On the Dominant Fourier Modes in the Separatrix Splitting Distance Function for an A-Priori Stable, Three Degree-of-Freedom Hamiltonian System

Michael Rudnev Applied Mathematics 217-50 Caltech Pasadena, CA 91125

Stephen Wiggins Applied Mechanics and Control and Dynamical Systems 116-81 Caltech Pasadena, CA 91125^�

September 16, 1997

Abstract

This note is devoted to the analysis of the Fourier series that one obtains for the splitting distance function in an a-priori stable Hamiltonian system with three degrees-of-freedom, lately studied in connection with the so-called “Arnold diffusion”. We give a summary of the theory, developed in Rudnev and Wiggins [1997], and compare it with a number of numerical experiments. These experiments not only illustrate and confirm the former theoretical concepts, but suggest that beyond the aforementioned theory, the same direction of reasoning shall prove useful. In particular, it suggests that for the vast majority of frequencies, and most of the values of the perturbation parameter ffl, the Fourier series in question has two components, which dominate the rest of it, whose index increases as ” ! 0. These components come from a certain sub-series of the Fourier series under consideration, which corresponds to the sequence of the best approximations to the frequency vector. We believe that the latter situation is generic, no matter what the approximation properties of the frequency vector. Therefore, in the case of three degrees of freedom, the arithmetic issues, which seemed so far one of the major obstructions to dealing quantitatively with exponentially small quantities, can be handled using the more refined approach developed in Rudnev and Wiggins [1997].

Contents

1 Introduction 1

2 Theoretical Aspects 4 2.1 Minimum Background and Notation from Continued Fractions Theory . . . . . . . . . . . . . 4 2.2 Preliminary Simplification of ⃗M(⃗α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 The Transition Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Shape evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

�This research was partially supported by NSF Grant DMS-9704759.

3 The Generalized Arnold Model 10 3.1 The Perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.2 The Splitting Distance Function and the Melnikov Function . . . . . . . . . . . . . . . . . . . 13

4 The Main Theorem 14

5 Conclusions 16

6 Appendix. Numerical Simulations 17 6.1 β = [0, 1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 6.2 β = [0, 2, 2, 2, 1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 6.3 β = [0, 1, 0, 0] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 6.4 β = [a_n = n] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1 Introduction

In 1964 Arnold published an example of a three degree of freedom Hamiltonian system containing a mechanism for a global instability of the action variables which has come to be known as ”Arnold diffusion”. The purpose of this note is to highlight one of the main difficulties in proving that this mechanism occurs in some generic sense. The difficulties are best motivated by considering Arnold’s original example.

Arnold [1964] considered a Hamiltonian of the form H = I^2_1 2 + I_2 + y^2 2 + ε (cos x − 1) + με (cos x − 1) (sin φ_1 + cos φ_2) , (1)

where x ∈ T^1, y ∈ IR, (I_1, I_2) ∈ IR^2, (φ_1, φ_2) ∈ T^2, and ε and μ are parameters. The Hamiltonian obtained by setting μ = 0 is referred to as the unperturbed Hamiltonian, which one recognizes as the Hamiltonian for three uncoupled systems: a pendulum and two rotors described by two action-angle pairs of variables. Hamilton’s canonical equations for this system are given by ẋ =^{∂H}_{∂y} = y, ẏ = −^{∂H}_{∂x} = ε sin x + με sin x (sin φ_1 + cos φ_2) ,

φ̇_1 =^{∂H}_{∂I1} = I_1,

İ_1 = −^{∂H}_{∂φ1} = −με cos φ_1 (cos x − 1) ,

φ̇_2 =^{∂H}_{∂I2} = 1,

İ_2 = −^{∂H}_{∂φ2} = με sin φ_2 (cos x − 1) .

(2)

We want to describe the geometry of the phase space for μ = 0. In this case the system has a four dimensional normally hyperbolic invariant manifold given by

M_0 = {(x, y, φ_1, I_1, φ_2, I_2) | x = y = 0} .

whose five dimensional stable and unstable manifolds coincide along

W^s (M_0) = W^u (M_0) = { (x, y, φ_1, I_1, φ_2, I_2) | y^2 2 + ε (cos x − 1) = 0 } . M_0 is foliated by a family of two-tori, and the trajectories on the two-tori are given by

φ_1(t) = I_1t + φ_{10},

φ_2(t) = t + φ_{20}.

We denote these two-tori by T (I_1).

Recall that the dynamics is restricted to lie in the five dimensional energy surface given by h = I^2_1 2 + I_2 + y^2 2 + ε (cos x − 1) ,

and the four dimensional M_0 intersects the five dimensional energy surface in a three dimensional set. This three dimensional set, denoted by M^h_0 , is filled out by a family of two tori, and each two-torus has threedimensional stable and unstable manifolds that coincide and are given by

W^s (T (I_1)) = W^u (T (I_1)) = { (x, y, φ_1, I_1, φ_2, I_2) | y^2 2 + ε (cos x − 1) = 0, I_1 fixed } . The stable and unstable manifolds of a given torus are often referred to as the whiskers of the torus. Moreover, W^s (T (I_1)) intersects W^u (T (I_1)) non-transversely, which is a situation that we do not expect to persist for μ small, but nonzero, and it is to this situation that we now turn.

The particular form of the perturbation in (1) is such that it does not affect M_0 or any of the tori on it. Nevertheless, for any given torus the perturbation may cause the stable and unstable manifolds to intersect transversely. Moreover, because the tori are arbitrarily close on M^h_0 , and are not isolated by the energy integral for systems with three or more degrees-of-freedom, the stable and unstable manifolds of nearby tori may intersect and, consequently, give rise to a mechanism for a global drift in the trajectories. Following Lochak [1995], we refer to this as the Arnold mechanism and we now describe it in a bit more detail. The tori can be denoted by the parameter I_1. Arnold showed that one could find a sequence of tori, {I^i_1}, i = 1, . . . , N, with neighboring tori sufficiently close, i.e. |I^i_1 − I^{i+1}_1 | = O(|μ|^2), such that the unstable manifold of T_μ(I^i_1) transversely intersects the stable manifold of T_μ(I^{i+1}_1 ), i = 1, . . . , N − 1. This sequence of whiskered tori is said to form a transition chain, and Arnold uses it to prove the following theorem.

Theorem 1.1 (Arnold) For every ε, r > 0 there exists a μ_0 > 0 such that for all 0 < μ ≤ μ_0 there are invariant tori T_μ(I_1) and T_μ(I^′_1), with |I_1 − I^′_1| > r, which are connected by a transition chain.

He then shows that the transition chain is shadowed by a true orbit of the system and in this way one obtains an O(1) drift in the I_1 variable over some finite time interval.

In carrying out this program in general there are two main difficulties that must be overcome. One is concerned with the problem of the splitting of separatrices, and the other is concerned with the construction of transition chains and shadowing orbits. It is the former problem with which this note is concerned.

The purpose of the following discussion is to illustrate the general theory developed in Rudnev and Wiggins [1997] for three degree-of-freedom systems that gives the conditions under which one or two Fourier harmonics surely “dominate” the splitting distance function (not just the first order term given by by the Melnikov integrals) and provides an algorithm to find these harmonics. These Fourier harmonics depend upon the frequency of the torus, ε, and a parameter, σ_0, that quantifies the size of the analyticity domain in the angle variables. A general theorem is proven in Rudnev and Wiggins [1997], but in this note we give a number of numerical simulations for different parameter values, both under conditions where the theory is valid, and under conditions where it is not valid, namely near the resonances. The leitmotif of the whole story will be that in both cases, when the frequency is a two-vector with rationally independent components the behavior of the Fourier series we study is dominated by a sequence, having a relatively small number of terms, which correspond to convergents to an irrational number, which is equal to the ratio of the components of the frequency vector, the latter sequence having generically one or at most two local minima, one of which is the global one, which will account for the asymptotic behavior of the series studied with an exponentially small error.

Before we describe the near integrable three degree-of-freedom Hamiltonian system of interest, it is, perhaps, more useful and instructive to motivate the main problems, issues, and setting in a general framework. From this point of view the central object of interest will be a vector-function ⃗M on a 2-torus, given by a Fourier series ⃗M(⃗α) = ∑ ⃗k∈Z2 ⃗A_{⃗k}E_{⃗k} sin(⃗k · ⃗α) (3) where ⃗α ∈ T^2, and the terms E_{⃗k} are represented as follows:

E_{⃗k} = exp ( −|⃗k|σ_0 − π|⃗k · ⃗ω| 2 √ ε ) ≡ exp(−E_{⃗k}). (4)

In fact, we will call M(⃗α) “the splitting distance function”, although given the application, the latter is just a particular case of M(⃗α).

We will assume that the coefficients ⃗A_{⃗k} = −A_{−⃗k} are all strictly nonzero, with their ⃗k dependence being such that they never grow or vanish faster than some finite power of |⃗k| as |⃗k| → ∞, where as usual, |⃗k| = |k_1| + |k_2|. For the purposes of our applications a particular example of such a series might be the Melnikov function, if the perturbation has an infinite number of Fourier components, or, generally, the splitting distance function computed to all orders of perturbation theory.

Correspondingly, we will be interested in zeroes of the function M(⃗α), and the determinant^∂_{∂⃗α} M(α) evaluated at these zeroes. Instead of upper and lower estimates, with which we had to content ourselves in a general case of n degrees of freedom, when n = 3 we were able to give a compact answer for both of these quantities.

In Rudnev and Wiggins [1997] it is proved that for all small enough positive values of ε (0 < ε ≤ ε_0 ≪ 1), except for a set of asymptotically as ε → 0 zero measure consisting of some small neighborhoods of certain “critical” values of this parameter (the latter forming a sequence which is nowhere dense and accumulating at zero), the exponents E_{⃗k} in the Fourier coefficients have an absolute minimum for some ⃗k^∗(⃗ω, ε, σ_0), (and, of course, −⃗k^∗ by symmetry). The location of this minimum depends on the particular frequency vector ⃗ω, namely |⃗k^∗| ∼ A(⃗ω, σ_0)ε^{− 14} , for some function A to be described, which can be computed by following the developed procedure. It is then shown that the absolute value of the corresponding term in the Fourier series will differ from the sum of the absolute values of the rest of the terms by a quantity large enough for it to yield the leading-order asymptotics for the components of the splitting distance function with exponentially small error. The proof will hold true for those values of ε which are away from the aforementioned critical values: otherwise the minimum in consideration turns out to be not sharp enough for us to show that a single term in (3) that dominates.

Transversality of the splitting is quantified by the expression ∂_{⃗α} ⃗M being nonzero at the intersection point. Unfortunately, a single dominant Fourier harmonic is not sufficient for us to conclude that this expression is nonzero since its sole contribution to ∂_{⃗α} ⃗M is obviously going to be zero (simply because the zeroes of sin(⃗k^∗ · ⃗α) are not isolated). Thus, we will need to locate the second smallest exponent, denoted by an index ⃗k∗∗, and to prove that these two terms together will give the leading-order answer for the transversality, or “splitting size”. Theorem 4.1 states the main results.

We will outline the procedure which prescribes how ⃗k^∗ and ⃗k^{∗∗} can be found, and then implement the procedure numerically for different values of ω and ε. Our principal tool will be a simple number theoretical lemma, called the Transition lemma, proved in Rudnev and Wiggins [1997], which is the centerpiece of the algorithm of finding ⃗k^∗ and ⃗k^{∗∗}.

We remark that Theorem 4.1 strictly holds only for an asymptotically full measure set of ”almost” nonresonant frequencies in the sense that they do not come to the resonances closer than ε^{δ2} , the latter being such that 0 < δ_2 ≪^1_2 (where the small positive constant δ_2 will be described in more detail later). Moreover, near the ”critical values” of ε, some ”switching of the modes” occurs, namely when ε is being decreased and it passes the critical value, ⃗k^∗ quickly changes to a vector with a bigger norm. So for ε near the critical value there are at least two modes whose contributions are comparable, and we will have two or more terms vying to dominate the whole sum. This is much harder to describe rigorously. Our numerical experiments will also explore these phenomena.

Furthermore, we perform the same experiments for different values of ε with several fairly well approximable frequencies, which correspond to near-resonant cases if ε is not too small; these cases are not covered by the theory. In a way, one still ends up with a similar picture. Several times we also encountered the situation where ε is close to a critical value. In this case the two dominating exponents turn out to be close to each other, but they still differ significantly from all the rest. Hence two terms still suffice to describe the asymptotics. This gives us hope that in the case of three degrees of freedom, apropos the question of the separatrix splitting and the construction of the transition chains, arithmetics can be treated fairly well.

This paper is organized as follows. In the following section we establish the notation and briefly review the results proven in Rudnev and Wiggins [1997], applied to the specific application that we call the Generalized Arnold Model, set up in Section 3, it leads to Theorem 4.1, which is stated in Section 4. After that, we deliver the main conclusions of this note, which are confirmed by the results of several numerical experiments, out of many ran using Mathematica, which illustrate a variety of phenomena. The detailed reports for the experiments are given in the Appendix, where they are also discussed in the light of the theory and beyond in the light of what we believe can be treated within a similar ideological framework.

2 Theoretical Aspects

2.1 Minimum Background and Notation from Continued Fractions Theory

Our analysis of the formal series M(⃗α) will NOT require that the frequencies ⃗ω satisfy the classical diophantine condition, formulated in terms of two parameters γ, τ, 0 < γ ≤ 1, τ ≥ 1, the latter will be considered fixed. In other words, we do not require that ⃗ω ∈ Ω_γ for Ω_γ ≡ {⃗ω : |⃗ω · ⃗k| ≥ γ|⃗k|^{−τ} , ∀⃗k ≠ ⃗0}. (5) Instead, we’ll only assume so far that the components of ⃗ω are rationally independent.

Nevertheless, the diophantine condition is certainly indispensable for the general existence and uniqueness result apropos the whiskered tori and their stable and unstable manifolds (not described in this note), necessary to justify the series M(⃗α) as the splitting distance function. Unfortunately, the diophantine condition is not very useful for number theoretic approximation techniques. For this, we will use the theory of Continued fractions (which is why our results are limited to three degree-of-freedom systems).

In order to introduce the main notation and ideas from Continued fraction theory that we will use we first write the dot product ⃗k · ⃗ω = k_1ω_1 + k_2ω_2 in a form that is more compatible with the standard notation from the theory of approximation of irrational numbers by rational numbers.

Without loss of generality we shall assume that |ω_1| > |ω_2| (they can’t be equal or zero by the diophantine condition (5)), and denote

ω_+ = |ω_1|,

which we assume to be ε-independent. Moreover, for simplicity let’s suppose that both ω_1 and ω_2 are positive (the modifications one will have to make to remove this assumption will be simple bookkeeping).

For the scalar product ⃗k · ⃗ω then we get:

⃗k · ⃗ω = k_1ω_+ + k_2ω_2 = ω_+ ( k_1 + k_2 ω_2 ω_+ ) ≡ ω_+(−p + qβ), (6)

where we’ve denoted β =^{ω2}_{ω+} , p = −k_1, q = k_2 following the standard notation of the approximation theory. So for ⃗k ∈ Z^2 the question of the asymptotic behavior of the series (3) can be explored in terms of elementary Continued fractions, at least for β with well predictable approximation properties. Moreover, it’s enough to consider only q ≥ 0 by symmetry.

Below we shall give several definitions and facts from the theory of Continued fractions, as a reference we would suggest Schmidt [1980].

For each irrational number β there exists a unique expansion into a Continued fraction

β = [a_0, a_1, a_2, ..],

where [a_0, a_1, a_2, ..] is an infinite sequence of integers, all of which are positive, except for possibly a_0, which equals the integer part of β, and if zero, can be omitted in the Continued fraction. Besides, a finite sequence [a_0, a_1, a_2, .., a_n] gives a unique Continued fraction expansion of a rational if we deem the finite Continued fractions [a_0, a_1, .., a_n] with a_n > 1 and [a_0, a_1, .., a_n − 1, 1] equivalent.

The following relation explains the term ”Continued fraction,” whether the sequence under consideration is finite or infinite:

β = [a_0, a_1, a_2, ..] = a_0 +^1_{[a1,a2,..]} = a_0 +^1_{a1 + 1[a2,a3 ,..]} = [a_0, a_1, .., a_{n−1}, [a_n, a_{n+1}, ..]]. (7)

We call a fraction^p_q , where p, q are integers with q > 0 a best approximation, or a convergent to β if for any integer 0 < q^′ ≤ q and all p^′, not equal to p if q^′ = q, one has: min_{p′} |q^′β − p^′| > |qβ − p|. Then for every β, rational or irrational, there is a sequence {q_n} of positive integers with q_0 = 1 and a sequence {p_n} of integers such that^{pn}_{qn} are the best approximations to β, these sequences being finite for a rational β and infinite if it is irrational. With some abuse of terminology we will most of the time apply the term ”convergents” solely to the members of the sequence {q_n}, whereas the members of the sequence {^{pn}_{qn} } will be referred to as ”best approximations”.

In the standard notation ‖qβ‖ = min_p |qβ − p|. For any real β the Continued fraction expansion above uniquely encodes the sequences {p_n} and {q_n} by the recursion rule:

p_{−2} = 0, p_{−1} = 1, q_{−2} = 1, q_{−1} = 0, (8) and for n ≥ 0 p_n = a_np_{n−1} + p_{n−2}, q_n = a_nq_{n−1} + q_{n−2}. (9) By the Dirichlet theorem (see Schmidt [1980]), every best approximation^{pn}_{qn} to β satisfies ‖q_nβ‖ = |q_nβ − p_n| ≤ 1 q_{n+1} . (10) A number β is called badly approximable if there exists a constant 0 < c(β) < 1, such that for every q > 0 one has ‖qβ‖ > c(β) q . (11) In addition given ā = max_{i>0} a_i ≥ 1, (12) all the 2-vectors ⃗ω = ω_+(1, β) will be diophantine with τ = 1 and γ =^{ω+}_{4+2ā} in the standard notation of (5), which implies that for a fixed ā they form a zero measure set.

Although in our analysis we will be mostly dealing with badly approximable numbers, the ultraviolet cutoff that we are going to apply to the series (3) will eventually enable us to extend our result to a set of frequencies having asymptotically (as ε → 0) full measure by letting ā in (12) go to infinity as ε → 0 and using instead of (12) the following less stringent definition: ā(ε) = max_{0<i≤nε} a_i, (13) for some large enough n_ε which tends to infinity as ε → 0.

Our main assumption on the Continued fraction expansion for β is the following.

Assumption 2.1 Given the ultraviolet cutoff parameter q_ε = [ε^{− 12 +δ0} ], where [·] stands for an integer part, and 0 < δ_0 ≪^1_2 , suppose that for i = 1, .., n_ε, the latter being defined as

n_ε = max{i ≥ 1 : q_i ≤ q_ε},

where q_i is the denominator in the ith best approximation to β (an ith convergent), the entries a_i in the Continued fraction for β are bounded as follows:

a_i ≤ ā = ā_0ε^{−δ2}

for some positive constant ā_0 and a rather small non-negative δ_2 to be specified.

2.2 Preliminary Simplification of ⃗M(⃗α)

In this section we present a decomposition of ⃗M(⃗α) and argue that the terms in the Fourier series corresponding to the sequence of the denominators {q_n} of the best approximations (convergents) to β dominate the entire Fourier series. We will further often use the term “convergents” to refer to the members of the sequence {q_n} themselves.

If we rewrite (3) in the notation of (6) as two separate sums

M(⃗α) = Σ_1 + Σ_2 ≡ ∑ p,q∈Z, q>0, |qβ−p|<^1_2 exp ( −(p + q)σ_0 −^{πω+|qβ−p|}_2^√_ε ) ⃗A_{⃗k} sin(⃗k · ⃗α)

+ ∑ p,q∈Z, q≥0, |qβ−p|≥^1_2 exp ( −(p + q)σ_0 −^{πω+|qβ−p|}_2^√_ε ) ⃗A_{⃗k} sin(⃗k · ⃗α), (14)

where ⃗k = (−p, q), then for any positive δ_0 and ε small enough, the absolute value of the second sum will be bounded as:

|Σ_2| ≤ exp ( − πω_+ 4 √ ε ) ∑ ⃗k∈Z2 | | | ⃗A⃗_k | | | e^{−|⃗k|σ0} ≤ exp ( − πω_+ 8 √ ε ) , (15)

where we’ve used the assumption on the coefficients ⃗A_{⃗k} and the well known equality ∑_⃗ k∈Z^l e −|⃗k|σ_0 = coth^l (_{σ0} 2 ) . This estimate will turn out to be exponentially small compared to the asymptotics of the first sum Σ_1, to which we’ll further restrict our attention.

The first sum Σ_1 in (14) has in fact only one index, since for each integer q > 0 there is only one p such that |qβ − p| <^1_2 . To this sum we can apply the ultraviolet cutoff, when q becomes as large as q_ε = [ε^{− 12 +δ0} ], where [·] means an integer part, and 0 < δ_0 ≪^1_2 to be specified. We write

Σ_1 = Σ^<_1 + Σ^>_1 ≡ (∑ p,q∈Z, 1≤q≤q_ε , |qβ−p|<^1_2 + ∑ p,q∈Z, q>q_ε , |qβ−p|<^1_2 )

× exp ( −(p + q)σ_0 − ω_+^{π|qβ−p|}_2^√_ε ) ⃗A_{⃗k} sin(⃗k · ⃗α), (16)

where again and henceforward ⃗k = (−p, q).

It’s easy to see that the ultraviolet part of the sum can be bounded as:

|Σ^>_1 | ≤ exp ( −ε^{− 12 +δ0+δ3} ) , (17)

for any small δ_3 > 0 if ε is small enough.

Moreover, one can write

Σ^<_1 = Σ̄^<_1 + Σ̃^<_1 ≡ ∑ n≥0, q_n≤q_ε e −(p_n+q_n)σ_0 −^{πω+‖qnβ‖}_2√_ε A ⃗kn sin(⃗k^n · ⃗α) + ∑ n≥0, q_{n−1}<q<min(q_n,q_ε) e −(p+q)σ_0 −^{πω+|qβ−p|} 2 √ ε ⃗A_{⃗k} sin(⃗k · ⃗α), (18)

with ⃗k^n = (−p_n, q_n) in the first sum and ⃗k = (−p, q) in the second one, the first one including the convergents q_n to β only (once again, with a slight abuse of terminology we use the term “convergents” to refer to the denominators of the best approximations), and the second one all the q’s that sit in between (recall that for every q > 0 there is one only p such that |βq − p| <^1_2 ).

The ultraviolet cutoff that we have previously made, enables us to define a ”cutoff index” n_ε in (13) as:

n_ε ≡ max{j > 0 : q_j ≤ q_ε}. (19)

Suppose q_{n−1}, q_n stand for the two consecutive convergents to β. Then in Rudnev and Wiggins [1997] it is shown that for Σ̃^<_1 we can estimate the absolute value of the sum of all the terms corresponding to q_{n−1} < q < q_n as follows: | | | ∑ q_{n−1}<q<min(q_n,q_ε ) e −(p+q)σ_0 −^{πω+|qβ−p|} 2 √ ε ⃗A_{⃗k} sin(⃗k · ⃗α) | | | ≤ q_ε(max_{q≤qε} | ⃗A_{⃗k} |) exp[−(|p_{n−1}| + q_{n−1})σ_0] exp [ − ( 1 +^1_{ā+2} )_{πω+‖qn−1β‖} 2 √ ε ] . (20)

Then the ratio of the absolute value of the sum, estimated in (20) to a single coefficient, corresponding to the (n − 1)th convergent in the first sum in (18) will be at most q_ε max_{q≤qε} | ⃗A_{⃗k}| min_{q≤qε} | ⃗A_{⃗k}| exp ( − 1 ā + 2 πω_+‖q_{n−1}β‖ 2 √ ε ) ≤ exp ( − πω_+ 4(ā + 2)^2ε^{δ0} ) , where the estimate for ‖q_{n−1}β‖ is obtained in Rudnev and Wiggins [1997] using simple properties of the convergents.

This in turn implies that in the Fourier norm ”with zero width” (which is the sum of the absolute values of the Fourier coefficients) | |Σ̃^<_1 | |_0 ≤ exp ( − ω_+ 4(ā + 2)^2ε^{δ0} ) · |¯ Σ^<_1 | 0 . (21)

The coefficient in the right-hand part of (21) will also be exponentially small for any δ_0 > 0 provided that ε is small enough. Moreover, one can see that we can let ā in (13) ”slightly” depend on ε, as done in Assumption 2.1, if this still guarantees that the factor in (21) is exponentially small and the estimates (15), (17) are exponentially small in comparison with the asymptotics that we are going to find. In our further estimate we will always keep ā, since we finally expect to let it grow as ε → 0.

Besides, we notice that out of the three estimates (15), (17), (21) only the last one is non-trivial, and it imposes in fact pretty tight conditions upon the parameters δ_0 and δ_2, requiring in fact that the frequency vector is still far enough from resonances of low order. But we shall point out that this estimate is an artifact of an attempt to give uniform consideration to such frequency vectors, which have asymptotically full measure; the case of proximity to a certain low order resonance can be treated individually and won’t be too difficult, as the numerical results, given further suggest.

So, we are basically left with Σ̄^<_1 only to evaluate. In other words, M(⃗α) = ∑ 0≤n≤n_ε exp ( −k_nσ_0 − πω_+‖q_nβ‖ 2 √ ε ) A_{⃗kn} sin(−p_nα_1 + q_nα_2) + the error term, (22)

the latter being exponentially small. The summation above is taken over all the convergents under the cutoff. Here ⃗k^n = (−p_n, q_n), k_n = p_n + q_n. Moreover, for the exponents in the above formula, risking certain tautology, we shall still keep the notation E_n, as in (4), just keeping in mind for the future that the index n always refers to the Continued fraction, or to the convergents.

Our main tool, called in Rudnev and Wiggins [1997] the Transition lemma and described in the succeeding section, will guarantee that (22) can be represented by its one single term plus an exponentially small error for the vast majority of the values of ε small enough. However to establish non-degeneracy in ⃗α, it will require least two dominant terms.

2.3 The Transition Lemma

The upshot of the case of three degrees of freedom is that first one can easily establish that in the series for the splitting distance function, under the ultraviolet cutoff, those terms that correspond to the best approximations to β significantly exceed all the rest. This was argued in the previous section. Thus, the series can be indexed by one integer rather than two, and moreover, the number of terms in this series, provided the assumption 2.1 holds, is rather small, being roughly ∼ log ε^{−1}. Moreover, in the case when β is well approximable, which is not covered by the theory in Rudnev and Wiggins [1997], the main problem will consist in the uniformity of the estimates. For given a Continued fraction, the result of the judgment whether it is close to a resonance will depend on the value of ε as well as the finite part of the Continued fraction, which is central to this theory. Nevertheless, for near-resonant cases, given ε, it seems that the situation is similar, or even simpler than with the Assumption 2.1. This is illustrated by the numerical experiments 6.3 and 6.4 in the Appendix.

Analyzing the exponents of the terms of the series (22) consisting only of the convergents to β, we establish the following:

Lemma 2.1 (The Transition lemma. Qualitative version) The sequence of the exponents in the sum (22) under the ultraviolet cutoff, provided that Assumption 2.1 holds for a small δ_2, (depending on the cutoff parameter δ_0), has either one single local, alias global minimum (V-shape) for some ⃗k^∗ = (−p_{n∗} , q_{n∗} ), where p_{n∗} and q_{n∗} are the numerator and the denominator of the n_∗th best approximation to β, or two neighboring local minima (W-shape) for some for ⃗k^∗ = (−p_{n∗} , q_{n∗} ), and ⃗k^{∗∗} = (−p_{n∗+2}, q_{n∗+2}). The latter case may occur only if the Continued fraction for β intermittently contains ones and larger integers.

In the former (V-shape) case the second minimum exponent will be indexed by either n_∗ − 1 or n_∗ + 1, in the latter case (W-shape) n_∗ and n_∗ + 2 yield the two minimum exponents.

An example of the W-shape, described further in the Appendix (Experiment 6.2) corresponds to β = [0222122212221...]. To describe the creation of the W-shape in more detail would require more elaborate necessary and sufficient conditions, which can be found in Rudnev and Wiggins [1997]. Generally, the techniques developed in Rudnev and Wiggins [1997], given ε and β, in principle allow one to find the minimum and the second minimum exponents.

All the other experiments in the Appendix display a sturdy V-shape in the sense of the sequence {E_n} having a unique local minimum, even in situations that are beyond the applicability of the theory.

Thus, we are able to find the two maximum terms in the Fourier series for the splitting distance, which will account for its leading-order behavior as well as the measure of transversality (the maximum term alone does not suffice, for then the transversality measure can be written as a monomial^{∂2}_{∂⃗α2} cos(⃗k · ⃗α), which is zero for any ⃗k and ⃗α).

Besides, since the exponents explicitly depend on ε, we will have to avoid certain values of ε (referred to as critical values) to insure that the two neighboring exponents are never equal to one another, as well as certain intervals near the critical values (referred to as critical intervals) to insure that the above minima of the exponents are sharp enough. But as ε → 0 the relative measure of the critical intervals goes to zero, plus their union is a nowhere dense set, accumulating at zero if ε is small enough.

Finally, a minimum for a badly approximable case, covered by Assumption 2.1 will always be such that the corresponding convergent will be qmin ∼ ε^{− 14} . Moreover, for a well-approximable case such a minimum will be considerably larger and correspond to qmin << ε^{− 14} .

2.4 Shape evolution

In this section we demonstrate how the shape of the sequence {E_n} changes as ε goes to zero (see Fig. 1). Further in the Appendix, this overall theoretical picture, given in Rudnev and Wiggins [1997] will be replicated in all the numerical experiments.

Figure 1: The evolution of shapes as ε is decreased.

We will now describe what happens in theory when ε → 0.

Suppose, that ε is away from the union of all the critical intervals (namely those intervals of its values, where the theory does not apply, for there the values of the two dominating exponents can become close to each other or equal), and ⃗k^∗ is the index of a mode, corresponding to the convergent q_∗ = q_{n∗} , giving the leading-order behavior of the Fourier series (3).

First, suppose we deal with the more common V-shape with the absolute minimum indexed by n_∗ and the second minimum exponent indexed by n_∗ − 1. Rudnev and Wiggins [1997] prove that when ε is decreased, the first important change is that at some point the second minimum exponent becomes the one indexed by n_∗ + 1. Further, ε passes the critical value and after that the absolute minimum will be given by E_{n∗+1} and the second minimum exponent will be E_{n∗} .

Second, suppose we are in the same initial state, ε is driven to zero, the second minimum exponent becomes the one indexed by n_∗ + 1, but before the further above described changes begin to take place, the necessary and sufficient conditions for W-shape (including a proper running into 1 in the Continued fraction) are satisfied (see Rudnev and Wiggins [1997]). This will imply that the exponent indexed by n_∗ + 2 has also been decreasing, but faster than the preceding one, and it further overtakes it, so another local minimum gets born, corresponding to n_∗ + 2 (the old one, corresponding to n_∗ is still there). Then, as ε is further decreased, the newly born right local minimum becomes the absolute minimum. Eventually, the left local minimum gets annihilated, so W-shape transforms back into V-shape, with the minimum exponent indexed by n + 2 and the second minimum exponent indexed by n + 1.

We see that although the class of frequencies that we consider is very large, the arithmetics is quite regular and predictable.

Moreover, the point of this note is such that although certain estimates of Theorem 4.1 will fail if one also considers the critical intervals for ε and near-resonant cases for β, the qualitative picture of the existence of two important neighboring convergents (whose indices differ at most by two), responsible for the non-degenerate asymptotics of the series M(⃗α), along with the shape evolution, will be just the same.

3 The Generalized Arnold Model

This section will endevour briefly and in the least technical way to set up the homoclinic splitting problem, to which the series M(⃗α) under a number of assumptions will provide an answer. For more details the reader is referred to Rudnev and Wiggins [1997] and exhaustive reference list therein.

The problem arises when one studies the perturbations of a-priori stable systems (we use a now well accepted terminology due to G. Gallavotti), for example if one considers a generalization of Arnold’s model given in (1) that we described earlier. We will refer to this as the generalized Arnold model, which is given by the following “two-parameter” system: H(y, x, ⃗I, ⃗φ) = n−1∑ j=1 I^2_j 2 + y^2 2 + ε(cos x − 1) + μF (x, ⃗φ), (23)

where (y, x) ∈ IR × T, (⃗I, ⃗φ) ∈ IR^2 × T^2, T = IR/ZZ, and ε and μ are (small) parameters. Later, we will take μ as a specific algebraic function of ε so that (23) is indeed an a-priori stable system.

Since the purpose of this note is to study the issue of the contribution of various Fourier harmonics in the splitting distance function, we will refer the reader to Rudnev and Wiggins [1997] for proofs of many of the technical estimates, as well as discussion and proofs of the analyticity properties of the functions and clarification of the sizes of certain expressions with respect to various norms.

We refer to the Hamiltonian (23) with μ = 0 as the unperturbed Hamiltonian, and we will discuss the assumptions on the perturbation F (x, ⃗φ) in the next subsection.

If μ = 0, the Hamiltonian (23) describes the uncoupled motion of a pendulum in the y − x plane (these variables we will further call hyperbolic) and 2 rotors, rapidly (compared to the time-scale of the pendulum) gyrating with constant frequencies.

The Hamiltonian vector field generated by (23) is given by: ẋ = y, ẏ = ε sin x − μg(x, ⃗φ), ˙⃗φ = ⃗I, ˙⃗I = −μ ⃗f(x, ⃗φ).

(24)

Here g(x, ⃗φ) = ∂_xF (x, ⃗φ), ⃗f(x, ⃗φ) = ∂_{⃗φ}F (x, ⃗φ). This system was originally considered by Lochak [1990].

For μ = 0 the motion, described by the Hamiltonian (23), is very simple. There is a 4 dimensional invariant manifold M_0 ≡ {(x, y, ⃗φ, ⃗I) : (x, y) = (0, 0)}, which is foliated by 2-tori with frequencies ⃗ω(⃗I) = ⃗I. The manifold M_0 is normally hyperbolic. Its 5 dimensional stable and unstable manifolds coincide and form an invariant manifold M^h_0 which is foliated by the coinciding stable and unstable manifolds (whiskers) of each individual torus. The separatrix of the pendulum is defined by the relation

y^2 2 + ε(cos x − 1) = 0. (25)

The unperturbed trajectories in M^h_0 are given by

x_0(τ) = 4 arctan ( e^{−√ετ} ) , y_0(τ) =^{2√ε}_{cosh(}^√_{ετ )} , ⃗φ_0(⃗ω, τ, ⃗α, t_0) = ⃗α + ⃗ω(τ + t_0), ⃗I_0(⃗ω) = ⃗ω.

(26)

where τ = t − t_0, ⃗ω ∈ D ⊆ IR^2, and ⃗α and t_0 correspond to the initial condition at t = 0.

3.1 The Perturbation

There is a number of key features that we require the perturbation to possess. They are all necessary for the series M(⃗α) to have something to deal with the homoclinic splitting.

1. Parity. We choose the perturbation to be time-angle even, or equivalently, even in the variables (x, ⃗φ).

This property makes much easier the numerous analytical aspects of the matter as far as defining and studying the splitting distance function and the transversality measure.

2. Analyticity. We require that the perturbation be a trigonometric polynomial of finite order in the x variable. This was important in Rudnev and Wiggins [1997] and enabled to develop canonical perturbation theory for the whiskers.

3. Full spectrum. In order to guarantee the dominance of the Melnikov vector for the splitting distance, expressed as a convergent Fourier series in ⃗α, the former shall possess all the harmonics. The reason for it is the appearance of the expressions^{⃗k·⃗ω√}_ε in the exponents in (4) and further in (33) in the first and generally in all orders of perturbation theory. In terms of the series M(⃗α) this would justify the assumption made above about the coefficients A_{⃗k}, which claimed that they do not vanish too fast as |⃗k| gets larger. In fact, each A_{⃗k} will be given by a convergent power series in μ, and if the perturbation were a finite trigonometric polynomial in the variable ⃗φ, for higher Fourier modes, the series for A_{⃗k} would begin with higher powers of μ.

4. Control over Fourier coefficients. Since we are not going to compute the higher orders of perturbation theory, all we will know about the remainder to the Melnikov function will be its norm estimate and analyticity properties, in particular in the angle variables, which will bound from above its Fourier coefficients. Therefore to insure that the Melnikov function dominates, we will need to know that its Fourier coefficients do not vanish too fast in the ultraviolet region, but stick in their behavior to the upper bound. That’s why (27) below has an exponential factor exp(−|⃗k|σ_0). So, not only shall the perturbation have a full spectrum, but all its Fourier coefficients must be in a way maximum possible (allowed by the norm). One can compare this with the previous passage; one can also see that in (4) and further in (33) there are two competing quantities in the exponents: |⃗k|σ_0 which grows as |⃗k| grows, and^{|⃗k·⃗ω|√}_ε , which can become smaller. Where the balance is achieved depends on the approximation properties of ⃗ω, and this is the main question studied in this note.

Remark 1. We remark that the last two requirements above can be interpreted in terms of analyticity properties of the perturbation in the ⃗φ variable. Delshams et al. [1996] for a similar purpose considered a meromorphic perturbation with a known location of the nearest pole in the complex extension of a torus.

Indeed, our Fourier series for the perturbation (27) will diverge if |ℑ⃗φ| ≥ σ_0. Besides, the presence of a singularity in the ⃗φ variables certainly makes the spectrum infinite, and is, perhaps, enough to insure that the Fourier coefficients vanish not too fast as we require it.

Remark 2. We also remark that if the perturbation does not have a certain Fourier mode, it can be made nonzero in a certain order of canonical perturbation theory by either computing the Linstedt series or doing the averaging. If the perturbation has ”gaps” in its spectrum, one such step will probably suffice. If it is a finite trigonometric polynomial in ⃗φ, the number of such steps will depend on ε as its some inverse power. Clearly, this renders the task to estimate the norm of the splitting distance function in this case much more difficult.

According to the above formulated principles, we choose the perturbation as follows: F (x, ⃗φ) = ∑ ⃗k≠⃗0 P_{⃗k}(x) exp(−|⃗k|σ_0) cos(⃗k · ⃗φ), (27) where σ_0 > 0 is a parameter (which is unimportant for the purposes of this discussion, but which actually describes the size of the extension of the domain of the perturbation to a complex neighborhood of the torus with respect to the angle variables) and P_{⃗k}(x) = P_{−⃗k}(x) is given explicitly by

P_{⃗k}(x) = 1 + ν_{⃗k}∑

j=1 2^{−j} (2j − 1)!A_{j⃗k} (1 − cos x)^j , (28)

where the integers ν_{⃗k} are such that 0 ≤ ν_{⃗k} ≤ ν_0, with ν_0 a finite, nonnegative integer, and 0 ≤ A_{j,−⃗k} = A_{j⃗k} . The factors 2^{−j} (2j − 1)! merely play a normalizing role that serves to simplify certain expressions.

The following simple assumption will insure the Melnikov integral to “work” for this example and the fact that the homoclinic splitting distance function is given by a series, which is a particular case of M(⃗α).

Assumption 3.1 (Property of the Perturbation) We assume that ∀⃗k ≠ ⃗0, and ∀j ∈ {1, .., ν_{⃗k}} A_{j⃗k} ≥ 0 and ∃j_{⃗k} ∈ {1, .., ν_{⃗k}} : A_{j⃗k⃗k} ≥ C_1 > 0 (29) for some positive constant C_1.

The significance of this assumption is that it is one of the ways to insure that all the Fourier modes further in the Melnikov function (34) are nonzero.

3.2 The Splitting Distance Function and the Melnikov Function

For a whiskered torus with the diophantine frequency ⃗ω we will define the homoclinic splitting distance function as follows: Δ(⃗ω, ⃗α, μ, ε) = (Λ, ⃗Δ)(⃗ω, ⃗α, μ, ε), where Λ(⃗ω, ⃗α, μ, ε) = y^u(⃗ω, ⃗α, μ, ε) − y^s(⃗ω, ⃗α, μ, ε), ⃗Δ(⃗ω, ⃗α, μ, ε) = ⃗I^u(⃗ω, ⃗α, μ, ε) − ⃗I^s(⃗ω, ⃗α, μ, ε),

(30)

where ⃗α ∈ T^2 is an angular parameter, whose choice up to a near identity transformation depends upon the way one chooses to parameterize the whiskers.

The measure of transversality of the splitting will be the quantity

Υ = | det ∂_{⃗α} ⃗Δ|, (31)

evaluated at a zero of ⃗Δ, which is sufficient if one recalls that Λ and ⃗Δ are dependent via energy conservation.

Using standard perturbation arguments (see, e.g., Wiggins [1988]), one can express the splitting distance as a perturbation series in μ of the following form (μ_0 will be discussed shortly): ⃗Δ(⃗ω, ⃗α, μ, ε) = μ ⃗M(⃗ω, ⃗α, ε)) + ( μ μ_0

)_2 ⃗N(⃗ω, ⃗α, μ, ε), (32) where the leading order term ⃗M(⃗ω, ⃗α, ε) = − ∫_{+∞} −∞ ∂_φF (x_0(t), ⃗ψ)dt (33) is the Melnikov (vector) integral with ⃗ψ = ⃗α + ⃗ωt, and ⃗N(⃗ω, ⃗α, μ, ε) denotes the remainder.

This Melnikov function can be explicitly computed, and is found to be: ⃗M(⃗ω, ⃗α, ε) = ∑ ⃗k≠⃗0 ⃗k sin(⃗k · ⃗α) exp(−|⃗k|σ_0) π( ⃗k · ⃗ω) ε sinh (_π 2 ⃗k·⃗ω √ ε ) ν_{⃗k}∑

j=1 A_{j⃗k} j−1∏ l=1 ( (⃗k · ⃗ω)^2 ε + 4l^2 ) , (34)

and is clearly exponentially small in ε.

The remainder ⃗N can be shown to be exponentially small in ε also (Rudnev and Wiggins [1997]). We fix an ultraviolet cutoff parameter K(ε) = [ε^{− 12 +δ0} ] (where [·] denotes the integer part of a number). It is shown in Rudnev and Wiggins [1997] that the Fourier coefficients of ⃗N obey the following bounds: | ⃗N_{⃗k}|ε^{τ2} ≤ exp ( −|⃗k|σ_0 −^π_2^{|⃗k·⃗ω|√}_ε ) , |⃗k| < K(ε), ∑ |⃗k|≥K(ε) | ⃗N_{⃗k}| ≤ exp ( −ε^{− 12 +δ0 +δ3} ) , (35)

where 0 < δ_0 <<^1_2 , whereas δ_3 can be any small positive number if ε is small enough (the same expression has already been written down in (17)). It would follow from (32), by comparing (34) with (35), that the contribution of the terms of the second and higher orders in μ in the splitting distance is negligible, and hence that the Melnikov function provides the “answer” for the splitting distance.

In Rudnev and Wiggins [1997] it is shown that (32) is an analytic function in a certain domain, and it is these analyticity properties that allow one to obtain the exponentially small estimates on ⃗M and ⃗N. In the process of deriving the analyticity properties it is shown that for

μ_0 = ε^{max}(^{154 + n2 +τ +δ3, 2ν0 +1+δ3})

the splitting distance estimates hold for all μ ∈ lC such that |μ| ≤ μ_0.

4 The Main Theorem

We now state the main theorem, proved in Rudnev and Wiggins [1997].

Theorem 4.1 Suppose β satisfies Assumption 2.1 and there exists positive numbers δ_j for j = 0, 1, 2, 3, satisfy the following inequalities: 1 2 −3δ_2 −δ_3 ≥ 0, 1 2 −δ_1 −2δ_2 −δ_3 ≥ 0, 1 4 −δ_0 −^1_2 δ_2 −3δ_3 ≥ 0, 1 4 −δ_1 −^3_2 δ_2 −2δ_3 ≥ 0,

δ_0 −2δ_2 −2δ_3 ≥ 0,

δ_1 −2δ_2 −δ_3 ≥ 0.

(36)

For the asymptotically full-measure set of the values of β and the asymptotically full-measure set of the values of ε < ε_0, there exist two indices n_∗ > 0 and n_{∗∗} > 0 such that either n_{∗∗} = n_∗ + 1, or n_{∗∗} = n_∗ + 2, depending on ⃗ω, ε, σ_0, such that for ⃗k^∗ = (∓p_{n∗} , q_{n∗} ) and ⃗k^{∗∗} = (∓p_{n∗∗} , q_{n∗∗} ), where^{pn∗}_{qn∗} and^{pn∗∗}_{qn∗∗} are the accordingly indexed best approximations to β, the splitting distance function can be asymptotically found as: ⃗Δ(⃗ω, ⃗α, μ) = 2μ π ε ∑ ⃗k∈{⃗k∗,⃗k∗∗} ⃗k|⃗k · ⃗ω| ν_{⃗k∗}∑

j=1 A_{j⃗k} j−1∏ l=1 ( (⃗k · ⃗ω)^2 ε + 4l^2 ) E_{⃗k} sin(⃗k · ⃗α)

+ ⃗N (⃗ω, ⃗α, μ), with the sup-norm of the error term ⃗N (⃗ω, ⃗α, μ) not exceeding O(e^{−ε−δ3} ) times the sup-norm of the first dominating term. Besides, in the above expressions

E_{⃗k} = exp ( −|k|σ_0 − π|⃗k · ⃗ω| 2 √ ε ) ≡ exp(−E_{⃗k}), with the relative error not exceeding O ( |μ| μ_0 + e^{−ε−δ3} ) . One of the members of the set {E_{⃗k∗} , E_{⃗k∗∗} } (the second minimum exponent denoted as E_{2,min} with the according notation q_{2,min} for the denominator of the corresponding Continued fraction) exceeds another (the absolute minimum exponent, denoted as E_{1,min} with the according notation q_{1,min} for the denominator of the corresponding Continued fraction) by at least a quantity O ( e^{ε−δ3} ) . The absolute minimum exponent lies within the following bounds:

B_{low} ≡ √ 2πω_+σ_0 (ā_0 + 2) ε^{− 14 + 12 δ2} ≤ E_{1,min} ≤ B_{up} ≡ 8 √ πω_+σ_0ε^{− 14} .

The second minimum exponent has the upper bound:

E_{2,min} ≤ 8 √ πω_+σ_0(ā_0 + 2) ε^{− 14 − 12 δ2} .

The denominators of the corresponding Continued fractions lie within the following intervals

q_{1,low} ≡ K(ε)^1_{2(ā+1)} < q_{1,min} < q_{1,up} ≡ 2K(ε),

q_{2,low} ≡ K(ε)(ā + 2)^{− 32} < q_{2,min} < q_{2,up} ≡ K(ε)(ā + 2)^{12} ,

where K(ε) = √_{πω+} 2 √ εσ_0 (1+β) and ā = ā0ε

−δ_2 .

Moreover, for the zeroes of the splitting distance function which can be approximately computed from its above asymptotics and whose number is at least 4|β|ε^{− 12 +2δ2+δ3} , the quantity Υ ≠ 0 will be asymptotically given as

Υ = 4μ^2 (π ε )_2 E_{⃗k∗} E_{⃗k∗∗} ∏ ⃗k∈{⃗k∗,⃗k∗∗} |⃗k · ⃗ω| ν_{⃗k}∑

j=1 A_{j⃗k} j−1∏ l=1 ( (⃗k · ⃗ω)^2 ε + 4l^2 ) .

with the same maximum relative error as for the splitting distance function above.

These results hold true for |β| ∈ 0 ⊂ (0, 1), such that the measure of its complement ¯0 = (0, 1) \ 0 is bounded as

mes ¯0 ≤ ε^{δ22} ,

and for all 0 < ε < ε_0, except for an open set, which is the union of a countable number of open intervals centered at the sequence of the so-called critical values, which accumulates at zero and is nowhere dense. The union of all these intervals has the relative measure of the order O(ε^{δ1 −2δ2} ).

Remark 0: Clearly, (36) has a solution in positive real numbers. One can assign e.g. δ_0 = δ_1 =^1_{12} , δ_2 = δ_3 =^1_{64} . In principle, the most important parameters δ_0 and δ_2 cannot be made larger than^1_4 , which is the Nekhoroshev exponent for the Hamiltonian system studied.

Remark 1: In the preceeding description we have mentioned where δ_0, δ_2, and δ_3 arise. δ_1 is used to control the size of the “critical intervals” corresponding to values of ε where there are two comparable Fourier modes vying to dominate the series.

5 Conclusions

We summarize our conclusions as far as the arithmetics is concerned in the case of three degrees of freedom. Namely, we assume that we are dealing a-priori with a convergent series M(⃗α) and pursue the purpose of trying to extract out of it some kind of compact answer. In connection with ”Arnold’s diffusion”, these conclusions are relevant as long as this series can be justified as an answer for the splitting distance.

1. Continuity. First of all, we emphasize that the asymptotics of such a Fourier series, due to the ultraviolet cutoff, is the same for any two frequency vectors separated by O( √ ε), and the latter estimate can be improved up to almost O(ε^{14} ). In other words, the asymptotic behavior is the same on small open sets of ⃗ω. The last of the numerical experiments, delivered in Section 6.4 is a good illustration of this. Namely, the entries in the Continued fraction studied there, corresponding to [a_n = n], are unbounded. Nevertheless, for any ε, the value of n such that a_n will be too large to fit into the real life incarnation of Assumption 2.1 (which means δ_2 almost as large as^1_4 ) will always lie far in the ultraviolet region. Therefore, we see a very nice V-shape in this example, actually improving as ε becomes smaller. Of course, the question of existence and convergence of such a series as the answer for the homoclinic splitting distance for such a frequency is a separate issue.

2. Uniformity of estimates. From the numerical experiments one can see that the bounds q_{1,2} low,up and Blow,up of Theorem 4.1 are fairly slack. The reason for this is that the purpose of the theory in Rudnev and Wiggins [1997] was to come up with a single uniform result for as many frequencies as possible. For example, if one considers the frequencies satisfying Assumption 2.1 such that the Continued fraction for β does not contain ones, then the theoretical values for q_{1,}low and q_{1,}up would differ by a factor of 2 only. This accounts for the fact that the plots of the shapes in the Experiments 6.2 and 6.4 differ in the sense that the former (displaying W-shape in particular) are not as smooth as the latter, although the latter corresponds to the case when [a_n = n], and so is unbounded, whereas in the former case always a_n ≤ 2. These two examples illustrate that intermittency of ones and integers which are larger than one in the continued fraction expansion, is the main mechanism for deforming the most common V-shape. Nevertheless, if all a_n = 1 (such as is the case for the the Golden mean) then, as predicted in Rudnev and Wiggins [1997], the graphs are very smooth, as illustrated by Simulation 6.1. Eventually, if one tries to slacken or remove Assumption 2.1 beyond optimizing the coefficients in the inequalities (36), which can be certainly improved in the sense of having a slightly larger admissible value for the parameter δ_2, but without real significance, then certain statements of Theorem 4.1, in particular, the above lower bound for the location of the convergent, yielding the maximum exponent, will be valid no longer, as one can see from the Experiment 6.3.

3. Near-resonant situation Although the Theorem 4.1 holds only if Assumption 2.1 is satisfied, a nearresonant case in terms of a Continued fraction can be easily described. Namely, in Assumption 2.1 the exponent δ_2 is small (necessarily less than^1_4 ), which means that any two consecutive convergents q_{n−1} and q_n to β under the cutoff are roughly of the same order (in terms of fractional powers of ε). A near-resonant case of low order (under the cutoff, for the method does not care about the resonances in the ultraviolet region as mentioned in #1 of this list and shown in Experiment 6.4) corresponds to an occurance of a disproportionately large gap between a pair of two consecutive convergents, which will result in the fact that the difference between the corresponding exponents is enormous. In other words, q_n will lie in the ultraviolet region, and to determine the absolute minimum one will have to apply the theory to a finite Continued fraction [a_0a_1 . . . a_{n−1}]. This is illustrated by the Experiment 6.3 in the Appendix. If q_{n−1} ∼ ε^{− 14} or larger, then the resonance has no significant influence upon the quantity^∂_{∂⃗α} M(⃗α) at a zero of M(⃗α), for n will be larger than the index, corresponding to the absolute minimum. But if q_{n−1} ≪ ε^{− 14} , then the jump into the ultraviolet region occurs long before the sequence {E_n} could have reached its absolute minimum, had q_n been of the same order as q_{n−1}. Therefore, V-shape will be generic for the resonant situation. Apparently, it always results in the fact that the quantity^∂_{∂⃗α} M(⃗α) at a zero of M(⃗α) will be much smaller than in the non-resonant case. This immediately calls to mind the Nekhoroshev theorem and the fact that^1_4 is the time and spatial Nekhoroshev exponent for the Hamiltonian system under consideration. Perhaps, for the arithmetics a ”border of the resonance region”, when^{qn−1}_{qn} ∼ ε^{14} , will be the only slightly troublesome situation. If one looks at the Experiment 6.3, one sees that until ε does not become very small, the minimum exponent corresponds simply to the first convergent, for the second one is in the ultraviolet region already. But further, as ε decreases, the first and the second minima become comparable, which means that they are both now in the infrared region, and the theory begins to work; by that time a_n = 100 becomes comparable to ε^{− 14} ∼ 31. Finally, as ε is further decreased, we see a very sharp V-shape: at this point β no longer describes a near-resonant case, but instead corresponds to a Continued fraction, not having troublesome ones in particular.

4. Global behavior.We are quite optimistic as far as the arithmetic issues of the analysis of the answer for the exponentially small splitting distance in the case of three degrees of freedom are concerned. Our analysis confirms the ideas of Chirikov [1979] that there are always two certain Fourier modes, giving the series non-degenerate asymptotics (also for the nonzero transversality measure). What we want to emphasize is that this happens generically for a vast majority of the values of ε: even in the case when one falls into the critical interval, as Simulations 6.1 and 6.4 in the Appendix suggest. The two exponents in question differ from the others by a considerable amount. It’s worth mentioning that normally the maximum exponent would be given by (in both non-resonant and near-resonant situations) the first local minimum of the sequence {E_n} that comes along if one deals with the common V-shape; in any case having discovered the first local minimum, one has to compute at most two following exponents E_n to be able to know the compact asymptotic answer for the behavior of M(⃗α). In other words we believe, that V-shape and W-shape and the Fig 1 for the shape evolution as ε → 0 are generic, and the arithmetics can be generally handled in the case of three degrees of freedom if one keeps this picture in mind.

6 Appendix. Numerical Simulations

In this section we will verify the theoretical predictions, as well as check some cases that are beyond the scope of the present theory, for several irrational frequency ratios. The frequency ratio, β, will be specified by giving the infinite sequence of integers associated with the Continued fraction expansion,

β = [a_0, a_1, a_2, a_3, . . .],

where we take a_0 = 0 to insure that 0 < |β| < 1. In our notation for the sequence of a_i a finite block of integers with an overbar will denote the situation where the particular finite block is repeated indefinitely to obtain the infinite sequence, e.g., β = [0, 1] ≡ [0, 1, 1, 1, 1, 1, 1, . . .]. We will also take σ_0 = 1 and ω_+ = 2 in all of the calculations.

Before we summarize the results of four different experiments, we want to point out that almost all the values of ε are still far from being ”small enough”. This is because the theory assumes that ε^{14} is already miniscule. That is why the minima for the sequence {E_n} plotted in the figures, and tabulated, may seem not sharp enough, because for large ε the relative measure of the critical intervals is also large. Nevertheless, the relative measure of critical intervals goes to zero asymptotically as ε → 0, which means that the probability to find oneself at random near its critical value would vanish.

6.1 β = [0, 1]

Hereafter we use an overbar to indicate periodicity in the Continued fractions. It is well known that such numbers correspond to quadratic irrationals.

In this section β = √ 5 − 1 2 = 0.618034 . . . .

We use this number to illustrate the major concepts of the theory in Rudnev and Wiggins [1997]. In particular, since the Continued fraction for the Golden mean is so regular, the plots for a small ε will tend to become more and more symmetric.

The first fifty convergents,^{pn}_{qn} , to β are listed consecutively below.

1,^1_2 ,^2_3 ,^3_5 ,^5_8 ,^8_{13} ,^{13}_{21} ,^{21}_{34} ,^{34}_{55} ,^{55}_{89} ,^{89}_{144} ,^{144}_{233} ,^{233}_{377} ,^{377}_{610} ,^{610}_{987} ,^{987}_{1597} ,^{1597}_{2584} ,^{2584}_{4181} ,^{4181}_{6765} ,

6765 10946 ,

10946 17711 ,

17711 28657 ,

28657 46368 ,

46368 75025 ,

75025 121393 ,

121393 196418 ,

196418 317811 ,

317811 514229 ,

514229 832040 ,

832040 1346269 ,

1346269 2178309 ,

2178309 3524578 ,

3524578 5702887 ,

5702887 9227465 ,

9227465 14930352 ,

14930352 24157817 ,

24157817 39088169 ,

39088169 63245986 ,

63245986 102334155 ,

102334155 165580141 ,

165580141 267914296 ,

267914296 433494437 ,

433494437 701408733 ,

701408733 1134903170 ,

1134903170 1836311903 ,

1836311903 2971215073 ,

2971215073 4807526976 ,

4807526976 7778742049 ,

7778742049 12586269025 ,

12586269025 20365011074 .

For ε = 0.00001 we see that the values of the absolute minimum and the second minimum exponent almost coincide: below the values of E_n, n = 1, . . . , 10, are given by

381.468, 237.532, 149.944, 97.5801, 68.3636, 55.2166, 55.147, 68.0696, 97.0774, 148.992

We notice that the two minimum exponents E_6 = 55.2161 and E_7 = 55.147 are close to each other, which means that ε is near one of its critical values, not being small enough to yield a small probability of such an occurrence.

In Fig. 2 we plot the exponents E_n as a function of n for a decreasing sequence of ε values. Fig. 3 provides more information about the absolute minimum, comparing it in particular with the upper and lower bounds in Theorem 4.1. Fig. 4 tabulates the convergent corresponding to the minimum exponent, and shows that it lies within the bounds predicted by Theorem 4.1.

6.2 β = [0, 2, 2, 2, 1]

This experiment will illustrate that W-shape does indeed sometimes occur, but further evolves into a more common V-shape as ε varies. As was mentioned earlier, the reason for the W-shape is the intermittency in the Continued fraction between ones and larger integers (in this case twos). This is the reason for this particular choice of continued fraction expansion defining β.

We choose β corresponding to the following Continued fraction: β = [0, 2, 2, 2, 1]. This gives

β = 0.412871 . . . .

The first fifty convergents,^{pn}_{qn} , to β are listed consecutively below. 1 2 ,^2_5 ,^5_{12} ,^7_{17} ,^{19}_{46} ,^{45}_{109} ,^{109}_{264} ,^{154}_{373} ,^{417}_{1010} ,^{988}_{2393} ,^{2393}_{5796} ,^{3381}_{8189} ,^{9155}_{22174} ,^{21691}_{52537} ,^{52537}_{127248} ,^{74228}_{179785} ,^{200993}_{486818} ,^{476214}_{1153421} ,^{1153421}_{2793660} ,^{1629635}_{3947081} ,

4412691 10687822 ,

10455017 25322725 ,

25322725 61333272 ,

35777742 86655997 ,

96878209 234645266 ,

229534160 555946529 ,

555946529 1346538324 ,

785480689 1902484853 ,

2126907907 5151508030 ,

5039296503 12205500913 ,

12205500913 29562509856 ,

17244797416 41768010769 ,

46695095745 113098531394 ,

110634988906 267965073557 ,

267965073557 649028678508 ,

378600062463 916993752065 ,

1025165198483 2483016182638 ,

2428930459429 5883026117341 ,

5883026117341 14249068417320 ,

8311956576770 20132094534661 ,

22506939270881 54513257486642 ,

53325835118532 129158609507945 ,

129158609507945 312830476502532 ,

182484444626477 441989086010477 ,

494127498760899 1196808648523486 ,

1170739442148275 2835606383057449 ,

2835606383057449 6868021414638384 ,

4006345825205724 9703627797695833 ,

10848298033468897 26275277010030050 ,

25702941892143518 62254181817755933 .

Figure 2: Plots of the exponents E_n as a function of n for different values of ε, with σ_0 = 1, ω_+ = 2, β =^{√5−1}_2 .

Fig. 5 gives the plot of the exponents E_n as a function of n for a decreasing sequence of the values of ε. One can see that as the latter goes to zero, the absolute minimum becomes sharper, which is the illustration of the fact that the probability to find oneself near the critical value decreases.

For ε = 0.0001 we see the “W” shape in the graph of E_n as a function of n. This is a bit hard to see in Fig. 5, however the values of E_n, n = 1, . . . , 10, for ε = 0.0001 are given by

57.7448, 27.2176, 31.3096, 29.908, 67.4936, 154.921, 373.652, 527.269, 1427.11, 3381.04,

from which one clearly sees the “W” shape.

Fig. 6 and Fig. 7 deliver more information about the absolute minimum, comparing it with the bounds in Theorem 4.1.

6.3 β = [0, 1, 0, 0]

This experiment illustrates a near-resonant situation, what happens if ε^{14} is comparable to the entries in the Continued fraction. At first, when ε is not small enough, which means for the frequency being close to resonance of low order, the minimum exponent is simply the first one, and the second minimum one, which accounts for the transversality measure is huge. Nevertheless, as ε becomes smaller, we end up with a familiar V − shape, for for ε = 10^{−21}, this β is already badly approximable. This is also an illustration of the fact ε B_{low} E_{1,min} B_{up} q_n p_n k_n = q_n + p_n 0.01 6.24337 E_3=9.58352 63.4132 q_3=3 p_3 =2 k_3 = 5 0.001 10.9045 E_4=16.958 112.766 q_4=5 p_4=3 k_4=8 0.0001 19.0456 E_5=30.5075 200.53 q_5=8 p_5=5 k_5=13 0.00001 33.2646 E_7 = 55.147 356.599 q_7=21 p_7=13 k_7=34 0.000001 44.0637 E_8=96.3296 634.132 q_8=34 p_8=21 k_8=55 0.0000001 101.474 E_9=169.774 1127.66 q_9 = 55 p_9 =34 k_9 =89 0.00000001 177.233 E_{10}=301.865 2005.3 q_{10}=89 p_{10}=55 k_{10}=144

Figure 3: The minimum exponent, E_{1,min}, it’s upper and lower bounds, and q_n, p_n for various values of ε, with σ_0 = 1, ω_+ = 2, β =^{√5−1}_2 , and δ_2 =^1_{64} .

ε q_{1,low} q_{1,min} q_{1,up} 0.01 1.06198 q_3=3 8.81274 0.001 1.85332 q_4=5 15.6715 0.0001 3.23331 q_5=8 27.8683 0.00001 5.63903 q_7=21 49.5577 0.000001 9.83153 q_8=34 88.1274 0.0000001 17.1356 q_9 = 55 156.715 0.00000001 29.8565 q_{10}=89 278.683

Figure 4: A table of values of q_{1,min} and q_{2,min}, along with their upper and lower bounds predicted by the theory, for various values of ε, with σ_0 = 1, ω_+ = 2, β =^{√5−1}_2 , and δ_2 =^1_{64} .

that the relative measure of the numbers, falling within the theory in Rudnev and Wiggins [1997] tends to 1 as ε → 0.

In this case we have β = 0.0099 . . . , and the first 20 convergents are listed consecutively below (20 only, for the numerators and the denominators further become appallingly big) 1 100 ,^{100}_{10001} ,^{10001}_{1000200} ,^{1000200}_{100030001} ,^{100030001}_{10004000300} ,^{10004000300}_{1000500060001} ,^{1000500060001}_{100060010000400} ,^{100060010000400}_{10007001500100001} ,

10007001500100001 1000800210020000500 ,

1000800210020000500 100090028003500150001 ,

100090028003500150001 10010003600560035000600 ,

10010003600560035000600 1001100450084007000210001 ,

1001100450084007000210001 100120055012001260056000700 ,

100120055012001260056000700 10013006601650210012600280001 ,

10013006601650210012600280001 1001400780220033002520084000800 ,

1001400780220033002520084000800 100150091028604950462021000360001 ,

100150091028604950462021000360001 10016010503640715079204620120000900 ,

10016010503640715079204620120000900 1001701200455100112870924033000450001 ,

1001701200455100112870924033000450001 100180136056013652002171607920165001000 ,

100180136056013652002171607920165001000 10019015306801820300330031716049500550001 .

We did not plot the graphs of the exponents for they grow too fast and the plots will contain little visual information because of the vast scale differences. Instead, we list the first four exponents E_1 . . . E_4 for several different values of ε. They are

101.314, 10101, 1010200, 101030000

for ε = 10^{−6}, way too large for the second convergent already lies in the ultraviolet region;

Figure 5: Plots of the exponents E_n as a function of n for β = .412871... for different values of ε.

10033.6, 10200.3, 1010200, 101030000 for ε = 10^{−12}, here the absolute minimum and the second minimum are almost identical (the corresponding Fourier coefficients differ “only” by a factor e^{167}): 9932700, 109417, 1011190, 101030000 for ε = 10^{−21}, quite a well defined V-shape, for by this time this number is well described by the theory.

Furthermore, the following Fig. 8 and Fig. 9 illustrate how well the absolute minimum and the corresponding convergent fit into the theoretical bounds of Theorem 4.1.

6.4 β = [an = n]

This case corresponds to β = 0.697775 . . . , and since the a_i are unbounded, it is at the first sight outside of the scope of our theory. Nevertheless, we will see that the predictions of the theory still hold. The reason for this is that the members in the Continued fraction simply do not grow fast enough, and for those values of n which are important for the asymptotic ε B_{low} E_{1,min} B_{up} q_n p_n k_n = q_n + p_n 0.01 5.40692 E_1=8.47448 63.4132 q_1=1 p_1 =2 k_1 = 3 0.001 9.4436 E_2=13.3934 112.766 q_2=5 p_2=2 k_2=7 0.0001 16.494 E_2=27.2176 200.53 q_2=5 p_2=2 k_2=7 0.00001 28.808 E_4 = 42.6828 356.599 q_4=17 p_4=7 k_4=24 0.000001 50.3153 E_4=83.0802 634.132 q_4=17 p_4=7 k_4=24 0.0000001 87.8795 E_5=143.853 1127.66 q_5 = 46 p_5 =19 k_5 =65 0.00000001 153.488 E_6=246.089 2005.3 q_6=109 p_6=45 k_6=154

Figure 6: The minimum exponent, E_{1,min}, it’s upper and lower bounds, and q_n, p_n for various values of ε, with σ_0 = 1, ω_+ = 2, β = 0.412871 . . ., and δ_2 =^1_{64} .

ε q_{1,low} q_{1,min} q_{1,up} 0.01 0.748671 q_1=1 9.43091 0.001 1.29887 q_2=5 16.7708 0.0001 2.2528 q_2=5 29.8232 0.00001 3.90625 q_4=17 53.0339 0.000001 6.77143 q_4=17 94.3091 0.0000001 11.7351 q_5 = 46 167.708 0.00000001 20.3319 q_6=109 298.232

Figure 7: A table of values of q_{1,min} and q_{2,min}, along with their upper and lower bounds predicted by the theory, for various values of ε, with σ_0 = 1, ω_+ = 2, β = 0.412871 . . ., and δ_2 =^1_{64} .

ε B_{low} E_{1,min} B_{up} q_n p_n k_n = q_n + p_n 10^{−3} 1.87011 E_1=101.01 112.766 q_1=100 p_1 =1 k_1 = 101 10^{−6} 9.96391 E_1=101.314 634.132 q_1=100 p_1 =1 k_1 = 101 10^{−9} 53.0875 E_1=110.933 3565.99 q_1=100 p_1 =1 k_1 = 101 10^{−12} 282.849 E_1 = 415.096 20053 q_1=100 p_1 =1 k_1 = 101 10^{−15} 1507.01 E_1=10033.6 112766 q_1=100 p_1 =1 k_1 = 101 10^{−18} 8029.34 E_2=13241.7 634132 q_2=10001 p_2 =100 k_2 = 10101 10^{−21} 42780.2 E_2=109417 3.56599 ×10^6 q_2=10001 p_2 =100 k_2 = 10101

Figure 8: The minimum exponent, E_{1,min}, it’s upper and lower bounds, and q_n, p_n for various values of ε, with σ_0 = 1, ω_+ = 2, β = 0.0099 . . ., and δ_2 =^1_{64} .

ε q_{1,low} q_{1,min} q_{1,up} 10^{−3} 0.0441193 q_1=100 19.8356 10^{−6} 0.22292 q_1=100 111.544 10^{−9} 1.12624 q_1=100 627.255 10^{−12} 5.68949 q_1=100 3527.32 10^{−15} 28.7399 q_1=100 19835.6 10^{−18} 145.167 q_2=10001 111544 10^{−21} 733.203 q_2=10001 627255

Figure 9: A table of values of q_{1,min}, along with its upper and lower bounds predicted by the theory, for various values of ε, with σ_0 = 1, ω_+ = 2, β = 0.0099 . . ., and δ_2 =^1_{64} .

behavior, the ratio^{qn−1}_{qn} remains always larger than ε^{14} . In other words, the resonance always displays itself in the ultraviolet region. Therefore, being in fact a very well approximable number, β behaves as if it is badly approximable from the point of view of our theory and very nicely illustrates the evolution of V-shape.

The first 20 convergents to β are listed consecutively below

1,^2_3 ,^7_{10} ,^{30}_{43} ,^{157}_{225} ,^{972}_{1393} ,^{6961}_{9976} ,^{56660}_{81201} ,^{516901}_{740785} ,^{5225670}_{7489051} ,^{57999271}_{83120346} ,^{701216922}_{1004933203} ,^{9173819257}_{13147251985} ,^{129134686520}_{185066460993} ,^{1946194117057}_{2789144166880} ,

31268240559432 44811373131073 ,

533506283627401 764582487395121 ,

9634381345852650 13807296146243251 ,

183586751854827751 263103209266016890 ,

3681369418442407670 5275871481466581051 ,

Fig. 10 plots several values of E_n for different values of ε, and Fig. 11 shows the correspondence between the results of the experiment and predictions of Theorem 4.1.

Figure 10: Plots of the exponents E_n as a function of n for different values of ε.

For this example, for the above mentioned reason, although one might expect that the situation will go awry as more and more convergents come into play, since a_n grows linearly with n, our theory works fine. Moreover, as we mentioned, this is the intermittency of ones and not ones in the Continued fractions that can be responsible for certain contortions of V-shape, which can even bifurcate into a W-shape, but as long as this is not the case the graphs are smoother, and the absolute minimum and the second minimum exponent differ from all the rest considerably as ε becomes smaller. In our computation the first ten exponents were

11.4947, 7.93186, 17.6991, 73.1354, 382.022, 2365, 16937, 137861, 1257690, 12714700

for ε = .01, which is way too large ε E_{1,min} q_n p_n k_n = q_n + p_n 0.01 E_2=7.93186 q_2=3 p_2 =2 k_2 = 5 0.001 E_2=14.2714 q_2=3 p_2=2 k_2=5 0.0001 E_3=23.9911 q_3=10 p_3=7 k_3=17 0.00001 E_3 = 39.1079 q_3=10 p_3=7 k_3=17 0.000001 E_4=86.5412 q_4=43 p_4=30 k_4=73 0.0000001 E_4=115.821 q_4=43 p_4=30 k_4=73 0.00000001 E_4=208.412 q_4=43 p_4=30 k_4=73

Figure 11: The minimum exponent, E_{1,min} and q_n, p_n for various values of ε, with σ_0 = 1, ω_+ = 2, β = 0.697775 . . ., and δ_2 =^1_{64} .

96.9469, 34.3186, 23.9911, 74.3541, 382.221, 2365.03, 16937, 137861, 1257690, 12714700

for ε = .0001, and

951.469, 298.186, 86.9192, 86.5412, 384.205, 2365.31, 16937, 137861, 1257690, 12714700

for ε = .000001 where we’ve found ourselves near a critical value for ε. One can notice that the exponents E_7 . . . E_{10} have not changed (within the precision of the computation) as ε changed. The reason for it is that the corresponding convergents lie far to the right of the interval, where the minimum can possibly lie (see Rudnev and Wiggins [1997]).

References

Arnold, V.I. [1964] Instability of dynamical systems with several degrees of freedom. Sov. Math Dokl., 5, 581-585.

Chirikov, B.V. [1979] A universal instability of many-dimensional oscillator systems. Physics Reports 52, 263-379.

Delshams, A., Gelfreich, V., Jorba, A., Seara T. [1996] Exponentially small splitting of separatrices under fast quasiperiodic forcing. Preprint.

Lochak, P. [1995] ”Arnold diffusion”; a compendium of remarks and questions. To appear in Hamiltonian Systems with Three or More Degrees of Freedom, (NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., S’Agaro, Spain, June, 1995). C. Simo, ed., Kluwer: Dordrecht. (a LATEX file of this paper can be obtained from Pierre Lochak (Pierre.Lochak@ens.fr)).

Rudnev, M. and Wiggins, S. [1997] Existence of Exponentially Small Separatrix Splittings and Homoclinic Connections Between Whiskered Tori in Weakly Hyperbolic Near Integrable Hamiltonian Systems. submitted to Physica D.

Schmidt, W.M. [1980] Diophantine Approximation. Lecture Notes in Math., 785, Springer-Verlag. Wiggins, S. [1988] Global Bifurcations and Chaos: Analytical Methods. Springer-Verlag: New York.