On Eigenfunction Decay for Two Dimensional Magnetic Schrödinger Operators

H. D. Cornean^� G. Nenciu^{�y}

17.04.97

Abstract For two dimensional Schrödinger operators with a nonzero constant magnetic field perturbed by a magnetic field and a scalar potential, both vanishing arbitrarily slow at infinity, it is proved that eigenfunctions corresponding to the discrete spectrum decay faster than any exponential. Under more restrictive conditions on the perturbations, even quicker decay is obtained.

1 Introduction

The aim of this paper is to study the decay properties of the eigenfunctions for the two dimensional magnetic Schrödinger operators

H = (p − a(x))^2 + V (x), x ∈ R^2 (1.1)

The two dimensional case is interesting both from physical (e.g. the theory of quantum Hall effect) and mathematical point of view; in particular, since for V = 0 and constant magnetic field B_0 the spectrum of H is the well known ”Landau spectrum”

σ_L(B_0) = {(2n + 1)B_0 | n = 0, 1, . . .} (1.2)

by adding a perturbation one obtains a very rich spectral structure: eigenvalues in the gaps of the essential spectrum, ”bands” created by an infinite number of magnetic and / or scalar ”wells”, etc. In this paper we shall consider a particle in a constant magnetic field perturbed by a magnetic field and

�Institute of Mathematics of the Romanian Academy, P.O. Box 1-764, 70700 Bucharest, Romania; e-mail cornean@barutu.fizica.unibuc.ro yDept. of Theor. Phys., Univ. of Bucharest, P.O. Box MG 11, 76900 Bucharest, Romania;

e-mail nenciu@barutu.fizica.unibuc.ro

a scalar potential vanishing at infinity, i.e. the ”one well” problem (we stress the fact that we impose conditions on the magnetic field and not on the corresponding vector potential); in this case it is known [I, H] that the essential spectrum of H coincide with the Landau spectrum. More precisely, we shall obtain a strong decay at infinity of the eigenfunctions ψ_E (x), corresponding to discrete eigenvalues, E, irrespective of the fact that they lie below the essential spectrum or in between the Landau levels. In this context, a fairly straightforward application of Combes-Thomas-Agmon theory gives an exponential decay, |ψ_E (x)| ≤ const. exp(−μ(E)|x|), where μ(E) depends upon the distance between E and the essential spectrum of H and moreover μ(E) → 0 as E approaches the essential spectrum (see however the remark at the end of the proof of Theorem 4.1). For a thorough review in this direction, including the many-body problem, see [C-F-K-S, A-H-S 1, A-H-S 2, H, Hu] and references therein.

On the other hand, if the scalar potential and the perturbing magnetic field are compactly supported or have rotational symmetry, it is not hard to see that the eigenfunctions have a gaussian decay irrespective of the position of E. In this context, T. Hoffmann-Ostenhof posed the problem of the decay of eigenfunctions under less stringent conditions on the perturbation.

Results concerning this question were obtained by Erdös [E] for energies below the essential spectrum. He proved that if V decays at infinity and is analytic in the angle variable then the gaussian decay of the eigenfunctions is preserved and more important, he gave an example of a potential decaying at infinity for which the decay of the ground state is slower than a gaussian.

Our main result (see Theorem 4.1 for precise formulation) is that if the perturbations B^′(x), V (x) → 0 when |x| → ∞ (1.3)

then the eigenfunctions corresponding to E ∉ σ_L(B_0) decay faster than any exponential. We believe our result to be optimal; additional conditions have to be added in order to ensure a quicker decay of eigenfunctions and we give some results in this direction (see Theorem 4.2): if the perturbing magnetic field is compactly supported and the scalar potential has a decay of the form exp(−δ|x|^β ) with 0 < β ≤ 2 then the eigenfunctions decay like exp(−μ|x|^{1+β/2}).

These results can be applied to the ”magnetic multiple wells” problem (see [H-S, H-H, Na 1, Na 2]) in order to have a better control on the width of the mini-bands which appear in the tight-binding limit (see [B-C-D]); this will be done in a companion paper.

The content of the paper is as follows. Section 2 has a preparatory character; we write down some simple properties of the family of ”local” transversal gauges we shall use as well as the closed formula for the integral kernel K_0(x, x^′; z) of the resolvent of H in the case of constant magnetic field B_0 and z ∉ σ_L(B_0).

Section 3 contains one of the main results of the paper: in the case when

V = 0 and the magnetic field is of the form (b > 0):

B(x) = B_0 + b B^′(x) (1.4)

with B_0 > 0 and B^′ uniformly bounded and smooth, we prove that for z ∉ σ_L(B_0) fixed and b → 0 then z ∈ ρ(H) and we obtain an upper bound on the integral kernel K(x, x^′; z) of (H − z)^{−1} (see Theorem 4.1 for the precise statement), which essentially says that as |x − x^′| → ∞, we have

|K(x, x^′; z)| ≈ exp [−μ(b, z)|x − x^′|], lim_{b→0} μ(b, z) = ∞ (1.5)

Our method, which is interesting in itself, used for proving the above result is a ”regularised” magnetic perturbation theory: the main idea is the fact that most of the ”singularity” of the perturbation is given by a (nonvanishing at infinity) ”gauge phase”; by an appropriate ”factorisation” of this phase one obtains a much more regular perturbation theory (see [N] for another use of the same idea).

Section 4 contains the main results of the paper concerning the decay of eigenfunctions. Theorem 4.1. follows (with the technical complications due to the magnetic field) from Theorem 3.1. by substantiating the general idea that the decay at infinity of the eigenfunctions is governed by the ”asymptotic” hamiltonian and its resolvent’s integral kernel behaviour.

The proof of Theorem 4.2. is based on the fact that while the gaussian decay of the ”free kernel” K_0 may not ”propagate” itself in the Neumann series when adding a perturbing scalar potential, one can use the decay properties of the potential in order to obtain a decay which is stronger than that of the potential.

2 Preliminaries

In this paper we shall consider only the bidimensional case (i.e. the particle is confined in the plane x_3 = 0 and the magnetic field is orthogonal to that plane). For b ∈ R and d = (d_1, d_2) ∈ R^2, define

b ∧ d ≡ (−b d_2, b d_1) ∈ R^2 (2.1)

Let B(x) ∈ C^1(R^2). We shall use the following family of vector potentials corresponding to B(x):

a(x, x^′) =

∫_1 0 ds s B(x^′ + s(x − x^′)) ∧ (x − x^′) (2.2)

For x^′ = 0, this is nothing but the usual transversal gauge (see e.g. [T]):

a(x, 0) ≡ a(x) =

∫_1 0 ds s B(s x) ∧ x (2.3)

If we define f(x, x^′) = a(x) − a(x, x^′) (2.4) then there exists φ(x, x^′) such that ∇xφ(x, x^′) = f(x, x^′) (2.5) The additional requirement φ(x^′, x^′) = 0 (2.6) gives

φ(x, x^′) = ∫_{x1} x^′1

dt f_1(t, x_2; x^′) + ∫_{x2} x^′2

dt f_2(x^′_1, t; x^′) (2.7)

where x_i, x^′_i, f_i are the cartesian components of x, x^′ and f respectively. From the explicit formulae (2.2), (2.4) and (2.7), it follows at once that Lemma 2.1 If |B(x)| ≤ M < ∞, then i) |f_j (x, x^′)| ≤ M (|x| + |x − x^′|) (2.8) |φ(x, x^′)| ≤ 2 M |x − x^′|(|x| + |x − x^′|) (2.9) ii) a(x, x^′) · (x − x^′) = 0 (2.10) iii)

∇xa(x, x^′) =

∫_1 0 ds s × × ( ∂ ∂x_2 B(x^′ + s(x − x^′)), − ∂ ∂x_1 B(x^′ + s(x − x^′)) ) · (x − x^′) (2.11)

iv) If B(x) = B_0 is constant, then

φ_0(x, x^′) = − 1 2 B_0 (x_1 x^′_2 − x^′_1 x_2)

a_0(x, x^′) = 1 2 B_0 ∧ (x − x^′) (2.12) The hamiltonian of a particle in the presence of the magnetic field and a scalar potential V is (in the transversal gauge): H = (p − a(x))^2 + V (x) p = ( −i ∂ ∂x_1 , −i ∂ ∂x_2 ) (2.13)

a(x) = ( −x_2 ∫_1 0 ds s B(s x), x_1 ∫_1 0 ds s B(s x) )

In the case of constant magnetic field, one has the hamiltonian

H_0 = (p − a_0(x))^2 where (2.14)

p = −i∇x and a_0(x) = ( − 1 2 B_0 x_2, 1 2 B_0 x_1 ) (2.15)

which is essentially self-adjoint on C^∞_0 ( R^2 ) and its spectrum is the well known Landau spectrum

σ(H_0) = σ_{ess}(H_0) = {(2n + 1)B_0 | n = 0, 1, 2, . . .} (2.16)

For z ∉ σ(H_0) and g ∈ L^2 ( R^2 ) , we write [ (H_0 − z)^{−1}g ] (x) = ∫ dx^′ K_0(x, x^′; z)g(x^′)

(H_0 − z)K_0(x, x^′; z) = δ(x − x^′) (2.17)

Then takes place (see e.g. [J-P]):

Lemma 2.2 Let

φ_0(x, x^′) = −

B_0 2 (x_1 x^′_2 − x_2 x^′_1)

ψ(x, x^′) =

B_0 4 |x − x^′|^2 α = − 1 2 ( z B_0 − 1 ) ≠ −1, −2, . . . Then

K_0(x, x^′; z) = e^{i φ0(}x^,x^{′)} G_0(x, x^′; z) = = Γ(α) 4 π e^{i φ0(}x^,x^{′)} e^{−ψ(}x^,x^{′)}U(α, 1; 2 ψ(x, x^′)) (2.18)

where Γ is the Euler function and U(α, γ; ξ) is the confluent hypergeometric function [A-S].

For a proof using the eigenfunctions of H_0, see [J-P]. Alternatively, for ℜ(z) < B_0 one can obtain (2.18) by taking the Laplace transform of the formula for the ”heat” kernel (see e.g. [F-H] ) and using an appropriate integral representation for the confluent hypergeometric function ( see formula (13.2.5) in [A-S]). The formula (2.18), for arbitrary z ∈ ρ(H_0) follows by analytic continuation.

The holomorphy and asymptotic behaviour of U(α, γ; ξ) (see e.g. [A-S]) imply the following inequality which we need later on: if β, m > 0, [c, d] ⊂ ρ(H_0) and z ∈ [c, d], then:

sup_{t∈} R^+ t^β e^{−m t}|U(α, 1, B_0 2 t)| ≤ M(β, m, c, d) < ∞ (2.19)

¿From Lemma 2.2 it follows that K_0(x, x^′; z) has a gaussian decay as |x − x^′| → ∞. We shall use this in the following form:

Corollary 2.1 Let μ > 0 and T (μ, x_0) be the operator of multiplication with e^{μ|}x^−x^{0|2} , x_0 ∈ R^2. Then for all 0 < δ <^{B0}_8 and z ∈ ρ(H_0), one has that the operators

T (δ, x_0) (H_0 − z)^{−1} T (−2δ, x_0) : L^2 ( R^2 ) → L^2 ( R^2 ) ( L^∞ ( R^2 )) (2.20)

are bounded.

Proof:

Since for all x, x^′ ∈ R^2, δ|x − x_0|^2 ≤ 2δ|x − x^′|^2 + 2δ|x^′ − x_0|^2 one has

|e^{δ|}x^−x^{0|2} K_0(x, x^′; z)e^{−2δ|}x^{′−}x^{0|2} f(x^′)| ≤

≤ e^{−2}(^{B08 −δ})^|x^−x^{′|2} |U(α, 1; 2ψ(x, x^′))| |Γ(α)| 4 π |f(x^′)| (2.21)

Since (2.19) takes place, one has that:

e^{−2}(^{B08 −δ})^{y2} U(α, 1;

B_0y^2 2 ) ∈ L^1 ( R^2 ) ∩ L^2 ( R^2 ) (2.22)

and the use of Young inequality ([R-S 2]) finishes the proof.

Remark:

Since under a gauge transformation

(U_χf) (x) = e^{i χ(}x^)f(x) and (2.23) ( U^∗_χ(H_0 − z)^{−1}U_χf ) (x) = ∫ R^2 dx^′ K_χ(x, x^′; z) = = ∫ R^2 dx^′ e^{−i χ(}x^)K_0(x, x^′; z)e^{i χ(}x^{′)}f(x^′)

one has |K_χ(x, x^′; z)| = |K_0(x, x^′; z)| (2.24) i.e. the gaussian decay is valid for an arbitrary gauge.

3 Schrödinger operators with nonconstant magnetic field

Suppose that we are given a magnetic field

B(x) = (0, 0, B_0 + B^′(x)) , B_0 > 0 ||B^′||_C1_(R2_) ≡ max_{|α|≤1} {||D^αB^′||_∞} ≤ 1 (3.1)

A vector potential corresponding to B^′ is (see Section 2 ):

a^′(x, x^′) = ( −(x_2 − x^′_2)

∫_1 0 ds s B^′(x^′ + s(x − x^′)),

(x_1 − x^′_1)

∫_1 0 ds s B^′(x^′ + s(x − x^′)) ) (3.2)

Then

a(x, x^′) = a_0(x, x^′) + a^′(x, x^′) and |a^′(x, x^′)| < |x − x^′| , |∇xa^′(x, x^′)| < |x − x^′| (3.3)

We showed that there exist φ(x, x^′) and φ^′(x, x^′) such that:

a(x) = a(x, x^′) + ∇xφ(x, x^′) = = a_0(x) + a^′(x, x^′) + ∇xφ^′(x, x^′) (3.4)

Where φ^′(x, x^′) = φ(x, x^′) − φ_0(x, x^′) (3.5) We consider hamiltonians of the form:

H_b = (p − a_0 − ba^′)^2 , b > 0 (3.6)

which are essentially self-adjoint on C^∞_0 ( R^2 ) (see e.g. [R-S] ).

The main result of this section is the following perturbative expansion of the integral kernel K_b(x, x^′; z) of the resolvent of H_b:

Theorem 3.1 Let [c, d] ⊂ ρ(H_0). Then there exists b_0 > 0, depending on [c, d] such that for any 0 ≤ b ≤ b_0 we have that [c, d] ⊂ ρ(H_b) and for any z ∈ [c, d], (H_b − z)^{−1} has an integral kernel given by the following perturbative expansion:

K_b(x, x^′; z) = e^{i φ′b(}x^,x^{′)}K_0(x, x^′; z) + ∑ n≥0 F_n(x, x^′; z) (3.7)

where F_n(x, x^′; z) are integral kernels corresponding to the operators F_n ∈ B ( L^2 ( R^2 ) , L^2 ( R^2 )) with

||F_n||_{B(L}2_(R2_{),L}2_(R2_{))} ≤ [const ([c, d]) b]^{n+1} (3.8)

Proof:

Denote with H_{b,}x′ = (p − a_0(x) − ba^′(x, x^′))^2. Then by gauge covariance:

H_be^{i φ′b(}x^,x^{′)} = e^{i φ′b(}x^,x^{′)}H_{b,}x′ (3.9)

The equation satisfied by K_b takes the form:

δ(x − x^′) = (H_b − z)K_b(x, x^′; z) =

= e^{i φ′b (}x^,x^{′)}(H_{b,}x′ − z)e^{−i φ′b(}x^,x^{′)}K_b(x, x^′; z) (3.10)

The main idea of the proof is to factorise the ”gauge phases”. This is achieved by making the following ansatz:

K_b(x, x^′; z) = e^{i φ′b(}x^,x^{′)}K_0(x, x^′; z) + F(x, x^′; z) (3.11)

with F to be found. One can rewrite (3.10) as:

δ(x − x^′) = (H_b − z) [ e^{i φ′b(}x^,x^{′)}K_0(x, x^′; z) + F(x, x^′; z) ] = = (H_b − z)F(x, x^′; z) + e^{i φ′b(}x^,x^{′)}(H_{b,}x′ − z)K_0(x, x^′; z) (3.12)

But H_{b,}x′ = H_0 − R_b(x, x^′), where

R_b(x, x^′) = 2ba^′(x, x^′) · (p − a_0(x)) − ib∇xa^′(x, x^′) − b^2a^{′2}(x, x^′) (3.13)

Since φ^′_b(x^′, x^′) = 0, (3.12) becomes (using (2.17) ):

(H_b − z)F(x, x^′; z) = e^{i φ′b(}x^,x^{′)}R_b(x, x^′)K_0(x, x^′; z) (3.14)

Using the explicit form of K_0(x, x^′; z) given in Lemma 2.2, the equality in (3.3) and the equality (2.10), one can derive that

a^′(x, x^′) · (p − a_0(x))K_0(x, x^′; z) = −a^′(x, x^′) · a_0(x, x^′)K_0(x, x^′; z) (3.15)

Moreover, using (2.19) with m = B_0/8, one can obtain the following estimate:

|R_b(x, x^′)K_0(x, x^′; z)| ≤ b C(c, d) exp ( − B_0|x − x^′|^2 8 ) (3.16)

Write as S_b(z) the operator corresponding to e^{i φ′b(}x^,x^{′)}K_0(x, x^′; z) and as T_b(z) the operator linked to e^{i φ′b (}x^,x^{′)}R_b(x, x^′)K_0(x, x^′; z).

Using Young inequalities as in Corollary 2.1, one can see that T_b(z), S_b(z) ∈ B ( L^2 ( R^2 ) , L^2 ( R^2 )) ∩ B ( L^2 ( R^2 ) , L^∞ ( R^2 )) (3.17) and ||S_b(z)||_{B(L}2_(R2_{),L}2_(R2_{))} ≤ ||K_0(y; z)||_1 ≤ C_1(c, d) < ∞ ||T_b(z)||_{B(L}2_(R2_{),L}2_(R2_{))} ≤ C_2(c, d) b (3.18)

Define F_n(z) = S_b(z) [T_b(z)]^{n+1} , n ≥ 0 (3.19)

¿From (3.14) and (3.11) one has:

(H_b − z)^{−1}(1 − T_b(z)) = S_b(z) (3.20)

and if b < 1 C_2(c, d) (3.21)

then (3.20) becomes:

(H_b − z)^{−1} = S_b(z) + ∑ n≥0 F_n(z) (3.22)

Corollary 3.1 Let K be a compact in R, such that K ∩ σ(H_0) = ∅. Define:

B_n(x) = B_0 + B^′_n(x) , B_0 > 0 b_n = ||B^′_n||_C1_(R2_) , lim_{n→∞} b_n = 0 (3.23)

Let v̂ be a unit vector in R^2 and fix y ∈ R^2. Denote with T(u,y) and D(u,y) the multiplication operators with e^{u|^}v^{·(}x^−y^{)|} and e^{u|}x^−y^|.

Fix u > 0. Define H_n = (p − a_0(x) − a^′_n(x))^2 (3.24) Then there exists N(u) ≥ 1 s.t. for any n ≥ N(u) we have K ∩ σ(H_n) = ∅ and i) T (u, y)(H_n − z)^{−1}T (−u, y) ∈ B ( L^2 ( R^2 ) , L^2 ( R^2 )) (3.25) ii) T (u, y)(H_n − z)^{−1}T (−u, y) ∈ B ( L^2 ( R^2 ) , L^∞ ( R^2 )) (3.26) iii) D(u, y)(H_n − z)^{−1}D(−u, y) ∈ B ( L^2 ( R^2 ) , L^2 ( R^2 )) (3.27)

Moreover, the norms are uniformly bounded in y, v̂, in n ≥ N(u) and z ∈ K. Proof:

We treat only the case i), the other ones being analogous. We can apply then Theorem 3.1 if n is sufficiently large. One obtains:

(H_n − z)^{−1} = S_n(z) ∑ m≥0 T^m_n (z) (3.28)

Because both S_n(z) and T_n(z) are integral operators, using (3.16) and the explicit form of K_0(x, x^′; z), one can prove (as in Corollary 2.1) that for any ψ ∈ L^2 ( R^2 ) and m ≥ 0 ||T (u, y)S_n(z)T^m_n (z)T (−u, y) ψ||_{2 (∞)} ≤ ≤ |Γ(α)| 4 π sup_{t∈} R^+ { exp [ u t − B_0 t^2 8 ]} ||U(α, 1, (B_0 x^2)/2)e^{− B0x28} ||_{1 (2)} × × { C_2(K) b_n sup_{t∈} R^+ exp [ u t − B_0 t^2 16 ]}_m ||ψ||_2 (3.29)

Take now n ≥ N(u) sufficiently large such that

b_n < e^{− 4 u2B0} C_2(K)

(3.30)

and the proof follows.

4 Decay of eigenfunctions

In this section we consider the decay of the eigenfunctions of

H = (p − a)^2 + V (4.1)

where the scalar potential V and the magnetic field which corresponds to a

∇ ∧ a(x) = B_0 + B^′(x) , B_0 > 0 (4.2)

satisfy the following conditions:

B^′ ∈ C^1 ( R^2 ) ; lim_{n→∞} ||B^′||_C1_(R2_{\{|}x_{|≤n})} = 0

V = V_1 + V_2 ; V_1 ∈ L^2 ( R^2 ) , V_2 ∈ L^∞ ( R^2 ) lim_{n→∞} sup_| x|≥n |V_2(x)| = 0 (4.3)

Under these conditions, H is essentially self-adjoint on C^∞_0 ( R^2 ) (see e.g. [C- F-K-S] ). Moreover, V is relatively compact with respect to (p − a)^2 [C-F-K-S] which together with the results in [I, H] it implies that

σ_{ess}(H) = σ(H_0) = {(2n + 1)B_0 | n = 0, 1, 2, . . .} (4.4)

Let E ∈ σ_{disc}(H) (the discrete spectrum of H) and let ψ be a normalised eigenfunction corresponding to E. The main result of this section is that ψ decays faster than any exponential:

Theorem 4.1 Suppose B_0 > 0 and B^′, V satisfy (4.3). Let K ⊂ R \ σ(H_0), K compact, E ∈ K, (H − E)ψ = 0, ψ ∈ L^2 ( R^2 ) . Then for any 0 ≤ u < ∞ there exists a constant C(u, K) < ∞ such that: |ψ(x)| ≤ C(u, K)e^{−u|}x^| (4.5) Remark:

As proved by Erdös [E] (see also Theorem 4.2 below), under more restrictive conditions one can prove the existence of μ > 0 such as |ψ(x)| ≤ const e^{−μ|}x^{|r} , 1 < r ≤ 2. (4.6)

The problem whether under the conditions (4.3) the decay given by Theorem 4.1 is optimal, remains open.

In what follows, g ∈ C^∞ ( R^2 ) ; g = g ; ||g||_C2_(R2_) = M < ∞ (4.7)

Under the conditions (4.3), one has D(H) = D((p − a)^2) and (p_j − a_j )(H + i)^{−1} is bounded, j ∈ {1, 2}. Moreover, because [H, g] = −i{(p − a) · ∇g + ∇g · (p − a)}, it follows that ||[H, g](H + i)^{−1}|| ≤ const(M) . Denote with Φ = [H, g]ψ = (E + i)[H, g](H + i)^{−1}ψ. Then ||Φ||_2 ≤ const([c, d], M). (4.8) In what follows, we shall need a L^∞ estimate on ψ.

Lemma 4.1 |ψ(x)| ≤ C(E) (4.9) where C(E) is bounded on compacts.

Proof:

As known, (4.9) follows from the general results (Harnack type inequalities); actually in our case, for sufficiently large λ, one has (H + λ)^{−1} ∈ B ( L^2, L^∞ ) and then the result follows from

ψ = (E + λ)(H + λ)^{−1}ψ

Proof of Theorem 4.1:

Let now v̂ be a unit vector in R^2 and

g ∈ C^∞(R) , 0 ≤ g(x) ≤ 1 , g(x) = { 0 if x ≤^1_2 1 if x ≥ 1 g_{n,v} ≡ g ( v̂ · x n ) ; Ω_n ≡ { x ∈ R^2 | v̂ · x ≥ n } (4.10)

¿From now on, we shall denote g_{n,v} with g_n. Let

B_n(x) = B_0 + g_nB^′(x) , V_n = g_nV (x)

a_n(x) =

∫_1 0 ds s B_n(s x) ∧ x (4.11) and H_n = (p − a_n(x))^2 + V_n(x) (4.12)

For x^{(n)} ∈ Ω_n, we have for all x ∈ Ω_n (remember that g_n(x) = 1 on Ω_n):

a_n(x) = a_n(x, x^{(n)}) + ∇xφ_n(x, x^{(n)}) = = a(x) + ∇xδφ_n(x, x^{(n)}) (4.13)

where δφ_n(x, x^{(n)}) = φ_n(x, x^{(n)}) − φ(x, x^{(n)}) (4.14)

As a consequence (see (4.12) and (4.13) ):

Hg_{2n} = [ (p − a)^2 + V ] g_{2n} =

= e^{i δφn(.,}x^{(n))}H_ne^{−i δφn(.,}x^{(n))}g_{2n} (4.15)

¿From (4.3) and (4.10) it follows that, uniformly in v̂,

lim_{n→∞} ||B_n^′||_C1_(R2_) = 0 ; lim_{n→∞} ||g_nV_1||_2 = 0

lim_{n→∞} ||g_nV_2||_∞ = 0 (4.16)

and then from Corollary 3.1 it follows that if E ∈ K then E ∈ ρ ( (p − a_n)^2 ) and in addition ||V_n [ (p − a_n)^2 − E ]_{−1} ||_{B(L}2_{,L}2_) ≤ ≤ ||g_nV_1||_2|| [ (p − a_n)^2 − E ]_{−1} ||_{B(L}2_{,L}∞_) + + ||g_nV_2||_∞|| [ (p − a_n)^2 − E ]_{−1} ||_{B(L}2_{,L}2_) → 0 , when n → ∞ (4.17)

It follows that there exists n(K) such that for n ≥ n(K),

(H_n − E)^{−1} = = [ (p − a_n)^2 − E ]_{−1} ∑ k≥0 { V_n [ (p − a_n)^2 − E ]_{−1}}k (4.18)

where the series in the R.H.S. of (4.18) is B ( L^2, L^2 ) and B ( L^2, L^∞ ) convergent.

Fix now u > 0. Corollary 3.1 implies the existence of N_1(u, K) such that ||T (u, 0) [ (p − a_n)^2 − E ]_{−1} T (−u, 0)||_{B(L}2_{,L}2_) ≤ C_1(u, K) ||T (u, 0) [ (p − a_n)^2 − E ]_{−1} T (−u, 0)||_{B(L}2_{,L}∞_) ≤ C_2(u, K) (4.19)

as soon as n ≥ N_1(u, K) and E ∈ K.

¿From (4.15) it follows that:

(H − E)g_{2n}ψ = [H, g_{2n}]ψ ≡ Φ_{2n} = = e^{i δφn} (H_n − E)e^{−i δφn} g_{2n}ψ (4.20)

Together with (4.18), one has (n large enough):

g_{2n}ψ = = e^{i δφn} [ (p − a_n)^2 − E ]_{−1} × × ∑ k≥0 { V_n [ (p − a_n)^2 − E ]_{−1}}k e^{−i δφn} Φ_{2n} (4.21)

Because T (u, 0) comutes with V , (4.21) becomes: ||T (u, 0)g_{2n}ψ||_∞ ≤ ≤ C_2(u, K) ∑ k≥0 ||V_nT (u, 0) [ (p − a_n)^2 − E ]_{−1} T (−u, 0)||^k_{B(L}2_{,L}2_) × × ||T (u, 0)Φ_{2n}||_2 (4.22)

Since supp Φ_{2n} ⊂ Ω_n \ Ω_{2n}, one has:

||T (u, 0)Φ_{2n}||_2 ≤ e^{2 n u}||Φ_{2n}||_2 (4.23)

Using (4.19), there exists N(u, K) > 0 such that: ||V_nT (u, 0) [ (p − a_n)^2 − E ]_{−1} T (−u, 0)||_{B(L}2_{,L}2_) ≤ ≤ ||V_1g_n||_2C_2(u, K) + ||V_2g_n||_∞C_1(u, K) < 1 if n ≥ N(u, K) (4.24)

Because ||g_{2n}||_C2_(R2_) ≤ const^1_n and using (4.24), (4.23), (4.22) and (4.8) one obtains: e^{u^}v^·x|ψ(x)|g_{2N(u,K)} ≤ C(u, K)e^{2uN(u,K)} (4.25) and since v̂ is arbitrary, the proof of Theorem 4.1 is completed.

Remark:

To obtain a proof of Theorem 4.1 in the Combes-Thomas scheme, in order to apply the O’Connor’s Lemma, one needs to show that the essential spectrum of exp(α(1 + x^2)^{1/2})H exp(−α(1 + x^2)^{1/2}) ≡ H(α) is (at least) included in σ_L(B_0) independently of α. One can try to prove this by showing that σ_{ess}(H(α)) ⊂ σ_{ess}(H_0(α)) ⊂ σ_L(B_0). The second inclusion follows at once from the gaussian decay of the kernel of (H_0 − z)^{−1}. If B^′(x) = 0 the first inclusion (in fact equality) follows from a standard compactness argument. The hard case (at least for us) is B^′(x) ≠ 0 and actually Theorem 3.1 can be used to prove the inclusion in this case.

In the rest of this section,

B ∈ C^∞ and B(x) = B_0 if |x| ≥ 1 (4.26)

The scalar potential V belongs to L^2 + (L^∞)_ϵ and we suppose that there exist δ > 0 and 0 < β ≤ 2 such that: |V (x)| ≤ Ce^{−δ|}x^{|β} , for |x| ≥ 1, C > 0 (4.27) Then takes place Theorem 4.2 Let r = 1 +^β_2 , (1 < r ≤ 2) . Then there exists μ > 0 such that |ψ(x)| ≤ const(E) e^{−μ |x|r} . (4.28) One can write (see (4.11)):

|V_n(x)| ≤ C_ne^{− δ2 |}x^{|β} , lim_{n→∞} C_n = 0 (4.29) Take N_1 sufficiently large such that if n ≥ N_1, then: C_n < dist(E, σ(H_0)), (4.30) and by a similar argument with that made in Theorem 4.1, one has: g_{2n}ψ =

= e^{i δφn} (H_0 − E)^{−1} × × ∑ k≥0 [ V_n (H_0 − E)^{−1} ]_k e^{−i δφn} Φ_{2n} (4.31)

Denote with x_v = v̂ · x, with T (u, r) the multiplication operator with e^{u|xv |r} ( where u > 0 and 1 ≤ r ≤ 2) and with χ = χ_{Ω n2} .

Because suppV_n ⊂ Ω^n_2 , one has g_{2n}ψ = = e^{i δφn} χ (H_0 − E)^{−1} χ × × ∑ k≥0 [ χV_n (H_0 − E)^{−1} χ ]_k e^{−i δφn} Φ_{2n} (4.32)

Lemma 4.2 Let z ∈ ρ(H_0) and 0 ≤ u <^{B0}_{2r+1} . Then

T (u, r)χ (H_0 − z)^{−1} χT (−2^{r−1}u, r) ∈ B(L^2, L^2) [ B(L^2, L^∞) ] (4.33) Proof:

One has: B_0 4 |x − x^′|^2 ≥

B_0 4 |x_v − x^′_v |^r − B_0 4 (4.34) If x, x^′ ∈ Ω^n_2 , then x_v and x^′_v are positive, therefore ux^r_v ≤ 2^{r−1}u|x_v − x^′_v |^r + 2^{r−1}ux^{′r}_v . (4.35) Using Young inequalities (as in Corollary 3.1), the result is straightforward. The technical core of the proof of Theorem 4.2 is contained in the following

Lemma 4.3 Let r = 1 +^β_2 , (1 < r ≤ 2). Then there exists u > 0 such that:

T (u, r)χV_n(H_0 − E)^{−1}χT (−u, r) ∈ B(L^2, L^2) (4.36)

and has a norm which goes to zero when n goes to infinity.

Proof:

We intend to use Young inequalities again, therefore we shall estimate for an arbitrary ψ ∈ L^2 the term: |T (u, r)χV_n(H_0 − E)^{−1}χT (−u, r)ψ|(x) ≤ ≤ e^{uxrv} C_nχ(x) |Γ(α)| 4π ∫ dx^′ e^{− δ2 |}x^{|β} e^{− B0|x−x′|28} e^{− B0|x−x′|28} × × |U(|x − x^′|^2)|χ(x^′)e^{−ux′rv} |ψ(x^′)|. (4.37) We want to prove the existence of u > 0 such that for any x, x^′ ∈ Ω^n_2 to take place B_0|x − x^′|^2 8 − ux^r_v + δ 2 x^β_v + ux^{′r}_v ≥ 0 (4.38)

First of all, |x − x^′|^2 ≥ (x_v − x^′_v)^2, so if x_v ≤ x^′_v , the inequality is trivial. Therefore, the only interesting zone is 0 ≤ x^′_v ≤ x_v .

Define f(y) = B_0 8u (x_v − y)^2 + y^r − x^r_v , 0 ≤ y ≤ x_v , n 2 ≤ x_v . (4.39)

Then

f^′(y) = −

B_0 4u (x_v − y) + ry^{r−1}; f^{′′}(y) =

B_0 4u + r(r − 1)y^{r−2}. (4.40)

Because f^{′′}(y) is positive on the considered domain and f^′(y) is changing sign in the extremities of the interval, there will be only one point z ∈ (0, x_v ) in which f reaches its minimum.

Let t =^{xv −y}_{xv} ∈ [0, 1]; then y = (1 − t)x_v and f(t) = B_0x^2_v 8u { t^2 − 8ux^{r−2}_v B_0

[1 − (1 − t)^r] } . (4.41)

The equation f^′(t_m) = 0 can be easily rewritten as:

t_m = λ(1 − t_m)^{r−1}; λ = 4ur B_0x^{2−r}_v . (4.42)

If^{8u}_{B0} < 1, an approximate solution for t_m is

t_m = λ − (r − 1)λ^2 + o(λ^3). (4.43)

Introducing t_m in f(t) one obtains:

f(t_m) = − 2ur^2 B_0 x^β_v [ 1 + o ( 8u B_0 )] . (4.44)

Choosing u sufficiently small, one has uf(y) +^δ_2 x^β_v ≥ 0. This implies: ||T (u, r)χV_n(H_0 − E)^{−1}χT (−u, r)ψ||_2 ≤ ≤ |Γ(α)| 4π C_n||e^{− B0x28} |U(x^2)|||_1||ψ||_2 (4.45)

and the proof of Lemma 4.3 is complete.

Proof of Theorem 4.2:

With the results of Lemma 4.2 and Lemma 4.3, (4.32) becomes: ||T ( u 2^{r−1} , r ) g_{2n}ψ||_∞ ≤ ≤ ||T ( u 2^{r−1} , r ) χ(H_0 − E)^{−1}χT (−u, r)||_{B(L}2_{,L}∞_) × × ∑ k≥0 ||T (u, r)χV_n(H_0 − E)^{−1}χT (−u, r)||^k_{B(L}2_{,L}2_) × × ||T (u, r)Φ_{2n}||_2 (4.46)

Choose now N_0 large enough, such that the above series to converge. Then: |ψ(x)| ≤ const exp ( − u 2^{r−1} x^r_v ) , x_v ≥ 2N_0, (4.47)

where the constant is independent of v̂.

Acknowledgements. We thank the referee for valuable suggestions and for pointing out that (2.18) was known.

References

[A-S] Abramovitz, M., Stegun, I.A.: Handbook of mathematical functions.

National Bureau of Standards, Applied Mathematics Series 55, 1965

[A-H-S 1] Avron, J., Herbst, I., Simon, B.: Schrödinger operators with magnetic fields, I. General interactions. Duke Math. J. 45, 847-883 (1978)

[A-H-S 2] Avron, J., Herbst, I., Simon, B.: Schrödinger operators with magnetic fields, II. Separation of the center mass in homogeneous magnetic fields. Ann. Phys. 114, 431-451 (1978)

[B-C-D] Briet, P., Combes, J. M., Duclos, P.: Spectral stability under tunneling. Commun. Math. Phys. 126, 133-156 (1989)

[C-F-K-S] Cycon, H.L., Froese, R.G., Kirsch, W., Simon, B.: Schrödinger operators with application to quantum mechanics and global geometry. Berlin, Heidelberg, New York: Springer-Verlag 1987

[E] Erdös, L.: Gaussian decay of the magnetic eigenfunctions. Vienna:

Preprint E.S.I 184 (1994)

[F-H] Feynman, R.P., Hibbs, A.: Quantum mechanics and path integrals.

Hightstown, New Jersey: Mc Graw Hill 1965

[H] Helffer, B.: On spectral theory for Schrödinger operators with magnetic potentials. Advanced Studies in Pure Mathematics. 23, 113-141 (1994)

[H-S] Helffer, B., Sjöstrand, J.: Multiple wells in the semi-classical limit I.

Comm. in P.D.E. 9, 337-408 (1984)

[H-H] Hempel, R., Herbst I.: Strong magnetic fields, Dirichlet boundaries and spectral gaps. Preprint E.S.I. 74 (1994)

[Hu] Hunziker, W.: Schrödinger operators with electric or magnetic fields.

Lecture Notes in Physics, Proc. Int. Conf. in Math. Phys., Lausanne 1980

[I] Iwatsuka, A.: The essential spectrum of two-dimensional Schrödinger operators with perturbed magnetic fields. J. Math. Kyoto Univ. 23, 475-480 (1983)

[J-P] Joynt, R., Prange, R.: Conditions for the quantum Hall effect. Phys.

Rev. B 29, 3303-3320 (1984)

[K] Kato, T.: Perturbation theory for linear operators. Berlin, Heidelberg, New York: Springer-Verlag 1976

[Na 1] Nakamura, S.: Band spectrum for Schrödinger operators with strong periodic magnetic fields. Operator Theory: Advances and Applications 78, 261-270 (1995)

[Na 2] Nakamura, S., Bellisard, J.: Low energy bands do not contibute to Quantum Hall Effect. Commun. Math. Phys. 131, 283-305 (1990)

[N] Nenciu, G.: Dynamics of band electrons in electric and magnetic fields: rigorous justification of the effective hamiltonians. Rev. Mod. Phys. 63, 91-128 (1991)

[R-S] Reed, M., Simon, B.: Methods of modern mathematical physics II.

New York: Academic Press 1975

[T] Thaller, B.: The Dirac equation. Berlin, Heidelberg, New York:

Springer-Verlag 1992