Taming Griffiths’ Singularities in Long Range Random Ising Models

Abel Klein^∗ Department of Mathematics University of California, Irvine

Irvine, CA 92697-3875 aklein@math.uci.edu

Sharareh Masooman^† Department of Mathematics University of California, Irvine Irvine, CA 92697-3875 masooman@math.uci.edu

Dedicated to the memory of Roland Dobrushin

Abstract

We study long range random Ising models and develop modified high temperature and strong magnetic field expansions that give decay of truncated correlation functions and uniqueness of Gibbs states, in spite of the presence of Griffiths’ singularities.

1 Intro duction

In 1969 Griffiths [G] considered the statistical mechanics of a random ferromagnetic Ising model; he showed that for the site diluted model, the quenched magnetization displayed nonanalytic behavior for values ofthe inverse temperature at which the system has neither longrange order nor spontaneous magnetization (see also [F],[Su]). His arguments are believed to apply to a large class of random models. At the origin of this behavior is the fact that even if, with probability one, the infinite system is not ordered as whole,there are, also with probability one, infinitely many arbitrarily large regions inside which the system is strongly correlated.

This phenomenon of Griffiths’ singularities is now recognized to be a regular feature in the statistical mechanics of disordered systems. It has the unpleasant consequencethat the usual high temperature or strong magnetic field expansions, the standard tools for obtaining decay of correlation functions (and also existence and uniqueness of the thermodynamical limit), fail to converge.

∗This author was supported in part by the NSF Grant DMS-9500720. †This author was supported in part by the NSF Grant DMS-9500720.

In this article we consider long range random Ising models; we develop modified high temperature and strong magnetic field expansions that give decay of truncated correlation functions and uniqueness of Gibbs states, in spite of the presence of Griffiths’ singularities. Our expansions are based on the work of von Dreifus, Klein and Perez [DKP].

The short range random Ising model was studied by Berretti [B], Fröhlich and Imbrie [FI], Bassalygo and Dobrushin [BD], von Dreifus, Klein and Perez [DKP] and Gielis and Maes [GM]. The high temperature behavior of long range spin glasses has been studied by Fröhlich and Zegarlinski [FZ] and Zegarlinski [Z].

The subject of this paper is the long range random Ising model whoseHamiltonian in a finite volumeΛ ⊂ Z^d is given by

H_Λ (σ) = − ∑ {x,y}∈Λ^∗ J_{xy}σ_xσ_y + B ∑ x∈Λ h_xσ_x, (1)

withexchangecouplingsJ = { J_{xy};{x,y} ∈ Z^{d∗} } and magnetic field h = { h_x;x ∈ Z^d } ; weuse the notation Γ^∗ = {{x,y};x,y ∈ Γ,x ≠ y} for Γ ⊂ Z^d, σ = { σ_x;x ∈ Z^d } ∈ {− 1,1}^{Zd} . We assume J_{xy} =^{Xxy}_{|x− y|αd} for each {x,y} ∈ Z^{d∗}, where α > 1. We take X = { X_{xy};{x,y} ∈ Z^{d∗} } and h to be independent families of independent identically distributed (within each family) random variables, with ~X ≡ E(|X_{xy}|) < ∞ .

Since α > 1, for any x ∈ Z^d we have ∑ y∈Z^d |Jxy| < ∞ for a.e. J, so boundary conditions

can be introduced in the usual way. A boundary condition is a map χ : Z^d → [− 1,1]. It is an external boundary condition if it is a configuration on Z^d, i.e., a map χ : Z^d → {− 1,1}. If χ ≡ 0 we have free boundary conditions, in which case we omit χ in the notation below. For a given boundary condition χ we set

H^χ_Λ (σ) = H_Λ (σ) − ∑ x∈Λ y/∈Λ J_{xy}σ_xχ_y. (2)

We now define thermal averagesfor local observables; A is a local observable ifit depends nontrivially on only a finite number of sites which we call the support of A. We set ‖A‖ = sup_σ |A(σ)|. If A and B are local observables we willwrite d(A,B) for the distance between the supports of A and B. Given an inverse temperature β, a local observable A, a finite volume Λ containing the support of A and a boundary condition χ, we define

⟨A⟩^χ_Λ = 1 Z^χ_Λ ∑ σ A(σ)e^{− βH χΛ} (σ), with Z^χ_Λ = ∑ σ e^{− βH χΛ (σ)}. (3) The truncated finite volume correlation function of two local observables A and B, with boundary condition χ, is defined by ⟨A;B⟩^χ_Λ = ⟨AB⟩^χ_Λ − ⟨A⟩^χ_Λ ⟨B⟩^χ_Λ . (4) We start with the high temperature case. In this case wefix arbitrary B ∈ R and h ∈ R^{Zd} in (1); only J is random (all our estimates will be uniform in B and h).

Theorem 1 (High Temp erature Regime) There exists β_1 = β_1 (α,d) > 0, such that for all 0 < β < β_1 we can find C = C (β) < ∞ , such that for any two local observablesA and B and any finite Λ containing their supports, we have E(|⟨A;B⟩^χ_Λ |) ≤ C ‖A‖ ‖B‖ |supp A|| supp B| d(A,B)^{− αd} . (5) for all B ∈ R, h ∈ RZ^d , and any boundary condition χ.

If in addition E ( |X_{xy}|^{αα − 1 + ϵ} ) ≤ C_1 < ∞ for some ϵ > 0, then for each 0 < β < β_1 we have, with probability one (in J), that there exists a unique Gibbs State and for every local observableA ⟨A⟩ ≡ lim_{Λ → Zd} ⟨A⟩^{χΛ}_Λ (6)

exists and is independent of the choice of the boundary conditions χ_Λ .

We now turn to the strong magnetic field case. In this case both J and h are random, and we assume P(h_x = 0) = 0.

Theorem 2 (Strong Magnetic Field Regime) Let 1 < α^′ < α. Then for all β > 0 there exists B_1 = B_1 (β,α^′,d) > 0, such that for all B with |B| > B_1 we can find C = C (B) < ∞ such that for any two local observablesA and B and any finite Λ containing their supports, we have E(|⟨A;B⟩^χ_Λ |) ≤ C ‖A‖ ‖B‖ |supp A|| supp B| d(A,B)^{− α ′d} . (7) If in addition E ( |X_{xy}|^{α ′α ′− 1 + ϵ} ) ≤ C_1 < ∞ for some ϵ> 0, then for all |B| > B_1 we have, with probability one (in J and h), that there exists a unique Gibbs State and for every local observableA ⟨A⟩ ≡ lim_{Λ → Zd} ⟨A⟩^{χΛ}_Λ (8)

exists and is independent of the choice of the boundary conditions χ_Λ .

2 The Expansions

To deal with truncated correlation functions we use the duplication trick; we consider two non-interacting copies of the system, i.e., a new spin system with configurations ~σ = { ~σ_x = (σ_x,σ^′_x);x ∈ Z^d } , σ_x,σ^′_x ∈ {− 1,+1}, and finite volume Hamiltonian ~H^χ_Λ (σ), where for any function F (σ) we set ~F (~σ) = F (σ) + F (σ^′). Finite volume thermal averages of a local observable C (~σ) in the duplicated system, with boundary condition χ (same for both copies), are given by ⟨⟨C⟩⟩^χ_Λ = 1 ~Z^χ_Λ ∑ ~σ C (~σ)e^{− β} ~^{H χΛ} (~^σ), where ~Z^χ_Λ = ∑ ~σ e^{− β} ~^{H χΛ} (~^σ). (9)

Truncated correlation functions of the original system may be expressed as ordinary correlation functions of the duplicated system through the identity ⟨A;B⟩^χ_Λ = 1 2 ⟨⟨ ^A ^B ⟩⟩_χ Λ (10)

where to every local observable A of the original system we associate an observable ^A of the duplicated system by setting ^A(~σ) = A(σ) − A(σ^′).

2.1 The High Temp erature Expansion

We start with an infinite range version of[DKP, Theorem 2.1];the main difference being the use of long range self avoiding bond walks. This deterministic result holds for an arbitrary set S ⊂ Z^{d∗} ; it will be later applied to the case of random exchange couplings J, with the “singular” set S chosen appropriately for each realization of J.

A self avoiding (bond) walk from a site x to a site y, written ω : x → y, is a finite sequence of bonds {x_1,y_1},{x_2,y_2},...,{x_n ,y_n}, such that x_1 = x and y_n = y, x_{i+1} = y_i for i = 1,...,n − 1, and x_i ≠ x_j if i ≠ j. For such a walk we set |ω | = n . We define W_{xy} = {ω : x → y}; if A and B are local observables we set W_{AB} = {ω : x → y; x ∈ supp A, y ∈ supp B}. Theorem 3 Given S ⊂ Z^{d∗} let ρ_{xy} = ρ_{xy} (S,J,β) = { ξ_{xy} ≡ e^{4β|J xy |} − 1 if {x,y} /∈ S 1 if {x,y} ∈ S (11)

Then for any two local observablesA and B, any finite Λ containing their supports, and any boundary condition χ we have |⟨A;B⟩^χ_Λ | ≤ 2‖A‖ ‖B‖ ∑ ω ∈W_{AB} ∏ {x,y}∈ω ρ_{xy}. (12)

Pro of. We start by redefining the Hamiltonian as

H_Λ (σ) = − ∑ {x,y}∈Λ^∗ (J_{xy}σ_xσ_y + |J_{xy}|) + B ∑ x∈Λ h_xσ_x (13)

which differs from (1) by an overall constant. We then perform an expansion only in Λ^∗\S. Let T_Λ ∗_{\S} = − ∑ {x,y}∈Λ^∗\S (J_{xy}σ_xσ_y + |J_{xy}|) (14) and T^χ_Λ ∗_{∩S} = H^χ_Λ − T_Λ ∗_{\S} . (15)

Also let E_{xy} = exp { β ( J_{xy} ( σ_xσ_y + σ^′_xσ^′_y ) + 2|J_{xy}| )} − 1 . (16)

Then ⟨⟨ ^A ^B ⟩⟩_χ Λ = 1 Z̃^χ_Λ ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} e^{− βT̃Λ ∗\S} (17) = 1 Z̃^χ_Λ ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} e^{− β} ( − ∑ { x,y }∈ Λ ∗\S [ J_{xy} ( σ_x σ_y + σ^′_x σ^′_y ) +2 |J_{xy} | ]) (18) = 1 Z̃^χ_Λ ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} ∏ {x,y}∈Λ^∗\S (E_{xy} + 1) (19) = 1 Z̃^χ_Λ ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} ∑ G⊂ Λ^∗\S ∏ {x,y}∈G E_{xy} . (20)

Now suppose G is such that G∪ S does not contain a walk ω ∈ W_{AB} . Due to the invariance of the Hamiltonian under the exchange σ ← → σ^′, such a set would contribute zero to the above sum. We may therefore restrict the sum to those G of the form G = ω_S ∪ G^′, where ω_S = ω \S and G^′ ⊂ (Λ^∗\S)\ω_S.

Thus ⟨⟨ ^A ^B ⟩⟩_χ Λ = 1 Z̃^χ_Λ ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} ∑ ω ∈W_{AB} ∏ {x,y}∈ω_S E_{xy} ∑ G^′⊂ (Λ^∗\S)\ω_S ∏ {x^′,y^′}∈G^′ E_x′_y′ (21) ≤ 1 Z̃^χ_Λ ∑ ω ∈W_{AB} ∏ {x,y}∈ω_S E_{xy} ∑ σ̃ ^A ^B e^{− βT̃χΛ ∗∩S} ∑ G^′⊂ (Λ^∗\S)\ω_S ∏ {x^′,y^′}∈G^′ E_x′_y′ (22) ≤ 4‖A‖ ‖B‖ 1 Z̃^χ_Λ ∑ ω ∈W_{AB} ∏ {x,y}∈ω_S ξ_{xy} ∑ σ̃ e^{− βT̃χΛ ∗∩S} ∏ {x,y}∈Λ^∗\S (E_{xy} + 1) (23)

= 4‖A‖ ‖B‖ 1 Z̃^χ_Λ ∑ ω ∈W_{AB} ∏ {x,y}∈ω_S ξ_{xy} Z̃^χ_Λ (24) ≤ 4‖A‖ ‖B‖ ∑ ω ∈W_{AB} ∏ {x,y}∈ω ρ_{xy} , (25)

which, in view of (10), is the same as (12). 2

We can now prove the first part of Theorem 1. Taking expectation of both sides of (12) gives � (|⟨A;B⟩^χ_Λ |) ≤ 2‖A‖ ‖B‖ ∑ ω ∈W_{AB} ∏ {x,y}∈ω ρ_{xy} ≤ 2‖A‖ ‖B‖ ∑ x_0∈supp A y_0∈supp B

Γ_{x0y0} , (26)

whereΓ_{x0y0} ≡ ∑ ω ∈W_{x0y0} ∏ {x,y}∈ω ρxy ; we used the fact that the ρxy’sare independent random

variables. Here ρ_{xy} ≡ � (ρ_{xy}) ≤ � (ξ_{xy};{x,y} /∈ S) + � ({x,y} ∈ S). (27) Let us now choose S = { {x,y} ∈ �^{d∗} ; ξ_{xy} > 1 } , i.e., S = { {x,y} ∈ �^{d∗} ;|J_{xy}| > δ } with δ =^{ln 2}_{4β} . It follows that � ({x,y} ∈ S) ≤ 1 δ^� (|J_{xy}|) = 1 δ ~X |x − y|^{αd} . (28)

Setting J^{(δ)}_{xy} = J_{xy} if |J_{xy}| ≤ δ and J^{(δ)}_{xy} = 0 otherwise, it follows from (11) and (27) that for β small enough we have ρ_{xy} ≤ E ( 5β | |J^{(δ)}_{xy} | | ) + 1 δ ~X |x − y|^{αd} ≤ ( 5+ 4 ln2 ) β ~X |x − y|^{αd} . (29)

¿From (29) we can see that given any θ > 0 we can choose β small enough such that ρ_{xy} ≤ θ |x − y|^{αd} . This along with (26) gives

Γ_{0y0} ≤ ∑ ω :0→ y_0 ∏ {x,y}∈ω θ |x − y|^{αd} (30) = ∞∑ n=1 θ^n ∑ x_1,...,x_n 1 |x_1|^{αd} 1 |x_2 − x_1|^{αd} ··· 1 |y_0 − x_{n− 1}|^{αd} (31) = ∞∑ n=1 θ^n (φ ∗φ ∗... ∗φ ) (y_0), (32) n times

where φ (x) = 1 |x|^{αd} if x ≠ 0 0 if x = 0

(33)

The following Lemma gives an upper bound for the n-fold convolution in (32).

Lemma 4 Let φ, ψ : Z^d → R and suppose there exist finite constants C_φ and C_ψ such that |φ (x)| ≤ C_φ 1+ |x|^{αd} and |ψ (x)| ≤ C_ψ 1+ |x|^{αd} for all x ∈ Z^d. Then

|(φ ∗ψ)(x)| ≤ 2^{αd+1} KC_φ C_ψ 1+ |x|^{αd} (34)

for all x ∈ Z^d, where K ≡ ∑ x∈Z^d 1 1+ |x|^{αd} .

Pro of. We have |(φ ∗ψ)(x)| = | | | ∑ y∈Z^d φ (x − y)ψ (y) | | |≤ ∑ y∈Z^d C_φ 1+ |x − y|^{αd} C_ψ 1+ |y|^{αd} = ∑ y∈Z^d |x− y|≤^{|x|}_2 C_φ 1+ |x − y|^{αd} C_ψ 1+ |y|^{αd} + ∑ y∈Z^d |x− y|>^{|x|}_2 C_φ 1+ |x − y|^{αd} C_ψ 1+ |y|^{αd} . (35)

We treat each sum in (35) separately: ∑ y∈Z^d |x− y|≤^{|x|}_2 C_φ 1+ |x − y|^{αd} C_ψ 1+ |y|^{αd} ≤ C_φ C_ψ 1+ (_{|x|} 2 )_{αd} ∑ y∈Z^d |x− y|≤^{|x|}_2 1 1+ |x − y|^{αd}

≤ C_φ C_ψ K 1+ (_{|x|} 2 )_{αd} ≤ 2^{αd} C_φ C_ψ K 1+ |x|^{αd} , (36)

and ∑ y∈Z^d |x− y|>^{|x|}_2 C_φ 1+ |x − y|^{αd} C_ψ 1+ |y|^{αd} ≤ C_φ C_ψ ∑ y∈Z^d |x− y|>^{|x|}_2 1 1+ (_{|x|} 2 )_{αd} 1 1+ |y|^{αd}

≤ 2^{αd} C_φ C_ψ K 1+ |x|^{αd} . (37)

Combining (35), (36), and (37) we get (34). 2

Let φ be as in (33), using (34) and an induction we conclude that

(φ ∗... ∗φ ) (x) ≤ 2· ( 2^{αd+2} K )_{n− 1} 1+ |x|^{αd} ≡ K_1K^n_2 1 1+ |x|^{αd} (38)

n times

The above inequality and (32) lead to

Γ_{0y0} ≤ 2 ∞∑ n=1 θ^nK_1K^n_2 1 1+ |x|^{αd} = 2K_1K_2θ 1− K_2θ 1 1+ |x|^{αd} ≡ K_3 1+ |x|^{αd} , (39)

where the equality holds if we choose θ < 1 K_2 . From (26), (39) and the translation invariance of expectations we get � (|⟨A;B⟩^χ_Λ |) ≤ 2‖A‖ ‖B‖K_3 ∑ x_0∈supp A y_0∈supp B 1 1+ |x_0 − y_0|^{αd}

, (40)

from which (5) follows, concluding the proof of the first part of Theorem 1.

2.2 The Strong Magnetic Field Expansion

The long range strong magnetic field expansion cannot be done as in the short range case [DKP]. The reason is that the events of sites being singular would not be independent for any two given sites. To circumvent this problem we rewrite the Hamiltonian given in (2) as the sum of “short range” and “long range” Hamiltonians; we then perform a short range strong magnetic field expansion on the short range part and a long range high temperature expansion on the long range part, the range being chosen large enough so that the latter expansion converges. Without loss of generality we assume B ≥ 0.

So let us fix a range R > 0, to be chosen later. We write H^χ_Λ = H^χ_{Λ ,s.r.} + H^χ_{Λ ,l.r.}, where the short range Hamiltonian is H^χ_{Λ ,s.r.} (σ) = − ∑ {x,y}∈Λ^∗ |x− y|≤ R J_{xy}σ_xσ_y + B ∑ x∈Λ h_xσ_x − ∑ x∈Λ y/∈Λ |x− y|≤ R J_{xy}σ_xχ_y , (41)

and the long range Hamiltonian is H^χ_{Λ ,l.r.} (σ) = − ∑ {x,y}∈Λ^∗ |x− y|>R J_{xy}σ_xσ_y − ∑ x∈Λ y/∈Λ |x− y|>R J_{xy}σ_xχ_y. (42)

We redefine H^χ_{Λ ,l.r.} by adding an overall constant as follows: H^χ_{Λ ,l.r.} (σ) = − ∑ {x,y}∈Λ^∗ |x− y|>R (J_{xy}σ_xσ_y + |J_{xy}|) − ∑ x∈Λ y/∈Λ |x− y|>R J_{xy}σ_xχ_y. (43)

For a subset K of Λ^∗ we set

T_K (σ) = − ∑ {x,y}∈K |x− y|>R (J_{xy}σ_xσ_y + |J_{xy}|) (44)

and T^χ_K (σ) = T_K (σ) − ∑ x∈Λ y/∈Λ |x− y|>R J_{xy}σ_xχ_y. (45)

Note that H^χ_{Λ ,l.r.} = T^χ_Λ ∗ = T^χ_Λ ∗_{∩S b} + T_Λ ∗_{\ Sb} (46)

for any subset S_b of Z^{d∗} .

We also define “long range bonds” and “short range sites” for a self avoiding walk ω = {{ x_1,y_1},{x_2,y_2},...,{x_n ,y_n}} (as defined in the previous subsection): ω_l = {{x,y} ∈ ω ;|x − y| > R}, ω_s = { x ∈ Z^d;x = x_i for some i and either |x − x_{i− 1}| ≤ R or |x − x_{i+1} | ≤ R } . Theorem 5 Given S_b ⊂ Z^{d∗} and S_s ⊂ Z^d, let ρ_{xy} = ρ_{xy} (S_b,J,β) be as in (11) and θ_x = θ_x (S_s,J,B,h,β) = { ζ_x if x /∈ S_s 1 if x ∈ S_s (47) where

ζ_x = ζ_x (J,B,h,β) = exp − 2β 2B|h_x| − 6 ∑ y∈Z^d |x− y|≤ R |J_{xy}| . (48)

Then for any two local observablesA and B, any finite Λ containing their supports, and any boundary condition χ we have |⟨A;B⟩^χ_Λ | ≤ 2‖A‖ ‖B‖ ∑ ω ∈W_{AB} ∏ x∈ω_s 3θ_x ∏ {x,y}∈ω_l ρ_{xy} . (49)

Pro of. For H^χ_{Λ ,s.r.} we proceedas in [DKP],we introduce variables η = { η_x;x ∈ Z^d } , where

η_x =

( sgnh_x)σ_x + 1 2 ∈ {0,1}, (50) with sgnu = 1 if u ≥ 0 and sgnu = − 1 otherwise. We set K_{xy} = (sgnh_x)(sgnh_y)J_{xy}. We redefine H^χ_{Λ ,s.r.} by subtracting an overall constant and rewrite it in the new variables: H^χ_{Λ ,s.r.} (η) = − 4 ∑ {x,y}∈Λ^∗ |x− y|≤ R K_{xy}η_xη_y (51)

+2 ∑ x∈Λ B|h_x|+ ∑ y∈Λ |x− y|≤ R K_{xy} − ∑ y/∈Λ |x− y|≤ R K_{xy} (sgnh_y)χ_y η_x.

Given a configuration η̃ = (η,η^′) of the duplicated system we define

G_{η̃} = { x ∈ Z^d : η_x + η^′_x > 0 } , and say that a configuration η̃ is compatible with G ⊂ Z^d , and write η̃ ≺ G , if G_{η̃} = G. In what follows we consider σ̃ as a function of η̃ by (50), so we only need to sum over η̃. We have ⟨⟨ ÂB̂ ⟩⟩_χ Λ = 1 Z̃^χ_Λ ∑ η̃ ÂB̂e^{− β}(^{H̃ χ}Λ ,s.r .^{(η̃)+ H̃ χ}Λ ,l.r .^{(σ̃)}) (52) = 1 Z̃^χ_Λ ∑ G⊂ Λ ∑ η̃≺ G ÂB̂e^{− βH̃ χ}Λ ,s.r .^{(η̃)}e^{− βH̃ χ}Λ ,l.r .^{(σ̃)} (53) = 1 Z̃^χ_Λ ∑ G⊂ Λ ∑ η̃≺ G ÂB̂e^{− βH̃ Λ ,χ}G,s.r .^{(η̃)}e^{− βH̃ χ}Λ ,l.r .^{(σ̃)} (54) = 1 Z̃^χ_Λ ∑ G⊂ Λ ∑ η̃≺ G ÂB̂ e^{− βH̃ Λ ,χ}G,s.r .^{(η̃)} e^{− βT̃χ}Λ^∗∩S_b^{(σ̃)} e^{− βT̃}Λ^∗\S_b^{(σ̃)}, (55) where H^{Λ ,χ}_{G,s.r .} (η) = − 4 ∑ {x,y}∈G^∗ |x− y|≤ R K_{xy}η_xη_y (56)

+2 ∑ x∈G B|h_x|+ ∑ y∈Λ |x− y|≤ R K_{xy} − ∑ y/∈Λ |x− y|≤ R K_{xy} (sgnh_y)χ_y η_x.

The equality in (54) follows from the fact that for η̃ ≺ G and x /∈ G we have η_x = η^′_x = 0; (55) comes from (46).

To deal with the long range part of the above equation we follow the same method as in [DKP] using E_{xy} (σ̃) = exp { β ( J_{xy} ( σ_xσ_y + σ^′_xσ^′_y ) + 2|J_{xy}| )} − 1 :

e^{− βT̃Λ ∗\S} b^{(σ̃)} = exp − β − ∑ {x,y}∈Λ^∗\S_b |x− y|>R

( J_{xy} ( σ_xσ_y + σ^′_xσ^′_y ) + 2|J_{xy}| ) (57)

= ∏ {x,y}∈Λ^∗\S_b |x− y|>R (E_{xy} (σ̃) + 1) = ∑ G_b⊂ Λ^∗\S_b ∏ {x,y}∈G_b |x− y|>R E_{xy} (σ̃), (58)

so we have ⟨⟨ ÂB̂ ⟩⟩_χ Λ = 1 Z̃^χ_Λ ∑ G⊂ Λ ∑ G_b⊂ Λ^∗\S_b ∑ η̃≺ G ÂB̂ e^{− βH̃ Λ ,χ}G,s.r .^{(η̃)} e^{− βT̃χ}Λ^∗∩S_b^{(σ̃)} ∏ {x,y}∈G_b |x− y|>R E_{xy} (σ̃). (59)

Now we notice that if G ⊂ Λ and G_b ⊂ Λ^∗\S_b , if there is no self avoiding walk ω from A to B with ω_s ⊂ G ∪ S_s and ω_l ⊂ G_b ∪ S_b, then the term with G and G_b contribute zero to the sum in (59). So we can restrict the sum to pairs G,G_b for which there exist ω ∈ W_{AB} such that G = G^′∪ (ω_s\S_s), where G^′ ⊂ Λ\(ω_s\S_s), and G_b = G^′_b ∪ (ω_l\S_b), where G^′_b ⊂ (Λ^∗\S_b)\ω_l. Thus ⟨⟨ ÂB̂ ⟩⟩_χ Λ = 1 Z̃^χ_Λ ∑ ω ∈W_{AB} ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) ÂB̂ e^{− βH̃ Λ ,χ}G^′∪ (ω s \S s ),s.r .^{(η̃)} (60)

× e^{− βT̃χΛ ∗∩S} b^{(σ̃)} ∑ G^′_b⊂ (Λ^∗\S_b)\ω_l ∏ {x^′,y^′}∈G^′_b |x^′− y^′|>R E_x′_y′ ∏ {x,y}∈ω_l\S_b E_{xy} ,

and so | | ⟨⟨ ÂB̂ ⟩⟩_χ Λ | | ≤ 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) e^{− βH̃ Λ ,χG′∪ (ω s \S s ),s.r .(η̃)}

× e^{− βT̃χΛ ∗∩S} b ∏ {x^′,y^′}∈(Λ^∗\S_b)\ω_l |x^′− y^′|>R (E_x′_y′ + 1) ∏ {x,y}∈ω_l\S_b E_{xy}

× ∏ {x,y}∈ω_l\S_b (E_{xy} + 1) (this expression is bounded below by 1!) (61) = 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) e^{− βH̃ Λ ,χG′∪ (ω s \S s ),s.r .(η̃)}

× e^{− βT̃χΛ ∗∩S} b ∏ {x^′,y^′}∈Λ^∗\S_b |x^′− y^′|>R (E_x′_y′ + 1) ∏ {x,y}∈ω_l\S_b E_{xy} . (62)

this is exactly e^{− βH̃ χΛ ,l.r .(σ̃)}

We willnow look at the expression H^{Λ ,χ}_G′_{∪ (ω s \Ss ),s.r.} (η) (given in (56)). Let us examine the first term of this expression : − 4 ∑ {x,y}∈(G^′∪ (ω_s \S_s ))^∗ |x− y|≤ R K_{xy}η_xη_y = − 4 ∑ {x,y}∈(G^′)^∗ |x− y|≤ R K_{xy}η_xη_y − 4 ∑ x∈(ω_s \S_s ) ∑ y∈G^′∪ (ω_s \S_s ) |x− y|≤ R K_{xy}η_xη_y

= − 4 ∑ {x,y}∈(G^′)^∗ |x− y|≤ R K_{xy}η_xη_y − 4 ∑ x∈(ω_s \S_s ) ∑ y∈Λ |x− y|≤ R K_{xy}η_xη_y, (63)

where the last equality holds if η̃ ≺ G^′∪ (ω_s\S_s). So now we have H^{Λ ,χ}_G′_{∪ (ω s \Ss ),s.r.} (η) = − 4 ∑ {x,y}∈(G^′)^∗ |x− y|≤ R K_{xy}η_xη_y − 4 ∑ x∈(ω_s \S_s ) ∑ y∈Λ |x− y|≤ R K_{xy}η_xη_y

+2 ∑ x∈G^′ B|h_x|+ ∑ y∈Λ |x− y|≤ R K_{xy} − ∑ y/∈Λ |x− y|≤ R K_{xy} (sgnh_y)χ_y η_x

+2 ∑ x∈ (ω_s \S_s ) B|h_x|+ ∑ y∈Λ |x− y|≤ R K_{xy} − ∑ y/∈Λ |x− y|≤ R K_{xy} (sgnh_y)χ_y η_x

= H^{Λ ,χ}_G′_{,s.r.} (η) + ∑ x∈(ω_s \S_s ) Γ^χ_{x,Λ} (η), (64)

where

Γ^χ_{x,Λ} (η) = − 4 ∑ y∈Λ |x− y|≤ R K_{xy}η_xη_y + 2 B|h_x|+ ∑ y∈Λ |x− y|≤ R K_{xy} − ∑ y/∈Λ |x− y|≤ R K_{xy} (sgnh_y)χ_y η_x

≥ 2 2B|h_x| − 6 ∑ y∈ �^d |x− y|≤ R |J_{xy}| ≡ Y_{B,x} = Y_{B,x} (J ,h). (65)

Thus | | ⟨⟨ ÂB̂ ⟩⟩_χ Λ | | ≤ 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) e^{− βH̃ χΛ ,l.r .(σ̃)}

× e^{− βH̃ Λ ,χG′ ,s.r .(η̃)} ∏ x∈(ω_s \S_s ) e^{− βΓ̃χx, Λ (η̃)} ∏ {x,y}∈ω_l\S_b E_{xy} (σ̃) (66) ≤ 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) e^{− βH̃ χΛ ,l.r .(σ̃)}

× e^{− βH̃ Λ ,χG′ ,s.r .(η̃)} ∏ x∈(ω_s \S_s ) e^{− βYB,x} ∏ {x,y}∈ω_l\S_b ξ_{xy} (67)

= 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∏ x∈(ω_s \S_s ) e^{− βYB,x} ∏ {x,y}∈ω_l\S_b ξ_{xy} × ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′∪ (ω_s \S_s ) e^{− βH̃ χΛ ,l.r .(σ̃)}e^{− βH̃ Λ ,χG′ ,s.r .(η̃)} . (68) Since # {η̃ : η̃ ≺ G^′∪ (ω_s\S_s)} = 3^{|ω s \Ss |} × # {η̃ : η̃ ≺ G^′}, we get | |⟨⟨ÂB̂ ⟩⟩_χ Λ | | ≤ 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∏ x∈(ω_s \S_s ) 3e^{− βYB,x} ∏ {x,y}∈ω_l\S_b ξ_{xy} × ∑ G^′⊂ Λ \(ω_s \S_s ) ∑ η̃≺ G^′ e^{− βH̃ χΛ ,l.r .(σ̃)}e^{− βH̃ Λ ,χG′ ,s.r .(η̃)} (69)

≤ 4 Z̃^χ_Λ ‖A‖‖B‖ ∑ ω ∈W_{AB} ∏ x∈(ω_s \S_s ) 3e^{− βYB,x} ∏ {x,y}∈ω_l\S_b ξ_{xy} × ∑ G^′⊂ Λ ∑ η̃≺ G^′ e^{− βH̃ χΛ ,l.r .(σ̃)}e^{− βH̃ Λ ,χG′ ,s.r .(η̃)} (70)

this is exactly Z̃^χ_Λ = 4‖A‖‖B‖ ∑ ω ∈W_{AB} ∏ x∈(ω_s \S_s ) 3e^{− βYB,x} ∏ {x,y}∈ω_l\S_b ξ_{xy} (71) = 4‖A‖‖B‖ ∑ ω ∈W_{AB} ∏ x∈ω_s 3θ_x ∏ {x,y}∈ω_l ρ_{xy}, (72)

so (49) now follows from (10). 2

We will now prove the first part of Theorem 2. As before we will take expectations of both sides of (49). Notice that the random variables { θ_x; x ∈ Z^d } are not independent. We set Ξ_{0y0} = ∑ ω :0→ y_0 E ( ∏ x∈ω_s 3θ_x ) ∏ {x,y}∈ω_l ρ_{xy}. (73)

We pick S_b = { {x,y} ∈ Z^{d∗} ;|x − y| > R and ξ_{xy} > 1 } , so proceedingas in (29), we get, with R sufficiently large, that ρ_{xy} ≤ ( 5+ 4 ln2 ) β ~X |x − y|^{αd} (74) < 13βX̃ 1 |x − y|^{α ′d} 1 |x − y|(^{α− α ′})^d (for any 1 < α^′ < α ) < 13βX̃ R^{(α− a′)d} 1 |x − y|^{α ′d} (since |x − y| > R ). (75)

Hence for any given θ > 0 and any 1 < α^′ < α we can find R large enough so that ρ_{xy} <^θ_{|x− y|α} ′_d . We now turn to the θ_x. Let ω be a selfavoidingwalk with ω_s = {x_1,...x_N }, the x^′s being ordered as they appear in ω , so ∏ x∈ω_s θx = ∏_N i=1 θ_{xi} . We obtain a subset of ω_s inductively as follows: First step is to consider those x_i ∈ ω_s for which |x_i − x_1| ≤ R and to throw them away. From the remaining x_i’s (i ≠ 1) we now pick the one with the lowest index, say x_{i2} , and throw away all remaining x_i’s such that |x_i − x_{i2} | ≤ R. The procedure is repeated until we exhaust the x_i’s. After this elimination process, what is left is a subset of ω_s , say {y_1 (= x_1),y_2,...,y_M } with the property that |y_i − y_j | > R , for all 1 ≤ i < j ≤ M and so the θ_{yi} are independent random variables. Note that at each step at most R^d − 1 sites are thrown out, so at the end at most M ( R^d − 1 ) sites have been thrown out. Therefore N ≤ M + M ( R^d − 1 ) and thus M ≥^N_{Rd} .

Let us now choose S_s = { x : 2B|h_x| − 6 ∑_{y:} |x− y|≤ R |J_{xy}| ≤ 0 } , then, since P(h_x = 0) = 0,

P(x ∈ S_s) ≤ P B ≤ 6 ∑_{y:} |x− y|≤ R |J_{xy}| 2|h_x| −→ 0 as B → ∞ . (76)

Thus θ ≡ E(θ_x) → 0 as B → ∞ .

Since the above definition for S_s implies that θ_x ≤ 1, we have E ( ∏ x∈ω_s θ_x ) ≤ E (_M ∏ i=1 θ_{yi} ) = θ^M ≤ θ^{NR d} ≡ ~θ^N . (77)

Thus given θ > 0, 1 < α^′ < α and R > 0, if B is large enough we have 3~θ <^θ_{Rα} ′_d . In this case it follows from (73) that

Ξ_{0y0} ≤ ∑ ω :0→ y_o ∏ {x,y}∈ω_l θ |x − y|^{α ′d} ∏ x∈ω_s θ R^{α ′d} (78) ≤ ∑ ω :0→ y_o ∏ {x,y}∈ω θ |x − y|^{α ′d} . (79)

The inequality (7) now follows from (79) and (49), as in the proof of (5), concluding the proof of the first part of Theorem 2.

3 Uniqueness of Gibbs States

In this section we consider a long range random Ising model as in (1), except that we do not require independence of the random variables. (We still require X and h to be families of identically distributed (within each family) random variables.)

Lemma 6 Suppose (5) (the expectation being over all the random variables) holds with E ( |X_{xy}|^{αα − 1 + ϵ} ) ≤ C_1 < ∞ for some ϵ> 0. Then lim_{L→∞} E ( sup_χ | |⟨σ_Δ ⟩_{BL} − ⟨σ_Δ ⟩^χ_{BL} | | ) = 0, (80)

where the supremum is taken over all external boundary conditions χ, B_L is a box of side 2L centered at the origin in Z^d, Δ is a finite subset of Z^d, and σ_Δ = ∏ x∈Δ σ_x. Pro of. It follows from the Fundamental Theorem of Calculus that | |⟨σ_Δ ⟩_{BL} − ⟨σ_Δ ⟩^χ_{BL} | |= | | | ∫_1 0 d ds ⟨σ_Δ ⟩^{sχ}_{BL} | | |≤ ∫_1 0 β ∑ x∈B_L y/∈B_L |J_{xy}| | |⟨σ_Δ ;σ_x⟩^{sχ}_{BL} | | ds, (81)

so sup_χ | |⟨σ_Δ ⟩_{BL} − ⟨σ_Δ ⟩^χ_{BL} | |≤ β ∑ x∈B_L y/∈B_L |J_{xy}| G_L (Δ ,x), (82)

where G_L ( Δ ,x) = sup_{0≤ s≤ 1} χ | |⟨σ_Δ ;σ_x⟩^{sχ}_{BL} | |. (83)

Clearly G_L ( Δ ,x) ≤ 2, so by hypothesis we have

E(G_L (Δ ,x)) ≤ min { C |Δ | d(Δ ,x)^{αd} ,2 } for all L. (84)

Taking the expectation of both sides in (82) gives E ( sup_χ | |⟨σ_Δ ⟩_{BL} − ⟨σ_Δ ⟩^χ_{BL} | | ) ≤ β ∑ x∈B_L y/∈B_L E(|J_{xy}| G_L (Δ ,x)). (85)

Let us fix a number γ : 0 < γ < min{1,α − 1}, and expand the last sum by dividing B_L into two parts so that ∑ x∈B_L y/∈B_L E(|J_{xy}| G_L (Δ ,x)) = S_1 + S_2,

where S_1 = ∑_{|x|≤ Lγ} |y|>L E(|J_{xy}| G_L (Δ ,x)) and S_2 = ∑ L^γ < |x|≤ L |y|>L E(|J_{xy}| G_L (Δ ,x)) . We will first show convergence of S_1 to 0:

S_1 ≤ ∑ |x|≤ L^γ ∑ y: |x− y|>L − L^γ E(|J_{xy}| G_L (Δ ,x)) (86)

≤ 2X̃ ∑ |x|≤ L^γ ∑ y: |x− y|>L − L^γ 1 |x − y|^{αd} ≤ 2X̃C_d ∑ |x|≤ L^γ ∞∑ r= L− L^γ +1 r^{d− 1} r^{αd} , (87)

where C_d is some finite constant depending only on d. The series ∑_∞ r= L− L^γ +1 r d− αd− 1 con- verges since α > 1. In fact it behaves like the integral ∫_∞ L− L^γ t d− αd− 1dt which converges to

a constant multiple of (L − L^γ)^{d− αd} . Therefore S_1 is bounded by a constant multiple of L^{γd} (L − L^γ)^{d− αd} , which (for large L) behaves like L^{γd}L^{d− αd} = L^{γd+ d− αd} which converges to 0 as L → ∞ .(Recall that we chose 0 < γ < α − 1.) Thus S_1 → 0 as L → ∞ .

We now apply Hölder’sinequality to the expectation in S_2 with q =^α_{α− 1} + ε,^1_p +^1_q = 1:

S_2 ≤ ∑ L^γ < |x|≤ L |y|>L (E|J_{xy}|^q)^{1q} (E(G_L (Δ ,x))^p)^{1p} (88)

≤ ∑ L^γ < |x|≤ L |y|>L

( C_1 |x − y|^{qαd} ) 1_q (

2^{p− 1} C |Δ | d(Δ ,x)^{αd} ) 1_p (89)

= C_2 |Δ |^{1p} ∑ L^γ < |x|≤ L 1 d(Δ ,x)^{αdp} ∑ |y|>L 1 |x − y|^{αd} (90)

≤ C_3|Δ |^{1p} ∑ L^γ < |x|≤ L 1 (_{|x|} 2 ) αd_p (for L large enough) (91)

≤ C_3|Δ |^{1p} C_d 2^{αdp} L∑ r= L^γ +1 r^{d− 1} r^{αdp} , (92) where C_2 and C_3 are finite constants. But L∑ r= L^γ +1 r^{d− 1− αdp} ≈ ∫_L L^γ +1 t^{d− 1− αdp} dt → 0 as L → ∞ . (Recall that^α_p > 1 so that d −^{αd}_p is a negative number.) Hence we also have S_2 → 0 as L → ∞ and that completes the proof. 2 Lemma 7 Suppose (80) holds. Then there is a unique Gibbsstate with probability one. Pro of. It follows from (80) that, with probability one, for each finite Δ ⊂ �^d we can find a sequence L_{Δ ,k} → ∞ (depending on Δ) such that lim_{k→∞} sup_χ | |⟨σ_Δ ⟩_{BL Δ ,k} − ⟨σ_Δ ⟩^χ_{BL Δ ,k} | |= 0. (93) Now suppose Φ is an arbitrary Gibbs state for a given X and h. It follows from the DLR equations that for any finite Δ ⊂ �^d we have |Φ (σ_Δ ) − ⟨σ_Δ ⟩_Λ | ≤ sup_χ |⟨σ_Δ ⟩^χ_Λ − ⟨σ_Δ ⟩_Λ | (94)

for all finite subsets Λ of �^d . Thus it follows from (93) that, with probability one, we have lim_{k→∞} | |Φ (σ_Δ ) − ⟨σ_Δ ⟩_{BL Δ ,k} | |≤ lim_{k→∞} sup_χ | |⟨σ_Δ ⟩^χ_{BL Δ ,k} − ⟨σ_Δ ⟩_{BL Δ ,k} | |= 0 (95)

for all finite Δ ⊂ �^d. Thus Φ is unique with probability one. 2

The second parts of Theorems 1 and 2 now follows from the respective first parts and Lemmas 6 and 7 .

References

[BD] L. Bassalygo and R. Dobrushin, Uniqueness of a Gibbs field with random potential - an elementary approach, Theory Probab. Appl 31, 572-589(1986).

[B] A. Berretti, Someproperties ofrandom Isingmodels, J. Stat. Phys. 38, 483–496(1985). [DKP] H. von Dreifus, A. Klein, and J. F. Perez, Taming Griffith’s singularities: infinite differentiability of correlation functions, Commun. Math. Phys. 170, 21-39(1995).

[F] J. Fröhlich, Mathematical aspects of the Physics of disordered systems, in: ”Critical Phenomena Random Systems, Gauge Theories”, K. Osterwalder and R. Stora (eds.), Elsevier (1986).

[FI] J. Fröhlich and J. Imbrie, Improved perturbation expansion for disordered systems:

beating Griffiths singularities, Commun. Math. Phys. 96, 145–180(1984).

[FZ] J. Fröhlich and B. Zegarlinski,The high temperature phase of long range spin glasses, Commun. Math. Phys. 110, 121-155(1987).

[GM] G. Gielisand C. Maes,The uniquenessregimeofGibbs fieldswith unbounded disorder, J. Stat. Phys. 81, 829-835(1995).

[G] R. B. Griffiths, Non-analytic behavior above the critical point in a random Ising ferromagnet, Phys. Rev. Lett. 23, 17-19(1969).

[Su] A. Süto,Weak singularity and absence of metastability in random Ising ferromagnets, J. Phys. A15, L749–L752(1982).

[Z] B. Zegarlinski, Spin glasses and long range interactions at high temperature, J. Stat.

Phys. 47, 911-930(1987).