ff-Hölder linearization

Victoria Rayskin

University of Texas, Austin Department of Mathematics Austin, TX 78703 E-mail: rayskin@math.utexas.edu

Abstract

A well known theorem of Hartman-Grobman says that a C^2 diffeomorphism f : R^n ! R^n with a hyperbolic fixed point at 0 can be topologically conjugated to the linear diffeomorphism L = df(0) (in a neighborhood of 0). On the other hand, if a non-planar map has resonance, then linearization may not be C^1. A counter-example is due to P. Hartman (see [H2]). In this paper we will show that for any

α 2 (0, 1) there exists an α-Hölder linearization in a neighborhood of

0 for the counter-example of Hartman. No resonance condition will be required. A linearization of a more general map will be discussed.

1 Introduction

Let f be a C^3 diffeomorphism with a hyperbolic fixed point at 0 and linear part L. We will say that f can be linearized if there exist a neighborhood U of 0 and homeomorphism h : U → h(U) with h(0) = 0 such that h∘f = L∘h on U.

A well known theorem of Hartman-Grobman says that such a diffeomorphism can be topologically linearized (locally). See [H1]. A simpler proof can be found in [P].

However, if linearization is only C^0, it is inconvenient for various applications. Of course, if we will make additional assumptions on resonance, we will obtain smooth linearization. (See [S]). But this technical assumption is unnatural for applications.

P. Hartman showed ([?]) that in the planar case, a C^2 diffeomorphism with a hyperbolic fixed point can be C^1 linearized.

G. Belitskii and S. van Strien ([B], [ABZ], [v-S]) have considered this problem in higher dimensions and proved that for some α less then 1 there exists a local linearization in the α-Hölder class. In their works this α depend on the resonance.

Hartman’s counter-example ([H2]) shows that a non-planar map may not be C^1 linearizable, and bounds the search for linearization.

In this paper, first, we will show that for any α ∈ (0, 1) there exists an α-Hölder linearization of the Hartman map in a neighborhood of 0. No resonance condition will be required.

Then, we will deduce the same conclusion for a more general map, i.e., we are going to prove the following:

Let f be a C^3 diffeomorphism of R^3 into itself with a hyperbolic fixed point at 0,

f(x) = Lx + μ(x), x = (x_1, x_2, x_3),

such that L is diagonal and f leaves invariant x and y axis, and (x, y) and (y, z) planes.

Then, for any α arbitrarily close to but less than 1, there exists a neighborhood U ⊂ R^3 of the origin and a homeomorphism R_α : U → R_α(U) such that R_α ∈ D^α (see Definition 1 below) and R_α ∘ f = L ∘ R_α. We conclude the paper with the following conjecture:

Let f be a C^3 diffeomorphism of R^n into itself with a hyperbolic fixed point at 0, f(x) = Lx + λ(x),

such that all first-order partial derivatives of λ at 0 are zero. Then for any α arbitrarily close to but less than 1 there exists a neighborhood U ⊂ R^n of the origin and a homeomorphism R_α : U → R_α(U) such that R_α ∈ D^α and

R_α ∘ f = L ∘ R_α, (i.e., our result holds even without the hypotheses on μ.) This research was motivated by the study of degenerate homoclinic crossings of stable and unstable manifolds, see [R].

2 Linearization Theorem

In 1960, P. Hartman presented an example ([H2]) of a map (flow) with resonance (see the map f in Theorem 1) that does not have a C^1 linearization. First, we are going to show that this map can be linearized in the class D^α (see the definition below) with α less than but arbitrarily close to 1. Using this fact, we will show how to obtain the same result for a more general map with a hyperbolic fixed point (with no resonance assumption). See Theorem ??.

Definition 1 Let Φ be a homeomorphism from R^n to R^n, Φ(0) = 0. We say that Φ ∈ D^α, (0 < α < 1), if there exists a positive constant A such that |Φ(x) − Φ(y)| |x − y|^α ≤ A, and |Φ^{−1}(x) − Φ^{−1}(y)| |x − y|^α ≤ A, for all sufficiently small |x| ≠ |y|, x, y different from 0.

The theorem presented below for Hartman’s map will be generalized in the next section.

Theorem 1 Let f be the mapping of R^3 into itself

f : x y z → ax ac(y + xz) cz where c < 1 < ac < a are constants.

Then for any α arbitrarily close to 1 (α < 1) there exists a neighborhood U ∈ R^3 and a homeomorphism R_α : U → R_α(U) such that R_α ∈ D^α and R_α ∘ f = L · R_α where L is the linear part of f at 0, L = a 0 0 0 ac 0 0 0 c . Proof:

In this proof we will use the following notations: λ(x, y, z) = 0 acxz 0 , R_+ = (x, y)−plane and R_− = z−axis. Then R^3 = R_+ ⊕ R_−.

Introduce the following pseudonorm: ‖ g ‖=‖ g ‖_δ= sup { | g(q_1) − g(q_2) | | x_1z_1 − x_2z_2|^{1−δ}

: x_1z_1 ≠ x_2z_2, q_1, q_2 ∈ R^3 }

where q_i = (x_i, y_i, z_i), i = 1, 2, and where g : R^3 → R^3. Let E_δ be the following space:

E_δ = {g : R^3 → R^3, g is continuous, g is uniformly bounded, g(0) = 0, and ‖ g‖_δ ≤ 1}. Its easy to show that the pseudonorm introduced above is actually a norm on the space {g : R^3 → R^3, g is continuous, g is uniformly bounded, g(0) = 0, and ‖ g‖_δ is bounded }.

For 0 < ϵ ≤ 1 define

λ_ϵ(q) = β ( |x · z| ϵ ) · λ(q), q = (x, y, z), where β : R → [0, 1] is C^∞, Lip(β) is bounded, and 0 ≤ β(t) ≤ 1 for all t, β(t) = 0 for |t| ≥ 1 and β(t) = 1 for |t| ≤^1_2 . Now we can define f_ϵ(q) = Lq + λ_ϵ(q).

Existence of a homeomorphism R_α = id + g is equivalent (see Lemma 4) to the existence of two fixed points g and g^′ of the operators P, P^′ : E_δ → E_δ, such that { (P g)_+ = L^{−1}_+ [g_+ ∘ f_ϵ + λ_{ϵ+}] (P g)_− = L_−g_− ∘ f^{−1}_ϵ

and { (P^′g^′)_+ = L^{−1}_+ [g^′_+ ∘ L − λ_{ϵ+} ∘ (id + g^′)] (P^′g^′)_− = L_−g^′_− ∘ L^{−1}

Here L_+, L_−, g_+, g_−, g^′_+, g^′_−, λ_+, λ_− are the projections on the corresponding R_+ and R_− spaces ;

f^{±1}_ϵ is defined by the equations

f_ϵ(q) = ax (ac) ( y + γ^+ ( |xz| ϵ ) xz ) cz ,

f^{−1}_ϵ (q) = a^{−1}x (ac)^{−1} ( y + γ^− ( |xz| ϵ ) xz ) c^{−1}z ,

where γ^+(t) = β(t), γ^−(t) = β ( t ac ) Lemma 4 will show that the map R_α is a homeomorphism and it belongs to D^α, if g, g^′ ∈ E_δ (here α is 1 − δ). For simplicity, we will denote E_δ by E.

To prove the existence of the fixed points g, g^′, it is suffices to prove that P and P^′ are contracting operators, from the metric space E into itself, and E is complete with respect to the norm ‖ ‖_δ, defined above. (The proofs of these lemmas will be presented in the next section.) Then, by the Fixed Point Theorem there exist fixed points g ∈ E_δ and g^′ ∈ E_δ such that P g = g and P g^′ = g^′.

Now we can show that these g and g^′ are the maps we sought.

g = P g = L^{−1}(g ∘ f_ϵ + λ_ϵ), or L(id + g) = f_ϵ ∘ (id + g). Similarly, (id + g) ∘ L = (id + g) ∘ f_ϵ.

In the^ϵ_2 neighborhood of the fixed point, f_ϵ = f. By Lemma 4 id + g and id + g^′ are inverse of each other and of the class D^α.

Therefore, locally f can be conjugated to its linear part in the class D^α. This completes the proof of Theorem 1. QED 3 Proofs of Lemmas

Lemma 1 P : E → E g → ((P g)_+, (P g)_−)

P^′ : E → E g^′ → ((P^′g^′)_+, (P^′g^′)_−)

Proof:

We first treat the P_− component. It is easier.

|(P g)_−(q_1) − (P g)_−(q_2)| |x_1z_1 − x_2z_2|^{1−δ} ≤

‖L_−‖ · |g_− ∘ f^{−1}_ϵ (q_1) − g_− ∘ f^{−1}_ϵ (q_2)| |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3|^{1−δ} ·

( |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3| |x_1z_1 − x_2z_2| )1−δ ≤ c · 1 · ( (ac)^{−1} )1−δ = c^δ · a^{δ−1} < 1. Now for P_+ component,

|(P g)_+(q_1) − (P g)_+(q_2)| |x_1z_1 − x_2z_2|^{1−δ} ≤

‖L^{−1}_+ ‖ · |g_+ ∘ f_ϵ(q_1) − g_+ ∘ f_ϵ(q_2)| |(f_ϵ(q_1))_1(f_ϵ(q_1))_3 − (f_ϵ(q_2))_1(f_ϵ(q_2))_3|^{1−δ} · ( |(f_ϵ(q_1))_1(f_ϵ(q_1))_3 − (f_ϵ(q_2))_1(f_ϵ(q_2))_3| |x_1z_1 − x_2z_2| )1−δ +

‖L^{−1}_+ ‖ · |λ_{ϵ+}(q_1) − λ_{ϵ+}(q_2)| |x_1z_1 − x_2z_2|^{1−δ} ≤

max{ 1 a , 1 ac } · 1 · (ac)^{1−δ} + ( ϵ^δ − small term )

≤ ( 1 ac )δ + ( ϵ^δ − small term ) < 1. By ϵ^δ − small we mean functions of the class o(ϵ^δ), as ϵ → 0 (here δ is a fixed positive number).

The proof, that^{|λϵ+(q1)−λϵ+(q2)|} |x1z1−x2z2|1^{−δ} is ϵ δ− small, involves several special cases and is given below.

1. Suppose that |x_1z_1| < ϵ and |x_2z_2| < ϵ. Then |λ_ϵ(q_1) − λ_ϵ(q_2)| |x_1z_1 − x_2z_2|^{1−δ} =

|x_1z_1β ( |x1z1| ϵ ) − x_2z_2β ( |x2z2| ϵ ) | |x_1z_1 − x_2z_2|^{1−δ} ≤

|x_1z_1 − x_2z_2| · β ( |x1z1| ϵ ) + |x_2z_2| · |β ( |x1z1| ϵ ) − β ( |x2z2| ϵ ) | |x_1z_1 − x_2z_2|^{1−δ} ≤

|x_1z_1 − x_2z_2|^δ · 1 + |x_2z_2| ·

Lip(β)^1_ϵ ||x_1z_1| − |x_2z_2|| |x_1z_1 − x_2z_2|^{1−δ} ≤

|x_1z_1 − x_2z_2|^δ + Lip(β) · |x_1z_1 − x_2z_2|^δ ≤ κϵ^δ

2. Suppose that |x_1z_1| < ϵ and |x_2z_2| ≥ ϵ. (i). |x_1z_1 − x_2z_2| ≥ ϵ. Then

|λ_ϵ(q_1) − λ_ϵ(q_2)| |x_1z_1 − x_2z_2|^{1−δ} =

|x_1z_1|β ( |x1z1| ϵ ) |x_1z_1 − x_2z_2|^{1−δ} ≤

ϵ · 1 ϵ^{1−δ} = ϵ^δ (ii). |x_1z_1 − x_2z_2| < ϵ. Then

|λ_ϵ(q_1) − λ_ϵ(q_2)| |x_1z_1 − x_2z_2|^{1−δ} =

|x_1z_1|β ( |x1z1| ϵ ) |x_1z_1 − x_2z_2|^{1−δ} =

|x_1z_1| ( β ( |x1z1| ϵ ) − β ( |x2z2| ϵ )) |x_1z_1 − x_2z_2|^{1−δ} ≤

|x_1z_1| · Lip(β)|^{|x1z1|−|x2z2|}|_ϵ |x_1z_1 − x_2z_2|^{1−δ} ≤

Lip(β) · |x_1z_1| · |x_1z_1| − |x_2z_2| ϵ|x_1z_1 − x_2z_2|^δ ≤

Lip(β) · |x_1z_1 − x_2z_2|^δ ≤

Lip(β) · ϵ^δ. Thus, we have proved, that

‖P g‖_δ = sup { | (P g)(q_1) − (P g)(q_2) | | x_1z_1 − x_2z_2|^{1−δ}

: x_1z_1 ≠ x_2z_2, q_1, q_2 ∈ R^3 } < 1 if ‖g‖ < 1. Obviously, P g is continuous, uniformly bounded and P g(0) = 0. Therefore P g : E → E.

The similar proof for the operator P^′ is the following:

|(P^′g^′)_+(q_1) − (P^′g^′)_+(q_2)|

|x_1z_1 − x_2z_2|^{1−δ} ≤

‖L^{−1}_+ ‖ · |g^′_+(Lq_1) − g^′_+(Lq_2)| |ax_1 · cz_1 − ax_2 · cz_2|^{1−δ} ·

( |ax_1 · cz_1 − ax_2 · cz_2| |x_1z_1 − x_2z_2| )1−δ +

‖L^{−1}_+ ‖ · |λ_{ϵ+}(q_1 + g(q_1)) − λ_{ϵ+}(q_2 + g(q_2))| |x_1z_1 − x_2z_2|^{1−δ} ≤ max{ 1 a , 1 ac } · 1 · (ac)^{1−δ} + ( ϵ^δ − small term )

≤ ( 1 ac )δ + ( ϵ^δ − small term ) < 1. (The proof that^{|λϵ+(q1+g(q1))−λϵ+(q2+g(q2))|} |x1z1−x2z2|1^{−δ} ϵ δ− small is very similar to the proof, that^{|λϵ+(q1)−λϵ+(q2)|} |x1z1−x2z2|1^{−δ} ϵ δ− small.)

Obviously,

|(P^′g^′)_+(q_1) − (P^′g^′)_+(q_2)| |x_1z_1 − x_2z_2|^{1−δ} ≤

c · 1 · ( (ac)^{−1} )1−δ = c^δ · a^{δ−1} < 1. We have now completed the proof that P and P^′ map E into itself. QED Lemma 2 Let P and P^′ be the operators defined above. Then, P and P^′ contract.

Proof:

‖ (P g)_− − (P h)_− ‖_δ is the supremum of

|L_− · (g_−(q_1) − g_−(q_2) − h_−(q_1) − h_−(q_2))| |x_1z_1 − x_2z_2|^{1−δ} ≤

‖L_−‖ · |g_− ∘ f^{−1}_ϵ (q_1) − g_− ∘ f^{−1}_ϵ (q_2) − h_− ∘ f^{−1}_ϵ (q_1) − h_− ∘ f^{−1}_ϵ (q_2)| |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3|^{1−δ} · ( |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3| |x_1z_1 − x_2z_2| )1−δ ≤

‖L_−‖ · ( |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3| |x_1z_1 − x_2z_2| )1−δ · ‖g − h‖_δ as q_1 and q_2 vary in R^3, x_1z_1 ≠ x_2z_2. Let α^+ be the supremum of ‖L_−‖ · ( |(f^{−1}_ϵ (q_1))_1(f^{−1}_ϵ (q_1))_3 − (f^{−1}_ϵ (q_2))_1(f^{−1}_ϵ (q_2))_3| |x_1z_1 − x_2z_2| )1−δ

as q_1 and q_2 vary in R^3, x_1z_1 ≠ x_2z_2. Then α^+ ≤ c ( 1 ac )1−δ < 1. This gives the estimate ‖ (P g)_− − (P h)_− ‖_δ ≤ α^+‖g − h‖_δ. Similarly one can show that ‖ (P g)_+ − (P h)_+ ‖_δ ≤ α^−‖g − h‖_δ, with α^− ≤ 1 ac (ac)^{1−δ} = ( 1 ac )δ < 1, for any fixed δ > 0. Let α = max ( c ( 1 ac )1−δ , ( 1 ac )δ) . Then ‖P g − P h‖_δ ≤ α‖g − h‖_δ, with α < 1.

Therefore P contracts.

The proof for the operator P^′ is similar to the one above. QED Lemma 3 E is complete with respect to ‖.‖_δ.

Proof:

Take a sequence {g_n} ⊂ E, n = 1, 2, ..., which is Cauchy with respect to ‖.‖_δ. Let C_0 be the set of uniformly bounded continuous functions. Then

‖g_n − g_m‖_{C0} =

sup q1∈R3 |g_n(q_1) − g_m(q_1)| ≤

sup q1∈R3 |g_n(q_1) − g_m(q_1)| |x_1z_1|^{1−δ} =

sup q1∈R3 |g_n(q_1) − g_m(q_1) − g_n(0) + g_m(0)| |x_1z_1 − 0 · 0|^{1−δ} ≤

sup q1,q2∈R3 |g_n(q_1) − g_m(q_1) − g_n(q_2) + g_m(q_2)| |x_1z_1 − x_2z_2|^{1−δ} < ϵ, for all x_1z_1 ≠ x_2z_2.

Therefore {g_n} is Cauchy in C_0 with respect to the supremum norm and converges in C_0 to a limit g.

Fix an arbitrarily small ϵ > 0. Then there exists N such that for all n, m > N sup x1z1≠x2z2 q1,q2∈R3 |g_n(q_1) − g_m(q_1) − g_n(q_2) + g_m(q_2)| |x_1z_1 − x_2z_2|^{1−δ} < ϵ.

Taking the limit as m approaches ∞, we will obtain

|g_n(q_1) − g(q_1) − g_n(q_2) + g(q_2)| |x_1z_1 − x_2z_2|^{1−δ} ≤ ϵ for all q_1, q_2 ∈ R^3, x_1z_1 ≠ x_2z_2. This implies that ‖g_n − g‖_δ ≤ ϵ.

One can prove directly (without using property of the norm ), that

‖g‖_δ ≤ ‖g_n − g‖_δ + ‖g_n‖_δ. Then ‖g‖_δ ≤ ϵ + 1 for arbitrarily small ϵ. Thus, ‖g‖_δ ≤ 1.

Clearly, g is continuous, bounded and g(0) = 0. Therefore E is complete with respect to ‖.‖_δ. QED Thus, we have contracting operators P and P^′ that act on the complete space E_δ and map this space into itself. (See Lemma 1, Lemma 2, Lemma 3). By the Fixed Point Theorem there exist fixed points g ∈ E_δ and g^′ ∈ E_δ such that P g = g and P g^′ = g^′.

We now propose that id + g and id + g^′ are the locally conjugating homeomorphisms we sought.

Lemma 4 Assume (id + g) ∘ f_ϵ = L · (id + g), g ∈ E_δ and (id + g^′) ∘ L = f_ϵ ∘ (id + g^′), g^′ ∈ E_δ

Then the R_α = id + g (1 − δ = α) is a homeomorphism, R_α ∈ D^α, and R^{−1}_α = id + g^′.

Proof:

For simplicity we will denote R_α by R. Then R = id + g, g is in E_δ. Let h^′ = id + g^′, g^′ is in E_δ.

First we need to show that R^{−1} = id + g^′ = h^′. To show this, first we will prove that h ∘ h^′ = id. We will show that L ∘ (h ∘ h^′) = (h ∘ h^′) ∘ L. L ∘ (h ∘ h^′) = h ∘ f ∘ f^{−1} ∘ h^′ ∘ L = (h ∘ h^′) ∘ L. By uniqueness of the globally conjugating map, h ∘ h^′ = id. Similarly, h^′ ∘ h = id.

This implies that R^{−1} = id + g^′ = h^′.

To demonstrate, that R_α ∈ D^α we will prove that^{|g(q1)−g(q2)|}_{|q1−q2|1−δ} and^{|g′(q1)−g′(q2)|}_{|q1−q2|1−δ} are bounded above for sufficiently small |q_1| ≠ |q_2|. Suppose that |q_1| ≤ 1, |q_1| ≤ 1.

|x_1z_1 − x_2z_2| ≤ |x_1| · |z_1 − z_2| + |z_2| · |x_1 − x_2| ≤

2|q_1 − q_2|

Then

|g(q_1) − g(q_2)| |q_1 − q_2|^{1−δ} ≤

(2)^{1−δ} ·

|g(q_1) − g(q_2)| |x_1z_1 − x_2z_2|^{1−δ}

≤ (2)^{1−δ} .

Similarly one can show the same property for g^′. Therefore R_α ∈ D^α. QED 4 Discussion of Further Results

Let f be the mapping of R^3 into itself

f : x y z → (a + o(1))x (ac + o(1))(y + xz), as|x|, |y|, |z| −→ 0 (c + o(1))z

where c < 1 < ac < a are constants.

Since^1

constant+o(1) = frac1constant + o(1), we have the following expres-

sion for the inverse map:

f^{−1} : x y z → (^1_a + o(1))x (^1_{ac} + o(1))(y − xz), as|x|, |y|, |z| −→ 0 (^1_c + o(1))z

Introduce the following notations: f = L + μ^+ and f^1 = L^{−1} + μ^−, where L and L^{−1} represent the linear parts of f and f^{−1} correspondantly. Then μ(x, y, z) = o(1)x acxz + o(1)(y + xz) o(1)z and μ^{−1}(x, y, z) = o(1)x acxz + o(1)(y − xz) o(1)z .

It is clear that all estimates from Lemmas 1-4 remains true for this more general function. Thus we have the following theorem:

Theorem 2 Let f be a C^3 diffeomorphism of R^3 into itself with a hyperbolic fixed point at 0, f(x) = Lx + μ(x), x = (x_1, x_2, x_3),

such that L is diagonal and f leaves invariant x and y axis, and (x, y) and (y, z) planes.

Then, for any α arbitrarily close to but less than 1, there exists a neighborhood U ⊂ R^3 of the origin and a homeomorphism R_α : U → R_α(U) such that R_α ∈ D^α (see Definition 1 below) and R_α ∘ f = L ∘ R_α.

Conjecture 1 Let f be a C^3 diffeomorphism of R^n into itself with a hyperbolic fixed point at 0, f = Lx + λ(x), such that all first order partial derivatives of λ at 0 are zero.

Then for any α arbitrarily close to but less than 1 there exists a neighborhood U ⊂ R^n of the origin and a homeomorphism R_α : U → R_α(U) such that R_α ∈ D^α and R_α ∘ f = L ∘ R_α. I believe that this conjecture can be proved. More over, this result is closely related to the theorem stated in the paper by van Strien (see [v-S]). He was trying to prove the following:

Let f : R^n → R^n be a C^2 diffeomorphism with a hyperbolic fixed point at 0. Let L = Df(0). Then there exists a neighborhood U of 0 and a homeomorphism h : U → h(U) such that h ∘ f = L ∘ h on U;

and h, h^{−1} are differentiable at 0 (i.e. (Dh)_0 and (Dh^{−1})_0 exist). There are some errors in his proof of this theorem and, in fact, the theorem remains an open question. But some ideas of his proof and some correct and interesting lemmas could be employed in the subject of the linearization. The technique of our proof is similar to van Strien’s.

Acknowledgements

I am grateful to my adviser, Charles Pugh, for many deep discussions. Also, I would like to thank Genrich Belitskii for referring me to his book [ABZ], highly relevant to this paper.

References

[ABZ] S. Aranson, G. Belitskii and E. Zhuzhoma. Introduction to the qualitative theory of dynamical systems on Surfaces, American Mathematical Society, Translations of Mathematical Monographs, 153, (1996)

[B] G. Belitskii. On the Grobman-Hartman theorem in the class C^α(preprint) (1994).

[H1] P. Hartman. Ordinary differential equations, Wiley, New York (1964).

[H2] P. Hartman. A lemma in the theory of structural stability of differential equations, Proceedings of American Mathematical Society, 11, 610-620 (1960).

[P] C. Pugh. On a theorem of P. Hartman, American Journal of Mathematics, 91, 363-367 (1969).

[R] V. Rayskin. Degenerate Homoclinic Crossings Center for Pure and Applied Math., reports, No 692, Math. Dept., U.C. Berkeley (1997).

[S] S. Sternberg. On the structure of local homeomorphisms of Euclidean n-spaces II, American Journal of Mathematics, 80, 623-631 (1958).

[v-S] S. van Strien. Smooth linearization of hyperbolic fixed points without resonance conditions, Journal of Differential Equations 85, 66-90 (1990).