Self-adjointness and spectral properties of a pseudo-relativistic Hamiltonian due to Brown and Ravenhall

C. Tix^� Matematisk institutt Universitetet i Oslo Postboks 1053 N-0316 Oslo, Norway E-mail: christti@math.uio.no

24 July 1997

Abstract

Some properties of a pseudo-relativistic Hamiltonian describing a one electron atom - an appropriately projected Dirac operator with Coulomb potential - proposed by Brown and Ravenhall are proven. Self-adjointness is investigated and the explicit form of the Friedrichs extension is given. The behavior near the critical coupling constant

Zc is investigated and the essential spectrum is determined in the case of Z = Zc.

�Current address: Mathematik, Universität Regensburg, D-93040 Regensburg, Germany

1 Introduction

To include relativistic effects in the description of a one electron atom with nuclear charge Z > 0, Brown and Ravenhall proposed the operator

B := Λ_+ ( D_0 − αZ |x| ) Λ_+ (1)

acting in the Hilbert space H = Λ_+ (L^2(R^3) ⊗ C^4 ). Here, D_0 := −iα·∇+βm is the Dirac operator and Λ_+ := χ_{(0,∞)}(D_0) the projection on the positive spectral subspace of D_0. The 4 × 4-matrices α_j , j ∈ {1, 2, 3}, and β are the four Dirac matrices in standard representation, the fine structure constant α = e^2 ≈ 1/137 and the electron mass m ≥ 0.

The multi-particle analogon of the operator B attracted recently attention as a starting point for the extension of the “stability of matter” problem to relativistic systems [9]. Some of its basic properties from a physical point of view are reviewed in [1, 15]. Some newer references concerning the numerical treatment of the one or multi-particle operator can be found in [7].

Typical for such pseudo-relativistic Hamiltonians with Coulomb potential is the occurrence of a critical nuclear charge Z_c. Hardekopf and Sucher [4] obtained heuristically the value Z_c = 2/[(π/2 + 2/π)α] and Evans et al [3] proved that the energy E[ψ] := ⟨ψ, Bψ⟩ is bounded from below by some negative constant times m on the set of normalized rapidly decaying smooth spinors in H if Z ≤ Z_c and otherwise unbounded from below. Since Z_c ≈ 124 the operator B allows - in contrast to other pseudo-relativistic Hamiltonians - to describe all known elements. In the case Z < Z_c, the essential spectrum is located to be σ_{ess}(B) = [m, ∞) in [3] and the absence of singular continuous spectrum is proved.

¿From a physical point of view, the ground state energy is expected to be positive. Hardekopf and Sucher solved the eigenvalue equation numerically [5] and conjectured that inf[σ(B)] = 0 for Z = Z_c. In [18] it was shown that the ground state energy is bounded by m(1 − αZ) > 0.09 and therefore strictly positive and that the operator has an infinite discrete spectrum if Z < Z_c. A sharper lower bound for all nuclear charges Z ≤ Z_c was obtained with a computer assisted proof in [17].

All of the above mentioned results were obtained by performing a partial wave decomposition of the operator B, i.e. B can be decomposed in a sum of operators b_{l,s} where l is the angular momentum channel and s the spin of the particle. The operator with the lowest angular momentum b := b_{0,1/2} is basic for the understanding of B because its potential has the most severe singularity. Burenkov and Evans [2] calculated the norm of the Birman- Schwinger kernel of the potential of b. Using this norm they could proof that inf[σ(B)] ≥ 0.

Here we will explore some properties of b by using methods developed by Raynal et al [19] for the square root operator H = √ p^2 + m^2 − αZ/|x| acting in L^2(R^3) restricted to the lowest angular momentum channel. The results obtained for b can than easily be extended to all angular momentum channels and therefore to the operator B. Although the method can directly be applied on B with electron mass m = 0 the connection between the massless operator and the operator B with m > 0 is more complicated for B than for the square root operator.

We obtain the following main result: the operator b with its natural domain D(b) = D(p) = L^2(R, (1 + p^2) dp) is self-adjoint when the coupling constant αZ < αZ^′_c = 3/4. For αZ = αZ^′_c the operator is essentially self-adjoint and for αZ^′_c < αZ ≤ αZ_c it is is symmetric and admits a one parametric family of self-adjoint extensions. The Friedrichs extension is considered as the physical relevant one and will be explicitly characterized. The operator b_{1,−1/2} enjoys the same self-adjointness properties and the operators in the angular momentum channels l > 1 are all self-adjoint for α ≤ α_c.

It is shortly noted that the Friedrichs extension of b forms a strict positive, self-adjoint holomorphic family of operators when considered as an operator depending on √ Z_c − Z (near Z_c) and that another self-adjoint extension exists when Z^′_c < Z ≤ Z_c. The ground state energy of this other extension reaches at least zero when Z → Z^′_c. But since we are not able to proof that this other self-adjoint extension is positive this result will not “explain” the strict positivity of b as this is the case for the square root operator in [19].

Finally we give an expression for the Friedrichs extension of B and localize the essential spectrum to be σ_{ess}(B) = [m, ∞) when Z = Z_c, filling the gap left in [3].

In Section 2 we introduce the operator b_{0,1/2}. Then we show that the difference between the operator b with electron mass m = 0 and m > 0 is bounded. In Section 2, the adjoint operator of b (with m = 0) is characterized for different ranges of α and from this characterization self-adjointness properties and the explicit form of the Friedrichs extension are deduced. Then we will introduce a self-adjoint holomorphic family of operators which includes different extensions of b. Finally, in Section 4, the results are extended to the operator B and its essential spectrum is determined when Z = Z_c. In

Appendix A, the Mellin transform is introduced and some formulas in connection with b are given.

2 The operator restricted to its lowest angular momentum channel

In this Section we will introduce the operator B restricted to the lowest angular momentum channel denoted by b and show that the difference between the operator with m = 0 and m > 0 is bounded. This will allow to consider b with m = 0 when we are concerned with domain questions.

The operator B restricted to its lowest angular momentum channel can already be found in [5]. We will use the notation introduced in [3] and state the angular momentum decomposition of B. Using the special form of four spinors ψ ∈ H and expanding them in an appropriate basis, the energy ⟨ψ, Bψ⟩ is obtained to be ∑ (l,m,s)∈I ⟨ψ_{l,m,s}, b_{l,s}ψ_{l,m,s}⟩ := ∑ (l,m,s)∈I (∫_∞ 0 e(p)|ψ_{l,m,s}(p)|^2dp

−α Z π ∫_∞ 0 ∫_∞ 0 ψ_{l,m,s}(p^′)^∗k_{l,s}(p^′, p)ψ_{l,m,s}(p)dpdp^′ )

by performing the calculation in momentum space. Here, e(p) := (p^2 +m^2)^{1/2} and the index set I is given by I := {(l, m, s)|l ∈ N_0, m = −l − 1/2, . . . , l + 1/2, s = ±1/2, Ω_{l,m,s} ≠ 0}. The kernel is obtained to be k_{l,s} = k^{(0)}_{l,s} + k^{(1)}_{l,s} with

k^{(n)}_{l,s} (p^′, p) := √ 1 + (−1)^nm e(p) Q_{l+2ns} ( p 2p^′ + p^′ 2p ) √ 1 + (−1)^nm e(p^′) . and n(p) = [2e(p)(e(p) + m)]^{1/2}. The functions Q_l are Legendre functions of the second kind, i.e., Q_l(z) =^1_2

∫_1 −1 P_l (t)

z−t dt where the P_l are Legendre polynomials (see [14] for the notation).

We consider in the following mainly the operator restricted to particles with spin 1/2 in the lowest angular momentum channel l = 0 and denote it for brevity by b := b_{0,1/2}.

Definition 1 bψ(p) := e(p)ψ(p) − α 2π ∫_∞ 0 ψ(p^′)k_{0,1/2}(p^′, p)dp =: ([e − αv]ψ)(p) (2) with domain D(b) = D(p) = L^2(R^+, (1 + p^2)dp) acting in L^2(R^+).

Note that the operator is well defined since D(p) ⊆ D(v) and e(p) − p ∈ L^∞(R^+) and that for simplicity αZ was replaced by α and α_c corresponds to αZ_c in the following.

To consider domain questions it is enough to consider an operator which differs from the operator b by a bounded operator. The next Lemma tells us that this is the case for the operator b(0) where b(0) is the operator b with mass m = 0.

Theorem 1 The operator b(m) − b(0) extends to a bounded operator on L^2(R^+).

Proof. We will show that sup_ψ |⟨ψ, [b(m) − b(0)]ψ⟩| < ∞ for ψ ∈ L^2(R^+) and

||ψ|| = 1 by considering the kinetic and potential energy separately. Since e(p) − p ∈ L^∞(R^+) we need to consider only the potential energy αZ 2π ∫_∞ 0 ∫_∞ 0 ψ(p^′)^∗[k̃_0(p^′, p) + k̃_1(p^′, p)]ψ(p)dpdp^′ (3)

with the kernels k̃_j given by

k̃_j (p^′, p) := (√ 1 + (−1)^j m e(p) √ 1 + (−1)^j m e(p^′) − 1 ) Q_j ( p 2p^′ + p^′ 2p )

which is well defined on L^2(R^+) since Q_j (·/2p^′ + p^′/2·) ∈ L^2(R^+). We replace all terms by their moduli | | |⟨ψ, (k̃0 + k̃1)ψ⟩ | | | ≤ ⟨|ψ|(|k̃0| + |k̃1|)|ψ|⟩ and start to consider the term with the k̃_0 kernel by estimating √ 1 + m e(p) √ 1 + m e(p^′) − 1 ≤ m 2e(p) + m 2e(p) + m^2 4e(p)e(p^′) . With 1/[e(p)e(p^′)] ≤ 1/e(p) + 1/e(p^′) it remains to prove finiteness of ∫ |ψ(p^′)^∗|Q_0 ( p 2p^′ + p^′ 2p ) ( 1 e(p) + 1 e(p^′) ) |ψ(p)| dpdp^′. (4)

Introducing test functions h(p) > 0 and using the Schwarz inequality (see also [3, 18]), the upper bound ∫_∞ 0 dp|ψ(p)|^2 ∫_∞ 0 Q_0 ( p 2p^′ + p^′ 2p ) ( 1 e(p) + 1 e(p^′) ) h(p^′) h(p) dp^′ is obtained. This can be done since the kernel in (4) is symmetric and positive. We choose h(p) = p^{−α} with 0 < α < 1 and estimate ∫_∞ 0 Q_0 ( p 2p^′ + p^′ 2p ) h(p^′) h(p) dp^′ e(p^′) ≤ ∫_∞ 0 Q_0 ( 1 2x + x 2 ) dx x^{1+α} < ∞ since Q_0(x/2 + 1/2x) = O(1/x) for x → ∞ and Q_0(x/2 + 1/2x) = O(x) for x → 0. The remaining term can immediately seen to be finite by scaling.

The term with the k̃_1 kernel can be estimated analogously by noting that Q_0(t) ≥ Q_1(t) for t ≥ 1. �

Since Q_0(t) ≥ Q_1(t) ≥ Q_2(t) . . . for t ≥ 1 the Theorem holds for any operator b_{l,s}: Corrolary 1 The operators b_{l,s}(m) − b_{l,s}(0) extends to bounded operators on L^2(R^+).

3 The massless operator

In this chapter we will consider the operator b(0). To elucidate its structure the unitary Mellin transform M will be helpful (see Appendix A for the definition and some properties). With b^# = Mb(0)M^{−1} and ψ^# = Mψ we obtain

b^#ψ^#(s) = [1 − αV (s + i/2)]ψ^#(s + i)

with V (z) = [V_0(z) + V_1(z)]/2 and

V_0(z) = tanh(πz/2) z , V_1(z) = 1 1 + z^2 z tanh(πz/2) (5) (see Appendix A) acting in L^2(R). The Mellin transformed domain is characterized by the following

Theorem 2 The function ψ is in D(p^λ) = L^2(R^+, (1 + p^{2λ})dp) if and only if there exists a unique function Ψ^# holomorphic in the strip S(0, λ) = {z ∈ C | 0 < ℑ(z) < λ} with • lim_{y→0} ∫ R^{|Ψ#(s + iy) − ψ#(s)|2 ds = 0} • lim_{y→λ} ∫ R^{|Ψ#(s + iy) − ψ#(s + iλ)|2 ds = 0} • sup_{y∈(0,λ)} ∫ R^{|Ψ#(s + iy)|2 ds < ∞} and ψ^# ∈ L^2(R) and Mp^λψ(s) = ψ^#(s + iλ).

Such Paley-Wiener type Theorems can be found in [16]. We will identify Ψ^# and ψ^# in the following.

The Theorems concerning the operator b(0) can now more or less be copied from [19]. Note that the difference between the massless Herbst and Brown Ravenhall operator is the different function V arising from the different potential energy. However, their overall behavior (which is important for the proof) is the same.

Theorem 3 The operator b^# is closed for α ∈ C if and only if α ∉ Δ_0 := {V (s + i/2)^{−1}|s ∈ R} Proof. Let α ∈ C \Δ_0 and choose a convergent series {ψ^#_n , b^#ψ^#_n } ∈ Γ(b^#), where Γ(b^#) is the graph of b^# and ψ^#_n → ψ^#. Since V (s + i/2) → 0 for s → ±∞ which follows from(16), it is C_1 ≤ |1 − αV (s + i/2)| with 0 < C_1. This lower bound implies the convergence of ψ^#_n (s + i) = MpM^{−1}ψ^#_n (s) =: p^#ψ^#_n (s) from the converges of b^#ψ^#_n . Since the operator p with domain D(p) is closed we have that ψ^#_n (s + i) → ψ^#(s + i) and because the function |1 − αV (s + i/2)| is bounded we also have b^#ψ^#_n → b^#ψ^# which ends the proof.

Now let α ∈ Δ_0 with α = V (s_0 + i/2)^{−1} for some s_0 ∈ R. Take the series ψ^#_n (s) = (s − s_0 − i − i/n)^{−1} → (s − s_0 − i)^{−1} and note that ψ^#_n ∈ D(b^#) but (s − s_0 − i)^{−1} ∉ D(b^#) because of the singularity at s_0 + i. Since [1 − αV (s + i/2)]ψ^#_n (s + i) converges because of the zero of 1 − αV (s + i/2) at s = s_0, the operator is not closed. �

Considering just real values for the coupling constant α we get the

Corrolary 2 Let α ∈ R. Then the operator b is closed if and only if α ≠ α^′_c = 3/4

           -

6

α^′_c α_c ℜ(z)

ℑ(z)

Δ_1

Δ_0@@I

Δ_2

..........................

.....................

................

...........

........

.......

......

......

....

....

....

.... ... ... .. .. .. .. . . . . . . . . . .. .. .. .. ... ... ... ... ....

....

.....

.....

.......

.......

..........

...........

.................

.........................

............... 1/2

−1/2^{..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... .}

..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... .

Figure 1: The complex plane divided according to V (z)^{−1}

Proof. From (16) we find that V (s + i/2) is real for s ∈ R if and only if s = 0. From V (i/2) = 4/3 follows the claim. � The next Theorem characterizes the adjoint of b. To state the Theorem the complex plain is divided in three disjoint sets according to the Mellin transformed potential: Definition 2 Δ_0 := {V (s + i/2)^{−1}|s ∈ R} Δ_1 := {V (z)^{−1}| |ℑ(z)| < 1/2} Δ_2 := C \(Δ_0 ∪ Δ_1)

Theorem 4 Let α ∈ C . Then, the adjoint b^{#∗} is an extension of p^# − α^∗v^# with b^{#∗}ψ^#(s) = [1 − α^∗V (s + i/2)]ψ^#(s + i) and D(b^{#∗}) = {ψ^# ∈ L^2(R)|[1 − α^∗V (s − i/2)]ψ^#(s) ∈ D(p^# ). (6) Moreover,

1. If α ∈ Δ_0, then b^{#∗} = p^# − α^∗v^#, the closure of p^# − α^∗v^#.

2. Let α ∈ Δ_1 and z_0 the solution of α = V (z_0)^{−1} with |ℑ(z_0)| < 1/2 and let ψ^# = ϕ^# + ξ^# with ϕ^# ∈ D(p^# ). Then

D(b^{#∗}) = {{ ψ^# | |ξ# ∈ span [(s − i/2 − z∗_0 )−1, (s − i/2 + z∗_0 )−1]} z_0 ≠ 0 { ψ^# | ξ^# ∈ span [(s − i/2)^{−1}, (s − i/2)^{−2}] } z_0 = 0. (7) 3. If α ∈ Δ_2, then b^{#∗} = p^# − α^∗v^#.

Proof. Note that for a bounded operator B and a self-adjoint operator A with domain D(A), ψ ∈ D [(BA)^∗] is equivalent to B^∗ψ ∈ D(A), and on D [(BA)^∗] it is (BA)^∗ = AB^∗. Now let α ∈ C and take Bψ^#(s) := [1−αV (s+ i/2)]ψ^#(s) and A := p^#. Then the first part of the Theorem for α ∈ C follows immediately if we can show that b^{#∗} is an extension of p^# − α^∗v^#. But since V (z − i/2) is analytic and bounded in the strip −1/2 + ϵ < ℑ(z) < 3/2 − ϵ for ϵ > 0 which follows from (16), then ψ^# ∈ D(p^# ) implies [1 − α^∗V (s − i/2)]ψ^#(s) ∈ D(p^#).

Let α ∈ Δ_2. Then the function 1−α^∗V (z) has no zero for ℑ(z) ≤ 1/2 and we can find some constant C_1 > 0 such that |1 − α^∗V (z)| ≥ C_1. Therefore, |1 − α^∗V (z)|^{−1} is analytic in the strip ℑ(z) < 1/2 and bounded when ℑ(z) ≤ 1/2 and from [1 − α^∗V (s − i/2)]ψ^#(s) ∈ D(p^# ) follows ψ^# ∈ D(p^# ). Since b^{#∗} is an extension of p^# − α^∗v^# this proofs the claim.

Let α ∈ Δ_1 and z_0 ≠ 0. Then the function 1 − α^∗V (z) has exactly two zeros z^∗_0 and −z^∗_0 according to Lemma 2. Because of these zeros

[1 − α^∗V (s − i/2)](s − i/2 ± z^∗_0 )^{−1} ∈ D(p^# )

and therefore the domain given in (7) is included in the domain (6). It remains to show the converse inclusion, i.e., for [1 − α^∗V (s − i/2)]ψ^#(s) ∈ D(p^# ) with ψ^# ∈ L^2(R) we need to show that

ϕ^#(s) := ψ^#(s) − c_1(s − i/2 − z^∗_0 )^{−1} − c_2(s − i/2 + z^∗_0)^{−1} ∈ D(p^# ).

Since possible simple poles of ψ^#(s) are subtracted if c_1, c_2 ∈ C are chosen appropriately we have that ϕ^#(s) is holomorphic in S(0, 1) and it remains to proof that sup_{y∈(0,1)} ∫ |ϕ^#(s + iy)|^2 ds < ∞. Let C_1 be the upper bound for ϕ^#(z) in a closed rectangle R ⊂ S(0, 1) with length X and {z^∗_0 , −z^∗_0} ⊂ R\∂R and let C_2 be the lower bound off 1 − α^∗V (z − i/2) in S(0, 1)\R. Then the estimate ∫ |ϕ^#(s + iy)|^2 ds ≤ C^{−2}_2 ∫ |[1 − α^∗V (s − i/2 + iy)]ψ^#(s + iy)|^2 ds + XC^2_1

holds and the supremum of the r.h.s. is finite by the assumption on ψ and therefore ϕ^# ∈ D(p^#). The case z_0 = 0 can be treated in the same manner.

Finally, let α ∈ Δ_0. Since b^{#∗} is an extension of p^# − α^∗v^# and is closed we have the inclusion D(b^{#∗}) ⊆ D(p^# − α^∗v^#). So it remains to prove the converse inclusion, i.e., for ψ^# ∈ D(b^{#∗}) there should exist a sequence ψ^#_n ∈ D(p^# ) such that ψ^#_n → ψ^# and (p^# − α^∗v^#)ψ^#_n converges. The construction of the series ψ^#_n can be found in [19, proof of Theorem 2]. �

We are now able to specialize the results to the physical interesting case of a real coupling constant with

Corrolary 3 Let α ∈ R. Then b^# is self-adjoint for α < α^′_c, essentially selfadjoint for α = α^′_c, and symmetric with defect indices (1, 1) for α^′_c < α ≤ α_c.

Proof. The case α = α^′_c ∈ Δ_0 and α < α^′_c, i.e., α ∈ Δ_1, is clear. Let α^′_c < α ≤ α_c which is equivalent with α ∈ Δ_2. Since the sum of the defect indices n_± = dim[Ker(b^# ± i)] can be expressed as n_+ + n_− = dim[D(b^{#∗})/D(b^# )] (see [12, Theorem X.2]) we have n_+ + n_− = 2 according to Theorem 2, Part 2). Since b(0) is a real operator, Neumann’s Theorem tells us that n_+ = n_−. �

For α^′_c < α ≤ α_c the operator b^# is symmetric and admits a one parametric family of self-adjoint extensions since the self-adjoint extensions are in oneto-one correspondence with the partial isometries of the deficiency subspaces. The Friedrichs extension is considered to be the physical relevant one and will be characterized in the following

Theorem 5 Let α^′_c < α ≤ α_c and −1/2 < β ≤ 0 the solution of α = V (iβ)^{−1}. Then the Friedrichs extension b^#_F of b^# is given by b^{#∗} restricted to the domain

D(b^#_F ) = { ϕ^# | |ξ^# ∈ span [(s − i/2 + iβ)^{−1}]} with ϕ^# = ψ^# + ξ^# and ψ^# ∈ D(p^# ).

        -

6

-1 -1/2 0 1/2 α^′_c α_c

.. .. .. .. .. ... ... ... .. .. ... ... ... ... ... ... ... ... ... ... ....

....

.... ... ....

....

....

.....

.....

.....

......

.....

......

.......

.......

.......

.......

........

........

...........

...........

...............

.........................

................................................................. ................

..............

..........

.........

........

....... ...

β

V (iβ)^{−1}

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..... ..... ..... ..... ..... ..... ...... ...... ...... ...... ...... ...... ...... ...... ...... ...... ...... ...... ..... .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 2: The function V (iβ)^{−1} over β

Note that the inverse Mellin transform of (s − i/2 + iβ)^{−1} is given by i √ 2πΘ(p − 1)p^{−1+β} according to (17) and the asymptotic behavior of this

function for p → ∞ is exactly what is used as a test function in [17] to ob-

tain a lower bound for the ground state energy of b. The function V (iβ)^{−1}

is illustrated in Figure 2. Proof. For the proof of the Theorem the charac-

terization D(b^#_F ) = D(b^{#∗}) ∩ Q(b^#) of the domain of the Friedrichs exten-

sion will be useful. Here, Q(b^#) is the form domain of the closure of the

quadratic associated with b^#. For α < α_c we have according to [3] that

Q(b_0) = Q(p) = D(p^{1/2}). From Theorem 4, Part 2), we obtain D(b^{#∗}) and

note that from {(s − i/2 + iβ)^{−1}, (s − i/2 − iβ)^{−1}} the second function is not

in Q(b) but the first one is.

Now let α = α_c which corresponds to β = 0. Since we do not know the

domain Q(b) in this case we have to investigate the quadratic form more

closely. For ψ^#_1 , ψ^#_2 ∈ D(p^# ) it is

⟨ψ^#_1 , b^#ψ^#_2 ⟩ = ∫ R^ψ # 1 (s)^∗(1 − α_cV (s + i/2))ψ^#_2 (s + i) ds.

Note that ψ^#(z^∗)^∗ is holomorphic in S(−1, 0) and so is the rest of the inte-

grand. Therefore the Cauchy Theorem can be used to shift the integration

by −1/2 in the lower complex plane. By change of variables ∫ R^ψ # 1 (s + i/2)^∗[1 − α_cV (s)]ψ^#_2 (s + i/2) ds (8) is obtained. Now suppose that from ψ^# ∈ Q(b^#) would follow that (s − i/2)(s − iA)^{−1}ψ^#(s) ∈ D( √ p^#)

with a fixed A > 1. Note that ψ^# ∈ D(b^{#∗}) means ψ^# = ϕ^# + ξ^# with ϕ^# ∈ D(p^# ) and ξ^# ∈ span [(s − i/2)^{−1}, (s − i/2)^{−2}]. If ξ^#(s) = (s − i/2)^{−1} then (s − i/2)(s − iA)^{−1}ξ^#(s) ∈ D( √ p^#) but if ξ^#(s) = (s − i/2)^{−2} this product is not in D( √ p^#). Therefore, b^{#∗} restricted on the set { ψ^# | |ψ^# = ϕ^# + ξ^#, ϕ^# ∈ D(p^# ), ξ^# ∈ span [(s − i/2)^{−1}]} (9)

is an extension of b^#_F . When we can show that this extension is self-adjoint we know that it is the Friedrichs extension since the Friedrichs extension is the only self-adjoint extension which domain is included in the form domain Q(b^#). We begin to prove the Lemma which we already used:

Lemma 1 Let α = α_c. Then ψ^# ∈ Q(b^#) implies (s−i/2)(s−iA)^{−1}ψ^#(s) ∈ D( √ p^#) for A > 1.

Proof. Assume ψ^# ∈ Q(b^#), then there exists a sequence ψ^#_n ∈ D(b^#) with ψ^#_n → ψ^# such that ⟨ψ^#_n − ψ^#_m, b^#(ψ^#_n − ψ^#_m)⟩ → 0 for n, m → ∞. From (8) follows that this is equivalent with the convergence of [1 − α_cV (s)]^{1/2}ψ^#_n (s + i/2). Note that 1 − α_cV (s) has a double zero at s = 0 and V (s) → 0 for s → ±∞. This implies that the convergence of the previous series is equivalent with the convergence of s(s + i/2 − iA)^{−1}ψ^#_n (s + i/2). Now let ϕ^#_n (s) := (s − i/2)(s − iA)^{−1}ψ^#_n (s) and note that ϕ^#_n ∈ D(b^#) ⊂ D( √ p^#).

Then √ p^#ϕ^#_n converges and ∫ R^{|ϕ} # n (s) − (s − i/2)(s − iA)^{−1}ψ^#(s)|^2 ds → 0. Since the multiplication operator √ p is closed, (s − i/2)(s − iA)^{−1}ψ^#(s) ∈ D( √ p^#). �

Now we are left to prove self-adjointness of b^{#∗} restricted to the set (9). Denote this operator by b^#_f . Then the adjoint of b^#_f is the operator b^{#∗} with domain (7) and the additional condition that ⟨b^#_f (· − i/2)^{−1}, ψ^#⟩ =

⟨(· − i/2)^{−1}, b^{#∗}ψ^#⟩ for ψ^# ∈ D(b^{#∗}). This is explicitly ∫ R 1 − α_cV (s − i/2) s − i/2 ( ξ^#(s) + c_1 s − i/2 + c_2 (s − i/2)^2 ) ds = ∫ R 1 − α_cV (s + i/2) s + i/2 ( ξ^#(s + i) + c_1 s + i/2 + c_2 (s + i/2)^2 ) ds. (10) The right and the left hand side of (10) are the integrals of the function

[1 − α_cV (z)] ( ξ^#(z + i/2) + c_1z^{−1} + c_2z^{−2} ) z^{−1} along the lines L(s) = s + i/2 and L(s) = s − i/2, s ∈ R. Between these two lines the function has a simple pole at z = 0 when c_2 ≠ 0 because of the double zero of V (z) at z = 0 and therefore a nonzero residue. If and only if c_2 = 0 the integrals are equal and we get b^{#∗}_f = b^#_f and therefore b^#_f = b^#_F . �

Now we will introduce a self-adjoint holomorphic family of operators which shows that, near the critical coupling constant α_c, the operator b^# is not holomorphic in α but in √ α_c − α. However, since we are not able to “explain” with this Theorem that b is strict positive at α = α_c we will not state the proof here whose analogon for the square root operator can be found in [19]. Let us start to define

Definition 3 Let G = {z ∈ C | − 1/2 ≤ ℜ(z) < 1/2} ∪ (Δ_2)^{−1} where (Δ_2)^{−1} is the reciprocal image of Δ_2 by the function V (i·)^{−1} and let for β ∈ G

b_β ψ^#(s) = [ 1 − V (s + i/2) V (iβ) ] ψ^#(s + i)

with

D(b_β ) = { ψ^# ∈ L^2(R) | s − i/2 + iβ s − iA ψ^#(s) ∈ D(b^#) }

and a fixed A > 1.

Note that this definition is suggested by the previous result about the Friedrichs extension. When β ∈ R and −1 < β ≤ 0, i.e. α^′_c < α ≤ α_c, b_β is just the Friedrichs extension. For 0 < β < 1/2, i.e. α_c > α > α^′_c, b_β is another extension of b. It turns out that nothing special happens at the critical coupling constant for the operator b_β :

Theorem 6 The family of operators b_β forms a self-adjoint holomorphic family of operators for β ∈ G (in the sense of Kato).

The definition of a self-adjoint holomorphic family of operators for unbounded operators can be found in [8, p. 366].

Near α_c the relation β(α) behaves like √ α_c − α, i.e. the operator b (or the Friedrichs extension of b) is holomorphic when considered as an operator depending on √ α_c − α. 4 The operator B and the essential spectrum

for Z = Zc

The analysis carried out in the last Section can be done analogously for any of the operators b_{l,s} with domain D(p):

Theorem 7 The operators b_{0,1/2} and b_{1,−1/2} are self-adjoint for α < α^′_c, essentially self-adjoint for α = α^′_c and symmetric with defect indices (1, 1) for α^′_c < α ≤ α_c. The domain of their Friedrichs extension b^F_{l,s} is given by { ϕ = ψ + ξ | ψ ∈ D(p), ξ ∈ span[Θ(p − 1)p^{−1−β} ] } (11)

where 0 ≤ β < 1/2 is determined by the equation 2 α = tan(πβ/2) β + β (1 − β^2) tan(πβ/2) . The operators b_{l,s} with (l, s) ∉ {(0, 1/2), (1, −1/2)} are self-adjoint for α ≤ α_c.

Proof. Let b^#_{l,s}ψ^#(s) = [1 − V_{l,s}(s + i/2)]ψ^#(s + i) with V_{l,s}(z) = [V_l(z) + V_{l+2s}(z)]/2 and V_l(z) given by (16). Since b_{0,1/2} = b_{1,−1/2} in the case m = 0 and the domain (11) is just the domain D(b^#_F ) in momentum space we only have to check that the corresponding α^′_c for the operators b_{l,s} with (l, s) ∉ {(0, 1/2), (1, −1/2)} denoted by α^′_{c,(l,s)} is bigger than α_c. From (17) we get that α^′_{c,(l,s)} = V_{l,s}(i/2)^{−1} = 2/[(l + 1/2)^{−1} + (l + 2s + 1/2)^{−1} ] and this is already for l = 1 and s = 1/2 bigger than α_c. �

Now we are able to characterize the Friedrichs extension of the operator B by defining it as a direct sum B = ⨁ (l,m,s)∈I bl,s acting in H with domain

D(B) = ψ ∈ H | ψl,m,s ∈ D(b^F_{l,s}),^∑_{(l,m,s)∈I} ||ψl,m,s||^2 < ∞ (12)

This operator is self-adjoint for α ≤ α_c. For α < α_c the essential spectrum was already localized in [3] to be σ_{ess}(B) = [m, ∞). We extend the result to the critical case by the

Theorem 8 σ_{ess}(B) = [m, ∞) for α ≤ α_c.

Proof. Since the Theorem is known for α < α_c let α = α_c and B = B_0 − Λ_+W Λ_+ with W = α_c/|x| and B_0 = Λ_+D_0Λ_+. We will show that (B + 1)^{−1} − (B_0 + 1)^{−1} is compact and therefore σ_{ess}(B) = σ_{ess}(B_0) [13, Theorem XIII.14]. Since D(B_0) ⊆ D(B) we have for any ψ ∈ D(B_0)

(B + 1)ψ − (B_0 + 1)ψ = −Λ_+W Λ_+ψ. (13)

Taking ψ = (B_0 +1)^{−1}ϕ with ϕ ∈ L^2(R^3)⊗ C^4 and multiplying with (B +1)^{−1} from the left we obtain

(B + 1)^{−1} − (B_0 + 1)^{−1} = (B + 1)^{−1}Λ_+W Λ_+(B_0 + 1)^{−1} = (B + 1)^{−1}Λ_+W^tW^{1−t}Λ_+(B_0 + 1)^{−1} (14)

where we choose 0 < t < 1/2. Consider the second factor

W^{1−t}Λ_+(B_0 + 1)^{−1} = W^{1−t}(B_{00} + 1)^{−1}Λ_+

with B_{00} = √ p^2 + m^2, which is compact since W^{1−t}(B_{00})^{−1} is compact according to [19, Lemma 4] and Λ_+ is bounded. The first factor can be written as (B + 1)^{−1}Λ_+W^t = (B + 1)^{−1}(B_{00} + 1)^t(B_{00} + 1)^{−t}Λ_+W^t

and (B_{00} + 1)^{−t}Λ_+W^t = Λ_+(B_{00} + 1)^{−t}W^t. Now consider the operator W^t(B_{00} + 1)^{−t}. Since D(|p|^t) ⊆ D(|x|^{−t}) according to [6, Theorem 2.5] it is everywhere defined. The operator W^t is closed and ( √ p^2 + m^2 + 1)^{−t} is bounded so the closed graph Theorem gives boundedness of this operator.

Then it is easy to see that the densely defined operator (B_{00} + 1)^{−t}W^t is bounded. It remains to prove boundedness of (B + 1)^{−1}(B_0 + 1)^t. Again we start to consider the operator (B_{00} + 1)^t(B + 1)^{−1} and note that D(B) ⊆ D([B_{00} + 1]^t) = D(|p|^t) for 0 < t < 1/2 which follows from (12) and Theorem 7. Since ( √ p^2 + m^2 + 1)^t is closed and (B + 1)^{−1} is bounded (B_{00} + 1)^t(B + 1)^{−1} is bounded and we conclude that the densely defined operator (B + 1)^{−1}(B_{00} + 1)^t is also bounded. Having shown that the r.h.s. of (14) is the product of a compact and bounded operators this ends the proof. �

Note that the last Theorem allows to extend the remark made in [18] that σ_{disc}(B) has infinitely many elements for Z < Z_c to the critical case.

A The Mellin transform

The Mellin transform M can be defined for ψ ∈ L^2(R^+) as

ψ^#(s) := Mψ(s) = 1 √ 2π ∫_∞ 0 dp p^{−1/2−is} ψ(p), s ∈ R. The inverse mapping is given by

M^{−1}ψ^#(p) = 1 √ 2π ∫_∞ −∞ ds s^{−1/2+ip}ψ^#(s), p ∈ R^+. The Mellin transform is a unitary mapping from L^2(R^+) in L^2(R) and is closely connected with the Fourier transform. In fact, it can be viewed as the Fourier transform on the group (R^+, ·) and obeys a convolution Theorem of the form Mψ ⋆ ϕ(s) := M [∫_∞ 0 dp p ψ(p)ϕ ( · p )] (s) = ψ^#(s)ϕ^#(s).

To obtain the Mellin transform of the operator b(0) = p − αv(0) note that 2πp^{−1/2}v(0)p^{−1/2}ψ = [Q_0(·/2 + 2/·) + Q_1(·/2 + 2/·)] ⋆ ψ and that the Mellin transforms of the Legendre functions of the second kind with this special argument are given by

V_l(z) := 1 π M [ Q_l ( · 2 + 2 · )] (z) = 1 2 Γ ([l + 1 − iz]/2) Γ ([l + 2 − iz]/2)

Γ ([l + 1 + iz]/2) Γ ([l + 2 + iz]/2) (15) which can be seen from [10, p. 72, 8.17] or by using the definition of the functions Q_l and writing this as a convolution [19]. Finally, from the identities Γ(z)Γ(1 − z) = π/ sin(πz) and Γ(z + 1) = zΓ(z) the function V (z) = [V_0(z) + V_1(z)]/2 in (5) is obtained.

The partial fraction expansion [11, p. 5]

V_l(z) = 2 π ∞∑ j=0 Γ(n + 1/2) Γ(n + 1)

Γ(n + l + 1) Γ(n + l + 3/2)

2n + l + 1 (2n + l + 1)^2 + z^2

(16)

will be useful to explore properties of V (z) and to prove the

Lemma 2 V (z) is holomorphic in the strip S(−1, 1) = {z ∈ C | − 1 < ℑ(z) < 1} and for α ∈ Δ_1 the equation V (z)^{−1} = α has exactly two solutions z_0, −z_0 ∈ S(−1/2, 1/2).

Proof. Consider the closed path −X + i/2 → X + i/2 → X − i/2 →

−X − i/2 → −X + i/2. The image of this path under V (z) is a closed curve which is covered twice according to (16). The images of the points inside the path are inside the closed curve. Therefore there are just two zeros and the second one is −z_0 since the function V is quadratic in z. � Finally, we remark that the Mellin transform of the function μ^{−is}/(s − ia) is given by M^{−1} μ^{−i·} · − ia (p) = { i √ 2π Θ(p − μ) p^{−1/2−a}, ℜ(a) > 0 −i √ 2π Θ(μ − p) p^{−1/2−a}, ℜ(a) < 0 (17)

2 Acknowledgment

The author thanks H. Siedentop and M. Griesemer for giving valuable advice concerning the manuscript. This work was partially supported by the European Union under grant ERB4001GT950214 and under the TMR-network grant FMRX-CT 96-0001.

References

[1] Hans A. Bethe and Edwin E. Salpeter. Quantum mechanics of one- and two-electron atoms. In S. Flügge, editor, Handbuch der Physik, XXXV, pages 88–436. Springer, Berlin, 1 edition, 1957.

[2] V. I. Burenkov and W.D. Evans. On the evaluation of the norm of an integral operator associate with the stability of one-electron atoms. Mathematical Physics Preprint Archive mp arc, (97-247), 1997.

[3] William Desmond Evans, Peter Perry, and Heinz Siedentop. The spectrum of relativistic one-electron atoms according to Bethe and Salpeter. Commun. Math. Phys., 178(3):733–746, July 1996.

[4] G. Hardekopf and J. Sucher. Relativistic wave equations in momentum space. Phys. Rev. A, 30(2):703–711, August 1984.

[5] G. Hardekopf and J. Sucher. Critical coupling constants for relativistic wave equations and vacuum breakdown in quantum electrodynamics. Phys. Rev. A, 31(4):2020–2029, April 1985.

[6] Ira W. Herbst. Spectral theory of the operator (p^2 + m^2)^{1/2} − Ze^2/r.

Commun. Math. Phys., 53:285–294, 1977.

[7] R. Jáuregui, C. F. Bunge, and E. Ley-Koo. Upper bounds to the eigenvalues of the no-pair hamiltonian. Phys. Rev. A, 55(3):1781–1784, March 1997.

[8] Tosio Kato. Perturbation Theory for Linear Operators. Springer-Verlag, 2 edition, 1980. corrected printing.

[9] Elliott H. Lieb, Heinz Siedentop, and Jan Philip Solovej. Stability and instability of relativistic electrons in classical electromagnetic fields. J. Stat. Phys., x(x):x, x 1997.

[10] Wilhelm Magnus, Fritz Oberhettinger, and Raj Pal Soni. Formulas and theorems for the special functions of mathematical physics. Springer- Verlag New York, Inc., New York, 1966. Third enlarged edition. Die Grundlehren der mathematischen Wissenschaften, Band 52.

[11] Fritz Oberhettinger. Tables of Mellin transforms. Springer-Verlag, New York, 1974.

[12] Michael Reed and Barry Simon. Methods of Modern Mathematical Physics, volume 2: Fourier Analysis, Self-adjointness. Academic Press, New York, 1978.

[13] Michael Reed and Barry Simon. Methods of Modern Mathematical Physics, volume 4: Analysis of Operators. Academic Press, New York, 1 edition, 1978.

[14] Irene A. Stegun. Legendre functions. In Milton Abramowitz and Irene A.

Stegun, editors, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, chapter 8, pages 331–353. Dover Publications, New York, 1965.

[15] J. Sucher. Foundations of the relativistic theory of many-electron atoms.

Phys. Rev. A, 22(2):348–362, August 1980.

[16] E. C. Titchmarsh. Introduction to the theory of Fourier integrals.

Chelsea Publishing Co., New York, third edition, 1986.

[17] C. Tix. Lower bound for the ground state energy of the no-pair Hamiltonian. Phys. Lett. B, 1997. accepted for publication.

[18] C. Tix. Strict positivity of a relativistic Hamiltonian due to Brown and Ravenhall. Bull. London Math. Soc., 1997. submitted.

[19] A. Le Yaouanc, L. Oliver, and J.-C. Raynal. The Hamiltonian (p^2 + m^2)^{1/2} − α/r near the critical value α_c = 2/π. J. Math. Phys., 38(8):3397–4012, 1997.

List of Figures

1 The complex plane divided according to V (z)^{−1} . . . . . . . . 8 2 The function V (iβ)^{−1} over β . . . . . . . . . . . . . . . . . . . 11