Asymptotic of the Density of States for the Schrödinger Operator with Periodic Electro-Magnetic Potential

Abderemane MOHAMED

CNRS UMR 6629, Dept. Mathématiques, Université de Nantes, 2, rue de la Houssinière, BP 92208 F-44322 NANTES Cedex 3, FRANCE E.M.: mohamed@math.univ-nantes.fr

Abstract For the Schrödinger operator in L^2(R^n), n > 1, with C^∞ periodic electro-magnetic potential, we give an asymptotic formula of the integrate density of states of the form

N(μ) = a_nμ^{n/2} + O(μ^{(n−2+ϵ)/2}), 8 ϵ > 0.

When n = 2, this estimate enables us to prove the finiteness of gaps in the spectrum.

I Introduction

This paper is the continuation of^1 in which a rigorous proof of the Bethe-Sommerfeld conjecture was given for the Schrödinger operator with a periodic electrical potential in the low dimensions.

Here we are interested in the study of the Schrödinger operator with periodic electromagnetic potential, on L^2(R^n), with n ≥ 2, P_{V,A} = n∑ j=1 (D_{xj} − A_j(x))^2 + V (x); (I.1)

D_s = −i∂_s where ∂_s = ∂ ∂s , if s is a real variable.

V (x) and A(x) := (A_1(x), . . . , A_n(x)) are real and C^∞ :

V (x), A_1(x), . . . , A_n(x) ∈ C^∞(R^n; R). (I.2)

Let Γ be a lattice on R^n :

Γ = { n∑ j=1 k_je_j; k = (k_1, . . . , k_n) ∈ Z^n}, (I.3)

where {e_1, . . . , e_n} is a basis of R^n.

We assume that the electrical potential V and the magnetic one A are periodic:

V (x + a) = V (x) and A(x + a) = A(x), ∀a ∈ Γ. (I.4)

It is well known that P_{V,A} is essentially self-adjoint on L^2(R^n), from C^∞_0 (R^n), the space of C^∞ functions with compact support.

For any continuous function of compact support f ∈ C^0_0 (R), the bounded operator on L^2(R^n), f(P_{V,A}) has a C^∞ kernel K_{f(PV,A)}(x, y).

The periodicity of V and A implied that the kernel is also periodic on the diagonal: K_{f(PV,A)}(x + a, x + a) = K_{f(PV,A)}(x, x), ∀a ∈ Γ and x ∈ R^n. (I.5) See^2 and^3 for more general situations.

If φ(x) ∈ C^∞(R^n; R), then the two operators P_{V,A} and P_{V,A+∇φ} are gauge equivalent and then unitarly equivalent. Due to the formula K_{f(PV,A)}(x, x) = K_{f(PV,A+∇φ)}(x, x), ∀f ∈ C^0_0 (R), the spectral results on P_{V,A} we will make out will be gauge-invariant. We need only V and the magnetic field B to be C^∞ and periodic, and the two-form b associted to B on the torus T^n := R^n/Γ to be exact: B(x) = (B_{j,k}(x))_{1≤j,k≤n}, B_{j,k}(x) = ∂_{xj} A_k(x) − ∂_{xk} A_j(x), b := ∑ 1≤j<k≤n B_{j,k}(x)dx_j ∧ dx_k. We may change gauge, so it is easy to see that we can choose A such that ∫ K A(x)dx = 0 and div(A) := n∑ j=1 ∂_{xj} A_j = 0. (I.6)

K denotes the periodic cell: K = { n∑ j=1 t_je_j ; t_j ∈ [0, 1]}. (I.7)

A such periodic magnetic potential is unique and is given by A(x) = ∑ γ∈Γ^⋆ A_γe^{ixγ} with A_0 = (0, . . . , 0) and A_γ = i |γ|^2 B_γ γ if γ ≠ 0, (I.8)

if B(x) = ∑ γ∈Γ^⋆ e^{ixγ} B_γ and Γ^⋆ denotes the dual lattice:

Γ^⋆ := {γ ∈ R^n; γa ∈ 2πZ, ∀a ∈ Γ} = { n∑ j=1 k_je^⋆_j ; k_j ∈ Z}, (I.9)

(e^⋆_j )_{1≤j≤n} is the dual basis of (e_j)_{1≤j≤n} in (I.3): e_je^⋆_k = 2πδ_{jk}.

An important measure associated to P_{V,A} and which is gauge-invariant is the density of states of P_{V,A}. It is the Borel measure ρ_{V,A} defined from (I.5) and (I.7) by ρ_{V,A}(f) := ∫ R^{f(τ)dρV,A(τ) = |K|−1} ∫ K K_{f(PV,A)}(x, x)dx, ∀f ∈ C^0_0 (R). (I.10) As P_{V,A} is an elliptic and bounded below differential operator, for every caracteristic function f = χ_I of bounded above interval I, the kernel K_{χI (PV,A} (x, y) is also C^∞, so ρ_{V,A}(χ_I ) in (I.10) is well defined. The integrated density of state is the real function N(μ; P_{V,A}) = ∫ μ −∞ dρ_{V,A}(τ) = ρ_{V,A}(χ_{]−∞,μ[}). (I.11)

This increasing function is defined also by ∫ R^{f(τ)dρV,A(τ) = −} ∫ R^{∂τ f(τ)N(τ; PV,A)dτ, ∀f ∈ C∞0 (R), (I.12)} and N(τ; P_{V,A}) = 0, ∀τ ∈] − ∞, − ‖ V ‖_L∞_(Rn_) [. (I.13)

In the case without magnetic field, it is well known by the Floquet theory, see^4, that the spectrum of P_{V,0}, σ(P_{V,0}), is purely absolutely continuous. It is formed by bands seperated possibly by open intervals called gaps. In^1 it was proved that

N(μ; P_{V,0}) = a_nμ^{n2} + a_{n−2}μ^{n−22} + O(1 + μ^{(n−3+ϵ)/2}); (I.14)

with a_n = (2π)^{−n}|S^{n−1}|/n, and a_{n−2} = −^{nan}_2 |K|^{−1} ∫ K V (x)dx. The estimate (I.14) enables their authors to give an alternative proof of the Bethe- Sommerfeld conjecture, the finiteness of gaps in the spectrum of P_{V,0}, for the low dimensions, 2 ≤ n ≤ 4. The Floquet theory works also for P_{V,A}, (the magnetic potential A is periodic). If K^⋆ is the basic periodic cell of the dual lattice Γ^⋆, then P_{V,A} is unitarly equivalent to ∫ ⊕ K^⋆ P^θ_{V,A} dθ | K^⋆ | ; P^θ_{V,A} is the self-adjoint operator on L^2(T^n) defined by

P^θ_{V,A} := n∑ j=1 (D_{xj} − θ_j − A_j(x))^2 + V (x), ∀θ ∈ K^⋆. So the spectrum of P_{V,A}, σ(P_{V,A}), is formed by bands b_j = {λ_j(θ); θ ∈ K^⋆}, seperated possibly by gaps, we denoted (λ_j(θ))_j the increasing sequence of eigenvalues of the operator P^θ_{V,A}.

Following the proof of^5 reproduced in^4, on the absolutely continuity of the spectrum of P_{V,0}, it is easy to see that that the singular spectrum of P_{V,A}, σ_s(P_{V,A}), is reduced to the closure of its point spectrum σ_p(P_{V,A}) and that σ_p(P_{V,A}) ⊂ σ(P^θ_{V,A}), ∀θ ∈ K^⋆. So, if σ_s(P_{V,A}) is not empty, then it is discrete and +∞ is its only accumulation point.

In^6, it was proved the σ(P_{V,A}) is still absolutely continuous provided the ‖ A ‖_L∞_(Rn_) is small enough. The proof of^7 which shows that there is no eigenvalue with finite multiplicity for P_{V,0} is still valid for P_{V,A}.

Let us recall some useful formulas coming from the Floquet theory: N(μ; P_{V,A}) = |K^⋆|^{−1} ∫ K^⋆ ( ∑ λ_j (θ)<μ 1)dθ, (I.15)

and more generally ∫ f(τ)dρ_{V,A}(τ) = |K^⋆|^{−1} ∫ K^⋆ ∑ j f(λ_j(θ))dθ, ∀f ∈ C^0_0 (R). In this paper we generalize the estimate (I.14) in the following way.

Theorem I.1 : Under the assumptions on V and A (I.2) and (I.4), if n ≥ 2, then for any fixed ϵ > 0, we have the following asymptotic expansion as μ → +∞,

N(μ; P_{V,A}) = a_nμ^{n2} + O(μ^{(n−2+ϵ)/2}); (I.16)

with a_n = (2π)^{−n}|S^{n−1}|/n.

Using (I.15) to get an asymtotic formula for N(μ; P_{V,A}), the modern techniques of^{10} to study the counting function of the eigenvalues of elliptic differential operator would give

N(μ; P_V ) = a_nμ^{n2} + ∘(μ^{n−12} ),

when they are applied to the P^θ_{V,A}.

The remainder estimate (I.16) is sharp, if we compare it to the well known one above. When V takes its minimum only on Γ and when the associated hessian is non degenerated then, if B(0) = 0, using semi-classical analysis, (see for exemple^8), it is easy to see that there exists η_N > 0 such that the N first bands of the spectrum of P_λ2_{V,λA} are localised in the intervals I_k =] − η_N + λa_k, λa_k + η_N [, for k = 1, . . . , N. (a_k), is the increasing sequence of eigenvalues of an harmonic oscillator with constant magnetic field. So, for large λ > 0, there are many gaps in the spectrum of P_λ2_{V,λA}.

The same is true for P_{V,λA} if the only zero of B(x) are Γ and if they are zero of some order m, one can take I_k =] − η_N + λ^{2/(m+2)}a_k, λ^{2/(m+2)}a_k + η_N [, see^9. (a_k), is the sequence of eigenvalues of a Schrödinger operator with polynomial magnetic field.

The crutial question is to know if the gaps in the spectrum are finite or no. As in the case without magnetic field in^1, the estimate (I.16) enables us to give an answer for this question for some dimension n. Here we can just say that the equivalent of Bethe-Sommerfeld conjecture is true when n = 2 : the gaps in the spectrum of P_{V,A} are finite if n = 2. (see Corollary (II.2)).

Remind that the condition zero flux for the magnetic field, (i.e. the two-form b is exact), is necessary for the finiteness of the gaps; for n = 2 and for a constant magnetic field B_0, A(x) = (b_0x_2, −b_0x_1) with b_0 ≠ 0, the gaps in the spectrum of P_{ϵV,A} are infinite if ϵ > 0 is small enough.

Our method is the same as in^1. For λ_0 > 0 such that

P_{V,A} + λ_0 > 0, (I.17)

we have to construct the half-wave operator e^{itQ},

Q := [P_{V,A} + λ_0]^{12} , (I.18)

as a Fourier integral operator. For small |t| the calculus is well known, (see^{11} or^{10}). For large |t|, we need just to control the symbol of the pseudo-differential operator, (p.d.o.), e^{itQ}e^{−itQ0} ,

Q_0 := [P_{0,0} + λ_0]^{12} = (−Δ + λ_0)^{12} . (I.19)

For an operator which is a periodic p.d.o. one, it was proved in^1 that its symbol can be estimated in term of L^2(T^n) norm of the related Floquet operator. Here, as Q − Q_0 is a p.d.o. of order zero, (instead of order −1 for the case without magnetic field), the estimates of the derivatives of the symbol of e^{itQ}e^{−itQ0} are less fine for large |t|.

If w_{V,A}(t, x, ξ) is the symbol of e^{itQ}e^{−itQ0} , w_{V,A}(x, D_x) = e^{itQ}e^{−itQ0} , and if r_{V,A}(t, ξ) = ∫ K(w_{V,A}(t, x, ξ) − 1)dx, then, when V is normalized, it was proved in^1 that, for any α ∈ N^n, < ξ >^{1+2|α|} [< t > (< ξ > + < t >)]^{−|α|}∂^α_ξ r_{V,0}(t, ξ) ∈ L^∞(R × R^n), (< z >= (|z|^2 + 1)^{1/2} if z ∈ R^m). Here with a magnetic potential, we have only < ξ >^{|α|}< t >^{−2|α|} ∂^α_ξ r_{V,A}(t, ξ) ∈ L^∞(R × R^n). This explains the roughness of the estimate (I.16) compared to the one (I.14).

Later on, we will assume the assumptions of Theorem (I.1), the magnetic potential A will satisfy (I.6) and we will normalize V (x) by ∫ K V (x)dx = 0. (I.20) If E is a Hilbert space, L(E) will denote the space of bounded linear operator of E. For any periodic, (Γ-periodic), function g on R^n, (g_γ) will be its Fourier coefficients: g(x) = ∑ γ∈Γ^⋆ g_γe^{ixγ}, if g ∈ L^2_{loc}(R^n) and g(x + a) = g(x), ∀a ∈ Γ. (I.21)

For any operator T ∈ L(R^n), K_T (x, y) will be its Schwartz kernel: < T f|g >:= ∫ R^{n T f(x)g(x)dx =} ∫ R^n×R^{n KT (x, y)f(y)g(x)dydx, ∀f, g ∈ L2(Rn). (I.22)} For any integer m and any f ∈ L^2(R^m), f̂ will denote the Fourier transform of f, f̂(ξ) = ∫ R^{m e−ixξf(x)dx, (I.23)} and for any x ∈ R^m, < x >= (|x|^2 + 1)^12 .

II The main result for the Fourier coefficients of the number of Floquet eigenvalues

Let λ_0 > 0 be fixed such that (P_{V,A} + λ_0)^{−1} exists, for exemple we take λ_0 = 1+ ‖ V ‖_L∞_(Rn_) . (II.1) We define the operators Q and Q_0 by (I.18) and (I.19) .

For a periodic operator L ∈ L(L^2(R^n)), LT_a = T_aL, ∀a ∈ Γ, with T_a(f)(x) = f(x + a), ∀f ∈ L^2(R^n), such that L has a smooth kernel K_L(x, y), we denote the average trace of L by ~Tr(L), ~T r(L) := 1 |K| ∫ K K_L(x, x)dx. (II.2) Then we get ~T rf(Q) = ρ_{V,A}(F ), ∀f ∈ C^∞_0 (R), (II.3) with F (τ) = f((τ + λ_0)^12 ), if τ ∈ [−λ_0 + Inf{σ(P_{V,A})}, +∞[, the value of F (τ), when τ < −λ_0 +Inf{σ(P_{V,A})}, does not matter. (ρ_{V,A} is defined in (I.10)).

Let b ∈ Γ and L a periodic operator with continuous kernel, then the function x → K_L(x + b, x), is periodic. We define its average ~Tr_b(L) := ~Tr(T_bL) = |K|^{−1} ∫ K K_L(x + b, x)dx. (II.4) Then we define the complex measure ϱ^b_{V,A}, ϱ^b_{V,A}(f) = ∫ R^{f(τ)dϱbV,A(τ) := ~Trb(f(PV,A)), ∀f ∈ C0(R). (II.5)}

Remark that ϱ_{V,A} = ϱ^0_{V,A}.

The Floquet theory gives ϱ^b_{V,A}(f) = − ∫ R^{∂τ f(τ)Nb(τ, PV,A)dτ, ∀f ∈ C∞0 (R), (II.6)} with N_b(τ, P_{V,A}) defined as in (I.15) by N_b(τ, P_{V,A}) := |K^⋆|^{−1} ∫ K^⋆ e^{ibθ}( ∑ λ_j (θ)<τ 1)dθ. (II.7)

We get a similar formula to (II.3) ~Tr_b(f(Q)) = ϱ^b_{V,A}(F), ∀f ∈ C^∞_0 (R), (II.8) (F is related to f as in (II.3)).

The formulas (II.6) and (II.7) show that ϱ^b_{V,A} is a Borel measure and |ϱ^b_{V,A}(f)| ≤ ϱ_{V,A}(|f|), ∀f ∈ C^∞_0 (R). (II.9) The main result of this chapter is the following theorem.

Theorem II.1 Assume the assumptions of Theorem (I.1), (I.20) and n = 2.

Then there exists b ∈ Γ, b ≠ 0, and η_b > 0, depending only on b, such that |N_b(μ; P_{V,A})| + |N_{2b}(μ; P_{V,A})| ≥ η_bμ^{n−14} , ∀μ > 1 (II.10) We define now N^+(μ; P_{V,A}) = sup_θ { ∑ λ_j (θ)<μ 1} and N^−(μ; P_{V,A}) = inf_θ { ∑ λ_j (θ)<μ 1}. (II.11)

Following an idea of Dahlberg and Trubowitz^{12}, as in^1, we get the following Corollary from (I.1) and (II.1).

Corollary II.2 If n = 2, then there exists a non negative constant η_0 > 0 such that N^+(μ; P_{V,A}) − N^−(μ; P_{V,A}) ≥ η_0μ^{(n−1)/4}, ∀μ > 1. (II.12) So there exists Λ > 0, such that [Λ, +∞[⊂ σ(P_{V,A}). (II.13)

The inclusion (II.13) proves a Bethe-Sommerfeld conjecture for P_{V,A}, the finiteness of gaps in the spectrum of P_{V,A}, when n = 2.

One can find the history of the proof of the original Bethe-Sommerfeld conjecture for P_{V,0} in^1.

The theorems (I.1) and (II.1) will be proved in section 6.

Remark II.3 The estimate (II.10) is always satisfied for any non zero b, if the magnetic field is small enough, i.e. when n = 2, there exits ϵ_0 > 0 such that, if 0 < ϵ < ϵ_0, then |N_b(μ; P_{V,ϵA})| + |N_{2b}(μ; P_{V,ϵA})| ≥ η_bμ^{n−14} , ∀μ > 1 (II.14) η_b is as in (II.10) and can be chosen independent of ϵ.

III Periodic pseudo-differential calculus

We adopt the notations of^1. Let d > 0 be an integer and g_z a Riemannian diagonal metric on R^d, g_z = d∑ j=1 q^2_j (z)dz^2_j , (with q_j(z) > 0). (III.1) For a non negative continuous function, M(z) ∈ C(R^d; R_+), and for a regular function p(z), we write as in^{10} p(z) ∈ S(M(z); g_z) iff ∀α ∈ N^d, ∃C_α > 0, s.t. |∂^α_z p(z)| ≤ C_αM(z) d∏ j=1 q^{αj}_j (z). (III.2)

We will denote by g^0_z the usual Euclidian metric on R^d :

g^0_z = d∑ j=1 dz^2_j . (III.3)

S(R^d) will denote the Schwartz space of C^∞ fast-decreasing functions and S^′ (R^d) its dual space. For any real m, H^m(R^d) will denote the usual Sobolev space of order m on R^d.

We consider on R^{2n} the metric g_{x,ξ} = g^0_x+ < ξ >^{−2} g^0_ξ , ∀(x, ξ) ∈ R^{2n}. (III.4) A symbol p(x, ξ) ∈ S(< ξ >^m; g_{x,ξ}) is said periodic iff p(x + a, ξ) = p(x, ξ), ∀a ∈ Γ, (III.5) in this case, we will write p(x, ξ) = ∑ γ∈Γ^⋆ e^{ixγ}p_γ (ξ). Then, for any (j, α) ∈ N × N^n, ∃ C_{j,α} > 0 s.t. |∂^α_ξ p_γ(ξ)| ≤ C_{j,α} < γ >^{−j}< ξ >^{m−|α|} ∀(γ, ξ) ∈ Γ^⋆ × R^n. (III.6) For a periodic symbol p(x, ξ) ∈ S(< ξ >^m; g_{x,ξ}), and for any fixed θ ∈ R^n, the p.d.o. p(x, θ + D), defined by the symbol p(x, θ + ξ), leads to an operator p^θ(x, D) : C^∞(T^n) −→ (C^∞(T^n))^′ , p^θ(x, D)v(x) = p(x, θ + D)~v(x), (~v(x) is the extension of v(x) on R^n by Γ-periodicity), and, if v(x) = ∑ γ∈Γ^⋆ vγe ixγ ∈ C^∞(T^n), p^θ(x, D)v(x) = ∑ γ∈Γ^⋆ p(x, θ + γ)v_γe^{ixγ} = ∑ γ∈Γ^⋆ e^{ixγ} ∑ ϱ∈Γ^⋆ v_ϱp_{γ−ϱ}(θ + ϱ). (III.7)

p^θ(x, D) operates continuously on the Sobolev spaces in the following way, p^θ(x, D) : H^s(T^n) −→ H^{s−m}(T^n), ∀s ∈ R. If q(x, ξ) is an other periodic symbol, q(x, ξ) = ∑ γ∈Γ^⋆ q_γ (ξ)e^{ixγ} ∈ S(< ξ >^l; g^δ_{x,ξ}), then s(x, D) = p(x, D)q(x, D) ⇐⇒ s^θ(x, D) = p^θ(x, D)q^θ(x, D), ∀θ ∈ K^⋆, (III.8) and obviously, in this case s(x, ξ) is a periodic symbol s(x, ξ) = ∑ γ∈Γ^⋆ s_γ (ξ)e^{ixγ}, s_γ (ξ) = ∑ ϱ∈Γ^⋆ p_{γ−ϱ}(ξ + ϱ)q_ϱ(ξ). (III.9)

We mention that s ∈ S(< ξ >^{m+l}; g_{x,ξ}), and for any integer N, s(x, ξ) − ∑ |α|<N 1 i^{|α|}α! ∂^α_ξ p(x, ξ)∂^α_x q(x, ξ) ∈ S(< ξ >^{m+l−N} g_{x,ξ}). (III.10) Let us recall the Floquet theory for p.d.o.. Let T be an operator defined on L^2(R^n), which is a periodic p.d.o. of order m, T u(x) = σ(x, D)u(x), ∀u ∈ D(T ), (III.11) with σ(x, ξ) = ∑ γ∈Γ^⋆ σ_γ(ξ)e^{ixγ} ∈ S(< ξ >^m; g_{x,ξ}). If m > 0, we assume T elliptic, i.e. there exists a(x, ξ) ∈ S(< ξ >^{−m}; g_{x,ξ}), such that a(x, D)σ(x, D) − I_d ∈ OpS(< ξ >^{−1}; g_{x,ξ}). (III.12) Then T = ∫ ⊕ K^⋆ T^θ dθ | K^⋆ | , with T^θ := σ^θ(x, D). (III.13) More over, if m ≤ 0, then ∑ γ∈Γ^⋆ |σ_γ(ξ)|^2 ≤‖ σ(x, D) ‖^2_{L(L}2_(Rn_{))} . (III.14)

This estimate comes from (III.13) and ∑ γ∈Γ^⋆ σ_{γ−ρ}(ξ)e^{ixγ} = σ^θ(x, D)(e_ρ), with e_ρ(x) := e^{ixρ}, if ρ ∈ Γ^⋆ and ξ − ρ = θ ∈ K^⋆; (see^1 for more details).

IV The half wave unitary group

Let us assume the hypotheses of Theorem (I.1) with electro-magnetic potentials V and A such that (I.6) and (I.20) are satisfied. If Q is the operator defined by (I.17) and (I.18) , then by^{13} and^{14}, (see also^{15}), Q is an p.d.o.: Q ∈ OpS(< ξ >; g_{x,ξ}), Qu(x) = q(x, D)u(x), ∀u ∈ S(R^n). (IV.1) It is obvious from (I.4) that Q is a periodic p.d.o., q(x, ξ) = ∑ γ∈Γ^⋆ q_γ (ξ)e^{ixγ} ∈ S(< ξ >; g_{x,ξ}). (IV.2) The Seeley calculus^{13}, (see also^{10}), shows that q(x, ξ) − (|ξ − A(x)|^2 + λ_0)^{1/2} − 1 2 V (x)(|ξ − A(x)|^2 + λ_0)^{−1/2} (IV.3) + 1 2i (|ξ − A(x)|^2 + λ_0)^{−3/2}ξ∂_x(ξA(x)) ∈ S(< ξ >^{−2}; g_{x,ξ}). So, if σ^0(ξ) = (|ξ|^2 + λ_0)^{12} , (Q_0 = σ^0(D)), (IV.4) then q(x, ξ) ∼ σ^0(ξ) + ∑ j≥0 q_{−j}(x, ξ), in the sense that q_{−j}(x, ξ) ∈ S(< ξ >^{−j}; g_{xξ}), ∀j ≥ 0, and for any N > 0, q(x, ξ) − σ^0(ξ) − N−1∑ j=0 q_{−j}(x, ξ) ∈ S(< ξ >^{−N} ; g_{x,ξ}); (IV.5) ¿From (IV.3) and (IV.4), we may take q_0(x, ξ) = − ξA(x) σ^0(ξ)

(IV.6) and q_{−1}(x, ξ) = |A(x)|^2 2σ^0(ξ) − (ξA(x))^2 2(σ^0(ξ))^3 + V (x) 2σ^0(ξ) − ξ∂_x(ξA(x)) 2i(σ^0(ξ))^{−3}

. (IV.7) The main point we will need is that (I.6) and (I.20) imply that ∫ K q_0(x, ξ)dx = 0 and ∫ K q_{−1}(x, ξ)dx = ∫ K ( |A(x)|^2 2σ^0(ξ) − (ξA(x))^2 2(σ^0(ξ))^3

)dx. (IV.8)

Theorem IV.1 Assume the assumptions of Theorem (II.1) .

Let c(x, D) be a given periodic p.d.o.: c(x, ξ) = ∑ γ∈Γ^⋆ c_γ(ξ)e^{ixγ} ∈ S(< ξ >^{−m}; g_{x,ξ}), with m ≥ 0. (IV.9) Then for any real fixed t_0, W_c(t_0) := e^{it0Q}c(x, D)e^{−it0Q0} ∈ OpS(< ξ >^{−m}; g_{x,ξ}), (IV.10) and it is a periodic p.d.o.. More precisely there exists a symbol w_c(t, x, ξ) ∈ C^∞(R × R^{2n}), w_c(t, x + a, ξ) = w_c(t, x, ξ), ∀a ∈ Γ, such that W_c(t) = w_c(t, x, D_x), ∀t ∈ R. (IV.11) More over, if w_c(t, x, ξ) = ∑ γ∈Γ^⋆ w_{c,γ}(t, ξ)e^{ixγ}, (IV.12) then for any (j, k, α) ∈ N × N × N^n, there exists a contant C_{j,k,α} such that ( ∑ γ∈Γ^⋆ |γ|^{2j}|∂^k_t ∂^α_ξ w_{c,γ}(t, ξ)|^2)^{1/2} ≤ C_{j,k,α} < t >^{j+2|α|}< ξ >^{−m−|α|}, (IV.13) ∀(t, ξ) ∈ R × R^n, . So

w_c(t, x, ξ) ∈ S(< t >^{[ n2 ]+1}< ξ >^{−m}; dt^2+ < t >^2 g^0_x + < t >^4 < ξ >^2 g^0_ξ ). (IV.14) (For a real x, [x] is the integer part of x, [x] ≤ x < [x] + 1 and [x] ∈ Z.) Proof It is well known that W_c(t) is p.d.o. and as Q and Q_0 are periodic, W_c(t) is also periodic. We have just to prove (IV.13) and as in^1, we will follow the proof of (IV.14) using the theorem of characterization of p.d.o. of Beals^{14}, (see also^{15}).

For operators L, M and T, ad_L(T ) = [L; T ] = LT − T L and ad_{L,M} (T ) = LT − T M. (IV.15) Let k ∈ N be given and let W^{(k)}_c (t) = ∂^k_t W_c(t) = i^ke^{itQ}ad^k_{Q,Q0} (c(x, D))e^{−itQ0} . (IV.16) As ad^k_{Q,Q0}(c(x, D)) ∈ OpS(< ξ >^{−m}; g_{x,ξ}), there exists a constant C_k > 0 such that ‖ W^{(k)}_c (t) ‖_{L(L}2_(Rn_{))}≤ C_k, ∀t ∈ R, (IV.17) and more precisely, for any real s, there exists a constant C_{k,s} > 0 such that ‖ W^{(k)}_c (t) ‖_{L(H}s_(Rn_{);H}m+s_(Rn_{))}≤ C_{k,s}, ∀t ∈ R. (IV.18) The estimate (IV.17) is obvious and so is this one ‖ Q^{m+s}W^{(k)}_c (t)Q^{−s}_0 ‖_{L(L}2_(Rn_{))}=‖ i^ke^{itQ}Q^{m+s}ad^k_{Q,Q0}(c(x, D))e^{−itQ0} ‖_{L(L}2_(Rn_{))}≤ C_{k,s}, which is equivalent to (IV.18), (C_{k,s} is as in (IV.18)).

Let L be an operator, then ∂_t(ad_L(W^{(k)}_c (t)) = iad_{Q,Q0} (ad_L(W^{(k)}_c (t)) + i[ad_L(Q)W^{(k)}_c (t) − W^{(k)}_c (t)ad_L(Q_0)]. (IV.19) This differential equation, in the t variable, satisfied by ad_L(W^{(k)}_c (t) implies ad_L(W^{(k)}_c (t)) = e^{itQ}ad_L(W^{(k)}_c (0))e^{−itQ0} + (IV.20) ie^{itQ}{ ∫ t 0 e^{−iτQ}[ad_L(Q)W^{(k)}_c (τ) − W^{(k)}_c (τ)ad_L(Q_0)]e^{iτQ0} dτ}e^{−itQ0} . Now if T (t) is an operator depending smoothly on t ∈ R, then ad_L(e^{itQ}T (t)e^{−itQ0} ) = e^{itQ}ad_L(T (0))e^{−itQ0} + (IV.21) ie^{itQ}( ∫ t 0 [e^{−iτQ}(ad_L(Q − Q_0) + ad_L(Q_0))e^{iτQ}T (τ) − T (τ)ad_L(Q_0)]dτ)e^{−itQ0} +e^{itQ}( ∫ t 0 [e^{−iτQ}ad_L(e^{iτQ}∂_tT (τ)e^{−iτQ0} )e^{iτQ0} dτ)e^{−itQ0} . We recall that (IV.4) and (IV.5) imply ad_{Dxj} (Q_0) = 0 and ad_{Dxj} (Q − Q_0) ∈ OpS(1; g_{x,ξ}). We need a technical lemma.

Lemma IV.2 Let j > 0 be an integer and for l = 0, 1 . . . , j let a_l(x, D) be periodic p.d.o., a_l(x, ξ) ∈ S(< ξ >^{−ml} ; g_{x,ξ}), with m_l ≥ 0. If S(t) = ∫ t 0 e^{−iτj Q}a_j(x, D)e^{iτj Q} ∫ τ_j 0 e^{−iτj−1Q}a_{j−1}(x, D)e^{iτj−1Q} . . . (IV.22) . . . ∫ τ_2 0 e^{−iτ1Q}a_1(x, D)e^{iτ1Q}a_0(x, D)dτ_1 . . . dτ_j, then there exist an integer M(j), depending only on j, M(j) × (j + 1) periodic p.d.o. b_{d,l}(x, D), l = 0, 1 . . . j, 1 ≤ d ≤ M(j), b_{d,l}(x, ξ) ∈ S(< ξ >^{−pl} ; g_{x,ξ}), (p_l ≥ 0), and M(j) × (j + 2) periodic p.d.o. b^′_{d,l}(x, D), l = 0, 1 . . . j + 1, 1 ≤ d ≤ M(j), b^′_{d,l}(x, ξ) ∈ S(< ξ >^{−p′l} ; g_{x,ξ}), (p^′_l ≥ 0), such that, if A = D_{xk} , then e^{−itQ}ad_A(e^{itQ}S(t)e^{−itQ0} )e^{itQ0} = (IV.23) M(j)∑ d=1 ∫ t 0 e^{−iτj Q}b_{d,j}(x, D)e^{iτj Q} ∫ τ_j 0 e^{−iτj−1Q}b_{d,j−1}(x, D)e^{iτj−1Q} . . . . . . ∫ τ_2 0 e^{−iτ1Q}b_{d,1}(x, D)e^{iτ1Q}b_{d,0}(x, D)dτ_1 . . . dτ_j + M(j)∑ d=1 ∫ t 0 e^{−iτj+1Q}b^′_{d,j+1}(x, D)e^{iτj+1Q} ∫ τ_{j+1} 0 e^{−iτj Q}b^′_{d,j}(x, D)e^{iτj Q} . . . . . . ∫ τ_2 0 e^{−iτ1Q}b^′_{d,1}(x, D)e^{iτ1Q}b^′_{d,0}(x, D)dτ_1 . . . dτ_{j+1}.

Proof of Lemma (IV.2) We do it by induction. For j = 1, (IV.23) comes from (IV.21) and (IV.22). If the lemma is valid for any j, j < N, and if j = N, then e^{itQ}∂_tS(t)e^{−itQ0} = a_N (x, D)e^{itQ}S_{N−1}(t)e^{−itQ0} with S_{N−1}(t) satisfying (IV.22) with j = N − 1. We write that ad_A(e^{itQ}∂_tS(t)e^{−itQ0} ) = (IV.24) ad_A(a_N (x, D))e^{itQ}S_{N−1}(t)e^{−itQ0} + a_N (x, D)ad_A(e^{itQ}S_{N−1}(t)e^{−itQ0} ). Then applying (IV.23) to ad_A(e^{itQ}S_{N−1}(t)e^{−itQ0} ) and taking into account (IV.21) and (IV.24), we found that ad_A(e^{itQ}S(t)e^{−itQ0} ) satifies also (IV.23). The Lemma is proved.

Now if L and T (t) are as in (IV.21) and if ad_{adL(Q0)}(Q_0) = 0, then we have also the formula e^{−itQ}ad_L(e^{itQ}T (t)e^{−itQ0} )e^{itQ0} = ad_L(T (0)) + itad_{adL(Q0)}(T (0)) (IV.25) + ∫ t 0 [ie^{−iτQ}ad_L(Q − Q_0)e^{iτQ}T (τ) + e^{−iτQ}ad_L(e^{iτQ}∂_tT (τ)e^{−iτQ0} )e^{iτQ0} ]dτ + ∫ t 0 ∫ ρ 0 e^{−iτQ}[i^2ad_{adL(Q0)}(Q − Q_0)e^{iτQ}T (τ) + iad_{adL(Q0)}(e^{iτQ}∂_tT (τ)e^{−iτQ0} )e^{iτQ0} ]dτdρ. We need an other technical lemma as (IV.2).

Lemma IV.3 Let j > 0 be an integer and for l = 0, 1 . . . , j let a_l(x, D) be periodic p.d.o., a_l(x, ξ) ∈ S(< ξ >^{−ml} ; g_{x,ξ}), with m_l ≥ 0. If S(t) = ∫ t 0 e^{−iτj Q}a_j(x, D)e^{iτj Q} ∫ τ_j 0 e^{−iτj−1Q}a_{j−1}(x, D)e^{iτj−1Q} . . . (IV.26) . . . ∫ τ_2 0 e^{−iτ1Q}a_1(x, D)e^{iτ1Q}a_0(x, D)dτ_1 . . . dτ_j, then there exist an integer M(j), depending only on j, M(j) × (j + 1) periodic p.d.o. b_{d,l}(x, D), l = 0, 1 . . . j, 1 ≤ d ≤ M(j), b_{d,l}(x, ξ) ∈ S(< ξ >^{−pl} ; g_{x,ξ}), (p_l ≥ 0), M(j) × (j + 2) periodic p.d.o. b^′_{d,l}(x, D), l = 0, 1 . . . j + 1, 1 ≤ d ≤ M(j), b^′_{d,l}(x, ξ) ∈ S(< ξ >^{−p′l} ; g_{x,ξ}), (p^′_l ≥ 0), and M(j) × (j + 3) periodic p.d.o. b^”_{d,l}(x, D), l = 0, 1 . . . j + 2, 1 ≤ d ≤ M(j), b^”_{d,l}(x, ξ) ∈ S(< ξ >^{−p”l} ; g_{x,ξ}), (p^”_l ≥ 0), such that e^{−itQ}ad_A(e^{itQ}S(t)e^{−itQ0} )e^{itQ0} = M(j)∑ d=1 ∫ t 0 e^{−iτj Q}b_{d,j}(x, D)e^{iτj Q} ∫ τ_j 0 e^{−iτj−1Q}b_{d,j−1}(x, D)e^{iτj−1Q} . . . (IV.27)

. . . ∫ τ_2 0 e^{−iτ1Q}b_{d,1}(x, D)e^{iτ1Q}b_{d,0}(x, D)dτ_1 . . . dτ_j + M(j)∑ d=1 ∫ t 0 e^{−iτj+1Q}b^′_{d,j+1}(x, D)e^{iτj+1Q} ∫ τ_{j+1} 0 e^{−iτj Q}b^′_{d,j}(x, D)e^{iτj Q} . . . . . . ∫ τ_2 0 e^{−iτ1Q}b^′_{d,1}(x, D)e^{iτ1Q}b^′_{d,0}(x, D)dτ_1 . . . dτ_{j+1} + M(j)∑ d=1 ∫ t 0 e^{−iτj+1Q}b^”_{d,j+2}(x, D)e^{iτj+2Q} ∫ τ_{j+2} 0 e^{−iτj+1Q}b^”_{d,j+1}(x, D)e^{iτj+1Q} . . . . . . ∫ τ_2 0 e^{−iτ1Q}b^”_{d,1}(x, D)e^{iτ1Q}b^”_{d,0}(x, D)dτ_1 . . . dτ_{j+2}, for A = x_k or A = s_0(D) with s(ξ) ∈ S(1; < ξ >^{−2} g^0_ξ ).

We have the following properties 1 + j∑ l=0 m_l ≤ j∑ l=0 p_l, 1 + j∑ l=0 m_l ≤ j+1∑ l=0 p^′_l and 1 + j∑ l=0 m_l ≤ j+2∑ l=0 p^”_l , (IV.28) and for l = 0, . . . , j + 2, p^”_l (x, ξ) = 0, if A = s_0(D) ∈ OpS(1; < ξ >^{−2} g^0_ξ ). (IV.29) Proof of Lemma (IV.3) We do it also by induction. For j = 1, (IV.27) and (IV.28) come from (IV.25) and (IV.26). We use (IV.21), (instead of (IV.25)), to get (IV.29).

If the lemma is valid for any j, j < N, and if j = N, then, when A = s_0(D) ∈ OpS(1; < ξ >^{−2} g^0_ξ ), we do as for Lemma (IV.2). We get e^{itQ}∂_tS(t)e^{−itQ0} = a_N (x, D)e^{itQ}S_{N−1}(t)e^{−itQ0} with S_{N−1}(t) satisfying (IV.26) with j = N − 1. So ad_A(e^{itQ}∂_tS(t)e^{−itQ0} ) = (IV.30) ad_A(a_N (x, D))e^{itQ}S_{N−1}(t)e^{−itQ0} + a_N (x, D)ad_A(e^{itQ}S_{N−1}(t)e^{−itQ0} ). Then from (IV.21), (IV.26) with j = N, and from (IV.30), when we apply the hypothesis of the recurrence to S_{N−1}(t), we get (IV.27) and (IV.28) with b^”_{d,l}(x, D) = 0.

If A = x_k, then we write that ad_{adA(Q0)}(e^{itQ}∂_tS(t)e^{−itQ0} ) = (IV.31) ad_{adA(Q0)}(a_N (x, D))e^{itQ}S_{N−1}(t)e^{−itQ0} + a_N (x, D)ad_{adA(Q0)}(e^{itQ}S_{N−1}(t)e^{−itQ0} ). As ad_A(Q_0) = s_{A,0}(D) ∈ OpS(1; < ξ >^{−2} g^0_ξ ), then from (IV.25), (instead of (IV.21)), from (IV.26) with j = N, and from (IV.31), when we apply the hypothesis of the recurrence to S_{N−1}(t), we get (IV.27) and (IV.28). The Lemma (IV.3) is proved.

Continuation of the proof of Theorem (IV.1)

Let L_1, . . . Ł_j be j operators such that for every k ∈ {1, . . . , j}, L_k = x_{l(k)} or L_k = D_{xl(k)} for some l(k) ∈ {1, . . . , n}. Using Lemma (IV.3) when A = x_p, and Lemma (IV.2) when A = D_{xp} , we get ad_{Lj} ∘ . . . ∘ ad_{L1} (W^{(k)}_c (t)) = e^{itQ}{ad_{Lj} ∘ . . . ∘ ad_{L1} (W^{(k)}_c (0)) + (IV.32) M(j)∑ d=1 j+N(j) ∑ l=1 ∫ t 0 e^{−iτlQ}a_{d,j,l,l}(x, D)e^{iτlQ} ∫ τ_l 0 e^{−iτl1 Q}a_{d,j,l,l−1}(x, D)e^{iτl−1Q} . . . . . . ∫ τ_2 0 e^{−iτ1Q}a_{d,j,l,1}(x, D)e^{iτ1Q}a_{d,j,l,0}(x, D)dτ_1 . . . dτ_l}e^{−itQ0} , and a_{d,j,l,p}(x, ξ) ∈ S(< ξ >^{−mj,l,p} ; g_{x,ξ}), with m_{j,l,p} ≥ 0, (IV.33) and, if N(j) is the number of L_l such that L_l = x_{d(l)}, then l∑ p=0 m_{j,l,p} ≥ m_j := m + N(j). (IV.34)

So, for any real s, there exists C_{j,s} > 0 such that, ∀t ∈ R,

‖ ad_{Lj} ∘ . . . ∘ ad_{L1} (W^{(k)}_c (t)) ‖_{L(Hs(}R_{n);H}m_j +N(j)+s_(R_{n))}≤ C_{j,s} < t >^{j+N(j)} . (IV.35) The Beals characterization theorem proves that, for any fixed t_0 ∈ R, W^{(k)}_c (t_0) ∈ OpS(< ξ >^{−m}; g_{x,ξ}). We get that the periodic symbol, (in x), w_{c,t}(x, ξ) = w_c(t, x, ξ) of W_c(t), is regular in (t, x, ξ). The estimate (IV.13) comes from (III.14) and (IV.35). We recall that (IV.14) comes from (IV.13) and the continuous injection H^{[ n2 ]+1}(T^n) → C^0(T^n).

The Theorem (IV.1) is proved •

We let W (t) := e^{itQ}e^{−itQ0} = w(t, x, D_x). (IV.36) We know from Theorem (IV.1) that W (t) is a periodic p.d.o.: w(t, x, ξ) = ∑ γ∈Γ^⋆ w_γ (t, ξ)e^{ixγ}, (IV.37) and w(t, x, ξ) ∈ S(< t >^{[ n2 ]+1}; g^0_t + < t >^2 g^0_x + < t >^4 < ξ >^2 g^0_ξ ). (IV.38) From the definition of w_0(t, ξ) in (IV.37) and from the estimate (IV.13) we get w_0(t, ξ) ∈ S(1; g^0_t + < t >^4 < ξ >^2 g^0_ξ ). (IV.39) We recall the Taylor expansion of W (t).

Theorem IV.4 The symbol w(t, x, ξ) of W (t) has the asymptotic expansion w(t, x, ξ) ∼ ∑ j≥0 t^j j! w^{(j)}(x, ξ), (IV.40)

with w^{(j)}(x, ξ) = ∂^j_t w(t, x, ξ)_{|t=0}, w^{(j)}(x, D) = i^jad^j_{Q,Q0} (I_d). (IV.41)

The asymptotic expansion has the following meaning.

For any N ∈ N and for any regular function with compact support on R, φ(t) ∈ C^∞_0 (R), t^{−N−1}φ(t)[w(t, x, ξ) − N∑ j=0 t^j j! w^{(j)}(x, ξ)] ∈ S(1; g^0_t + g_{x,ξ}). (IV.42)

The proof comes from Theorem (IV.1) and the well known equality

W (t) = N∑ j=0 (it)^j j! ad^j_{Q,Q0}(I_d) + ie^{itQ}{ ∫ t 0 e^{−iτQ} (iτ)^N N! ad^N_{Q,Q0}(I_d)e^{iτQ0} dτ}e^{−iτQ0} .

We have also an asymptotic expansion of w(t, x, ξ) in the classical meaning of p.d.o. as in^1. Instead of the case without magnetic field, here we have a real phase.

Let q_0(x, ξ) be the symbol defined in (IV.6) and satifying (IV.5). We write its Fourier expansion q_0(x, ξ) = ∑ γ∈Γ^⋆ ξ σ^0(ξ)

A_γ e^{ixγ}, (IV.43)

and for every N > 0, there exists C_N > 0, such that

< γ >^N |A_γ | ≤ C_N , ∀γ ∈ Γ^⋆. (IV.44)

Let ψ(t, x, ξ) be the real phase satisfying ∂_tψ(t, x, ξ) = ξ σ^0(ξ)

∂_xψ(t, x, ξ) + q_0(x, ξ) and ψ(0, x, ξ) = 0. (IV.45)

Then ψ(t, x, ξ) ∈ S(< t >; g^0_t + g^0_x+ < t >^2< ξ >^{−2} g^0_ξ ), (IV.46) ψ(t, x + a, ξ) = ψ(t, x, ξ), ∀a ∈ Γ, and we shall see below that ψ(t, x, ξ) = t ∑ γ∈Γ^⋆ ξ σ^0(ξ) A_γ ζ(it ξ σ^0(ξ) γ)e^{ixγ} (IV.47)

with the function on C, ζ(z) = (e^z − 1)/z.

Theorem IV.5 The symbol w(t, x, ξ) of W (t) has the asymptotic expansion w(t, x, ξ) ∼ e^{iψ(t,x,ξ)} ∑ j≥0 p_{−j}(t, x, ξ), (IV.48) with p_0(t, x, ξ) = 1, p_{−j}(0, x, ξ) = 0, and for j ≥ 1, p_{−j}(t, x, ξ) ∈ S(< t >^{3j}< ξ >^{−j}; g^0_t + g^0_x+ < t >^2< ξ >^{−2} g^0_ξ ), (IV.49) p_{−j}(t, x + a, ξ) = p_{−j}(t, x, ξ), ∀a ∈ Γ. The asymptotic expansion has the following meaning. For any φ(t) ∈ C^∞_0 (R), and for any N ∈ N, φ(t)[w(t, x, ξ) − e^{iψ(t,x,ξ)} N∑ j=0 p_{−j}(t, x, ξ)] ∈ S(< ξ >^{−N−1}; g^0_t + g_{x,ξ}). (IV.50)

Proof We recall that W (t) is the solution of ∂_tW (t) = i[QW (t) − W (t)Q_0]. We know that for any function φ(t) as in (IV.50), φ(t)w(t, x, ξ) ∈ S(1; g^0_t + g_{x,ξ}). So, for any positive integer N, φ(t){i∂_tw(t, x, ξ) + [q(x, ξ) − σ^0(ξ)]w(t, x, ξ)+ (IV.51) ∑ 1≤|α|≤N (−i)^{|α|} α! ∂^α_ξ q(x, ξ)∂^α_x w(t, x, ξ)]} ∈ S(< ξ >^{−N−1}; g^0_t + g_{x,ξ}). Looking for w(t, x, ξ) satifying (IV.48) with (IV.49), the relations (IV.5) and (IV.51) lead to the phase equation (IV.45) and the transport equations, for j > 0, ∂_tp_{−j}(t, x, ξ) − ξ σ^0(ξ) ∂_xp_{−j}(t, x, ξ) = i j∑ k=1 q_{−k}(x, ξ)p_{−j+k}(t, x, ξ) (IV.52)

+ie^{−iψ(t,x,ξ)} ∑ 2≤|α|≤j+1 (−i)^{|α|} α! j−|α|∑ k=−1 ∂^α_ξ q_{−k}(x, ξ)∂^α_x [e^{iψ(t,x,ξ)}p_{−j+k+|α|}(t, x, ξ)], with q_1(x, ξ) = σ^0(ξ). Lemma IV.6 If c(t, x, ξ) = ∑ γ∈Γ^⋆ cγ(t, ξ)e ixγ is a periodic symbol, c(t, x, ξ) ∈ S(< t >^l< ξ >^m; g^0_t + g^0_x+ < t >^2< ξ >^{−2} g^0_ξ ) (IV.53) c(t, x + a, ξ) = c(t, x, ξ), ∀a ∈ Γ. Then there exists a symbol a(t, x, ξ) solution of the equation ∂_ta(t, x, ξ) − ξ σ^0(ξ) ∂_xa(t, x, ξ) = c(t, x, ξ) and a(0, x, ξ) = 0, (IV.54) which is periodic a(t, x + a, ξ) = a(t, x, ξ), ∀a ∈ Γ, a(t, x, ξ) = ∑ γ∈Γ^⋆ a_γ (t, ξ)e^{ixγ}, and a(t, x, ξ) ∈ S(< t >^{l+1}< ξ >^m; g^0_t + g^0_x+ < t >^2< ξ >^{−2} g^0_ξ ) (IV.55) i.e. ∀N, k ∈ N and ∀α ∈ N^n, ∃ C_{N,α} > 0 such that |∂^k_t ∂^α_ξ a_γ(t, ξ)| ≤ C_{N,k,α} < γ >^{−N} < t >^{l+1+|α|}< ξ >^{m−|α|}, (IV.56) Proof of the lemma The assumption (IV.53) means that, for all N, k ∈ N and α ∈ N^n, there exists C_{N,α} > 0 such that |∂^k_t ∂^α_ξ c_γ(t, ξ)| ≤ C_{N,k,α} < γ >^{−N} < t >^{l+|α|}< ξ >^{m−|α|} . (IV.57) Equation (IV.54) is equivalent to ∂_ta_γ(t, ξ) − i ξγ σ^0(ξ) a_γ (t, ξ) = c_γ (t, ξ), and a_γ (0, ξ) = 0, ∀γ ∈ Γ^⋆. (IV.58) So, for all γ ∈ Γ^⋆, a_γ (t, ξ) = e^{it ξγσ0(ξ)} ∫ t 0 e^{−iτ ξγσ0(ξ)} c_γ (τ, ξ)dτ. (IV.59) The estimate (IV.56) comes from (IV.57) and (IV.59).

In fact we have a global formula for the symbol a(t, x, ξ) a(t, x, ξ) = ∫ 1_2 (t−κ(x,ξ)) − 12 (t+κ(x,ξ)) ~c(t, x, ξ, τ)dτ, (IV.60) if κ(x, ξ) =^{σ0(ξ)}_{|ξ|2} xξ, then ~c(t, x, ξ, τ) := c( 1 2 (t + κ(x, ξ)) + τ, [ 1 2 (t + κ(x, ξ)) − τ] ξ σ^0(ξ) + [x − xξ ξ |ξ|^2 ], ξ). We get (IV.47) from (IV.45) and (IV.59).

Now Theorem (IV.5) follows from (IV.45), (IV.46), (IV.51), (IV.52) and the Lemma (IV.6).

V The asymptotic of the density of state

As in the case of without magnetic field, we have a good functional calculus . Theorem V.1 Let f(τ) be a regular real function on R such that f(τ) ∈ S(< τ >^m; < τ >^{−2} g^0_τ ). (V.1)

Then the operator f(Q) is a periodic p.d.o.. There exists a periodic symbol σ_{f(Q)}(x, ξ) = ∑ γ∈Γ^⋆ σ_{f(Q),γ} (ξ)e^{ixγ}, (V.2) such that σ_{f(Q)}(x, ξ) ∈ S(< ξ >^m; g_{x,ξ}), (V.3) and f(Q) = σ_{f(Q)}(x, D). More over, σ_{f(Q)}(x, ξ) has an asymptotic expansion of the form σ_{f(Q)}(x, ξ) ∼ ∑ j≥0 σ_{f(Q),m−j} (x, ξ), (V.4) with σ_{f(Q),m−j} (x, ξ) ∈ S(< ξ >^{m−j}; g_{x,ξ}) (V.5) and for every postive integer N, σ_{f(Q)}(x, ξ) − N∑ j=0 σ_{f(Q),m−j}(x, ξ) ∈ S(< ξ >^{m−N−1}; g_{x,ξ}). (V.6) Proof Here we reproduce briefly the proof of^1 in the case without magnetic field.

We may assume m < −1, even taking g(τ) :=< τ >^{−2[|m|]−2} f(τ) instead of f, ( f(Q) = (Q^2 + 1)^{[|m|]+1}g(Q)).

In this case f(τ) ∈ H^s(R^n), ∀s ∈ R, and we can write f(Q) = (2π)^{−1} ∫ R^{f̂(t)eitQdt = σf(Q)(x, D),} σ_{f(Q)}(x, ξ) = (2π)^{−1} ∫ R^{f̂(t)w(t, x, ξ)eitσ} 0(ξ)dt. (V.7)

Let N be a fixed positive integer. We choose an other integer M larger then N : M < N +n. Then by Taylor formula, (see Theorem (IV.4)), we may write w(t, x, ξ) = M∑ j=0 t^j j! w^{(j)}(x, ξ) + t^{M+1}r_{M+1}(w)(t, x, ξ), (V.8)

so, if for any positive integer j, f^{(j)}(τ) = ∂^j_τ f(τ), then, (with σ^0(ξ) defined in (IV.4)), σ_{f(Q)}(x, ξ) = M∑ j=0 (−i)^j j! f^{(j)}(σ^0(ξ))w^{(j)}(x, ξ)+ (V.9)

(2π)^{−1} ∫ R^{f̂(t)tM+1rM+1(w)(t, x, ξ)eitσ} 0(ξ)dt. As there exists some constant η_0 > 0 such that σ^0(ξ) > η_0 < ξ >, integrating by parts, we get ∫ R^{f̂(t)tM+1rM+1(w)(t, x, ξ)eitσ} 0(ξ)dt = (V.10) ∫ R^{(σ0(ξ))−M−1eitσ} 0(ξ)(−i∂ t)^{M+1}{f̂(t)t^{M+1}r_{M+1}(w)(t, x, ξ)}dt.

(V.1) with m < −1 shows that for any three integers j, k and l, 0 ≤ k ≤ l,

< t >^j ∂^k_t (f̂(t)t^l) ∈ L^2(R). (V.11)

Recalling that w^{(j)}(x, D) = i^jad^j_{Q,Q0}(I_d) and r_{M+1} =^i_{tM+1} e^{itQ}{ ∫ t 0 e^{−iτQ (iτ)N}_{M!} ad^M_{Q,Q0}(I_d)e^{iτQ0} dτ}e^{−iτQ0} , then Theorem (V.1) comes from Theorem (IV.1), (V.1), and (V.8)–(V.11) • We are able to explicit (V.4) in the following way.

Remark V.2 In the asymptotic expansion (V.4), we can take

σ_{f(Q),m}(x, ξ) = f(σ^0(ξ)), (V.12) σ_{f(Q),m−1}(x, ξ) − [−i(q(x, ξ) − σ^0(ξ)) × f^′ (σ^0(ξ))] ∈ S(< ξ >^{m−2}; g_{x,ξ}), so by (IV.5) and (IV.6), we may assume σ_{f(Q),m−1}(x, ξ) = i ξA(x) σ^0(ξ)

× f^′ (σ^0(ξ)). (V.13)

Notice also that ~Tr(f(Q)) is well defined whenever f(τ) ∈ S(< τ >^{−m}; < τ >^{−2} g^0_τ ), with m > n. ( ~Tr(A) is defined by (II.2)).

Theorem V.3 Let f(τ) ∈ C^∞_0 (R) and let λ >> 1 be a large non negative real number.

Then, as λ → +∞, ~Tr(f(Q − λI_d)) has the following asymptotic expansion

~Tr(f(Q − λI_d)) ∼ ∑ j≥0 ∫ +∞ 0 a_{n−1−j}(r)f((r^2 + λ_0)^{1/2} − λ)dr, (V.14)

with a_{n−1}(r) = (2π)^{−n}|S_n|r^{n−1}, a_{n−2}(r) = 0, (V.15) and a_{n−3}(r) = r^{n−1} 2|K| × {∂_r + n − 1 r }{ ∫ K×S^{n−1 [} r(ωA(x))^2 r^2 + λ_0 − |A(x)|^2 r ]dxdΩ(ω)}, (S^{n−1} is the unit sphere and dΩ(ω) its usual measure ), and more generally a_k(r) ∈ S(< r >^k; < r >^{−2} g^0_r ). (V.16) The asymptotic expansion is to be understood in the following way: for any integer N > n, there exists a constant C_N > 0, depending only on N, (and not on λ nor on f(τ)), such that

| ~Trf((Q − λI_d)) − N−1∑ j=0 ∫ +∞ 0 a_{n−1−j}(r)f((r^2 + λ_0)^{1/2} − λ)dr| (V.17)

≤ C_N λ^{n−N} {‖ t^N f̂(t) ‖_L1_(R_) + N∑ j=0 ‖ ∂^j_t f̂(t) ‖_L1_(R_)}.

Proof The proof is the same as in the one in^1 for case without magnetic field. Let us sketch it. Let χ(τ) be a cut off function satifying χ(τ) ∈ C^∞_0 (R), χ(τ) = χ(−τ), 0 ≤ χ(τ) ≤ 1, (V.18) χ(τ) = 1, if |τ| < 1 2 , and χ(τ) = 0, if |τ| > 1. We denote by χ_λ the function χ_λ(τ) = χ(2λ^{−1}(τ − λ)). (V.19) Let w_0(t, ξ) be the symbol defined by (IV.37) w_0(t, ξ) = |K|^{−1} ∫ K w(t, x, ξ)dx. By (II.2) and (V.7), ~Tr(f(Q − λI_d)(I_d − χ_λ(Q_0))) = (V.20) (2π)^{−n−1} ∫ R×R^{n eit(σ} 0(ξ)−λ)f̂(t)w 0(t, ξ)(1 − χ_λ(σ^0(ξ)))dtdξ. As |σ^0(ξ) − λ| > λ/4 on the support of 1 − χ_λ(σ^0(ξ)), we may integrate by parts in t and then, for any integer M, ~Tr(f(Q − λI_d)(I_d − χ_λ(Q_0))) = i^M (2π)^{−n−1} ∫ R×R^{n eit(σ} 0(ξ)−λ)(σ0(ξ) − λ)−M (1 − χ λ(σ^0(ξ)))∂^M_t [f̂(t)w_0(t, ξ)]dtdξ. So taking into a count (IV.39) and (IV.4), if M > n, we get the estimate | ~Tr(f(Q − λI_d)(I_d − χ_λ(Q_0)))| ≤ λ^{n−M}C_M M∑ j=0 ‖ ∂^j_tf̂(t) ‖_L1_(R_) (V.21)

with C_M depending only on M, (and not on f).

Now writing that

~Tr(f(Q − λI_d)χ_λ(Q_0)) = (2π)^{−n−1} ∫ R×R^{n f̂(t)w0(t, ξ)χλ(σ0(ξ))eit(σ} 0(ξ)−λ)dtdξ, we integrate by parts in |ξ|, using t^je^{it(σ0(ξ)} = (−i)^j{σ^0(ξ) ξ |ξ|^2 ∂_ξ}^je^{it(σ0(ξ)}. In the vicinity of infinity in t, we found that for any integer M, ∫ R×R^{n (1 − χ(t))f̂(t)w0(t, ξ)χλ(σ0(ξ))eit(σ} 0(ξ)−λ)dtdξ =

i^M ∫ R×R^{n (1 − χ(t))t−M f̂(t)eit(σ} 0(ξ)−λ){∂ ξ ξ |ξ|^2 σ^0(ξ)}^M {w_0(t, ξ)χ_λ(σ^0(ξ))}dtdξ. Using (IV.39), we found that there exists a contant C_M , as in (V.21), such that |(2π)^{−n−1} ∫ R×R^{n (1 − χ(t))f̂(t)w0(t, ξ)χλ(σ0(ξ))eit(σ} 0(ξ)−λ)dtdξ| ≤

C_M ( ∫ 3λ/2 λ/2 r^{n−1−M} dr) × ∫ R^{|t|M (1 − χ(t))|f̂(t)|dt.} So there exists a C_M as in (V.21), such that |(2π)^{−n−1} ∫ R×R^{n (1 − χ(t))f̂(t)w0(t, ξ)χλ(σ0(ξ))eit(σ} 0(ξ)−λ)dtdξ| ≤ (V.22)

λ^{n−M} C_M ∫ R^{|t|M (1 − χ(t))|f̂(t)|dt.} Now we use the Taylor formula, (cf. Theorem (IV.4)), and we integrate by parts as above, then by (IV.42), for any integer M, there exists a C_M as in (V.21), such that | ∫ R×R^{n χ(t)f̂(t)w0(t, ξ)χλ(σ0(ξ))eit(σ} 0(ξ)−λ)dtdξ− (V.23)

M−1∑ j=0 i^j j! ∫ R×R^{n χ(t)f̂(t)eit(σ} 0(ξ)−λ){∂ ξ ξ |ξ|^2 σ^0(ξ)}^j{w^{(j)}_0 (ξ)χ_λ(σ^0(ξ))}dtdξ| ≤ λ^{n−M} C_M ∫ R^{χ(t)|f̂(t)|dt;} (w^{(j)}_0 (ξ) := ∂^j_t w_0(t, ξ)_{|t=0} =^1_{|K|} ∫ K w^{(j)}(x, ξ)dx). But for any integers j, 0 ≤ j < M, | ∫ R×R^{n (1 − χ(t))f̂(t)eit(σ} 0(ξ)−λ){(∂ ξ ξ |ξ|^2 σ^0(ξ)}^j{w^{(j)}_0 (ξ)χ_λ(σ^0(ξ))}dtdξ| =

|i^{M−j} ∫ R×R^{n (1 − χ(t))f̂(t)t−(M−j)eit(σ} 0(ξ)−λ){(∂ ξ ξ |ξ|^2 σ^0(ξ)}^M {w^{(j)}_0 (ξ)χ_λ(σ^0(ξ))}dtdξ| ≤ λ^{n−M} C_M ∫ R^{(1 − χ(t))|t|−M+j|f̂(t)|dt, (V.24)} and as for (V.21), (with C_M is as in (V.21)), | M−1∑ j=0 i^j j! ∫ R×R^{n χ(t)f̂(t)eit(σ} 0(ξ)−λ){∂ ξ ξ |ξ|^2 σ^0(ξ)}^j{w^{(j)}_0 (ξ)χ_λ(σ^0(ξ))}dtdξ− (V.25) M−1∑ j=0 i^j j! ∫ R×R^{n χ(t)f̂(t)eit(σ} 0(ξ)−λ)(1 − χ(|ξ|)){∂ ξ ξ |ξ|^2 σ^0(ξ)}^j{w^{(j)}_0 (ξ)}dtdξ|

≤ λ^{n−M} C_M M∑ j=0 ‖ ∂^j_t f̂(t) ‖_L1_(R_) .

Then theorem (V.3) follows from (V.21) - (V.25). The properties (V.15) come from (IV.4) - (IV.8) and (IV.41).

Theorem V.4 Let ~N(λ; Q) be the integrate state density of Q :

~N(λ; Q) = ~Tr(χ_{]−∞,λ[}(Q)). (V.26)

Then, for any δ ∈]0, 1[,

~N(λ; Q) = ~N(λ; Q_0) + O(λ^{n−1−δ}), as λ → +∞. (V.27)

(If I is an interval, χ_I (τ) denotes the characteristic function of I.) Remind that ~N(λ; Q_0) = (2π)^{−n} ∫ σ0(ξ)<λ dξ = (2π)^{−n} |S_n| n λ^n + O(λ^{n−2}). (V.28) Proof of the Theorem Let δ ∈]0, 1[ be fixed. With χ(τ) as (V.18), define the function f_{λ,δ}(τ) = χ(λ^δτ). (V.29) As δ < 1, the estimate (V.17), with N ≥^{1+δ}_{1−δ} , shows that when λ → +∞ ~Tr(f_{λ,δ}(Q − λI_d)) = O(λ^{n−1−δ}). (V.30) Define the function φ_{λ,δ}(τ) by

φ_{λ,δ}(τ) = 1, if 0 < τ < λ, χ(λ^δ(τ − λ)), if τ > λ χ(τ), if τ < 0. (V.31)

Then φ_{λ,δ}(τ) ∈ C^∞_0 (R) and its fourier-transform is φ̂_{λ,δ}(t) = −it^{−1}χ̂_{1−} (t) − it^{−1}χ̂_{1+} (λ^{−δ}t)e^{−itλ}, (V.32) with χ_{1±} (τ) = ∂_τ χ(τ), if ±τ ≥ 0, so, by (V.18), χ_{1±} (τ) ∈ C^∞_0 (R).

According to the proof of (V.21), for any integer M, we have ∫ R×R^{n eit(σ} 0(ξ)−λ)(1 − χ(t))t−1χ̂ 1+ (λ^{−δ}t)(1 − χ_λ(σ^0(ξ)))w_0(t, ξ)dtdξ = i^M ∫ R×R^{n eit(σ} 0(ξ)−λ)(σ0(ξ) − λ)−M (1 − χ λ(σ^0(ξ)))× ∂^M_t {(1 − χ(t))t^{−1}χ̂_{1+} (λ^{−δ}t)w_0(t, ξ)}dtdξ. So, if M > n, taking into a count (IV.39) and (IV.4), then as λ → +∞, ∫ R×R^{n eit(σ} 0(ξ)−λ)(1 − χ(t))t−1χ̂ 1+ (λ^{−δ}t)(1 − χ_λ(σ^0(ξ)))w_0(t, ξ)dtdξ = O(1), (V.33) Integrating by parts in |ξ|, we get as for (V.22) that, ∫ R×R^{n eit(σ} 0(ξ)−λ)(1 − χ(t))t−1χ̂ 1+ (λ^{−δ}t)χ_λ(σ^0(ξ))w_0(t, ξ)dtdξ = i^M ∫ R×R^{n eit(σ} 0(ξ)−λ)(1 − χ(t))t−1−M χ̂ 1+ (λ^{−δ}t){∂_ξ ξ |ξ|^2 σ^0(ξ)}^M {χ_λ(σ^0(ξ))w_0(t, ξ)}dtdξ. So using (IV.39), we found that, for any M > 0, there exists a constant C_M , depending only on M, such that | ∫ R×R^{n eit(σ} 0(ξ)−λ)(1 − χ(t))t−1χ̂ 1+ (λ^{−δ}t)χ_λ(σ^0(ξ))w_0(t, ξ)dtdξ| (V.34) ≤ λ^{n−M} C_M ∫ R^{|t|M−1|χ̂1+ (λ−δt)|dt}

≤ λ^{n−M(1−δ)}C_M ∫ R^{|t|M−1|χ̂1+ (t)|dt.} Now, from (V.32) - (V.34), we obtain that for any δ < 1, as λ → +∞, ∫ R×R^{n (1 − χ(t))φ̂λ,δ(t)w0(t, ξ)eit(σ} 0(ξ)−λ)dtdξ = O(1). (V.35) Following the proof of the Theorem (V.3) and the one of (V.35), we get easily that, there exists a constant C_δ, depending only on δ, such that | ~Tr(φ_{λ,δ}(Q)) − n∑ j=0 ∫ +∞ 0 a_{n−1−j}(r)φ_{λ,δ}((r^2 + λ_0)^{1/2})dr|

≤ C_δ[1 + ∫ R^{|φ̂λ,δ(t)|dt].} So by (V.32), as λ → +∞,

~Tr(φ_{λ,δ}(Q)) = n∑ j=0 ∫ +∞ 0 a_{n−1−j}(r)φ_{λ,δ}((r^2 + λ_0)^{1/2})dr + O(λ). (V.36)

The definitions (V.31) of φ_{λ,δ}(τ), (V.26) of ~N(λ, Q) and (V.29) of f_{λ,δ}(τ) lead to | ~N(λ, Q) − ~Tr(φ_{λ,δ}(Q))| ≤ ~Tr(f_{λ,δ}(Q)), (V.37) we use that the density of state of Q, is a positive measure.

The Theorem (V.4) follows from (V.30), (V.36), (V.37), (V.15) and (V.16) •

VI Proof of Theorem (1.1) and Theorem (2.1)

Proof of Theorem (1.1)

Taking into account (I.17)–(I.19) and (V.28), one can see easily that Theorem (I.1) follows from Theorem (V.4). As a matter of fact, if we take λ = (μ + λ_0)^{1/2}, with μ >> 1, we get that N(μ; P_{V,A}) = ~N(λ; Q) and ~N(λ; Q_0) = a_nμ^{n/2}, with the a_n of Theorem (I.1).

Proof of Theorem(2.1)

We need the Proposition bellow.

Proposition VI.1 Assume the assumptions of Theorem (I.1), (I.6) and (I.20).

If b ∈ Γ and b ≠ 0, then for every δ ∈ [0, 1[, there exists a constant C_{b,δ}, depending only on b and δ, such that | ~N_b(μ; P_{V,A}) − μ^{n−1}4 |b|^{n+1}2 × 2 (2π)^{n+1}2 |K| sin(μ^{12} − n − 1 2 π) ∫ K e^{−iϕb(x)}dx| (VI.1) ≤ C_{b,δ}(1 + μ^{n−34} + μ^{n−1−δ2} ).

ϕ_b(x) is the regular, periodic and real function defined by ϕ_b(x) = ∑ γ∈[b]^⊥ bA_γ e^{ixγ}, (VI.2)

where [b]^⊥ ⊂ Γ^⋆ is the Bragg hyper-plane sub-lattice orthogonal to b, [b]^⊥ = {γ ∈ Γ^⋆; γb = 0}, and the A_γ are the Fourier coefficients of A(x) : A(x) = ∑ γ∈Γ^⋆ A_γ e^{ixγ}.

The Theorem (II.1) follows from Proprosition (VI.1) as we will see below. Noting (I.3), we choose b = n∑ j=1 k_je_j, with 1 < k_1 < . . . < k_n, (VI.3)

the k_j are chosen to be prime integers. Then by (I.9), γ ∈ [b]^⊥, γ ≠ 0 =⇒ γ = n∑ j=1 l_je^⋆_j with n∑ j=1 |l_j| > k_1. (VI.4)

As A_0 = 0 by (I.6), noting (VI.2) and (IV.44) we can found a constant N_0 > 0 such that, if in (VI.3) k_1 > N_0, then |ϕ_b(x)| + |ϕ_{2b}(x)| ≤ π 4 . (VI.5) For a such b, if^{n−1}_4 ∉ N, (which is always the case if n = 2), (VI.2) and (VI.5) show that (II.10) is satisfied.

Remark (II.3) follows in the same way: multiplying A by ϵ leads to multiply ϕ_b(x) by ϵ. Proof of Proposition(VI.1)

The formulas (II.4) and (II.5) show that, for any f ∈ C^∞_0 (R), ϱ^b_{V,A}(f) = (2π)^{−n}|K|^{−1} ∫ K×R^{n eibξσf (x, ξ)dxdξ = ~Trb(f(PV,A)), (VI.6)} where σ_f (x, ξ) is the symbol of f(P_{V,A}) : σ_f (x, D) = f(P_{V,A}).

If μ >> 1, and λ = (μ + λ_0)^{1/2}, then by (II.7) N_b(μ; P_{V,A}) = ϱ^b_{V,A}(χ_{]−∞,μ[}(P_{V,A})) = ~Tr_b(χ_{]−∞,λ[}(Q)). (VI.7) Now if δ ∈]0, 1[ and if φ_{λ,δ}(τ) is the function defined by (V.31), then, using (II.9), we get | ~N_b(λ; Q) − ~Tr_b(φ_{λ,δ}(Q))| ≤ ~Tr(χ(λ^δ(Q − λI_d)). (VI.8) If δ ∈]0, 1[, it follows from (V.30) and (VI.8) that | ~N_b(λ; Q) − ~Tr_b(φ_{λ,δ}(Q))| = O(λ^{n−1−δ}), as λ → +∞. (VI.9)

But by (VI.6), if w_0(t, ξ) is the symbol defined by (IV.36) and (IV.37), we may write

~Tr_b(φ_{λ,δ}(Q)) = (2π)^{−n−1} ∫ R×R^{n φ̂λ,δ(t)w0(t, ξ)ei(tσ}

0(ξ)+bξ)dtdξ. (VI.10)

Now the proof remains the same as the one of Theorem (V.4) with some minor alterations. Let δ ∈]0, 1[ be fixed. Changing χ(t) into χ(C^{−1}_b t), with C_b > 0 a large constant depending only on |b|, and taking (V.32) into account , we may found that, for any τ ∈]0, 1[, as λ → +∞, ∫ R×R^{n (1 − χ(C−1b t))φ̂λ,δ(t)w0(t, ξ)χ(λ−τ (σ0(ξ) − λ))ei(tσ} 0(ξ)+bξ)dtdξ = O(1), (VI.11)

providing that we integrate by parts in ξ variable using

(1 − χ(C^{−1}_b t))[t + σ^0(ξ)|ξ|^{−2}bξ]^{−1}|ξ|^{−2}σ^0(ξ)ξ∂_ξe^{i(tσ0(ξ)+bξ)} = ie^{i(tσ0(ξ)+bξ)}, (VI.12) (instead of (1 − χ(t))t^{−1}σ^0(ξ)|ξ|^{−2}ξ∂_ξe^{itσ0(ξ)} = ie^{itσ0(ξ)}). In the same way we get also that for any τ ∈]0, 1[, as λ → +∞, ∫ R×R^{n (1 − χ(C−1b t))t−1χ̂1+ (λ−δt)e−itλw0(t, ξ)ei(tσ} 0(ξ)+bξ) (VI.13) ×(1 − χ(λ^{−τ} (σ^0(ξ) − λ)))dtdξ = O(λ^{−∞}). So (V.32), (VI.11) and (VI.13) show that, as λ → +∞,

~Tr_b((φ_{λ,δ}(Q)) = (2π)^{−n−1} ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)× (VI.14)} w_0(t, ξ)e^{i(tσ0(ξ)+bξ)}dtdξ + O(1). We recall that from (IV.39) we have χ(C^{−1}_b t)w_0(t, ξ) ∈ S(1; g^0_t + < ξ >^{−2} g^0_ξ ). (VI.15) We let t_0(ξ) = σ^0(ξ)|ξ|^{−2}bξ, (VI.16) so (1 − χ(|ξ|))t_0(ξ) ∈ S(1; g^0_ξ ). (VI.17) By Taylor formula, we may write that w_0(t, ξ) − n∑ j=0 (t + t_0(ξ))^j j! ∂^j_t w_0(−t_0(ξ), ξ) =

(t + t_0(ξ))^{n+1} (n + 1)!

c(t, ξ), (VI.18)

and by (VI.15), we get that χ(C^{−1}_b t)(1 − χ(|ξ|))c(t, ξ) ∈ S(1; g^0_t + < ξ >^{−2} g^0_ξ ). (VI.19) Integrating by parts using (VI.12), we found

~Tr_b((φ_{λ,δ}(Q)) = (2π)^{−n−1} ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)ei(tσ}

0(ξ)+bξ) (VI.20)

n∑ j=0 i^j j! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^j∂^j_t w_0(−t_0(ξ), ξ)(1 − χ(|ξ|))dtdξ +(2π)^{−n−1} ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)ei(tσ} 0(ξ)+bξ)[w 0(t, ξ)χ(|ξ|) + i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(t, ξ)(1 − χ(|ξ|))]dtdξ. Now we use the following properties, tφ̂_{λ,δ}(t) ∈ L^∞(R), (this comes from (V.32)), w_0(0, ξ) = 1 and the one (VI.19), to see that when λ → +∞ ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)ei(tσ} 0(ξ)+bξ)[w 0(t, ξ)χ(|ξ|)

+ i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(t, ξ)(1 − χ(|ξ|))]dtdξ = ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)ei(tσ} 0(ξ)+bξ)[χ(|ξ|)

+ i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(0, ξ)(1 − χ(|ξ|))]dtdξ + O(1) = ∫ R×R^{n φ̂λ,δ(t)ei(tσ} 0(ξ)+bξ)[χ(|ξ|)

+ i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(0, ξ)(1 − χ(|ξ|))]dtdξ + O(1) = 2π ∫ R^{n φλ,δ(σ0(ξ))eibξ[χ(|ξ|)} + i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(0, ξ)(1 − χ(|ξ|))]dξ + O(1). So, as λ → +∞, ∫ R×R^{n χ(C−1b t)φ̂λ,δ(t)ei(tσ} 0(ξ)+bξ)[w 0(t, ξ)χ(|ξ|) + i^{n+1} (n + 1)! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^{n+1}c(t, ξ)(1 − χ(|ξ|))]dtdξ = O(1). By (VI.20) we get also that, as λ → +∞, ~Tr_b((φ_{λ,δ}(Q)) = (2π)^{−n} ∫ R^{n φλ,δ(σ0(ξ))eibξ× (VI.21)} n∑ j=0 i^j j! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^j∂^j_t w_0(−t_0(ξ), ξ)(1 − χ(|ξ|))dξ + O(1). But by (VI.15), for j ≥ 1, {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^j∂^j_t w_0(−t_0(ξ), ξ)(1 − χ(|ξ|)) ∈ S(< ξ >^{−j}; g^0_ξ ), (VI.22) then (V.31), (VI.21) and (VI.22) gives that, as λ → +∞, ~Tr_b((φ_{λ,δ}(Q)) = (2π)^{−n} ∫ {ξ∈R^n, σ^0(ξ)<λ}^{eibξ× (VI.23)}

n∑ j=0 i^j j! {∂_ξσ^0(ξ)|ξ|^{−2}ξ}^j∂^j_t w_0(−t_0(ξ), ξ)(1 − χ(|ξ|))dξ + O(1 + λ^{n−1−δ}). We need the Lemma bellow.

Lemma VI.2 If 0 ≤ m and c(ξ) ∈ S(< ξ >^{−m}; < ξ >^{−2} g^0_ξ ), then, as τ → +∞, ∫ {ξ∈R^n, |ξ|<τ}^{eibξc(ξ)dξ = O(1 + τ} n−1−2m 2 ). (VI.24)

Proof of the Lemma If m > n, (VI.24) is obvious, ( c(ξ) is integrable on R^n).

If m ≤ n, and if k ∈ N is such that m + k > n, as b ≠ 0, we may integrate by parts k times to obtain ∫ {ξ∈R^n, |ξ|<τ}^{eibξc(ξ)dξ =} ∫ {ξ∈R^n, |ξ|<τ}^{eibξ{} ib |b|^2 ∂_ξ}^kc(ξ)dξ (VI.25)

+τ^{n−1} k−1∑ j=0 ∫ S^{n−1 eiτbω} bω i|b|^2 { ib |b|^2 ∂_ξ}^jc(τω)dΩ(ω) , (S^{n−1} is the unit sphere and dΩ(ω) its usual measure ).

As for any α ∈ N^n, τ^{m+|α|}∂^α_ξ c(τω) ∈ L^∞(R_+ × S^{n−1}), the stationary phase theorem^{16} shows that as τ → +∞, ∫ S^{n−1 eiτbω} bω i|b|^2 { ib |b|^2 ∂_ξ}^jc(τω)dΩ(ω) = O(τ^{−m−j− n−12} ). (VI.26) Then (VI.24) follows from (VI.25) and (VI.26).

Continuation of the proof of Proposition(VI.1).

The Theorem (IV.5) and the properties (IV.46), (IV.48)- -(IV.50), (VI.22) and (VI.23) lead to

~Tr_b((φ_{λ,δ}(Q)) = 1 (2π)^n|K| ∫ {ξ∈R^n, σ^0(ξ)<λ} ∫ K e^{ibξ}e^{iψ(−t0(ξ),x,ξ)}dxdξ + O(λ^{ρδ} ), (VI.27)

as λ → +∞, (ρ_δ = Max{0,^{n−3}_2 , n − 1 − δ}).

Taking (IV.4) into account, we let τ = √ λ^2 − λ_0, (VI.28)

then from the Lemma (VI.2), (VI.25) and (VI.27), when λ → +∞

~Tr_b((φ_{λ,δ}(Q)) = τ^{n−1} (2π)^n|K| ∫ S^{n−1} ∫ K bω i|b|^2 e^{iτbω}e^{iψ(−t0(τω),x,τω)}dxdΩ(ω) + O(λ^{ρδ} ). (VI.29)

Noting (IV.4), (IV.47) and (VI.16) we get ψ(−t_0(τω), x, τω) = ψ_b(x, ω) := −(bω) ∑ γ∈Γ^⋆ (ωA_γ)e^{ixγ}ζ(−i(bω)(γω)). (VI.30)

The stationary phase theorem (see^{16}), (VI.29) and (VI.30) show that as λ → +∞

~Tr_b((φ_{λ,δ}(Q)) = τ^{n−1}2 |b|^{n−1}2 × 1 (2π)^{n+1}2 |K|

× (VI.31) ∫ K 1 i|b| [e^{i(τ|b|− n−14 π)}e^{iψb(x, b|b| )} − e^{−i(τ|b|− n−14 π)}e^{iψb(x,− b|b| )}]dx + O(λ^{ρδ} ). But by (VI.30) ψ_b(x, b |b| ) = ψ_b(x, − b |b| ) = − ∑ γ∈Γ^⋆ bA_γ e^{ixγ}ζ(−ibγ), (VI.32) as ζ(z) = (e^z − 1)/z and bγ ∈ 2πZ, ∀γ ∈ Γ^⋆, we get from (VI.32) ψ_b(x, b |b| ) = ψ_b(x, − b |b| ) = − ∑ γ∈[b]^⊥ bA_γ e^{ixγ}, (VI.33)

where [b]^⊥ ⊂ Γ^⋆ is the Bragg hyper-plane, sub-lattice orthogonal to b.

The Proposition (VI.1) follows if we notice that, as λ → +∞,

N_b(λ; Q) − ~Tr_b((φ_{λ,δ}(Q)) = ~Tr_b(χ_{]−∞,λ[}(Q)) − ~Tr_b((φ_{λ,δ}(Q)) = O(λ^{n−1−δ})

which comes from (II.9) (V.30) and (V.31) •

ACKNOWLEDGMENTS It is a great pleasure to thank A. Grigis and B. Helffer for their interest, for their support during this work and for helful and stimulating discussions.

We gratefully acknowledge the referee for his competent remarks.

1B. Helffer and A. Mohamed, Asymptotic of the Density of States for the Schrödinger Operator with Periodic Potential, Duke Math. J. (in press).

2B. Helffer et J. Sjöstrand, Equation de Schrödinger avec champ magnétique et équation de Harper, Lecture Notes in Physics, 345, Editors: H. Holden and A. Jensen, (Springer- Verlag, Berlin, 1989).

3J. Sjöstrand, Microlocal Analysis for the Periodic Magnetic Schrödinger Equation and related questions, Lecture Notes in Math. n 1495,237-332, Editors: L. Cattabriga, L. Rodino, (Springer-Verlag, Berlin, 1989).

4M. Reed and B. Simon, Methods of modern mathematical physics IV, (Academic Press, New York, 1978).

5L. E. Thomas, Time dependent Approach to Scattering from Impurity in a Crystal, Comm. Math. Phys., 33,335-345(1973).

6R. Hempel and I. Herbst, Strong Magnetic Fields, Dirichlet Boundaries, and Spectral Gaps, Comm. Math. Phys. 169,237-259(1995).

7M.S.P. Eastham, The Spectral Theory of Periodic Differential Equations, (Scottish Academic Press, Edinburgh 1973).

8A. Mohamed and B. Parisse, Approximation des valeurs propres de certaines perturbations singulières et application à l’opérateur de Dirac, Ann. Inst. Henri Poincaré, 56,235- 277(1992).

9B. Helffer and A. Mohamed, Semiclassical Analysis for the Ground State Energy of a Schrödinger Operator with Magnetic Wells, J. of Funct. Analysis, 138,40-81(1996).

10Lars Hörmander, The Analysis of Linear Partial Differential Operator III, (Springer- Verlag, Berlin 1985).

11Lars Hörmander, The Spectral Function of an elliptic Operator, Acta Math., 121,193- 218(1968).

12J. Dahlberg and E. Trubowitz, A remark on two dimensional periodic potentials, Comment Math. Helvetici, 57,130-134(1982).

13R.T. Seeley, Complex powers of an elliptic operator, Singular Integrals, (Proc. Symposia Pure Math. 110, AMS 1967), 288-307. 14R. Beals, Characterization of pseudodifferential operators and applications, Duke Math.

J., 44,45-57(1977).

15J.M. Bony et J.Y. Chemin, Espaces fonctionnels associés au calcul de Weyl-Hörmander, Bull. Soc. Math. France, 122,77-118(1994).

16Lars Hörmander, The Analysis of Linear Partial Differential Operator I, (Springer- Verlag, Berlin 1985