 on C^{(2h )}_ℓ } ) ≥ e^{−βω} 0_γ�1_Ld�1

By choosing 10ω^′ < ω we then obtain (4.1).

5. Upper bound.

In this section we prove that for any u ∈ BV (T ; {±1}) and any ω > 0

lim sup γ→0^+ −F^{′′}_{β,γ} (u) ≤ −τ_β P (u) + ω (5.1)

¿From the analogous of (1.14) for the upper functional and Lemma 6.6 we have

−F^{′′}_{β,γ} (u) = lim_{δ→0+} lim sup_{ε→0+} lim sup_{L→+∞} γ βL^{d−1} log μ_{γ,Λ} ( {‖s^{(ε)} − m_{β,γ} u‖ ≤ δ} ) (5.2)

We split the proof into several steps.

Reduction to rectangles First we want to reduce (5.1) to the computation of the magnetization on “rectangles”.

Let u ∈ BV(T_1, {±1}), we set m = m_{β,γ} u. We report below Theorem D.2 of [2] based on a theorem by Gromart, [14].

Theorem ([2])

For any δ > 0, there is α > 0 and an integer ℓ^⋆ such that the following holds. There are ℓ^⋆ disjoint parallelepipeds R̄_1, . . . , R̄_ℓ⋆ with basis B̄_1, . . . , B̄_ℓ⋆ respectively and equal height 2α such that 1 α ℓ^⋆∑

ℓ=1 ∫ R̄_ℓ dr |χ¯_{Rℓ} (r) − m(r)| ≤ δ, | | | | ℓ^⋆∑

ℓ=1 |B̄_ℓ| − P (u) | | | | ≤ δ (5.3)

where χ¯_{Rℓ} .= m_{β,γ} (1_{R̄}+_ℓ − 1_{R̄}�_ℓ ) with {R̄^+_ℓ , R̄^−_ℓ } the partition of R̄_ℓ defined by B̄_ℓ.

As we will work only in the mesoscopic scale, we introduce R_ℓ, B_ℓ and R^±_ℓ , the images in L_γ T of R̄_ℓ, B̄_ℓ and R̄^±_ℓ respectively. Define now the sets

E^ℓ_δ .= { σ : 1 L^d_γ ∫ R_ℓ dx | |S^{(εL}γ^)(x) − χ_{Rℓ} (x) | | ≤ δ } , E_δ .= ℓ^⋆⋂

ℓ=1 E^ℓ_δ (5.4)

¿From the previous theorem we know that {σ : ‖s^{(ε)} − m‖ ≤ δ} ⊂ E_{2δ} so that we have reduced the proof of (5.1) to

lim sup ε→0^+ lim sup L→+∞ γ βL^{d−1} log μ_{γ,Λ} (E_δ) ≤ −τ_β ℓ^⋆∑

ℓ=1 |B̄_ℓ| + ω (5.5)

for δ and γ small enough.

Reduction to block spins We introduce a piece of extra notation. Given a subset D of L_γ T , we denote by N^+_D , N^−_D , N^0_D, the number of cubes C^{(2h)} in D where η is respectively equal to +1, −1, 0. We also call N_D .= N^+_D + N^−_D + N^0_D, the total number of cubes in D and we denote by S^{(D)} the average magnetization in D

S^{(D)} .= 1 |D| ∫ D dy S(y) (5.6)

Lemma 5.1

Let a > 0, δ > 0 and for any L let Δ_L ⊂ L_γ T with |Δ_L| > (aL_γ)^d. Then for any δ^′ > 0 and γ > 0 small enough, we have the superexponential estimate lim_{L→∞} 1 L^{d−1} log μ_{γ,Λ} ( N^∓_{ΔL} + N^0_{ΔL} > δN_{ΔL} , |S^{(ΔL)} ∓ m_{β,γ} | ≤ δ^′ ) = −∞ (5.7)

Proof.

For simplicity we forget Δ_L in all the subscripts. We first estimate the probability of having more than δN incorrect blocks in Δ_L. Let x_1, . . . , x_N be the centers of the spin blocks included in Δ_L. From Theorem 6.2 we know that there exists c > 0 such that for γ small enough and for any {i_1, . . . , i_n} ⊂ {1, . . . , N}, μ_{γ,Λ} ( η(x_{i1} ) = 0, . . . , η(x_{in} ) = 0 ) ≤ exp(−cγ^{−d}n) (5.8) so that, for any M > 0, μ_{γ,Λ} ( N^0 ≥ M ) ≤ exp(−cγ^{−d}M/2) ( 1 + exp(−cγ^{−d}/2) )_N (5.9)

Taking M = δ^⋆N and noticing that there is a constant a^′ > 0 such that N ≥ (a^′2^{−h}L_γ )^d, we get lim_{L→∞} 1 L^{d−1} log μ_{γ,Λ} ( N^0 > δ^⋆N ) = −∞ (5.10)

If |S − m_{β,γ} | ≤ δ^′, there is a positive constant c such that N^− ≤ cδ^′N. We choose δ^′ such that cδ^′ = δ/2, then the event in (5.7) is contained in the event N^0 > Nδ/2, hence (5.7) follows from (5.10) So the lemma is proved.

Let now M^±_ℓ .= # { C^{(2h )}(x) ⊆ R^±_ℓ , η(x) ≠ ±1 } (5.11)

and consider the sets

F^ℓ_δ .= { σ : M^+_ℓ ≤ δ2^{−hd}L^d_γ , M^−_ℓ ≤ δ2^{−hd}L^d_γ } and F_δ .= ℓ^⋆⋂

ℓ=1 F^ℓ_δ (5.12)

Then a straightforward consequence of the previous lemma is that the upper bound (5.5) will be established if for any δ and γ small enough

lim sup L→∞ γ βL^{d−1} log μ_{γ,Λ}(F_δ) ≤ −τ_β ℓ^⋆∑

ℓ=1 |B̄_ℓ| + ω (5.13)

In order to simplify notation, we consider for a while only one rectangle that we denote by R and write R^±, B and M^±.

Minimal section Call n̂ the normal to B directed toward R^+. Let B^{(κ)} be the shift of B by the vector 2κc(d)n̂, κ a positive integer and c(d) a positive constant depending on the dimension d which will be fixed later. We define H^{(κ)} as the smallest connected set of cubes containing { C^{(2h )} ⊆ R^+ : C^{(2h )} ∩ B^{(κ)} ≠ ∅ } (5.14)

There is a choice of c(d) such that

H^{(κ)} ∩ H^{(κ}

0_) = ∅ ∀ κ ≠ κ^′ Let n_+(κ) be the number of cubes C^{(2h )} in H^{(κ)} where η ≤ 0. We introduce also

n_+ = min { n_+(κ) : κ ∈ N and κ ≤ α2^{−h}L_γ /(2c(d)) } (5.15)

Call κ_+ the location where the minimum is achieved and define the minimal section in R^+ as H^+ .= H^{(κ+)} (5.16)

In the same way we denote by H^− the minimal section in R^− and by n_− the number of cubes C^{(2h )} in H^− where η ≥ 0. Then

Lemma 5.2

There is a positive constant c such that, for any δ > 0 and for any σ ∈ F_δ,

n_+ + n_− ≤ cδ2^{−h(d−1)}L^{d−1}_γ (5.17)

Proof. For any σ ∈ F_δ, 2^{−h}L_γ 2c(d) n_+ ≤ M^+ ≤ δ2^{−hd}L^d_γ (5.18)

¿From the analogous results for the (−) case and the definition of n_±, we get (5.17).

Upper and lower interfaces We call here a + circuit in the rectangle R with basis B any connected set C of cubes in D^{(2h)} where η = 1, such that R \ C has two connected components and each of them contains respectively the upper and lower faces of R parallel to B. A − circuit is defined analogously.

Let F̄^{(ℓ)}_δ be the subset of F^{(ℓ)}_δ which contains a + circuit and a − circuit in R_ℓ. We want to reduce the estimate (5.13) to a computation of the probability of F̄_δ .= ⋂_ℓ⋆ ℓ=1 F̄^{(ℓ)}_δ .

Lemma 5.3

There is a positive constant c_1 such that for any δ > 0 and any γ sufficiently small the following holds μ_{γ,Λ} ( F_δ ) ≤ exp [ c_1γ^{−1}δ log δL^{d−1} ] μ_{γ,Λ} (¯ F_δ ) (5.19)

Proof.

Once again, to simplify notation we take ℓ^⋆ = 1. Let F^+_δ be the set of configurations containing a + circuit which separates the basis B from the top of R^+. First we want to change the configurations σ in F_δ into configurations σ̄ of F^+_δ .

We denote by I the set of “bad” cubes {η ≤ 0} in the minimal section H^+. ¿From Lemma 5.2, there is a positive constant c_2 such that

#I = n_+ ≤ c_2δ2^{−h(d−1)}L^{d−1}_γ (5.20)

We denote by F (κ, I) the set of configurations in F_δ such that the minimal section is H^+ = H^κ and such that the set of “bad” cubes in this minimal section is given by I.

With an abuse of notation, we denote by σ_I any fixed configuration of the spins in the set of cubes I such that η = 1 on I. We map every configuration σ in F (κ, I) to σ̄ by setting σ̄(i) = σ_I (i) for all i ∈ γ^{−1}I and σ̄(i) = σ(i) elsewhere. Then there exists a positive constant c_3 such that we get for any {κ, I} μ_{γ,Λ} (F (κ, I)) ≤ ∑ σ∈F (κ,I) exp [ c_3n_+2^{hd}γ^{−d} ] μ_{γ,Λ}(σ̄) (5.21)

Now remark that for any σ ∈ F (κ, I), σ̄ ∈ F̄^+_δ . Moreover, the map σ_Ic → σ̄ is one to one. So, splitting the sum over σ ∈ F (κ, I) into the sum over σ^′ ∈ F̄^+_δ and the sum over σ ∈ F (κ, I) such that σ̄ = σ^′, we get, using also (5.20), that there is c_4 > 0 such that

μ_{γ,Λ} (F (κ, I)) ≤ exp(δc_42^hγ^{−1}L^{d−1})μ_{γ,Λ} (¯ F^+_δ ) (5.22)

For a given minimal section, the number of sets I is at most

(_{c2}�_{h(d}�_{1)Ld}�_1

c_3δ2^{h(d}�^{1)}L^d�^1 ) . We sum over all the different sets F (κ, I) and we get for some constant c_5 > 0 μ_{γ,Λ} ( F_δ ) ≤ exp(c_5δ log δ2^hγ^{−1}L^{d−1})μ_{γ,Λ} (¯ F^+_δ ) (5.23)

By applying the same procedure in R^− we derive the lemma.

Energy estimates Let σ be a configuration with a + circuit and a − circuit in the rectangle R. Then there is a + circuit C_+ and a − circuit C_− such that there is no other circuit between them and such that all the block spins C^{(2h )} in C_+ ∪ C_− are incorrect. So one can find a contour Γ which contains both C_+ and C_−. Indeed there is a ⋆-connected path of incorrect spin blocks from C_+ to C_− since in the opposite case there should be circuit between C_+ and C_−.

Therefore, from the previous step, we can associate a collection {Γ_1, . . . , Γ_κ} of compatible contours to any configuration in F̄_δ so that in each rectangle R_ℓ there is a contour Γ_i containing a + circuit and a − circuit in R_ℓ.

Then using Lemma 6.5, we know that

μ_{γ,Λ} ( σ ⇒ {Γ_1, . . . , Γ_κ} ) ≤ exp [ −βγ^{−d} (_κ ∑ i=1 inf_{m⇒Γi} F_{Γi} (m) + o(γ, ζ, 2^{−h})|Γ_i| )] (5.24)

Surface tension Lemma 5.4

Let {Γ_1, . . . , Γ_κ} be a collection of compatible contours such that for any rectangle R_ℓ there is a contour Γ_i which contains a + circuit and a − circuit in R_ℓ. Then, for L large enough κ∑ i=1 inf_{m⇒Γi} F_{Γi} (m) ≥ τ_β ℓ^⋆∑

ℓ=1 |B_ℓ| − o(ζ, 2^{−k}) κ∑ i=1 |Γ_i| (5.25)

Proof.

It is enough to consider one of the rectangles, denoted by R with basis B, and to argue with the restriction Γ̄ to R of the contour. We will prove that

inf_{m⇒Γ̄} F¯_Γ(m) ≥ τ_β|B| − o(ζ, 2^{−k})|Γ̄| (5.26)

where B denotes the basis of R.

Any configuration m compatible with Γ̄ takes values close to m_β in a circuit of R and close to −m_β in another circuit. These two circuits make a partition of the rectangle into three regions that we call D_+, D_− and ΔD. We denote by R the set of all magnetizations m which satisfy m = m_β in D_+ ∩ Γ̄^c, m = −m_β in D_− ∩ Γ̄^c and such that m = ±m_β in all the connected subsets of ΔD ∩ Γ̄^c. Since we only have to pay for the interaction between these new conditions and the boundary of Γ̄, we have

inf_{m⇒Γ̄} F¯_Γ(m) ≥ inf_{m∈R} F_R(m) − o(ζ, 2^{−k})|Γ̄| (5.27)

The inf of F_R when m ∈ R is studied in the section 4 of [2]. When proving the lower bound for the Γ-convergence, it is shown that lim_{L→∞} 1 L^{d−1}_γ inf_{m⇒R} F_R(m) ≥ τ_β |B̄| (5.28)

This proves the lemma.

Conclusion Let ε be a positive parameter. Combining estimates (5.23), (5.24), Lemma 5.3 and Lemma 5.4, we get for L large enough

μ_{γ,Λ} ( F_δ ) ≤ exp [ −(1 − ε)βτ_β γ^{−1}L^{d−1} ℓ^⋆∑

i=1 |B̄_i| ] ∑ κ≥1 ∑ Γ_1 ,...,Γ_κ exp [ c_1δ log δL^{d−1}γ^{−1} ]

× exp [ − ( ε − o(ζ, 2^{−k}) − o(γ, ζ, 2^{−h}) ) c_2γ^{−d} κ∑ i=1 |Γ_i| ]

(5.29) where the sum is taken over all the collections {Γ_1, . . . , Γ_κ} which satisfy hypothesis of Lemma 5.4. We take ζ, γ small, k and h large so that ε − o(ζ, 2^{−k}) − o(γ, ζ, 2^{−h}) ≥ ε/2.

Now let A_ℓ be the set of the contours Γ satisfying |Γ| ≥ |B_ℓ|. Then ∑ κ≥1 ∑ Γ_1 ,...,Γ_κ exp [ −εc_2/2γ^{−d} κ∑ i=1 |Γ_i| ] ≤ ℓ^⋆∏

ℓ=1 ( 1 + ∑ Γ∈A_ℓ exp [ −εc_3γ^{−d}|Γ| ] ) (5.30)

for some constant c_3 > 0. Following Theorem 6.3, we count the number of contours which contain a given cube of R_ℓ so that there is a constant c_4 > 0 such that ∑ κ≥1 ∑ Γ_1,...,Γ_κ exp [ −εc_2/2γ^{−d} κ∑ i=1 |Γ_i| ] ≤ ( 1 + L^d exp [ −εc_4γ^{−1}L^{d−1} ])_ℓ^⋆ (5.31)

Combining the estimates (5.29), (5.31) and taking ε small enough, we derive the upper bound (5.5).

Appendix

In this Appendix we first recall some basic theorems on the Kac potentials and then prove some technical lemmas that have been used in the previous sections.

The first result, see for instance [6], is the basic estimate in the theory of Kac potentials ruling the transition to the continuum. Let Δ be a bounded, D^{(2}

�k_)

-measurable region,

k ∈ N. Then there is a function o(γ) that vanishes as γ → 0^+ (o(γ) can be taken of the

order of √ γ) so that the following holds. For any γ > 0 let Λ = {i ∈ Z^d : γi ∈ Δ}, σ_Λc ∈ X_Λc , and let Γ be a D^{(2}

�k_)

-measurable subset of configurations in Δ, then | | log μ_{γ,Λ}(σ ⇒ Γ|σ_{Λc} ) + βγ_{−d} inf m⇒Γ F_Δ(m|S^{(2}

�k_)

Δ^c ) | | ≤ |Λ|o(γ) (6.1)

where for any measurable set Δ and any m ∈ L^∞(Δ; [−1, 1]) and m^′ ∈ L^∞(Δ^c; [−1, 1])

F_Δ(m|m^′) = F_Δ(m) + 1 2 ∫ Δ ∫ Δ^c dx dy J(|x − y|) [ m(x) − m^′(y) ]_2 (6.2)

Peierls estimates : known results We first recall a result proved in [6] in the case of + boundary conditions. Let D be a D^{(2h)}-measurable region and σ_γ�1_Dc a configuration with η = 1 on {x ∈ D^c : d(x, Λ) ≤ 1}. Let Δ be a D^{(2h)}-measurable region in D. Then μ_{γ,γ}�1_D ( {Δ is contained in a contour} | |σ_γ�1_Dc ) ≤ e^{−cγ} �d (6.3) where c is a constant (whose value depends on the choice of the parameters in the definition of the block spins). We will discuss here the extension of the result to periodic boundary conditions. We begin by some notation. Let Γ be an admissible contour then we can give a sign to each connected component of the complement of Γ according to the sign of its boundary. We define the map ϕ_Γ on the subsets of spin configurations compatible with Γ: for such a subset A, its image ϕ_Γ(A) consists in the spin configurations obtained from A by flipping the spins in all the − islands ⋆-connected to Γ.

Theorem 6.1

Let Γ = {Γ_1, . . . , Γ_κ} be an admissible collection of contours in the torus L_γ T . Then for any subset A of spin configurations measurable with respect to the complement of Γ, we have μ_{γ,Λ} ( {σ ⇒ Γ} ∩ A ) ≤ μ_{γ,Λ} ( ϕ_Γ(A) ) exp ( −βγ^{−d} κ∑ i=1 ( inf_{m⇒Γi} F_{Γi} (m) − o(γ, ζ, 2^{−h})|Γ_i| ))

(6.4) where o(γ, ζ, 2^{−h}) = o(γ) + o(2^{−h})ζ^2 and |Γ_i| is the volume of the support of Γ_i.

The assumption that the collection Γ is admissible is used to claim that if σ ⇒ Γ then we can divide the complement of the support of Γ into connected regions Δ_1, . . . , Δ_n so that η is constant and non zero on ∂Δ_i (defined as the boundary of an island). Then the spin flip arguments of [6] in the Peierls estimates can be reproduced.

The Peierls condition can be obtained by an analysis of the functional F (see [6]). For Δ in L_γ T , define B(Δ) as the set of all m ∈ L^∞(L_γ T ; [−1, 1]) such that Δ is incorrect.

Theorem 6.2

There is c > 0 such that inf m∈B(Δ) F_Δ(m) ≥ c|Δ| (6.5)

A well known combinatorial argument (see [6], [11]) enables us to control the cost of large contours,

Theorem 6.3

For any c > 0 there is γ^′ > 0 so that for all γ < γ^′, ∑ Γ∋C,|Γ|≥M exp ( −cγ^{−d}|Γ| ) ≤ exp ( −cγ^{−d}M/2 ) (6.6)

where the sum is taken over all the (⋆-connected) contours of length greater than a constant M and which contain a given cube C.

Technical lemmas The collection of all the contours produced by a spin configuration is admissible so that Theorem 6.1 applies. However, in the applications it often happens to have only a subset of contours, the next lemma deals with the case of all the winding contours.

Lemma 6.4

The collection of all the winding contours in Λ produced by a spin configuration σ is admissible.

Proof.

Let {Γ_1, . . . , Γ_κ} be the set of all the winding contours produced by a configuration σ. Let us suppose that there is a connected set in the complement of Γ_1 ∪ . . . ∪ Γ_κ which is connected to ∂Γ^+_i and ∂Γ^−_j , we call it a path from Γ^+_i to Γ^−_j . This path must cross a non winding contour Γ^⋆, because it is included in the complement of all the winding contours.

Since Γ^⋆ is non winding we can find a connected set of cubes where η is constant which goes around Γ^⋆. Repeating the argument, we get a path where η is constant which connects ∂Γ^+_i and ∂Γ^−_j , which is a contradiction. Lemma 6.4 is proved.

Lemma 6.5

We consider a collection of compatible contours Γ = {Γ_1, . . . , Γ_κ}. For γ sufficiently small we have μ_{γ,Λ} ( σ ⇒ Γ ) ≤ exp [ −γ^{−d}β κ∑ i=1 ( inf_{m⇒Γi} F_{Γi} (m) + o(γ)|Γ_i| )] (6.7)

Proof.

We suppose that Γ_1, . . . , Γ_j are winding contours and Γ_{j+1}, . . . , Γ_κ are not winding contours. First we want to estimate the probability of the non winding contours. Since Γ_κ is non winding, it is admissible, then applying Theorem 6.1, we get μ_{γ,Λ} ( σ ⇒ Γ ) ≤μ_{γ,Λ} ( σ ⇒ {ϕ_{Γκ} (Γ_1), . . . , ϕ_{Γκ} (Γ_{κ−1})} )

× exp [ −γ^{−d}β ( inf_{m⇒Γκ} F_{Γκ} (m) + o(γ)|Γ_κ| )] (6.8)

with an abuse of notation on ϕ_{Γκ} .

As the contours are compatible, ϕ_{Γκ} (Γ_1), . . . , ϕ_{Γκ} (Γ_{κ−1}) are still contours with the same support as Γ_1, . . . , Γ_{κ−1}. Moreover the mapping ϕ_{Γκ} does not modify the value of the functional and we have inf_{m⇒Γ} F_Γ(m) = inf_{m⇒ϕΓκ (Γ)} F_{ϕΓκ (Γ)}(m). ¿From this by iteration we get that

μ_{γ,Λ} ( σ ⇒ Γ ) ≤ μ_{γ,Λ} ( σ ⇒ Γ^′ ) exp −γ^{−d}β κ∑ i=j+1 inf_{m⇒Γi} F_{Γi} (m) + o(γ)|Γ_i| (6.9) where we denote Γ^′ = {Γ^′_1 ∩. . .∩Γ^′_j } the images of the winding contours by all the previous

mappings.

Now using Lemma 6.4, we introduce some other winding contours Γ̃_1, . . . , Γ̃_n such that

Γ^′_1, . . . , Γ^′_j, Γ̃_1, . . . , Γ̃^′_n are admissible:

μ_{γ,Λ} ( σ ⇒ Γ^′ ) ≤ ∑ n≥0 ∑ Γ̃_1,...,Γ̃_n μ_{γ,Λ} ( σ ⇒ {Γ^′_1, . . . , Γ^′_j , Γ̃_1, . . . , Γ̃_n} ) (6.10)

Since Γ̃_1, . . . , Γ̃_j, Γ^′_1, . . . , Γ^′_n are admissible, we can use again Theorem 6.1 and get

μ_{γ,Λ}(σ ⇒ Γ^′) ≤ ∑ n≥0 exp [ −γ^{−d}β j∑ i=1 ( inf_{m⇒Γ}0_i F_Γ0_i (m) + o(γ)|Γ_i| )]

× ∑ Γ̃ exp [ −γ^{−d}c_1 inf_{m⇒Γ̃} F_{Γ̃}(m) ] n (6.11)

where the last sum in the previous inequality is taken over all the winding contours Γ̃ and

c is a constant. ¿From Theorem 6.2 we know that there is c_2 > 0 such that

inf_{m⇒Γ̃} F_{Γ̃}(m) ≥ c_2|Γ̃| (6.12)

So that it remains to get an upper bound for

∑_~ Γ exp ( −γ^{−d}|Γ̃| ) . We note that any winding

contour Γ̃ satisfies |Γ̃| ≥ L_γ . So, using Theorem 6.3, there is a constant c_3 such that, ∑ Γ̃∋C(2^h) exp ( −c_1c_2γ^{−d}|Γ̃| ) ≤ exp(−c_3γ^{1−d}L) (6.13)

where the sum is taken over all the contours Γ̃ which contain the fixed cube C^{(2h )} and

such that |Γ̃| ≥ L_γ . Summing over all the cubes C^{(2h )} and taking L large enough, the

statement will follow.

Lemma 6.6

For any ε > 0, δ > 0 and u ∈ BV (T , {±1}) we have { ‖s^{(ε)}−m_{β,γ} u‖ ≤ δ^2 } ⊂ { ‖η^{(ε)}_δ −u‖ ≤ 2δ } and { ‖η^{(ε)}_δ −u‖ ≤ δ } ⊂ { ‖s^{(ε)}−m_{β,γ} u‖ ≤ 3δ } (6.14)

Proof.

The first inclusion comes from ‖η^{(ε)}_δ − u‖ ≤ 2 ∫ T dr 1_{{|s}(ε)_{(r)−mβ,γ u(r)|≥δ}} (6.15)

and the Tchebychev inequality. The second one follows from

‖s^{(ε)} − m_{β,γ} u‖ ≤ δ + 2 ∫ T dr 1_{{|s}(ε)_{(r)−mβ,γ u(r)|≥δ}} ≤ δ + 2 ∫ T dr 1_{{|η}(ε)_{δ (r)−u(r)|≥δ}} (6.16)

and the lemma is proved.

Acknowledgments. Two of the authors (O.B. and T.B.) acknowledge very kind hospitality at the Dipartimento di Matematica di Roma Tor Vergata.

References

[1] G. Alberti, G. Bellettini, Asymptotic behavior of a non local anisotropic model for phase transition Quaderni del Dipartimento di Matematica Applicata “U. Dini”. Università di Pisa (1996)

[2] G. Alberti, G. Bellettini, M. Cassandro, E. Presutti, Surface tension in Ising system with Kac potentials J. Stat. Phys. 82, no. 3–4, 743–796, (1996)

[3] G. Bellettini, M. Cassandro, E. Presutti, Constrained minima of non local free energy functionals J. Stat. Phys. (to appear)

[4] A. Bovier, M. Zahradnik, The low temperature phase of Kac-Ising models Preprint (1996)

[5] P. Buttà, I. Merola, E. Presutti, On the validity of the van der Waals theory in Ising systems with long range interactions CARR Reports in Math. Phys. 6/96 (1996)

[6] M. Cassandro, E. Presutti, Phase transitions in Ising systems with long but finite range Markov Processes and Related Fields 2, 241–262 (1996)

[7] G. Dal Maso, An Introduction to Γ-Convergence Birkhäuser, Boston (1993)

[8] A. De Masi, E. Orlandi, E. Presutti, L. Triolo, Stability of the interface in a model of phase separation Proceedings Royal Soc. Edinburgh 124A, 1013–1022, (1994)

[9] A. De Masi, E. Orlandi, E. Presutti, L. Triolo, Uniqueness and global stability of the instanton in non local evolution equations Rendiconti di Matematica 14, 693–723, (1994)

[10] R.L. Dobrushin, R. Kotecky, S. Shlosman, Wulff construction: a global shape for non local interaction Providence, Amer. Math. Soc. (1992)

[11] R.L. Dobrushin, S. Shlosman, The problem of translation invariance of Gibbs states at low temperatures In S.P. Novikov (ed) Soviet Scientific Reviews C, Math. Phys., 5, 53–196, Harwood Ac. Publ (1985)

[12] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions CRC Press, London (1992)

[13] E. Giusti, Minimal Surfaces and Functions of Bounded Variation Birkhäuser, Boston (1984)

[14] T.Q. Gromart, Approximation forte dans BV (Ω) Compt. R. Acad. Sci. Paris, 301, 261–264, (1985)

[15] D. Ioffe, Large deviations for the 2D Ising model : a lower bound without cluster expansions J. Stat. Phys., 74, 411–432, (1994)

[16] D. Ioffe, Exact deviation bounds up to T_c for the Ising model in two dimensions Prob.

Theo. Relat. Fields, 102, 313–330, (1995)

[17] J. Lebowitz, O. Penrose, Rigorous treatment of the Van der Waals Maxwell theory of the liquid vapour transition J. Math. Phys., 7, 98–113, (1966)

[18] C.E. Pfister, Large deviations and phase separation in the two dimensional Ising model Helvetica Physica Acta, 64, 953–1054, (1991)

[19] C.E. Pfister, Y. Velenik, Large deviations and phase separation and continuum limit in the 2D Ising model Preprint (1996)