MIDGAP DEFECT MODES IN DIELECTRIC AND ACOUSTIC MEDIA

ALEXANDER FIGOTIN� AND ABEL KLEIN y

Abstract. We consider three dimensional lossless periodic dielectric (photonic crystals) and acoustic media having a gap in the spectrum. If such a periodic medium is perturbed by a strong enough defect, defect eigenmodes arise, localized exponentially around the defect, with the corresponding eigenvalues in the gap. We use a modified Birman-Schwinger method to derive equations for these eigenmodes and corresponding eigenvalues in the gap, in terms of the spectral attributes of an auxiliary Hilbert-Schmidt operator. We prove that in three dimensions, under some natural conditions on the periodic background, the number of eigenvalues generated in a gap of the periodic operator is finite, and give an estimate on the number of these midgap eigenvalues. In particular, we show that if the defect is weak there are no midgap eigenvalues.

Key words. photonic crystal, photonic bandgap, periodic acoustic medium, periodic dielectric medium, midgap states, defect modes, localization of light

AMS subject classifications. 78A40, 76N99, 35P99, 35Q60, 35Q35

1. Introduction. Localization of classical waves, acoustic and electromagnetic, has received much attention in recent years (e.g., [An, J1, J2, DE, Sc, VP, M, HJ, JMW] and references therein). This phenomenon arises from coherent multiple scattering and interference and occurs when the scale of the coherent multiple scattering reduces to the wavelength itself. Numerous potential applications (e.g., [DE, J2, VP, HJ]), for instance, the optical transistor, and the fundamental significance of the localization of classical waves motivate the interest in this phenomenon.

In this article we continue our study of localization phenomena due to a single defect in a periodic medium. (A periodic dielectic medium is called a photonic crystal, e.g., [JMW]) In a previous article [FK4], we showed that defects do not change the essential spectrum of the associated nonnegative operators. Thus the effect of the defect inside a spectral gap of the periodic medium can only be the creation of isolated eigenvalues of finite multiplicity, with the corresponding eigenmodes decaying exponentially away from the defect. These are usually called midgap eigenvalues and defect eigenmodes. We also gave a constructive and simple description of defects in acoustic and dielectric media, including a simple condition on the parameters of the medium and of the defect, which ensures the rise of an defect eigenmode with the corresponding eigenvalue in a specified subinterval of the given gap of the periodic medium.

We have previously given rigorous proofs of Anderson localization due to a random array of defects, both in the lattice [FK1, FK2] and in the continuum [FK3, FK5], including the true three dimensional continuum case.

We consider acoustic and electromagnetic waves in a lossless, inhomogeneous medium; they are described by the formally self-adjoint operators A = A(ε) = −∇ · 1 ε(x) ∇ on L^2(R^d ), (1) � Department of Mathematics, University of North Carolina at Charlotte, Charlotte, NC 28223.

E-mail: figotin@uncc.edu. This author was supported by the U.S. Air Force Grant F49620-94-1-0172.

y Department of Mathematics, University of California, Irvine, Irvine, CA 92697-3875. E-mail: aklein@math.uci.edu. This author was supported in part by the NSF Grant DMS-9500720 .

and M = M(ε) = ∇^× 1 ε(x) ∇^× on S, (2) where S, the space of solenoidal fields, is the closure in L^2(R^3 ; C^3 ) of the linear subset {Ψ ∈ C^1_0 (R^3 ; C^3 ); ∇ · Ψ = 0}. We use the notation

∇^×Ψ = ∇×Ψ = curl Ψ; ∇ · Ψ = div Ψ.

We also set M = M(ε) = ∇^× 1 ε(x) ∇^× on L^2(R^3 ; C^3 ). (3) The function ε(x) describes the medium; it is the position dependent mass density for acoustic waves, and the position dependent dielectric constant for electromagnetic waves. We deliberately pick the same notation ε(x) for the coefficients of the above operators, even so they have different physical meaning, in order to emphasize their similarity and describe uniformly their common spectral properties.

We always assume that ε(x) is a measurable real valued function satisfying

0 < ε_− ≤ ε(x) ≤ ε_+ < ∞ a.e. for some constants ε_− and ε_+. (4) Localized acoustic or electromagnetic waves are finite energy solutions of the acoustic or Maxwell equations with the property that almost all of the wave’s energy remains in a fixed bounded region of space at all times. They can be constructed from exponentially localized eigenmodes (e.g., defect eigenmodes) of the acoustic operator A or the Maxwell operator M. (See the discussion in [FK3, FK5].)

(a) (b)

Fig. 1. A slab of a photonic crystal (a) with an interior defect of higher dielctric constant. The defect is shown on the crossection of the slab (b) as a darker square.

A defect is a perturbation of a given medium in a finite domain. Defects in the medium can generate eigenmodes of A or M, with corresponding eigenvalues in spectral gaps of the underlying unperturbed medium. This phenomenon is analogous to the rise of bound states for electrons described by Schrödinger operators, due to defects such as a well potential satisfying some simple conditions on its width and depth (e.g., [S]). To employ a mechanism for localization of classical waves similar to the one for electronic localization, we started in [FK4] with a medium described by a coefficient ε_0(x), such that the corresponding acoustic or Maxwell operator has a gap inside its spectrum, with the edges depending on the medium, i.e., on the coefficient ε_0(x). We proved that if such medium is perturbed locally by a defect, the corresponding acoustic or Maxwell operator can exhibit exponentially localized eigenmodes with corresponding eigenvalues in the interior of the gaps, the defect eigenmodes.

The most natural way to obtain media with gaps in the spectrum is to consider periodic media, i.e., media described by periodic ε_0(x). In this case, the spectra of the corresponding operators A_0 and M_0, according to Floquet-Bloch theory, have bandgap structure and can have gaps. The existence of gaps for some periodic dielectric and acoustic media was proved in [FKu1, FKu2].

We showed in [FK4] that defects satisfying simple conditions generate defect eigenmodes with corresponding eigenvalues in the gaps, and that the interiors of the gaps contain no points of accumulation of those defect eigenvalues. In this paper, we use a modified Birman-Schwinger method to derive equations for these defect eigenmodes and corresponding midgap eigenvalues, in terms of the spectral attributes of an auxiliary Hilbert-Schmidt operator. We prove that in three dimensions, under some natural conditions on the periodic background described by ε_0(x), the number of eigenvalues generated in a gap of the periodic operator is finite, and give an estimate on the number of these midgap eigenvalues. In particular, we show that if the defect is not strong enough no eigenvalues will be generated in the gap, as in the case of three dimensional Schrödinger operators −Δ + V , with V a well potential, where bound states are not created below the continuous spectrum if the well is shallow (e.g., [S]).

2. Statement of results. A and M are defined as the nonnegative self-adjoint operators on L^2(R^d) and L^2(R^3; C^3). They are uniquely defined by the closure of the nonnegative densely defined quadratic forms A(ψ) = ⟨∇ψ, 1 ε(x) ∇ψ⟩ ≡ d∑ j=1 ⟨∂_j ψ, 1 ε(x) ∂_j ψ⟩, with ψ ∈ C^1_0 ( R^d), (5) and M(Ψ) = ⟨∇ × Ψ, 1 ε(x) ∇ × Ψ⟩, with Ψ ∈ C^1_0 (R^3; C^3). (6) We recall Weyl’s decomposition (see [BS]), L^2(R^3; C^3) = S ⊕ G , where G , the space of potential fields, is the closure in L^2(R^3; C^3) of the linear subset {Ψ ∈ C^1_0 (R^3; C^3); Ψ = ∇φ with φ ∈ C^1_0 (R^3)}. The spaces S and G are invariant under M, with G ⊂ D (M) and M|G = 0. We define M as the restriction of M to S, i.e., D (M) = D (M) ∩ S and M = M|_{D(M)∩}S. Thus M = PSMIS = MIS, (7) with PS the orthogonal projection onto S and IS : S → L^2(R^3; C^3) the restriction of the identity map. Note M = M ⊕ 0G , so we can work with M to answer questions about the spectrum of M.

In this article we discuss results common to both acoustic and Maxwell operators. Since most of the discussion will apply to both cases, where it simplifies the discussion we will use W to denote either A or M, and ~W to denote either A or M. We will also

write R(z) = (W − zI)^{−1} and ~R(z) = ( ~W − zI )_{−1} for the resolvents. In addition,

we will use R̆(z) for either (A − zI)^{−1} or (M − zI)^{−1} ⊕ 0G . Note d = 3 if W = M.

In this article the background medium will be described by a function ε_0(x) as in (4), which will be taken to be periodic with period q: ε_0(x) = ε_0(x + qm) for all

x ∈ R^d and m ∈ Z^d. We take q = 1 without loss of generality. The corresponding

operators will be denoted by A_0, M_0, M_0, W_0, ~W_0, R_0(z), ~R_0(z), R̆_0(z). An interval (a, b) will be called a gap in the spectrum of W_0, if a, b ∈ σ(W_0) with a < b, and σ(W_0) ⋂ (a, b) = ∅. We will say that the medium described by ε(x) (as in (4)) was obtained from the background medium by the insertion of a defect, if ε(x) and ε_0(x) differ only in a bounded domain, i.e., ε(x) − ε_0(x) has compact support; we will then say that ε(x) and ε_0(x) differ by a defect. In this case the following results are proved in [FK4]: Stability of essential spectrum: W and W_0 have the same essential spectrum, i.e., σ_{ess} (W ) = σ_{ess} (W_0). If (a, b) is a gap in the spectrum of W_0, the spectrum of W in (a, b) consists at most of isolated eigenvalues with finite multiplicity, with the corresponding eigenmodes decaying exponentially fast, with a rate depending on the distance from the eigenvalue to the edges of the gap.

Creation of defect eigenmodes: Let (a, b) be a gap in the spectrum of W_0, select μ ∈ (a, b), and pick 0 < γ < 1 such that the interval [μ(1 − γ), μ(1 + γ)] is contained in the gap, i.e., [μ(1 − γ), μ(1 + γ)] ⊂ (a, b). If ε (x) ≡ ϵ in a cube of side ℓ, with ℓ^2ϵ > 24 μγ^2 ( 1 + √ 1 + d (5 + 2d) 8 γ^2 ) , (8) the corresponding operator W has at least one defect eigenmode, with corresponding eigenvalue inside the interval [μ(1 − γ), μ(1 + γ)].

If either ε(x) ≥ ε_0(x) or ε(x) ≤ ε_0(x), we can say more about how the eigenvalues are distributed in the gap. We will call a defect positive if ε(x) ≤ ε_0(x), in which case we have Y ≡ W − W_0 ≥ 0. Similarly, a defect is negative if ε(x) ≥ ε_0(x), so Y ≤ 0. We will also write ~Y = ~W − ~W_0.

We would like to use the Birman-Schwinger method (e.g., [RS4, Kl, ADH]) to get more information about the eigenvalues a defect creates in a gap, but, unfortunately, Y = W − W_0 is not relatively compact with respect to W_0. The way out is to use the resolvents: we set H = (W + I)^{−1} and H_0 = (W_0 + I)^{−1}, prove that V = H − H_0 is a Hilbert-Schmidt operator when d ≤ 3 (see Proposition 5.1), and use the Birman- Schwinger method for H = H_0 + V . (A different approach was used in [AADH, BL] to obtain asymptotic results for acoustic operators.)

The Birman-Schwinger method gives equations for the defect eigenmodes and corresponding midgap eigenvalues in terms of the spectral attributes of an auxiliary Hilbert-Schmidt operator. Let (a, b) be a gap in the spectrum of the operator W_0 and let us insert a negative defect, so ε (x) ≥ ε_0 (x) and V ≥ 0. Let us consider the eigenvalue problem for the operator W in the gap:

W ψ = μψ, where μ ∈ (a, b) . (9)

This is clearly equivalent to the eigenvalue problem

Hψ = (W + I)^{−1}ψ = (μ + 1)^{−1}ψ, where μ ∈ (a, b) .

(10)

On the other hand, the eigenvalue problem

Hψ = H_0ψ + V ψ = λψ, where λ /∈ σ (H_0) ,

(11)

can be rewritten as

ψ = −R_0 (λ) V ψ, where R_0 (λ) = (H_0 − λI)^{−1} .

(12)

If we set R (λ) = − √ V R_0 (λ) √ V , (13)

we obtain the eigenvalue problem

R (λ) φ = φ with φ = √ V ψ, (14)

which is equivalent to the eigenvalue problem (11), as shown in Lemma 4.1. The Birman-Schwinger operator R (λ) is a self-adjoint Hilbert-Schmidt operator (V is Hilbert-Schmidt). The original eigenvalue problem (9) for W can now be rewritten as follows:

S (μ) φ = φ, where φ = √ V ψ, μ ∈ (a, b) , (15)

and S (μ) is the self-adjoint Hilbert-Schmidt operator given by S (μ) = R ( (μ + 1)^{−1} ) = (μ + 1) √ V W_0 + I W_0 − μI √ V. (16)

In the case of a positive defect, so ε (x) ≤ ε_0 (x) and V ≤ 0, the analog of the equations (15) and (16) takes the form

S (μ) φ = −φ, where φ = √ −V ψ, μ ∈ (a, b) , (17)

with

S (μ) = (μ + 1) √ −V W_0 + I W_0 − μI √ −V. (18)

Observe now that, since (W_0 − μI)^{−1} is a monotonically increasing, norm continuous operator function of μ ∈ (a, b), the operator S (μ) is also a monotonically increasing, norm continuous function of μ ∈ (a, b) for both negative and positive defects. Since S (μ) is a self-adjoint Hilbert-Schmidt operator, its spectrum consists of eigenvalues of finite multiplicity with 0 being the only possible point of accumulation. Let ρ^+_1 (μ) ≥ ρ^+_2 (μ) ≥ . . . ≥ 0 and ρ^−_1 (μ) ≤ ρ^−_2 (μ) ≤ . . . ≤ 0 be the sequences of respectively the positive and negative eigenvalues of the operator S (μ), repeated according to their multiplicity. If we have a finite number of either positive or negative eigenvalues, we complete the sequence by assigning the value 0. The functions ρ^±_n (μ) are monotonically increasing and continuous in μ ∈ (a, b).

Fig. 2. The equations for the eigenvalues for the defect eigenmodes take the form ρ^+_n (μ) = 1 where the functions ρ^+_n (μ) are the eigenvalues of an auxiliary compact operator depending on the spectral parameter μ.

Theorem 2.1. Suppose d ≤ 3. Let ε_0(x) be a periodic function satisfying (4), such that the interval (a, b) is a gap in the spectrum of W_0. Let ε(x) be obtained from ε_0(x) by the insertion of a defect. Then:

(i) If the defect is negative, the only possible point of accumulation of σ(W ) ∩ (a, b) is b. In this case the eigenvalues μ_1 ≤ μ_2 ≤ . . . of the operator W in the gap (a, b) coincide with the set of the solutions of the equations

ρ^+_n (μ) = 1, n = 1, 2, . . . ,

(19)

where ρ^+_n (μ) are the positive eigenvalues of the operator S (μ) defined by (16). Moreover, if φ_i is an eigenmode of the operator S (μ_i) with eigenvalue ρ^+_{ni} (μ_i) = 1, then

ψ_i =

W_0 + I W_0 − μ_iI √ V φ_i (20)

is an exponentially localized eigenmode of the operator W with eigenvalue μ_i.

(ii) If the defect is positive, the only possible point of accumulation of σ(W ) ∩ (a, b) is a. In this case the eigenvalues μ_1 ≥ μ_2 ≥ . . . of the operator W in the gap (a, b) coincide with the set of the solutions of the equations ρ^−_n (μ) = −1, n = 1, 2, . . . , (21) where ρ^−_n (μ) are the negative eigenvalues of the operator S (μ) defined by (18). Moreover, if φ_i is an eigenmode of the operator S (μ_i) with eigenvalue ρ^−_{ni} (μ_i) = −1, then

ψ_i = −

W_0 + I W_0 − μ_iI √ −V φ_i (22)

is an exponentially localized eigenmode of the operator W with eigenvalue μ_i.

Note that for defects as in (8) with μ =^{a+b}_2 and γ =^{b−a}_{a+b} , defect eigenmodes and midgap eigenvalues always exist (see [FK4, Theorem 2 and Remark 3] for more details), so in this case we can guarantee the existence of a solution for some of the equations (19) and (21).

Theorem 2.1 follows from Proposition 5.1 and Theorem 4.4. It reduces the search for defect eigenmodes and midgap eigenvalues of the perturbed operator W to the investigation of the spectral attributes of the relevant Hilbert-Schmidt operator S (μ). When it comes to numerical estimations, the reduction to the Hilbert-Schmidt operator S (μ) is quite valuable, since clearly S (μ) is more suitable for truncations than the original unbounded differential operator W with generally nonsmooth coefficient ε (x). In this article we estimate the number of eigenvalues a defect creates in a gap.

To do so we need a suitable regularity of the resolvent (W_0 − zI)^{−1} in the vicinity of the edges of the spectral gap (a, b). When d = 3 we expect edges to be typically regular. To start with, R̆_0 (z) χ_0 is a Hilbert-Schmidt operator for any z /∈ σ(W_0) [FK3, Proposition 42], [FK5, Theorem 18]. Floquet theory [RS4, Ku, FK5] tells us that the spectrum of the periodic operator W_0 is the union of a countable number of bands; more precisely, there exist continuous functions {μ_n(k)}_{n=1,2,...} on R^d (the dispersion relations), periodic with period 2π, with μ_n(k) ≤ μ_{n+1}(k), such that

σ(W_0) = ⋃ n=1,2,... μ_n ( ~Q ) , where ~Q = [−π, π)^d. (23)

It follows from (4) and the min-max principle that for any closed finite interval I ⊂ R we have μ_n ( ~Q ) ∩ I = ∅ except for at most finitely many n’s. Thus, if (a, b) is a gap in the spectrum of W_0, and {μ_n(k)}_{n=1,2,...} are the corresponding dispersion relations, there must exist n_0 ∈ N such that μ_n ( ~Q ) ⊂ [0, a] for all n ≤ n_0 and μ_n ( ~Q ) ⊂ [b, ∞) for all n > n_0. In addition, there exist a positive integer n_1 ≤ n_0 such that a /∈ μ_n ( ~Q ) for either n < n_1 or n > n_0, and a = max μ_n ( ~Q ) for n_1 ≤ n ≤ n_0.

It follows that there exists a constant c_1 > 0 such that, if n < n_1 or n > n_0 we have |a − μ_n(k)| ≥ c_1 > 0 for all k ∈ ~Q.

A natural regularity condition for the left edge a is a non-degeneracy condition: for each n_1 ≤ n ≤ n_0 we have a = μ_n(k) for only finitely many k ∈ ~Q, say k_{n,1}, . . . , k_{n,sn} , and for any i = 1, ..., s_n we have

a − μ_n(k) ≥ c_i |k − k_{n,i}|^2 for |k − k_{n,i}| small, with c_i > 0.

(24)

(With a similar definition for the right edge b.)

This non-degeneracy condition is a common assumption in the physical literature (e.g., [HJ, Eq. (4.53)]). It was also used in the study of Lifschitz tails in spectral gaps of periodic Schrödinger operators [Kp].

Verification of the regularity of a gap edge is not a simple matter even for Schrödinger operators. We give below two rather natural definitions of regularity of a gap edge, sufficient for our purposes. Conditions under which one can guarantee the desired regularity is a subject for a separate investigation.

Definition 2.2. Let (a, b) be a gap in the spectrum of W_0, let {μ_n}_{n=1,2,...} be the corresponding dispersion relations, and let c denote either the left edge a or the right edge b. We say that the edge c is strongly regular if ∫ e_Q dk |μ_n(k) − c| < ∞ (25)

for all n = 1, 2, . . ..

Note that in three dimensions strong regularity of an edge is a an immediate consequence of the non-degeneracy condition.

For our purposes a weaker definition suffices.

Definition 2.3. We say that the left edge a of the gap (a, b) in the spectrum of the periodic operator W_0 is regular if

ξ (a) ≡ lim sup_{η↓0} Tr [( χ_0 | |R̆0 (a + η) | | χ0 )_2] < ∞, (26)

where χ_0 denotes the characteristic function of the cube of side 1 (i.e., the period of ε_0(x)) centered at the origin. Similarly, the right edge b is regular if

ξ (b) ≡ lim sup_{η↓0} Tr [( χ_0 | | |R̆0 (b − η) | | | χ0 )_2] < ∞. (27)

To put the definition in perspective, note that for z real and not in the spectrum

of W_0, we always have Tr [( χ_0 | |R̆_0 (z) | | χ_0)^2 ] < ∞, since

Tr [( χ_0 | | |R̆0 (z) | | | χ0 )_2] = ‖ ‖ ‖χ0 | | |R̆0 (z) | | | χ0 ‖ ‖ ‖^2

(28) ≤ ‖ ‖ ‖ | | |R̆0 (z) | | | χ0 ‖ ‖ ‖^2 = ‖ ‖ ‖R̆0 (z) χ0 ‖ ‖ ‖^2 < ∞,

as R̆_0 (z) χ_0 is Hilbert-Schmidt by [FK3, Proposition 42], [FK5, Theorem 18], plus the resolvent identity. Furthermore, regularity follows from non-degeneracy, in fact it already follows from strong regularity.

Theorem 2.4. When d = 3 a strongly regular edge is always regular. To formulate our main result we need a definition. For a given a self-adjoint operator H and interval (α, β), we define N_H (α, β) = Tr χ_{(α,β)}(H). (29)

Note N_H (α, β) is always a nonnegative integer unless it is infinite. If H has discrete spectrum in (α, β), N_H (α, β) gives the number of eigenvalues of H in (α, β), counted according to their multiplicity.

It will be convenient to write

ε (x) = ε_0 (x) 1 + θ (x) , (30) 8

where θ (x) is a bounded measurable function with compact support satisfying

−1 < θ_− ≤ θ (x) ≤ θ_+ < ∞ a.e. for some constants θ_− and θ_+.

(31)

In this case we will always take

ε_+ = ε_{0,+} 1 + θ_− and ε_− = ε_{0,−} 1 + θ_+ . (32)

Note that a defect is positive if θ(x) ≥ 0, in which case we have θ_− = 0. Similarly, a defect is negative if θ(x) ≤ 0, so θ_+ = 0.

Our main result is given in the following theorem.

Theorem 2.5. Suppose d = 3. Let ε_0(x) be a periodic function satisfying (4), with the interval (a, b) a gap in the spectrum of W_0. Let us insert a defect by taking ε(x) be as in (30), where θ (x) satisfies (31) and vanishes outside a cube Λ_ℓ of side ℓ > 0. Let 0 < δ ≤ 1, we have:

(i) Suppose the left edge a is regular and the defect is positive, then N_W (a, b) ≤ C_{a,ε0,± ,θ+,δ}θ^2_+ (ℓ + 3)^{9+δ} ξ(a) < ∞, (33)

with C_{a,ε0,± ,θ+,δ} = C(a + 1)^2 δ [ 1 + ε^{−(6+δ)} − ] [ 1 + 6 √ε_{0,+} ε_{0,−} ( √ ε_− + 1 √ ε_− )]_2 , (34)

where C is some constant, independent of δ and of the other parameters, and ε_− = ε0_{,−} 1+θ+ .

(ii) Suppose the right edge b is regular and the defect is negative, then N_W (a, b) ≤ C_{b,ε0,± ,θ−,δ} θ^2_− (ℓ + 3)^{9+δ} ξ(b) < ∞, (35)

with C_{b,ε0,± ,θ−,δ} = C(b + 1)^2 δ [ 1 + ε^{−(6+δ)} 0,− ] [ 1 + 6 √ ε_+ ε_{0,−} ( √ ε_{0,−} + 1 √ε_{0,−} )]_2 , (36)

where C is some constant, independent δ and of of the other parameters, and ε_+ =

ε0_,+ 1+θ_− .

Since the function N_W (a, b) is integer valued, N_W (a, b) < 1 implies N_W (a, b) = 0. Thus we have the following immediate corollary, which tells us that there are no midgap eigenvalues if the defect is small.

Corollary 2.6. Suppose d = 3. Let ε_0(x) be a periodic function satisfying (4), with the interval (a, b) a gap in the spectrum of W_0. Let us insert a defect by taking ε(x) be as in (30), where θ (x) satisfies (31) and vanishes outside a cube Λ_ℓ of side ℓ > 0. Then:

(i) If the left edge a is regular and the defect is positive, we must have N_W (a, b) = 0 for θ_+ > 0 small, how small depending only on a, ε_{0,±} and ℓ. In other words, there are no eigenvalues in the gap for weak defects.

(ii) If the right edge b is regular and the defect is negative, we must have N_W (a, b) = 0 for θ_− < 0 small, how small depending only on b, ε_{0,±} and ℓ, so there are no eigenvalues in the gap for weak defects.

For the reader’s convenience we collect below some notations we use throughout the paper:

• W denotes either A or M, and ~W denotes either A or M. The corresponding acoustic or dielectric medium is described by ε (x) . • R(z) = (W − zI)^{−1} , ~R(z) = ( ~W − zI )_{−1} . • R̆(z) denotes either (A − zI)^{−1} or (M − zI)^{−1} ⊕ 0G .

• A_0, M_0, M_0, W_0, ~W_0, R_0(z), ~R_0(z), R̆_0(z) correspond to the acoustic or dielectric medium described by ε_0 (x) . • Y = W − W_0, ~Y = ~W − ~W_0. • #S is the number of elements in the set S. • χ_S is the characteristic function of the set S.

• A bounded operator T , from a Hilbert space H_1 to another Hilbert space H_2,

is of class T_p, where 1 ≤ p < ∞, if ‖T ‖_p ≡ [ Tr (T^∗T )^{p2} ] 1_p < ∞. In this case we will write T ∈ T_p. Recall that T is a Hilbert-Schmidt operator if and only if T ∈ T_2.

3. Strongly regular edges. In this section we will prove Theorem 2.4. Let Q = [−^1_2 ,^1_2 )^d be the basic period cell, Q̃ = [−π, π)^d the dual basic cell. We define the Floquet transform (e.g., [FK5])

F : L^2 ( R^d; C^{ν )} → ∫_⊕ Q̃ L^2 (Q; C^ν ) dk ≡ L^2 ( Q̃; L^2 (Q; C^ν ) ) (37) by (FΨ)(k, x) = ^Ψ(k, x) ≡ ( 1 2π ) d_2 ∑ m∈Z^d e^{ik·(x−m)}Ψ(x − m), x ∈ Q, k ∈ Q̃, (38)

for Ψ with compact support; it extends by continuity to a unitary operator. We will write ^B = FBF^∗ for an operator B on L^2 ( R^d; C^{ν )}. The periodic operator^~W0 is

decomposable in this direct integral representation, more precisely,

^~W_0 = F ~W_0F_∗ = ∫_⊕ Q̃ ~W_{0,Q}(k) dk, (39)

where for each k ∈ R^d we define ~W_{0,Q}(k) to be the nonnegative operator on L^2 (Q; C^ν ), given by either −(∇ − ik) ·^1_{ε0} (∇ − ik) if W = A or (∇ − ik)^{× 1}_{ε0} (∇ − ik)^× if W = M, with periodic boundary condition; ~W_{0,Q}(k) is rigorously defined as a self-adjoint operator by the appropriate quadratic form. (As before (∇−ik)^× denotes the operator (∇ − ik)^×Φ = (∇ − ik) × Φ .) In addition, the map

k ∈ R^d −→^{(~}W0,Q(k) + I^{)−1} ∈ L^(L^2 (Q; C^ν )^)

(40)

is operator norm continuous. (See [FK5, Subsection 3.3] for details.)

If W = M, we define S_Q(k) to be the closure in L^2 ( Q; C^{3)} of the linear space

of periodic continuously differentiable functions Ψ on Q with (∇ − ik) · Ψ = 0, and define M_{0,Q} (k) as the restriction of M_{0,Q}(k) to S_Q(k). We have

FS = ∫_⊕ Q̃ SQ(k) dk, FM0F^∗ = ∫_⊕ Q̃ M_{0,Q}(k) dk. (41) 10

Thus there is a direct integral representation for W_0:

^W_0 = FW_0F^∗ = ∫_⊕ Q̃ W_{0,Q}(k) dk on ∫_⊕ Q̃ H(k) dk, (42)

where each W_{0,Q}(k) has compact resolvent [FK3, FK5]. Here H(k) denotes either

L^2 (Q; C ) if W = A or S_Q(k) if W = M.

It follows [RS4, Problem 140 on page 381 and proof of Theorem XIII.98] that

μ_n(k), the n-th eigenvalue of W_{0,Q}(k), is a continuous function of k, and we can

choose measurable functions ψ_n : ~Q → H(k) such that W_{0,Q}(k)ψ_n(k) = μ_n(k)ψ_n(k)

and {ψ_n(k)}_{n=1,2,...} is an orthonormal basis for H(k) for each k. We thus have

W_{0,Q}(k) = ∞∑ n=1 μ_n(k)P_n(k), (43)

where P_n(k) denotes the orthogonal projection on the vector ψ_n(k) and the series con-

verges strongly in the domain of ^W_0. Moreover, if z /∈ σ (W_0), say dist (z, σ (W_0)) ≥

δ > 0, we have dist (z, σ (W_{0,Q}(k))) ≥ δ for all k and

“_{R̆0(z) =}^{∫ ⊕}_e Q R̆_{0,Q}(k; z) dk, with R̆_{0,Q}(k; z) =^∞ ∑ n=1 1 μ_n(k) − z P_n(k). (44)

Thus “ | | |R̆0(z) | | | = ∫_⊕ e_Q | | |R̆0,Q(k; z) | | | dk, (45)

where | | |R̆0,Q(k; z) | | | is the operator on L^2 (Q; C^ν ) given by | | |R̆0,Q(k; z) | | | = ∞∑ n=1 τ_n(k; z)P_n(k) with τ_n(k; z) = 1 |μ_n(k) − z| . (46)

We also introduce “ | |R̆_{0,N} (z) | | = ∫_⊕ e_Q | |R̆_{0,Q,N} (k; z) | | dk with | |R̆_{0,Q,N} (k; z) | | =^N∑ n=1 τ_n(k; z)P_n(k), (47)

where N = 1, 2, . . .. Note that | | |R̆0,N (z) | | | → | | |R̆0(z) | | | strongly as N → ∞, and for any

Φ ∈ L^2 ( R^d; C^{ν )} we have ‖ ‖ ‖ | | |R̆0,N (z) | | | Φ ‖ ‖ ‖^2 = ∫ e_Q {_N ∑ n=1 τ_n(k; z)^2 | | | ⟨ ψ_n(k), ^Φ(k) ⟩| |^2 } dk ↗ ‖ ‖ ‖ | | |R̆0(z) | | |Φ ‖ ‖ ‖^2 ,

(48) as N → ∞. We recall that χ_0 is the characteristic function of Q. As a multiplication operator

we have [^χ_0 ^φ] (k, x) = ^χ_0φ (k, x) = ( 1 2π ) d_2 e^{ik·x}φ (x) (49) = ( 1 2π )_d ∫ e_Q e^{i(k−k′ )·x} ^φ (k^′, x) dk^′, 11

for any φ ∈ L^2 ( R^d; C^{ν )}, with x ∈ Q, k ∈^~Q. We set K(z) = χ0^|^˘R0(z)^|χ0, KN (z) =

χ_0 | |R̆_{0,N} (z) | |χ_0. Putting together (47) and (49) we can see that K_N (z) is a bounded

integral operator on L^2 ( Q̃ × Q; C^ν ) ∼= L2 ( Q̃; L2 (Q; C^ν ) ) with kernel

K_N (z)(k, x; p, y) = ( 1 2π )_{2d} e^{i(k·x−p·y)} ∫ e_Q {_N ∑ n=1 τ_n(q; z)ψ_n(q, x)ψ_n(q, y) } dq. (50)

The following lemma will help us separate the contributions of different bands.

We use ‖T ‖_2 = (Tr T^∗T )^{12} to denote the Hilbert-Schmidt norm of an operator T .

Lemma 3.1.

(i) For each N = 1, 2, . . . we have

‖K_N (z)‖^2 = ( 1 2π )_{2d N}∑ n,m=1 ∫ e_Q ∫ e_Q τ_n(k; z)τ_m(p; z) |⟨ψ_n(k), ψ_m(p)⟩|^2 dk dp. (51)

(ii) We have

‖K(z)‖_2 ≤ lim inf_{N→∞} ‖K_N (z)‖_2.

(52)

(iii) If d = 3 and z = −1 we have

‖K(−1)‖^2 = ( 1 2π )_{6 ∞}∑ n,m=1 ∫ e_Q ∫ e_Q τ_n(k; −1)τ_m(p; −1) |⟨ψ_n(k), ψ_m(p)⟩|^2 dk dp. (53)

Proof. It follows from (50) that

‖K_N (z)‖^2 = ∫ e_{Q×Q} ∫ e_{Q×Q} |K_N (z)(k, x; p, y)|^2 dp dy dk dx, (54)

from which (51) follows by an explicit computation.

Since K_N (z) → K(z) strongly as N → ∞, (52) follows from Fatou’s lemma.

To prove (53), note first that it follows from (48) that ‖ ‖ ‖χ0 | | |R̆0,N (z) | | | χ0Φ ‖ ‖ ‖ ≤ ‖ ‖ ‖ | | |R̆0,N (z) | | | χ0Φ ‖ ‖ ‖ ≤ ‖ ‖ ‖R̆0(z)χ0Φ ‖ ‖ ‖ (55)

for any Φ ∈ L^2 ( R^d; C^{ν )}, so we can conclude that

sup_N ‖K_N (z)‖_2 ≤ ‖ ‖ ‖ | | |R̆0(z) | | | χ0 ‖ ‖ ‖_2 .

(56)

We now restrict ourselves to d = 3 and z = −1. In this case | |R̆0(−1) | | = R̆0(−1)

and the operator R̆_0(−1)χ_0 is Hilbert-Schmidt [FK3, Proposition 42], [FK5, Theorem

18]. We have τ_n(k; −1) ≥ 1 > 0, so it follows from (56) that the series in the

right hand side of (53) is absolutely convergent. As ‖K_N (−1) − K_M (−1)‖^2 is given

by the obvious analogue of (51), we can conclude that the K_N (−1) form a Cauchy

sequence in the Hilbert-Schmidt norm; since K_N (−1) → K(−1) strongly, it follows

that ‖K_N (−1) − K(−1)‖_2 → 0, so (53) follows from (51). 2

We are now ready to prove Theorem 2.4; we will do so for the left edge a, the proof for the right edge b being similar. So let d = 3 and let n_1 ≤ n_0 be as in the discussion below Definition 2.2, and let η ∈ (0, b − a). We have

K(a + η) =

(57)

K_{n1−1}(a + η) + {K_{n0} (a + η) − K_{n1−1}(a + η)} + {K(a + η) − K_{n0} (a + η)} .

Using (51) we get

‖K_{n1−1}(a + η)‖_2 ≤ ( n_1 − 1 c_{n1−1} ) , (58)

where

c_{n1−1} = min n=1,...,n1−1 ( a − max_{k∈} e_Q μ_n(k) ) > 0 (59)

by the definition of n_1. If n > n_0 we have

τ_n(k; a + η) = μ_n(k) + 1 μ_n(k) − (a + η) τ_n(k; −1) ≤ ( 1 + 1 + a μ_n(k) − (a + η) ) τ_n(k; −1) ≤ ( 1 + 1 + a b − (a + η) ) τ_n(k; −1), (60)

so it follows from (52), (51), (53) and (56) that

lim sup η→0 ‖K(a + η) − K_{n0} (a + η‖_2 ≤ ( 1 + 1 + a b − a ) ‖R̆_0(−1)χ_0‖_2 < ∞.

(61)

Finally, it follows from (51) and the assumption (25) that

lim sup η→0 ‖K_{n0} (a + η) − K_{n1−1}(a + η)‖_2 ≤ ( 1 2π )_{3 n0}∑ n=n1−1 ∫ e_Q 1 a − μ_n(k) dk < ∞. (62)

Combining (57), (58), (59), (61), and (62) we get lim sup_{η→0} ‖K(a + η)‖_2 < ∞, which is the same as (26), so Theorem 2.4 is proven.

4. Bounded, relatively compact perturbations. Let H_g = H_0 + gV , where H_0 and V are self-adjoint operators, H_0 has a gap (a, b) in its spectrum, V ≥ 0 is bounded and relatively compact with respect to H_0, and g is a real number. By [RS4, Section XIII.4, Corollary 2], we have σ_{ess} (H_g ) = σ_{ess} (H_0), so the spectrum of the operator H_g in the gap (a, b) consists of isolated eigenvalues of finite multiplicity which can only accumulate at the edges a and b.

We now apply the Birman-Schwinger method. The eigenvalue problem H_0ψ + gV ψ = λψ, λ ∈ (a, b) , (63)

can be rewritten as

ψ = −gR_0 (λ) V ψ, where R_0 (λ) = (H_0 − λI)^{−1} .

(64)

If we set

R (λ) = R_{H0,V} (λ) = − √ V R_0 (λ) √ V , (65) we obtain R (λ) φ = 1 g φ for φ = √ V ψ. (66)

The Birman-Schwinger operator R (λ) is a compact self-adjoint operator. We have the following lemma [Kl].

Lemma 4.1. Let g ̸=0. Then λ ∈ (a, b) is an eigenvalue of H_g with multiplicity m if and only if^1_g is an eigenvalue of R (λ) with multiplicity m.

Proof. We give the proof for completeness. Let λ ∈ (a, b) be an eigenvalue for H_g with eigenfunction ψ, i.e., equation (63) holds with Ψ ̸=0. It follows from (64)-(66) that^1_g is an eigenvalue of R (λ) with eigenfunction φ = √ V ψ. Since ψ = −gR_0 (λ) √ V φ, we clearly have m_λ ≤ m 1_g , where m_λ and m 1_g denote the multiplicity of λ and^1_g as eigenvalues of H_g and R (λ), respectively.

Conversely, if^1_g is an eigenvalue of R (λ) with eigenfunction φ, then if we set ψ = −gR_0 (λ) √ V φ, we have √ V ψ = gR (λ) φ = φ, so we get (H_0 − λI) ψ = −g √ V φ = gV ψ, which is the same as (63 ). It also follows that m 1_g ≤ m_λ. 2

Given λ in the gap (a, b), let r^+_1 (λ) ≥ r^+_2 (λ) ≥ . . . ≥ 0 and r^−_1 (λ) ≤ r^−_2 (λ) ≤ . . . ≤ 0 be infinite sequences of respectively the positive and negative eigenvalues of the operator R (λ). If we have a finite number of either positive or negative eigenvalues, we complete the sequence by assigning the value 0. The sequence r^−_n (λ), n = 1, 2, . . ., can be obtained by applying the min-max principle to the operator χ_{(−∞,0]} (R (λ)) R (λ); similarly, we obtain −r^+_n (λ), n = 1, 2, . . ., by applying the min-max principle to the operator −χ_{[0,∞)} (R (λ)) R (λ).

It turns out that it is more convenient to study first the dependence of the eigenvalues r^±_n (λ) of the operator R (λ) on the parameter λ, and then use Lemma 4.1 to obtain information about the eigenvalues of H_g in the gap (a, b). (See [Kl, ADH].)

Lemma 4.2. The functions r^±_n (λ) are monotonically decreasing, continuous functions of λ ∈ (a, b) for each n = 1, 2, . . ..

Proof. The lemma follows from the fact that the the map λ ∈ (a, b) → R (λ) is norm continuous and operator monotone decreasing. 2

The following proposition is an immediate consequence of Lemmas 4.1 and 4.2; it gives a criterion for the absence of eigenvalues of H_g in the gap (a, b) for small g.

Proposition 4.3. The following statements are equivalent:

(i) The operator H_g has no eigenvalues in the gap (a, b) for small g. (ii) We have max λ∈(a,b) ‖R (λ)‖ = max { r^+_1 (a + 0) , −r^−_1 (b − 0) } < ∞. (67)

We can summarize some important conclusions of the Birman-Schwinger method in the following theorem, which is an immediate consequence of Lemma 4.1 (including the considerations right before it) and Lemma 4.2.

Theorem 4.4. Let H_0 and V be self-adjoint operators. Suppose that H_0 has a gap (a, b) in its spectrum and V is bounded, relatively compact with respect to H_0; set H = H_0 + V . Then

(i) If V ≥ 0, the only possible point of accumulation of σ(H) ∩ (a, b) is a. In this case the eigenvalues λ_1 ≥ λ_2 ≥ . . . of the operator H in the gap (a, b) coincide with the set of the solutions of the equations

r^+_n (λ) = 1, n = 1, 2, . . . ,

(68) where r^+_n (λ) are the positive eigenvalues of the operator R (λ) defined by (65). Moreover, if φ (λ) is an eigenmode of the operator R (λ) with eigenvalue r^+_n (λ) = 1, then

ψ = (H_0 − λI)^{−1} √ V φ (λ) . (69)

is an exponentially localized eigenmode of the operator H with eigenvalue λ.

(ii) If If V ≤ 0, the only possible point of accumulation of σ(H) ∩ (a, b) is b. In this case the eigenvalues λ_1 ≤ λ_2 ≤ . . . of the operator H in the gap (a, b) coincide with the set of the solutions of the equations r^−_n (λ) = −1, n = 1, 2, . . . , (70)

where r^−_n (λ) are the negative eigenvalues of the operator R (λ) defined by (65). Moreover, if φ (λ) is an eigenmode of the operator R (λ) with eigenvalue r^−_n (λ) = −1, then

ψ = − (H_0 − λI)^{−1} √ −V φ (λ) . (71)

is an exponentially localized eigenmode of the operator H with eigenvalue λ.

In order to estimate the number of eigenvalues of the operator H = H_0 + V in the gap (a, b), we introduce a counting function N^+_{H0,V} , which will count the eigenvalues generated in the gap. We start with a descriptive definition which will be followed by a rigorous one. We pick a number 0 < η < (b − a), and put an observer at the point a+η. As g changes gradually from 0 to 1, the operator H_g develops eigenvalues in the gap which split off the endpoint a and move toward the point b. The observer counts how many times an eigenvalue of H_g passes through the point a + η as g changes from 0 to 1; the number of such events as a function of a + η will be called the (left edge) counting function and denoted by N^+_{H0,V} (a + η).

Definition 4.5. For 0 < η < (b − a) we define the (left edge) counting function N^+_{H0,V} (a + η) as the number of g^′ ∈ (0, 1], such that a + η is an eigenvalue of H_g′ . (If a + η is an eigenvalue of H_g′ of multiplicity m, g^′ must be counted m times.)

Similarly, we define the (right edge) counting function N^−_{H0,V} (b − η) as the number of g^′ ∈ [−1, 0), such that b − η is an eigenvalue of H_g′ .

The counting function can be estimated as follows. Lemma 4.6. Let 0 < η < (b − a), we have

N^+_{H0,V} (a + η) ≤ Tr ( {R_{H0,V} (a + η)}^2 ) , (72) and N^−_{H0,V} (b − η) ≤ Tr ( {R_{H0,V} (b − η)}^2 ) . (73)

Proof. It follows from Lemma 4.1 that

N^+_{H0,V} (a + η) = # {μ ≥ 1; μ eigenvalue of R_{H0,V} (a + η)}

(74)

≤ Tr ( {R_{H0 ,V} (a + η)}^2 ) . (75) 2 The counting function can be used to estimate the number of eigenvalues of H in the gap.

Lemma 4.7. Let 0 < η < (b − a), we have

N_{H0+V} (a + η, b) ≤ N^+_{H0,V} (a + η) ,

(76) and N_{H0−V} (a, b − η) ≤ N^−_{H0,V} (b − η) . (77)

Proof. We have

N_{H0+V} (a + η, b) = # {λ ∈ (a + η, b) ; λ eigenvalue of H_0 + V } = # {λ ∈ (a + η, b) ; 1 eigenvalue of R_{H0,V} (λ)}

(78) ≤ # {μ ≥ 1; μ eigenvalue of R_{H0,V} (a + η)} = N^+_{H0,V} (a + η) ,

(79)

where (78) follows from Lemma 4.1 and the inequality in (79) is a consequence of Lemma 4.2. 2

The counting functions have the important property of being monotone in the operator V [ADH, Corollary 1.7].

Lemma 4.8. Let V_2 ≥ V_1 ≥ 0 be bounded and relatively compact with respect to H_0. Then

N^+_{H0,V1} (a + η) ≤ N^+_{H0,V2} (a + η) ,

(80) and N^−_{H0,V1} (b − η) ≤ N^−_{H0,V2} (b − η) . (81)

Proof. The statement follows from (74) and Theorem A.2. 2

5. Reduction to compact perturbations. If the medium described by ε(x) (as in (4)) was obtained from the background medium, decribed by a function ε_0(x) as in (4) - not necessarily periodic, by the insertion of a defect, we can write W = W_0 +Q, but the perturbation Q is unbounded. This can be remedied by working with the resolvents.

Proposition 5.1. Suppose d ≤ 3. Let ε(x) and ε_0(x), as in as in (4), differ by a defect. If we set H = (W + I)^{−1} and H_0 = (W_0 + I)^{−1}, then V = H − H_0 is a Hilbert-Schmidt operator.

Proof. Let Θ(x) =^1_{ε(x)} −^1_{ε0(x)} , by our hypotheses it is a bounded measurable function with compact support. We clearly have Y ≡ W − W_0 = ( ∇^♯ )_∗ Θ∇^♯ as quadratic forms on the common quadratic form domain of W and W_0, where ∇^♯ = ∇ if W = A and ∇^♯ = ∇^× if W = M. Thus V = −HV H_0 = −T^∗ΘT_0, with T = χ∇^♯H and T_0 = χ∇^♯H_0, where χ is the characteristic function of an open, bounded set containing the support of Θ.

Since T and T_0 and are Hilbert-Schmidt operators by [FK4, Lemma 6], we can conclude that V is Hilbert-Schmidt. 2

Proposition 5.1 allows us to define counting functions for the operator W . Note that ( (b + 1)^{−1}, (a + 1)^{−1} ) is a gap in the spectrum of H_0 if (a, b) is a gap in the spectrum of W_0.

Definition 5.2. Let W , W_0, H, H_0, V be as in Proposition 5.1. Suppose (a, b) is a gap in the spectrum of W_0, and let 0 < η ≤ b − a. If the defect is positive, we define the left edge counting function for W by

N^+_W (a + η) = N^−_{H0,V} ( (a + 1 + η)^{−1} ) . (82)

Similarly, if the defect is negative, we define the right edge counting function for W by N^−_W (b − η) = N^+_{H0,V} ( (b + 1 − η)^{−1} ) . (83)

Lemmas 4.7 and 4.8 have the following immediate counterparts for acoustic and Maxwell operators.

Lemma 5.3. Suppose d ≤ 3. Let ε(x) and ε_0(x), as in (4) and (30), differ by a defect. Assume (a, b) is a gap in the spectrum of W_0, and let 0 < η ≤ b − a. If the defect is positive we have

N_W (a + η, b) ≤ N^+_W (a + η) .

(84)

Similarly, if the defect is negative we have N_W (a, b − η) ≤ N^−_W (b − η) . (85)

Lemma 5.4. Suppose d ≤ 3. Let ε_i(x), i = 0, 1, 2, be as in (4), differing from each other by a defect, and let W_i, i = 0, 1, 2, be the corresponding operators. Assume (a, b) is a gap in the spectrum of W_0, and let 0 < η ≤ b − a. Then, if ε_2(x) ≤ ε_1(x) ≤ ε_0(x) we have

N^+_{W1} (a + η) ≤ N^+_{W2} (a + η) .

(86)

Similarly, if ε_2(x) ≥ ε_1(x) ≥ ε_0(x) we have

N^−_{W1} (b − η) ≤ N^−_{W2} (b − η) .

(87)

6. Smooth defects. We call a defect smooth if the function θ(x) in (30) is continuously differentiable with compact support. In this section we will prove some lemmas concerning smooth defects, Theorem 2.5 is proved in the next section by a reduction to the case of smooth defects.

Lemma 6.1. Suppose d ≤ 3. Let ε(x) and ε_0(x), as in (4) and (30), differ by either a positive or negative smooth defect, and set χ to be the characteristic function of an open, bounded set containing the support of θ. Suppose (a, b) is a gap in the spectrum of W_0, and let 0 < η ≤ b − a. Then:

(i) For a negative defect we have

N^−_W (b − η) ≤ (b + 1 − η)^2Tr ( χR̆_0(b − η)R̆(−1) ~Y^2R̆(−1)R̆_0(b − η)χ ) . (88)

(ii) For a positive defect we have

N^+_W (a + η) ≤ (a + 1 + η)^2Tr ( χR̆_0(a + η)R̆(−1) ~Y^2R̆(−1)R̆_0(a + η)χ ) . (89)

Proof. Let us suppose the smooth defect is negative, the other case being similar. We take H, H_0, V as in Proposition 5.1, so V ≥ 0 is a Hilbert-Schmidt operator. Thus, given 0 < η ≤ b − a, we can apply Lemma 4.6 and (83) to conclude

N^−_W (b − η) ≤ Tr ({√ V ( H_0 − (b + 1 − η)^{−1}I )_{−1} √ V }_2) (90)

= Tr ({ V ( H_0 − (b + 1 − η)^{−1}I )_{−1}}2 ) . (91) But ( H_0 − (b + 1 − η)^{−1}I )_{−1} = −(b + 1 − η) (W_0 + I) (W_0 − (b − η)I)^{−1} = −(b + 1 − η) (W_0 + I) R_0(b − η),

(92) so V ( H_0 − (b + 1 − η)^{−1}I )_{−1} = −(b + 1 − η) (W + I)^{−1} Y R_0(b − η)

(93) = −(b + 1 − η)R(−1)Y R_0(b − η). (94)

Note that χR̆_0(b−η) is Hilbert-Schmidt (see [FK3, Proposition 42] and [FK5, Theorem 18]), and, since the defect is smooth, R(−1)Y is a bounded operator (see [FK4, Proof of Lemma 6]). Thus

N^−_W (b − η) ≤ (b + 1 − η)^2Tr ( {R(−1)Y χR_0(b − η)}^2 ) (95)

= (b + 1 − η)^2Tr ({ R̆(−1) ~Y χR̆_0(b − η) }_2) (96)

= (b + 1 − η)^2Tr ({ χR̆_0(b − η)R̆( −1) ~Y }_2) (97)

≤ (b + 1 − η)^2Tr ( χR̆_0(b − η)R̆(−1) ~Y^2R̆(−1)R̆_0(b − η)χ ) , (98)

where we used the inequality |TrB^2| ≤ TrB^∗B to get (98).

The lemma is proven. 2

We need now to estimate from above the positive operator R̆(−1) ~Y^2R̆(−1). To do so we pick δ > 0 and introduce the positive self-adjoint operator Γ = Γ_δ given by multiplication by the function

γ(x) = γ_δ(x) = ∑ m∈Z^d γ_mχ_m(x), with γ_m = (1 + |m|)^{d+δ2} . (99)

Note that

γ_{m+n} ≤ γ_mγ_n for all m, n ∈ Z^d.

(100)

Lemma 6.2. Let ε(x) and ε_0(x), as in (4), (30), and (32), differ by a smooth defect, with θ(x) vanishing outside a cube Λ_ℓ of side ℓ > 0 centered at 0. Suppose d ≤ 3 and let 0 < δ ≤ 1. Then there exists a finite constant K, such that

R̆(−1) ~Y^2R̆(−1) ≤ C‖θ‖^2_∞ (ℓ + 2)^{2d+δ} Γ^{−2}_δ , (101) with C = { 1 + K [ 1 + ε^{−(2d+δ)} − ] 1_2 [ 1 + √ ε_+ ε_{0,−} ( √ ε_− + 1 √ ε_− ) ‖∇θ‖_∞ ‖θ‖_∞ ]}_2 . (102)

Proof. In view of Corollary C.2 it suffices to estimate ‖ ‖ ~Y R̆(−1)Γ ‖ ‖_F . (See Appendix C for the notation.) Let us consider the case W = A, the case W = M being similar. In this case Y = −∇ · θ (x) ε_0 (x) ∇ = θW − 1 ε 0 (∇θ) · ∇, (103)

hence ~Y R̆(−1) = θ − θR̆(−1) − 1 ε 0 (∇θ) · ∇R̆(−1). (104)

Clearly, ‖θΓ‖_F ≤ ‖θ‖_∞ (ℓ + 2)^{d2} ( 1 + √ d 2 (ℓ + 1) ) d+δ_2 ≤ ‖θ‖_∞ (ℓ + 2)^{d+ δ2} ,

(105)

where we used d ≤ 3. A straightforward calculation using Proposition B.1 and (100) gives ‖ ‖θR̆(−1)Γ ‖ ‖ F ≤ ‖θ‖_∞ ∑ n∈Z^d∩Λ_{ℓ+1} m∈Z^d ‖ ‖χ_nR̆(−1)χ_m ‖ ‖^2 γ_{2m} 1 2 (106)

≤ α_d‖θ‖_∞ ∑ n∈Z^d∩Λ_{ℓ+1} m∈Z^d e^{−2β|m−n|} (1 + |m|)^{d+δ} 1 2 (107)

≤ α_d‖θ‖_∞ (ℓ + 2)^{d+ δ2} ∑ m∈Z^d e^{−2β|m|} (1 + |m|)^{d+δ} 1 2 (108)

≤ K_1‖θ‖_∞ (ℓ + 2)^{d+ δ2} [ 1 + β^{−(2d+δ)}

] 1_2

≤ K‖θ‖_∞ (ℓ + 2)^{d+ δ2} [ 1 + ε^{−(2d+δ)} − ] 1_2 , (109)

where α_d and β are as in Proposition B.1, and K_1, K are finite constants, independent of all parameters for d ≤ 3 and 0 < δ ≤ 1. Similarly ‖ ‖ ‖ 1 ε 0 (∇θ) · ∇R̆(−1)Γ ‖ ‖ ‖_F ≤ K [ 1 + ε^{−(2d+δ)} − ] 1_2 √ε_+ ε_{0,−} ( √ ε_− + 1 √ ε_− ) ‖∇θ‖_∞ (ℓ + 2)^{d+ δ2} .

(110)

The estimate (101) follows from (105), (109), (110), and Corollary C.2. 2

7. Regular edges. We are now ready to prove Theorem 2.5. We will consider the case when the right edge b is regular and the defect is negative, the other case being analogous. Thus θ(x) ≤ 0, vanishing outside a cube Λ_ℓ of side ℓ > 0, which we take to be centered at 0 without loss of generality. Note θ_+ = 0 and ε_− = ε_{0,−}.

We start by reducing to the case of a smooth defect. We pick a continuously differentiable function f(t) of one real variable, with 0 ≤ f(t) ≤ 1 for all t, f(t) = 1 for |t| ≤^ℓ_2 , f(t) = 0 for |t| ≥^{ℓ+1}_2 , and |f^′(t)| ≤ 3 for all t. (Such a function always exists.) We now set θ_s(x) = θ_− ∏_d i=1 f(x_i); it is a continuously differentiable function vanishing outside the cube Λ_{ℓ+1} centered at 0, with ‖θ_s‖_∞ = |θ_−|, and ‖∇θ_s‖_∞ ≤ 3 √ d |θ_−|. Moreover, θ(x) ≥ θ_s(x) for all x. We set ε_s (x) =^{ε0(x)}_{1+θs(x)} , and let W_s denote the corresponding acoustic or Maxwell operator. Note ε_{s,±} = ε_± by (32). If d ≤ 3 and 0 < δ ≤ 1 , for any given 0 < η ≤ b − a and we get from Lemmas 5.3, 5.4, 6.1, and 6.2, that N_W (a, b − η) ≤ N^−_{Ws} (b − η) ≤ (111)

(b + 1 − η)^2C_{d,ε0,± ,θ−,δ} θ^2_− (ℓ + 3)^{2d+δ} Tr ( χR̆_0(b − η)Γ^{−2}_δ R̆_0(b − η)χ ) , where C_{d,ε0,±,θ−,δ} = (112) { 1 + K [ 1 + ε^{−(2d+δ)} 0,− ] 1_2 [

1 + 3 √ d √ ε_+ ε_{0,−} ( √ ε_{0,−} + 1 √ε_{0,−} )]}_2 , and χ is the characteristic function of the cube Λ_{ℓ+1}.

Recalling (99), we see that Tr ( χR̆_0(b − η)Γ^{−2}_δ R̆_0(b − η)χ ) (113) = ∑ m∈Z^d (1 + |m|)^{−(d+δ)} Tr ( χR̆_0(b − η)χ_mR̆_0(b − η)χ ) .

We have Tr ( χR̆_0(b − η)χ_mR̆_0(b − η)χ ) = Tr ( χ_mR̆_0(b − η)χR̆_0(b − η)χ_m ) (114) ≤ ∑ n∈Z^d∩Λℓ+2 Tr ( χ_mR̆_0(b − η)χ_nR̆_0(b − η)χ_m ) (115)

≤ 4 ∑ n∈Z^d∩Λℓ+2 { Tr [( χ_m | | |R̆0(b − η) | | | χm )_2]}^1_2 { Tr [( χ_n | | |R̆0(b − η) | | | χn )_2]}^1_2 (116)

≤ 4 (ℓ + 3)^d Tr [( χ_0 | | |R̆0(b − η) | | | χ0 )_2] , (117)

where (116) follows from Lemma D.1, and (117) is a consequence of the periodicity of the operator R̆_0(b − η).

Combining (111), (113), and (117), and using ∑ m∈Z^d (1 + |m|)^{−(d+δ)} ≤ K_2 δ , (118) 20

with a fixed constant K_2 for d ≤ 3 and 0 < δ ≤ 1, we get N_W (a, b − η) (119) ≤ 4K_2 δ (b + 1 − η)^2C_{d,ε0,± ,θ−,δ} θ^2_− (ℓ + 3)^{3d+δ} Tr [( χ_0 | |R̆0(b − η) | | χ0 )_2] , so (35) follows.

Theorem 2.5 is proven.

A. Minimax principle in a spectral gap. We use the following version of the minimax principle.

Theorem A.1. Let A be a bounded from below self-adjoint operator, and let λ_1 ≤ λ_2 ≤ . . . be the set of the eigenvalues of A (taking into account their multiplicity) in the half-interval (−∞, inf {σ_{ess} (A)}). If the set of those eigenvalues is finite, i.e., for some finite positive integer n the numbers λ_1 ≤ λ_2 ≤ . . . ≤ λ_n are the only eigenvalues (taking in account the multiplicity ) of the operator A below inf {σ_{ess} (A)}, we set λ_{n+1} = λ_{n+2} = . . . = inf {σ_{ess} (A)}. For each n = 1, 2, . . ., we have

λ_n = inf L⊂D(A): dim L=n [ sup ψ∈L: ‖ψ‖=1 ⟨ψ, Aψ⟩ ] . (120)

Proof. Let us denote by μ_n the right hand side of (120), we must show μ_n = λ_n for all n = 1, 2, . . .. It follows immediately from [RS4, Theorem XIII.3] that for L ⊂ D (A) with dim L = n, we have

λ_n ≤ sup ψ∈L: ‖ψ‖=1 ⟨ψ, Aψ⟩, so λ_n ≤ μ_n. (121)

To prove the opposite inequality we must consider two separate cases. Let α_0 = inf {σ_{ess} (A)}. If λ_n < α_0, we introduce the space L_n which is the span of the eigenvectors corresponding to the eigenvalues λ_1 ≤ . . . ≤ λ_n, note dim L = n. It then follows from the definition of μ_n that

μ_n ≤ sup ψ∈L_n: ‖ψ‖=1 ⟨ψ, Aψ⟩ = λ_n. (122)

If λ_n = α_0, we have Tr χ_{[α0,α0+δ)}(A) = ∞ for any δ > 0. This means that given any δ > 0, we can pick L ⊂ D (A) with dim L = n, such that sup_{ψ∈L: ‖ψ‖=1} ⟨ψ, Aψ⟩ ≤ α_0 + δ, so μ_n ≤ α_0 + δ. Thus μ_n ≤ α_0 = λ_n. 2

Now for a compact self-adjoint operator A let λ^+_1 (A) ≥ λ^+_2 (A) ≥ . . . ≥ 0 and λ^−_1 (A) ≤ λ^−_2 (A) ≤ . . . ≤ 0 be infinite sequences of respectively the positive and negative eigenvalues of the operator A. If we have a finite number of either positive or negative eigenvalues, we complete the sequence by assigning the value 0. The sequence λ^−_n (A), n = 1, 2, . . ., can be obtained by applying the min-max principle to the operator χ_{(−∞,0]} (A) A; similarly, we obtain −λ^+_n (A), n = 1, 2, . . ., by applying the min-max principle to the operator −χ_{[0,∞)} (A) A. We have the following application of the minimax principle. (See [ADH, Proposition 1.6]; we give a proof based on Theorem A.1.)

Theorem A.2. Let A be a bounded self-adjoint operator, and let V_2 ≥ V_1 ≥ 0 be bounded and relatively compact with respect to A. If for any given n we have λ^+_n (√ V_1A √ V_1 ) > 0, then

λ^+_n (√ V_2A √ V_2 ) ≥ λ^+_n (√ V_1A √ V_1 ) . (123)

Similarly, if for any given n we have λ^−_n (√ V_1A √ V_1 ) < 0, then λ^−_n (√ V_2A √ V_2 ) ≤ λ^−_n (√ V_1A √ V_1 ) . (124)

Proof. Let us first assume that 0 is not an eigenvalue of V_1, so V^{−1}_1 ≥ V^{−1}_2 ≥ 0 are self-adjoint operators.

Suppose now that λ^−_n (√ V_1A √ V_1 ) < 0, and set S_− = {ψ : ⟨ψ, Aψ⟩ ≤ 0}. Using Theorem A.1 we may write λ^−_n (√ V_1A √ V_1 ) = inf

L: dim L=n [ sup_{ψ∈L} ⟨ ψ, √ V_1A √ V_1ψ ⟩ ‖ψ‖^2 ]

= inf

L⊂D(V^{−1}_1 ): dim L=n [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_1 ψ ⟩ ]

= inf L⊂D(V^{−1}_1 ): dim L=n, L⊂S− [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_1 ψ ⟩ ] . (125)

In particular there exists a n-dimensional subspace L_n ⊂ D ( V^{−1}_1 ) such that L_n ⊂ S_−.

Using Theorem A.1 again we get λ^−_n (√ V_2A √ V_2 ) = inf

L⊂D(V^{−1}_2 ): dim L=n, [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_2 ψ ⟩ ] . (126)

Since for L = L_n clearly sup_{ψ∈Ln} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_2 ψ ⟩ < 0, we have λ^−_n (√ V_2A √ V_2 ) < 0, which together with (126) implies λ^−_n (√ V_2A √ V_2 ) = inf L⊂D(V^{−1}_2 ): dim L=n, L⊂S− [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_2 ψ ⟩ ] . (127)

Taking now into account the fact that for any L ⊂ S_− and ψ ∈ L, we have ⟨ψ, Aψ⟩ ≤ 0, and the inequality V^{−1}_1 ≥ V^{−1}_2 , we deduce from (125) and (127) the following inequality, λ^−_n (√ V_2A √ V_2 ) = inf L⊂D(V^{−1}_2 ): dim L=n, L⊂S− [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_2 ψ ⟩ ] (128)

≤ inf L⊂D(V^{−1}_1 ): dim L=n, L⊂S− [ sup_{ψ∈L} ⟨ψ, Aψ⟩ ⟨ ψ, V^{−1}_1 ψ ⟩ ] = λ^−_n (√ V_1A √ V_1 ) , which implies the inequality (124) under the additional assumption that 0 is not an eigenvalue of V_1. To get rid of it let us take any positive compact operator V_0, with 0 not an eigenvalue of V_0, and δ > 0. Note that λ^−_n (√ V A √ V ) is a continuous function of V in the operator norm, hence if λ^−_n (√ V_1A √ V_1 ) < 0, for sufficiently small δ > 0 we must have λ^−_n (√ V_1 + δV_0A √ V_1 + δV_0 ) < 0, so it follows from (128) that λ^−_n (√ V_2 + δV_0A √ V_2 + δV_0 ) ≤ λ^−_n (√ V_1 + δV_0A √ V_1 + δV_0 ) . (129)

Sending δ to zero in (129), we arrive at (124) without additional conditions.

The inequality (123) is proved in a similar way. 2

B. An “a priori” estimate for the exponential decay of resolvents. The following result is proven in [FK3, Lemmas 12 and 13] and [FK5, Lemmas 15 and 16]. We use ∇^♯ to denote ∇ if W = A and ∇^× if W = M. Recall χ_x denotes the characteristic function of a cube of side 1 centered at x.

Proposition B.1. Let ε(x) be as in (4). Then there exists a finite constant α_d, depending only on the dimension d, such that ‖χ_x ~R(−1)χ_y‖ ≤ α_de^{−β|x−y|}, (130) and ‖ ‖ ‖χx∇^♯ ~R(−1)χy ‖ ‖ ‖ ≤ αd √ ε_+ ( √ ε_− + 1 √ ε_− ) e^{−β|x−y|}, (131)

for all x, y ∈ R^d, where β = 1 4 [ ε^{−1}_− + 2 ]. (132)

C. Some operator estimates. Let χ_x be the characteristic function of the unit cube centered at x. For any φ ∈ L^2 ( R^d; C^{ν )} we consider the decomposition φ = ∑ m∈Z^d φ_m, φ_m = χ_mφ. (133)

If T is a bounded operator in L^2 ( R^d; C^{ν )} we will consider the following decomposition

of T associated with (133): T = ∑ n,m∈Z^d T_{nm}, T_{nm} = χ_nT χ_m. (134)

It is convenient to introduce the following normed space of operators:

F = T ; ‖T ‖_F ≡ ∑ n,m∈Z^d ‖T_{nm}‖^2 1 2 < ∞ . (135)

Lemma C.1. F is a Banach space. Moreover, for T, S ∈ F we have ‖T ‖ ≤ ‖T ‖_F , (136) ‖ST ‖_F ≤ ‖S‖_F ‖T ‖_F , (137) ‖T ‖_F = ‖T^∗‖_F , (138) and T^∗T ≤ ‖T ‖^2_F I. (139)

Proof. It is routine to verify that F is a Banach space. The inequality (136) follows from

‖T φ‖^2 = ∑ n∈Z^d ‖ ‖ ‖ ‖ ‖ ∑ m∈Z^d T_{nm}φ_m ‖ ‖ ‖ ‖ ‖ 2 (140)

≤ ∑ n∈Z^d ∑ m∈Z^d ‖T_{nm}‖^2 ∑ m∈Z^d ‖φ_m‖^2 = ‖T ‖^2_F ‖φ‖^2 .

To prove (137), note ‖ST ‖^2_F = ∑ n,m∈Z^d ‖(ST )_{nm}‖^2 (141)

= ∑ n,m∈Z^d

‖ ‖ ‖ ‖ ‖ ∑ u∈Z^d S_{nu}T_{um} ‖ ‖ ‖ ‖ ‖ 2 ≤ ∑ n,m∈Z^d ∑ u∈Z^d ‖S_{nu}‖ ‖T_{um}‖ 2 (142)

≤ ∑ n,m∈Z^d ∑ u∈Z^d ‖S_{nu}‖^2 ∑ u∈Z^d ‖T_{um}‖^2 = ‖S‖^2_F ‖T ‖^2_F . (143)

The equality (138) follows from the definition of ‖T ‖_F . The operator inequality (139) follows from T^∗T ≤ ‖T ‖^2 I and (136). 2

The following is an immediate consequence of Lemma C.1. Corollary C.2. Let Γ be the positive self-adjoint operator on L^2 ( R^d; C^{ν )},

given by multiplication by the function γ(x) = ∑ m∈Z^d γ_mχ_m(x), (144)

where { γ_m; m ∈ Z^d } is a given sequence of strictly positive numbers, and let T be a bounded operator in L^2 ( R^d; C^{ν )}. Then if T Γ ∈ F, i.e.

‖T Γ‖^2_F = ∑ n,m∈Z^d ‖T_{nm}‖^2 γ^2_m < ∞, (145)

we have the following operator inequality:

T^∗T ≤ ‖T Γ‖^2_F Γ^{−2}.

(146)

Proof. We have

T^∗T = Γ^{−1}ΓT^∗T ΓΓ^{−1} ≤ ‖ΓT^∗T Γ‖Γ^{−2}

(147) = ‖T Γ‖^2Γ^{−2} ≤ ‖T Γ‖^2_F Γ^{−2}.

(148)

2_{24}

D. An estimate on traces. We use the following lemma.

Lemma D.1. Let R be a bounded self-adjoint operator, and let P and Q be two orthogonal projections. Then Tr (P RQRP ) ≤ 4 { Tr [ (P |R| P )^2 ]} 1_2 { Tr [ (Q |R| Q)^2 ]} 1_2 . (149)

Proof. We write

R = R_+ − R_−, with R_± ≥ 0, R_+R_− = R_−R_+ = 0, so |R| = R_+ + R_−.

(150)

Thus Tr (P RQRP ) = ‖P RQ‖^2 (151) ≤ 2 ( ‖P R_+Q‖^2 + ‖P R_−Q‖^2 ) . Without loss of generality, we may assume that P |R| P and Q |R| Q are Hilbert- Schmidt operators; it follows that P R_±P and QR_±Q are also Hilbert-Schmidt, so R^{12}_±P, R^{12}_±Q ∈ T_4. It follows that

‖P R_±Q‖^2 = Tr (P R_±QR_±P ) = Tr ( R^{12}_±P R_±QR^{12}_± )

≤ ‖ ‖ ‖R^{12}_±P R^{12}_± ‖ ‖ ‖_2 ‖ ‖ ‖R^{12}_±QR^{12}_± ‖ ‖ ‖_2 = ‖P R±P ‖_2 ‖QR±Q‖_2 . (152)

Futhermore,

‖P R_±P ‖^2 = Tr (P R_±P R_±P ) = Tr ( R^{12}_±P R_±P R^{12}_± )

≤ Tr ( R^{12}_±P (R_+ + R_−) P R^{12}_± )

= Tr [ (R_+ + R_−)^{12} P R_±P (R_+ + R_−)^{12} ]

≤ Tr [ (R_+ + R_−)^{12} P (R_+ + R_−) P (R_+ + R_−)^{12} ]

= Tr [P (R_+ + R_−) P (R_+ + R_−) P ] = Tr [ (P |R| P )^2 ] . (153)

with an analogous estimate for ‖QR_±Q‖^2. The estimate (149) now follows from (151), (152) and (153). 2

Acknowledgement and disclaimer

Effort sponsored by the Air Force Office of Scientific Research, Air Force Materials Command, USAF, under grant F49620-97-0019, and by the Division of Mathematical Sciences of the National Science Foundation, under grant DMS-9500720. The US Government is authorized to reproduce and distribute reprints for governmental purposes notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or implied, of the Air Force Office of Scientific Research, the National Science Foundation, or the US Government.

REFERENCES

[AADH] S. Alama, M. Avellaneda, P. Deift and R. Hampel, On the Existence of Eigenvalues of a Divergence Form Operator A + λB in a Gap of σ(A), Asymptotic analysis 8 (1994), pp. 311-344.

[ADH] S. Alama, P. Deift and R. Hampel, Eigenvalues Branches of the Schrödinger Operator

H � λW in a gap of σ(H), Commun. Math. Phys. 121 (1989), pp. 291-321 .

[An] P. W. Anderson, A Question of Classical Localization. A Theory of White Paint, Philosophical Magazine B 53 (1958), pp. 505-509.

[BS] M. Sh. Birman and M. Z. Solomyak, L2 -Theory of the Maxwell Operator in Arbitrary Domains, Russian Math. Surveys, 42:6 (1987), pp. 75-96.

[BL] S. I. Boyarchenko and S. Z. Levendorskii, An Asymptotic Formula for the Number of Eigenvalues Branches of a Divergence Form Operator A + λB in a Spectral Gap of A, preprint.

[DE] Development and Applications of Materials Exhibiting Photonic Band Gaps, Journal of the Optical Society of America B 10 ( 1993), pp. 280-413.

[FK1] A. Figotin and A. Klein, Localization Phenomenon in Gaps of the Spectrum of Random Lattice Operators, J. Stat. Phys. 75 (1994), pp. 997-1021.

[FK2] A. Figotin and A. Klein, Localization of Electromagnetic and Acoustic Waves in Random Media. Lattice Model, J. Stat. Phys. 76 (1994), pp. 985-1003.

[FK3] A. Figotin and A. Klein, Localization of Classical Waves I: Acoustic Waves, Commun. Math. Phys. 180 (1996), pp. 439-482.

[FK4] A. Figotin and A. Klein, Localized Classical Waves Created by Defects, J. Stat. Phys. 86 (1997), pp. 165-177.

[FK5] A. Figotin and A. Klein, Localization of Classical Waves II: Electromagnetic Waves, Commun. Math. Phys. 184, 411-441 (1997).

[FKu1] A. Figotin and P. Kuchment, Band-Gap Structure of Spectra of Periodic Dielectric and Acoustic Media. I. Scalar Model, SIAM J. Appl. Math. 56 (1996), pp. 68-88.

[FKu2] A. Figotin and P. Kuchment, Band-Gap Structure of Spectra of Periodic Dielectric and Acoustic Media. II. 2D Photonic Crystals, SIAM J. Appl. Math. 56 (1996), pp. 1561-1620.

[HJ] P. M. Hui and N. F. Johnson, Photonic Band-Gap Materials, in Solid State Physics, vol. 49, H. Ehrenreich and F. Spaepen, eds., Academic Press, 1995, pp. 151-203.

[JMW] J. Joannopoulos, R. Meade and J. Winn, Photonic Crystals, Princeton University Press, 1995.

[J1] S. John, Localization of Light, Phys. Today, May 1991.

[J2] S. John, The Localization of Light, in Photonic Band Gaps and Localization, NATO ASI Series B: Physical 308, 1993.

[Ka] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, 1976. [Kl] M. Klaus, Some Aplications of the Birman-Schwinger Pinciple, Helv. Phys. Acta 55 (1982), pp. 49-68.

[Kp] F. Klopp, Internal Lifshits Tails for Random Perturbations of Periodic Schrödinger Operators, preprint.

[Ku] P. Kuchment, Floquet Theory for Partial Differential Equations, Birkhäuser Verlag, Basel 1993.

[M] J. Maynard, Acoustic Anderson Localization, in Random Media and Composites, SIAM, 1988.

[RS1] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. I, Functional Analysis, Academic Press, 1980.

[RS4] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. IV, Analysis of Operators, Academic Press, 1978.

[S] L. Schiff, Quantum Mechanics, McGraw-Hill, Inc., 1968.

[Sc] Scattering and Localization of Classical Waves, Ed. by P. Sheng, World Scientific, 1990. [VP] P. R. Villeneuve and M. Piché, Photonic Band Gaps in Periodic Dielectric Structures, Prog. Quant. Electr. 18 (1994), pp.153-200.