ON THE VIRIAL THEOREM FOR THE RELATIVISTIC OPERATOR OF BROWN AND RAVENHALL, AND THE ABSENCE OF EMBEDDED EIGENVALUES

A. A. BALINSKY AND W. D. EVANS

Abstract. A virial theorem is established for the operator proposed by Brown and Ravenhall as a model for relativistic one-electron atoms. As a consequence, it is proved that the operator has no eigenvalues greater than max(mc^2, 2αZ �^1_2 ), where α is the fine structure constant, for all values of the nuclear charge Z below the critical value Z_c: in particular there are no eigenvalues embedded in the essential spectrum when Z ˇ 3/4α. Implications for the operators in the partial wave decomposition are also described.

1. Introduction

The formal operator proposed by Brown and Ravenhall in [1] to include relativistic effects in the description of an electron in the field of its nucleus is of the form

B := Λ_+ ( D_0 − e^2Z |·| ) Λ_+. (1.1)

In (1.1), the notation is as follows (see [3]):

• D_0 is the free Dirac operator D_0 = cα· ˝ i ∇ + mc^2β ≡ 3∑ j=1 c ˝ i α_j ∂ ∂x_j + mc^2β, where α = (α_1, α_2, α_3) and β are the Dirac matrices given by

α_j = ( 0 σ_j σ_j 0 ) , β = ( 1_2 0_2 0_2 −1_2 )

with 0_2, 1_2 the zero and unit 2 × 2 matrices respectively and σ_j the Pauli matrices

σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . • Λ_+ denotes the projection of L^2(R^3 ) ⊗ C^4 onto the positive spectral subspace of D_0, that is χ_{(0,∞)}(D_0), where χ_{(0,∞)} is the characteristic function of (0, ∞). If we set

^f(p) ≡ F(f)(p) = ( 1 2π˝ )_{3/2} ∫

R^3 e^{−i x·p/}˝f(x) d x

Date: November 29, 1997.

1991 Mathematics Subject Classification. Primary: 47G, 81Q10; Secondary: 47N50. Key words and phrases. Brown-Ravenhall operator, virial theorem, essential spectra, eigenvalues. 1

2 A. A. BALINSKY AND W. D. EVANS

for the Fourier transform of f, then it follows that (Λ_+f)^∧(p) = Λ_+(p) ^f(p), where

Λ_+(p) = 1 2 + cα· p + mc^2β 2e(p)

, e(p) = √ c^2p^2 + m^2c^4 (1.2)

with p = |p|.

• 2π˝ is Planck’s constant, c the velocity of light, m the electron mass, −e the electron charge, and Z the nuclear charge.

The underlying Hilbert space in which B acts is H = Λ_+(L^2(R^3 ) ⊗ C^4 ). (1.3) The Fourier transform of any spinor ψ in the positive spectral subspace of D_0 can be written ^ψ(p) = 1

n(p) ( [e(p) + e(0)] u(p) c(p· σ) u(p) ) , (1.4)

where u ∈ L^2(R^3 ) ⊗ C^2 , a Pauli spinor, and n(p) = [2e(p)(e(p) + e(0))]^{1/2}. Conversely any Dirac spinor of the form (1.4) is in the image of H under the Fourier transform. We than have formally that, if v is the Pauli spinor related by (1.4) to a Dirac spinor φ, (φ, Bψ) = β[v, u] := e[v, u] − γk[v, u], (1.5) where (· , · ) is the inner-product on (L^2(R^3 ) ⊗ C^4 ) (being linear in the second argument), e[v, u] = ∫ R^3 e(p) v(p)^∗ u(p) d p, (1.6)

k[v, u] = ∫ ∫ R^3×R^3 v(p^′)^∗K(p^′, p)u(p) d p^′ d p, (1.7) and γ = αcZ 2π^2

. (1.8)

In (1.6)-(1.8), ∗ denotes the Hermitian conjugate, α = e^2/(˝c) is Sommerfeld’s fine structure constant and the kernel K in (1.7) is the 2 × 2 matrix-valued function

K(p^′, p) =

[e(p^′) + e(0)][e(p) + e(0)]12 + c^2(p^′· σ)(p· σ) n(p^′) |p − p^′|^2 n(p)

. (1.9)

The form e[· ] with domain L^2(R^3 ; √ 1 + p^2 d p) ⊗ C^2 is closed and non-negative in L^2(R^3 ) ⊗ C^2 . In [2] and [7] it was proved that for u ∈ L^2(R^3 ; √ 1 + p^2 d p) ⊗ C^2 and Z ≤ Z_c = 2/[(^π_2 +^2_π )α], γk[u, u] ≤ Z Z_c e[u, u]. (1.10)

It had earlier been established in [3] that β is bounded below if and only if Z ≤ Z_c, confirming a prediction of Hardenkopf and Sucher [4] based on numerical considerations.

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 3

The strict positivity of β is proved in both [2] [7], a positive lower bound being exhibited in [7] even for Z = Z_c. If Z < Z_c, it follows from (1.5) and (1.10) that β is a closed positive form with domain D(β) = L^2(R^3 ; √ 1 + p^2 d p) ⊗ C^2 .There is therefore defined a positive self-adjoint operator b in L^2(R^3 ) ⊗ C^2 satisfying (v, bu) = β[v, u], u ∈ D(b), v ∈ D(β), (1.11) where the domain D(b) of b is dense in its “form domain” D(β). We shall follow [3] and refer to this operator b as the Brown-Ravenhall operator, it being associated to the original operator B via (1.5).

If Z = Z_c, the operator b is defined as the Friedrichs operator associated with the closure of the form β restricted to rapidly decreasing Pauli spinors. The description of the operator b in this case is studied in [8]. We assume in this paper that Z < Z_c, so that b is defined in (1.11). In this case, it follows from [3, Theorem 2] that σess(b) = [mc^2, ∞) and σsc(b) = ?, where σess and σsc are respectively the essential and singular continuous spectra. We shall establish a virial theorem for b which will imply that for Z ≤ Z^′_c =^3_{4α} there are no eigenvalues embedded in [mc^2, ∞), and hence the spectrum in [mc^2, ∞) is absolutely continuous.

The number Z^′_c has a spectral significance in [8] concerning the self-adjointness of operators b_{l,s} in the partial wave decomposition of B and b: in b_{l,s}, l denotes the angular momentum chanel and s the spin, and in [8] the operators are given the domain L^2(0, ∞; [ √ 1 + p^2] d p). Tix proves that for (l, s) ≠ (0, 1/2) or (1, −1/2), the operators b_{l,s} are all self-adjoint for Z < Z_c, but b_{0,1/2} and b_{1,−1/2} are self-adjoint if Z < Z^′_c, essentially self-adjoint when Z = Z^′_c and are symmetric with a one-parameter family of self-adjoint extensions when Z^′_c < Z ≤ Z_c. We also prove that for all (l, s) ≠ (0, 1/2) or (1, −1/2), the b_{l,s} have no eigenvalues in [mc^2, ∞) for Z < Z_c, but only for Z ≤ Z^′_c in the case (l, s) = (1, −1/2). The operator b_{0,1/2} (its Friedrichs extension when Z ≥ Z^′_c) has no eigenvalues in [mc^2, ∞) for the whole range Z < Z_c.

2. The Virial Theorem

We begin by proving an abstract virial theorem.

Lemma 2.1. Let U(a), a ∈ R_+ , be a one parameter family of unitary operators on a Hilbert space H which converges strongly to the identity as a → 1. Let T be a selfadjoint operator in H and T_a = f(a) U(a)T U(a)^{−1}, where f(1) = 1 and f^′(1) exists. If φ ∈ D(T ) ∩ D(T_a) is an eigenvector of T corresponding to an eigenvalue λ then

lim_{a→1} ( φ_a, [ T_a − T a − 1 ] φ ) = λf^′(1) ‖φ‖^2 , (2.1)

where φ_a = U(a)φ.

Proof. ¿From T φ = λφ we have T_aφ_a = λf(a)φ_a. Hence (φ_a, T φ) = λ(φ_a, φ)

4 A. A. BALINSKY AND W. D. EVANS and (T_aφ_a, φ) = λf(a)(φ_a, φ). Consequently ( φ_a, [ T_a − T a − 1 ] φ ) = λ [ f(a) − 1 a − 1 ] (φ_a, φ) and the result follows as allowing a → 1.

Our main results are the following Theorem and Corollary which result from the application of Lemma 2.1 to the Brown-Ravenhall operator b.

Theorem 2.2. Let Z < Z_c and let b be defined by (1.11) in L^2(R^3 ) ⊗ C^2 with form domain D(β) = L^2(R^3 ; √ 1 + p^2 d p) ⊗ C^2 . If λ is an eigenvalue of b with eigenvector φ, then λ ‖φ‖^2 = ∫ R^3 e(0)^2 e(p)

|φ(p)|^2 d p − γ 2 e(0) ∫ ∫ R^3×R^3 φ^∗(p^′)K^1(p^′, p)φ(p) [ 1 e(p) − e(0) e(p)^2 + 1 e(p^′) − e(0) e(p^′)^2 ] d p^′ d p

+ γ 2 e(0) ∫ ∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) [ 1 e(p) + e(0) e(p)^2 + 1 e(p^′) + e(0) e(p^′)^2 ] d p^′ d p, (2.2)

where

K^1(p^′, p) =

[e(p^′) + e(0)][e(p) + e(0)]12 n(p^′) |p − p^′|^2 n(p)

, (2.3)

K^2(p^′, p) = c^2(p^′· σ)(p· σ) n(p^′) |p − p^′|^2 n(p)

. (2.4)

Corollary 2.3. Let Z < Z_c and bφ = λφ. Then ( λ e(0) − 1 ) ∫ R^3 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p = γ ∫∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) [ 1 e(p^′) + 1 e(p) ] d p^′ d p

− ∫ R^3 |φ(p)|^2 [e(p) − e(0)][2e(p) − e(0)] e(p)^2 d p. (2.5)

Before proving Theorem 2.2 and Corollary 2.3, we need the following lemma. We shall hereafter in this section write b_m, e_m, K_m, to indicate the dependence on m. Lemma 2.4. For any m ∈ R_+ , b_m and b_0 have the same domain and b_m − b_0 can be extended to a bounded operator on L^2(R^3 ) ⊗ C^2 .

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 5

Proof. The result is essentially proved in [8, Theorem 1] but we give a short direct proof for completeness. The following estimates are readily verified ( cf [8]):

0 ≤ e_m(p) − e_0(p) ≤ mc^2,

|K_m(p^′, p) − K_0(p^′, p)| ≤ 1 |p − p^′|^2 { m 2e_m(p) + m 2e_m(p^′) + m^2 4e_m(p)e_m(p^′) }

≤ k(m) |p − p^′|^2 { 1 e_m(p) + 1 e_m(p^′) } , where k(m) is a constant depending on m. Hence, for φ ∈ D(β_m) = D(β_0), |β_m[φ] − β_0[φ]| ≤ mc^2 ‖φ‖^2 + γk(m) ∫∫ R^3×R^3 1 |p − p^′|^2 { 1 e_m(p) + 1 e_m(p^′) } |φ(p)| |φ(p^′)| d p^′ d p.

By the Cauchy-Schwarz inequality, the last integral is no greater than ∫∫ R^3×R^3 |φ(p)|^2 1 |p − p^′|^2 { 1 e_m(p) + 1 e_m(p^′) } h(p^′) h(p) d p^′ d p,

where we choose h(p) = |p|^{−α} , 1 < α < 2. Then (see [6, p124]) ∫ R^3 1 |p − p^′|^2 h(p^′) h(p)e_m(p) d p^′ = |p|^α e_m(p) ∫ R^3 1 |p − p^′|^2 1 |p^′|^α d p^′ ≤ |p|^{α−1} c ∫ R^3 1 |p − p^′|^2 1 |p^′|^α d p^′ = O(1) if 1 < α < 3, ∫ R^3 1 |p − p^′|^2 h(p^′) h(p)e_m(p^′) d p^′ ≤ |p|^α c ∫ R^3 1 |p − p^′|^2 1 |p^′|^{α+1} d p^′ = O(1) if 0 < α < 2.

Hence, |β_m[φ] − β_0[φ]| ≤ k(m) ‖φ‖^2 and (β_m − β_0)[· , · ] can be extended to a bounded sesquilinear form on { L^2(R^3 ) ⊗ C^2 } × { L^2(R^3 )⊗C^2 } . It follows that b_m and b_0 have the same domain and this in turn implies the rest of the lemma.

Proof of Theorem 2.2. We apply Lemma 2.1 to T = b_m, f(a) = a and U(a) defined by U(a)φ(p) = a^{−3/2}φ(p/a) =: φ_a(p). Then U(a) → I strongly in L^2(R^3 ) ⊗ C^2 and

T_a := aU(a)b_mU(a)^{−1} = b_{ma}.

6 A. A. BALINSKY AND W. D. EVANS

By Lemma 2.4, an eigenvector φ of b_m, lies in D(b_{ma}) for any a. Thus, it remains to evaluate the limit on the left-hand side of (2.1). We have ( φ_a, [ b_{ma} − b_m a − 1 ] φ ) = ∫ R^3 [ e_{ma}(p) − e_m(p) a − 1 ] |φ(p)|^2 d p − γ ∫ ∫ R^3×R^3 φ_a(p^′)^∗ [ K_{ma}(p^′, p) − K_m(p^′, p) a − 1 ] φ(p) d p^′ d p =: I_1 − γI_2, (2.6)

and (2.2) will follow if we can justify taking the limit as a → 1 under the integral signs on the right-hand side of (2.6).

In I_1 the integrand is majorised by |φ(p)|^2 and so the dominated convergence theorem applies. We write I_2 as ∫ ∫ R^3×R^3

[φ_a(p^′) − φ(p^′)]^∗ [ K_{ma}(p^′, p) − K_m(p^′, p) a − 1 ] φ(p) d p^′ d p

+ ∫ ∫ R^3×R^3 φ(p^′)^∗ [ K_{ma}(p^′, p) − K_m(p^′, p) a − 1 ] φ(p) d p^′ d p =: I_3 + I_4,

and use the readily verified estimate | | |K^{ma}(p^′, p) − K^m(p^′, p) a − 1 | | | ≤ k_a/ |p − p^′|^2 , where k_a → 1 as a → 1. Thus I_3 bounded by ∫∫ R^3×R^3

|φ_a(p^′) − φ(p^′)| |φ(p)| d p^′ d p |p − p^′|^2

and, on using the Parseval identity and F

(_1 |·| ) = √_2 π 1 |·|2 (with F now the standard Fourier

transform with ~ = 1), this is equal to

2π^2 ∫ R^3 u(x)v(x) d x |x| , where ^u(p) = |φ_a(p) − φ(p)| and ^v(p) = |φ(p)|, ≤ π^3 (∫ R^3

|φ_a(p) − φ(p)|^2 |p| d p )_{1/2}(∫ R^3

|φ(p)|^2 |p| d p )_{1/2}

by the Cauchy-Schwarz inequality and Kato’s inequality [5, p. 307]. Thus I_3 → 0 as a → 1 since φ ∈ L^2(R^3 ; √ 1 + p^2 d p) ⊗ C^2 . In I_4 the integrand is majorised by the function 1 |p−p^0 |2 |φ(p

′)| |φ(p)| which is integrable by Kato’s inequality and hence the dominated convergence theorem applies.

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 7

Proof of Corollary 2.3. ¿From (2.2) we have

λ ‖φ‖^2 = e(0)^2 ∫ R^3 |φ(p)|^2 d p e(p)

− γe(0) Re [∫ ∫ R^3×R^3 φ^∗(p^′)K(p^′, p)φ(p) { 1 e(p) − e(0) e(p)^2 } d p^′ d p ]

+ γe(0) ∫∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) { 1 e(p) + 1 e(p^′) } d p^′ d p. (2.7)

Also, for all ψ ∈ D(β), ∫ R^3 e(p)ψ^∗(p)φ(p) d p − γ ∫∫ R^3×R^3 ψ^∗(p^′)K(p^′, p)φ(p) d p^′ d p

= λ ∫ R^3 ψ^∗(p)φ(p) d p. (2.8)

We choose ψ(p) = [ 1 e(p) − e(0) e(p)2 ] φ(p) in (2.8): clearly ψ ∈ D(β). Then

γ ∫ ∫ R^3×R^3 φ^∗(p^′)K(p^′, p)φ(p) { 1 e(p) − e(0) e(p)^2 } d p^′ d p

= ∫ R^3

[e(p) − λ] { 1 e(p) − e(0) e(p)^2 } |φ(p)|^2 d p. (2.9)

On substituting (2.9) in (2.7),

λ ‖φ‖^2 = e(0)^2 ∫ R^3 |φ(p)|^2 d p e(p)

− e(0) ∫ R^3

[e(p) − λ] { 1 e(p) − e(0) e(p)^2 } |φ(p)|^2 d p

+ γe(0) ∫∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) { 1 e(p) + 1 e(p^′) } d p^′ d p,

whence λ ∫ R^3 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p = e(0) ∫ R^3 |φ(p)|^2 { e(0) e(p)

− 1 + e(0) e(p) } d p + γe(0) ∫∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) [ 1 e(p^′) + 1 e(p) ] d p^′ d p,

8 A. A. BALINSKY AND W. D. EVANS and (λ − e(0)) ∫ R^3 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p = e(0) ∫ R^3 |φ(p)|^2 [e(p) − e(0)][e(0) − 2e(p)] e(p)^2 d p + γe(0) ∫∫ R^3×R^3 φ^∗(p^′)K^2(p^′, p)φ(p) [ 1 e(p^′) + 1 e(p) ] d p^′ d p. (2.10)

The corollary is therefore proved.

3. The absence of embedded eigenvalues

Theorem 3.1. If Z < Z_c, the operator b has no eigenvalues in [max { 1, 2αZ−1/2 } mc^2, ∞). In particular, if Z ≤ Z^′_c = 3/(4α), there are no eigenvalues in [mc^2, ∞) and the spectrum of b is absolutely continuous.

Proof. ¿From (2.5) ( λ e(0) − 1 ) ∫ R^3 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p ≤ γ ∫ ∫ R^3×R^3 φ^∗(p^′)H(p^′, p) |φ(p)| |φ(p)| d p^′ d p

− ∫ R^3 |φ(p)|^2 [e(p) − e(0)][2e(p) − e(0)] e(p)^2 d p, (3.1)

where H(p^′, p) = c^2pp^′ n(p^′)n(p) |p − p^′|^2 [ 1 e(p^′) + 1 e(p) ] . By the Cauchy-Schwarz inequality ∫ ∫ R^3×R^3

H(p^′, p) |φ(p^′)| |φ(p)| d p^′ d p ≤ c^2 ∫ R^3 p^2 n^2(p)

|φ(p)|^2 d p ∫ R^3 h(p^′) h(p)

J(p^′, p) d p^′,

(3.2) where J(p^′, p) = 1 |p − p^′|^2 [ 1 e(p^′) + 1 e(p) ]

and h(· ) is an arbitrary positive function. We make the choice h(p) = p^{−3/2} and use the following (see [6, p 124]): ∫ R^3 1 |p − p^′|^2 1 |p^′|^{3/2} d p^′ = 4π^2p^{−1/2},

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 9 ∫ R^3 1 |p − p^′|^2 1 |p^′|^{5/2} d p^′ = 4π^2p^{−3/2}.

On substituting in (3.2), we have ∫∫ R^3×R^3

H(p^′, p) |φ(p^′)| |φ(p)| d p^′ d p < 4π^2c^2 ∫ R^3 p^2 n^2(p) [ p e(p) + 1 c ] |φ(p)|^2 d p

and hence (3.1) yields ( λ e(0)

− 1) ∫ R^3 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p < ∫ R^3 |φ(p)|^2 { 4π^2c^2γ p^2 n^2(p) [ p e(p) + 1 c ] − [e(p) − e(0)][2e(p) − e(0)]

e(p)^2 } d p.

On replacing p by mcp and simplifying, we derive 0 < ∫ R^3 |φ(mcp)|^2 ( 1 − 1 √ p^2 + 1 + 1 p^2 + 1 )( 1 − λ mc^2 + Φ(p) ) d p, (3.3)

where

Φ(p) = p^2(p + √ p^2 + 1) ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { 2π^2 ( γ c ) − 2 √ p^2 + 1 − 1 p + √ p^2 + 1 }

≤ p^2(p + √ p^2 + 1) ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { 2π^2 ( γ c ) − 3 4 }

since min R+ {_2√_{p2+1−1} p+ √_{p2+1} } =^3_4 . Thus, if 2π^2 (_γ c ) ≡ αZ ≤^3_4 , (3.3) implies that λ < mc^2.

Since sup R+ {_{p2(p+}√_{p2+1)} ( √_{p2+1+1)(p2+2−}√_{p2+1)} } = 2, it follows from (3.3) that, if 2π^2 (_γ c ) ≡ αZ >^3_4 ,

λ < mc^2[1 + 2αZ −^3_2 ]. The theorem is therefore proved

Finally, we analyse the implications of the virial theorem for the operators b_{l,s}. In the partial wave decomposition of B and b (see [3]), spinors φ ∈ L^2 (R^3 ) ⊗ C^2 are expanded in terms of spherical spinors Ω_{l,n,s}

φ(p) = ∑ (l,n,s)∈I p^{−1}φ_{l,n,s}(p)Ω_{l,n,s}(ω) (3.4) say, where I = {(l, n, s) : l ∈ N_0, n = −l −^1_2 , · · · , l +^1_2 , s = ±^1_2 , Ω_{l,n,s} ≠ 0} and ∫ R^3

|φ(p)|^2 d p = ∑ (l,n,s)∈I ∞∫ 0 |φ_{l,n,s}(p)|^2 d p. (3.5) On substituting in (1.5), we get β[φ, ψ] = ∑ (l,n,s)∈I βl,s[φl,n,s, ψl,n,s], (3.6)

10 A. A. BALINSKY AND W. D. EVANS

where

βl,s[φl,n,s, ψl,n,s] = ∞∫ 0 e(p)φ_{l,n,s}(p)ψ_{l,n,s}(p) d p

− αcZ π ∞∫ 0 ∞∫ 0 φ_{l,n,s}(p^′)k_{l,s}(p^′, p)ψ_{l,n,s}(p) d p^′ d p (3.7)

and, with Q_l denoting Legendre functions of the second kind,

k_{l,s}(p^′, p) = [e(p^′) + e(0)]Q_l

(_1 2 [_{p0} p +^p_{p0} ]) [e(p) + e(0)] n(p^′)n(p) + c^2p^′Q_{l+2s}

(_1 2 [^{p0}_p +^p_{p0} ] ) p n(p^′)n(p)

=: k^1_{l,m}(p^′, p) + k^2_{l,m}(p^′, p) (3.8)

say. For Z < Z_c, the forms with domain L^2(0, ∞; √ 1 + p^2 d p) are closed and positive in L^2(0, ∞), and we shall denote the associated self-adjoint operators by b_{l,s}. These operators b_{l,s} coincide with the operators b_{l,s} of Tix in [8] when the later are self-adjoint, but are otherwise their Friedrichs extensions. Note that it follows from [3, Theorem2] that for all values of l, s, σess(b_{ls}) = [mc^2, ∞).

Theorem 3.2. For (l, s) ≠ (1, −^1_2 ), the operators b_{l,s} have no eigenvalues in [mc^2, ∞) if Z < Z_c. If (l, s) = (1, −^1_2 ), b_{l,s} has no eigenvalues in [max { 1, 2αZ − 1/2 } mc^2, ∞): in particular b_{1,−1/2} has no eigenvalues in [mc^2, ∞) if Z ≤ Z^′_c =^3_{4α} .

Proof. The analogue of (2.5) is ( λ e(0) − 1 )^∞∫ 0 |φ_{l,n,s}(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p

= 2πγ ∞∫ 0 ∞∫ 0 φ_{l,n,s}(p^′)k^2_{l,s}(p^′, p)φ(p) [ 1 e(p^′) + 1 e(p) ] d p^′ d p

− ∞∫ 0 |φ_{l,n,s}(p)|^2 [e(p) − e(0)][2e(p) − e(0)]

e(p)^2 d p. (3.9)

Since Q_0(t) ≥ · · · ≥ Q_l(t) ≥ 0 for all t > 1, it follows that for all (l, s) ≠ (1, −1/2)

k^2_{l,s}(p^′, p) ≤ c^2p^′p n(p^′)n(p)

Q_1 ( 1 2 [ p^′ p + p p^′ ])

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 11

and hence, on writing φ for φ_{l,n,s} in (3.9), we get ( λ e(0) − 1 )^∞∫ 0 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p

≤ 2πγc^2 ∞∫ 0 |φ(p)|^2 p^2 n^2(p)h(p) d p ∞∫ 0 h(p^′)Q_1 ( 1 2 [ p^′ p + p p^′ ])( 1 e(p^′) + 1 e(p) ) d p^′

− ∞∫ 0 |φ(p)|^2 [e(p) − e(0)][2e(p) − e(0)] e(p)^2 d p, (3.10)

for any positive function h(· ), on applying the Cauchy-Schwarz inequality. We choose h(t) = 1/t, so that in the first term on the right-hand side of (3.10)we have

2πγc^2 ∞∫ 0 |φ(p)|^2 p^2 n^2(p) { p e(p) ∞∫ 0 1 p^′ Q_1 ( 1 2 [ p^′ p + p p^′ ]) d p^′

+ p ∞∫ 0 1 p^′e(p^′)

Q_1 ( 1 2 [ p^′ p + p p^′ ]) d p^′ } d p

= 2πγc^2 ∞∫ 0 |φ(p)|^2 p^2 n^2(p) { I_1 + I_2 } d p

say. Let g_1(u) = Q_1 ( 1 2 [ u +^1_u ]) . Then

cI_1 ≤ ∞∫ 0 g_1(u) d u u = 2,

(see [2, (3.8)] or [3, § 2.3]), and

cI_2 ≤ ∞∫ 0 g_1(u) d u u^2 = ∞∫ 0 g_1(u) d u.

We have (see [2, (3.7)]) 1∫ 0 g_1(u) d u = 1 2 1∫ 0 u ln ( u + 1 1 − u ) d u + 1 2 1∫ 0 1 u ln ( u + 1 1 − u ) d u − 1∫ 0 d u

= 1 2 + 1 2 π^2 4 − 1 = π^2 8 − 1 2

12 A. A. BALINSKY AND W. D. EVANS and ∞∫ 1 g_1(u) d u = 1 2 ∞∫ 1 1 u ln ( u + 1 u − 1 ) d u + ∞∫ 1 { u 2 ln ( u + 1 u − 1 ) − 1 } d u

= π^2 8 + [ 1 4 (u^2 − 1) ln ( u + 1 u − 1 ) − u 2 ]_∞ 1 = π^2 8 + 1 2 . Hence cI_2 ≤^{π2}_4 , and from (3.10) ( λ e(0) − 1 )^∞∫ 0 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p

≤ 2πγc ∞∫ 0 |φ(p)|^2 p^2 n^2(p) (π^2 4 + 2 ) d p − ∞∫ 0 |φ(p)|^2 [e(p) − e(0)][2e(p) − e(0)] e(p)^2 d p. On replacing p by mcp and simplifying, we obtain 0 < ∫_∞ 0 |φ(mcp)|^2 ( 1 − 1 √ p^2 + 1 + 1 p^2 + 1 )( 1 − λ mc^2 + Ψ(p) ) d p, where

Ψ(p) = p^2( √ p^2 + 1) ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { π ( γ c )( π^2 4 + 2 ) − 2 √ p^2 + 1 − 1 √ p^2 + 1 }

≤ p^2 √ p^2 + 1 ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { 2 π^2 + 4 ( π^2 4 + 2 ) − 1 } < 0 for 2π^{2 γ}_c ≡ αZ ≤ αZ_c. Hence λ < mc^2.

For the case (l, s) = (1, −1/2), the Legendre function Q_1 in (3.10) has to be replaced by Q_0, and we have to consider 1 h(p) ∞∫ 0 h(p^′)Q_0 ( 1 2 [ p^′ p + p p^′ ])][ 1 e(p^′) + 1 e(p) ] d p^′. (3.11)

We now make the choice h(u) = 1/ √ u, and, with g_0(u) = Q_0 ( 1 2 [ u +^1_u ]) ≡ ln | | | |^{u+1}u−1 | | | |, (3.11) becomes J_1 + J_2 say, where

J_1 = p ∞∫ 0 1 √ ue(pu) g_0(u) d u < 1 c ∞∫ 0 g_0(u) u^{3/2} d u and J_2 = p e(p) ∞∫ 0 1 √ u g_0(u) d u.

ON THE VIRIAL THEOREM FOR BROWN-RAVENHALL OPERATOR 13

Since 1∫ 0 g_0(u) u^{1/2} d u = ∞∫ 1 g_0(u) u^{3/2} d u, ∞∫ 1 g_0(u) u^{1/2} d u = 1∫ 0 g_0(u) u^{3/2} d u we have_∞ ∫ 0 g_0(u) u^{1/2} d u = ∞∫ 0 g_0(u) u^{3/2} d u = ∞∫ 1 g_0(u) ( 1 + 1 u ) d u √ u

= 4 ∞∫ 1 (ln y) y (y^2 − 1)^{3/2} d y on setting^{u+1}_{u−1} = y, = ∞∫ 1 (ln z) d z (z − 1)^{3/2} = 2 ∞∫ 1 1 z(z − 1)^{1/2} d z = 2π. Hence, on substituting in (3.10) (with Q_1 replaced by Q_0) we infer that ( λ e(0) − 1 )^∞∫ 0 |φ(p)|^2 { 1 − e(0) e(p) + e(0)^2 e(p)^2 } d p

< 2πγc ∞∫ 0 |φ(p)|^2 p^2 n^2(p) [ 2π ( cp e(p) + 1 )] d p − ∞∫ 0 |φ(p)|^2 [e(p) − e(0)][2e(p) − e(0)] e(p)^2 d p. On replacing p by mcp and simplifying, this yields 0 < ∫_∞ 0 |φ(mcp)|^2 ( 1 − 1 √ p^2 + 1 + 1 p^2 + 1 )( 1 − λ mc^2 + Θ(p) ) d p, where

Θ(p) = p^2(p + √ p^2 + 1) ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { 2π^2 ( γ c ) − 2 √ p^2 + 1 − 1 p + √ p^2 + 1 }

≤ p^2( √ p^2 + 1 + p) ( √ p^2 + 1 + 1)(p^2 + 2 − √ p^2 + 1) { 2π^2 ( γ c ) − 3 4 } ≤ 0 if 2π^2 (_γ c ) = αZ ≤ αZ^′_c = 3/4. Hence in this case λ < mc^2. If αZ > 3/4, we have

Θ(p) ≤ 2 ( αZ − 3 4 ) and λ < mc^2 ( αZ −^1_2 ) . The theorem is therefore proved.

14 A. A. BALINSKY AND W. D. EVANS

Acknowledgements

The authors are grateful to the European Union for support under the TMR grant FMRX-CT 96-0001.

References

[1] G.E. Brown and D.G. Ravenhall, On the interaction of two electrons, Proc. Roy. Soc. London A 208 (1952), pp. 552-559.

[2] V.I. Burenkov and W.D. Evans, On the evaluation of the norm of an integral operator associated with the stability of one-electron atoms, to appear in Proc. Roy. Soc. Edinburgh.

[3] William Desmond Evans, Peter Perry and Heinz Siedentop, The spectrum of relativistic one-electron atoms according to Bethe and Salpeter, Commun. Math. Phys. 178 (1996), pp. 733-746.

[4] G. Hardekopf and J. Sucher, Critical coupling constants for relativistic wave equations and vacuum breakdown in quantum electrodynamics, Phys. Rev. A, 31(4) (April 1985), pp. 2020–2029.

[5] T. Kato, Perturbation Theory for Linear Operators, Grundlehren der mathematischen Wissenschaften, vol. 132, Springer-Verlag, Berlin, Heidelberg,New York, Second Edition, 1976.

[6] E.H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, American Mathematical Society, 1997.

[7] C. Tix, Strict positivity of a relativistic Hamiltonian due to Brown and Ravenhall, Preprint mparc/96-660.

[8] C. Tix, Self-adjointness and spectral properties of a pseudo-relativistic Hamiltonian due to Brown and Ravenhall, Preprint mp-arc/97-441.

School of Mathematics, University of Wales, Cardiff, 23 Senghennydd Road, P O Box 926, Cardiff CF2 4YH, Great Britain

E-mail address, A. A. Balinsky: BalinskyA@cardiff.ac.uk

E-mail address, W. D. Evans: EvansWD@cardiff.ac.uk