Singular Schrödinger Operators as Limits of Point Interaction Hamiltonians

J.F.Brasche Fakultät für Mathematik Universität Bielefeld, Germany

R. Figari Dipartimento di Scienze Fisiche Universita’ di Napoli, Italy

A. Teta Dipartimento di Matematica Universita’ di Roma ”La Sapienza”, Italy

Abstract

In this paper we give results on the approximation of (generalized) Schrödinger operators of the form �Δ + ¯ for some finite Radon measure ¯ on R^d. For d = 1 we shall show that weak convergence of measures ¯_n to ¯ implies norm resolvent convergence of the operators

�Δ + ¯n to �Δ + ¯. In particular Schrödinger operators of the form �Δ + ¯ for some finite Radon measure ¯ can be regularized or ap-

proximated by Hamiltonians describing point interactions. For d = 3 we shall show that a fairly large class of singular interactions can be regarded as limit of point interactions.

To appear in: Potential Analysis

1 Introduction

The dynamics of a quantum particle in R^d is usually specified by the unitary group generated on L^2(R^d) by a self–adjoint operator −Δ + V (referred to in the following as Hamiltonian or Schrödinger operator), where the function V : R^d −→ R describes the interaction of the particle with the environment. Modelling such interaction requires often to extend our analysis to a wider class of Hamiltonians. Consider, e.g., a “quantum mechanical particle” interacting with a potential localized inside some closed subset N of R^d with Lebesgue measure zero. The corresponding Hamiltonian H must be a self–adjoint operator in L^2(R^d) and has to satisfy the following condition.

C^∞_0 (R^d \ N) ⊂ D(H) and Hf = −Δf, f ∈ C^∞_0 (R^d \ N), but H ≢ −Δ. (1)

One can easily check that Hf = H^′f for every f ∈ D(H) ∩ D(H^′) if both H and H^′ are self–adjoint operators in L^2(R^d) and satisfy condition (1). Thus Hamiltonians describing an interaction taking place inside N do not differ from each other in the way they act on a vector but only because they have different domains. Potentials localized inside some closed set with Lebesgue measure zero are then characterized in a rather implicit way via the domain D(H) of the corresponding Hamiltonian H.

Dependence of spectral and dynamical properties on the potential function was extensively analized since the early days of Quantum Mechanics. In the more general setting of Schrödinger operators with ”singular potentials” new techniques are required to investigate the dependence of the above mentioned properties on the domains of the corresponding Hamiltonians.

In the following we list some additional problems one is faced by in the theory of “singular Schrödinger operators”. First of all one wants to characterize the closed subsets N of R^d such that there exists a self–adjoint operator H in L^2(R^d) satisfying condition (1). This problem has been solved a long time ago: it immediately follows from Hedberg’s theorem on the spectral synthesis in Sobolev spaces that there exists a self–adjoint operator H in L^2(R^d) satisfying condition (1) if and only if the c_2–capacity of N is strictly positive. Here for j = 1, 2, . . . , and every compact subset C of R^d the c_j–capacity c_j(C) of C is defined by

c_j(C) := inf{‖ f ‖^2_Hj : f ∈ C^∞_0 (R^d), f(x) ≥ 1 ∀x ∈ C}.

‖ · ‖_Hj denotes the norm in the Sobolev space H^j(R^d), i.e. the space of square integrable functions such that all partial derivatives up to order j are also square integrable. For an arbitrary Borel set B the c_j–capacity of B is defined by c_j(B) := sup c_j(C)

where the supremum is taken over all compact subsets C of B.

Further questions are, of course, how to construct and how to represent self–adjoint operators H in L^2(R^d) satisfying condition (1). One canonical idea is to use operators of the form −Δ + μ for some measure μ; for convenience of the reader we shall recall the definition of such operators in the next section. When d μ = V dx for some function V then we have −Δ + μ = −Δ + V , i.e. the class of operators of the form −Δ + μ is fairly large and contains the class of all “usual” lower semi–bounded Schrödinger operators of the form −Δ + V . If the measure μ is supported by the set N and μ ≠ 0 then the self–adjoint operator −Δ+μ satisfies condition (1). Thus via the ansatz H = −Δ + μ it is sometimes possible to replace the difficult problem to investigate the dependence of the spectral and dynamical properties of a system on the domain D(H) of the corresponding Hamiltonian H by the problem to investigate the dependence on the measure μ. Actually after some preparatory work quite often it is possible to treat operators of the form −Δ+μ in the same way as “usual Schrödinger operators”, cf., e.g., [12]. We refer to [1], [5], [7], [9], [12], [14], [15], [16], [18], [22] and references given therein for results on the spectral and the scattering theory of operators of the form −Δ + μ.

There is no measure μ such that the operator −Δ + μ satisfies condition (1) if the c_1–capacity of N equals zero, cf., e.g, [1]. Thus if c_2(N) > 0 but c_1(N) = 0, which for instance is true when the non–empty set N is discrete and d = 2 or d = 3, then one needs other methods for the construction of operators satisfying condition (1). Cf. [1], [3], [10], [13], [20], [21], [26] and references given therein for different ways to achieve this result.

In addition to the existence and the representation problem already mentioned above one is led to extremely interesting and difficult convergence problems when one investigates “singular Schrödinger operators”.

Since such operators are regarded as idealizations of “usual Schrödinger operators” one wants to know whether it is possible to approximate “singular Schrödinger operators” by “usual” ones. For point interactions, i.e. when the set N is discrete, strong convergence results are available, cf. the monograph [4] by S.Albeverio, F.Gesztesy, R.Høegh–Krohn, H.Holden. We refer to [2], [6] and [24] for results in more general cases.

In the framework of “singular Schrödinger operators” relevant quantities are quite often explicitly computable, the most striking example being when the singular set N is finite, cf. the book [4] mentioned above; other solvable models have been presented, e.g., in [8] and [11]. One is then naturally led to analize an ”inverse” convergence problem : how to approximate operators of the form −Δ + V for some function V , or even more generally operators of the form −Δ + μ for some measure μ, by “singular Schrödinger operators” H_n, n ∈ N, with the property that every H_n leads to a completely solvable theory.

When the dimension d of R^d equals one then one can easily get very strong convergence results. In fact, in the next section we shall prove that the operators −Δ + μ_n converge in the norm resolvent sense to −Δ + μ provided μ and every μ_n are finite Radon measures on R, i.e. the difference of two finite positive measures on the Borel–σ –algebra of R, and μ_n weakly converges to μ, i.e. ∫ f d μ_n −→ ∫ f d μ for all f in the space C_b(R) of bounded continuous functions on R. This implies that for every finite Radon measure μ on R the operator −Δ + μ can be regularized, i.e. approximated in the norm resolvent sense, by operators of the form −Δ + V_n where all the V_n are C^∞_0 –functions. Moreover it can also be approximated in the norm resolvent sense by operators of the form −Δ + μ_n where for every n ∈ N the measure μ_n is a finite linear combination of Dirac–measures. We recall that one can easily and explicitly calculate all the spectral quantities and scattering data of operators of the form −Δ + μ provided μ is a finite linear combination of Dirac measures. It is noteworthy that for every finite Radon measure μ on R the operator −Δ + μ can be approximated via Monte Carlo methods, cf. Corollary 5. This fact might be interesting with a view to applications in the theory of random media, cf., e.g., the discussion of this point in [17]

In section 3 we shall concentrate on the much more difficult three– dimensional case. For a fairly large class of measures μ we shall prove that the operator −Δ + μ can be approximated in the strong resolvent sense by operators describing point interactions which take place at only finitely many points; we refer to section 3 for the precise definition. Thus for a fairly large class of measures μ the operator −Δ + μ can be approximated by operators with the property that one can easily and explicitly calculate all their spectral and scattering data. Our results in section 3 extend the results in [17].

2 One–dimensional results

In this section we shall concentrate on convergence results in the one– dimensional case. By Sobolev’s embedding theorem, every element of the Sobolev space H^1(R) has a unique continuous representative and for every a > 0 there exists a b < ∞ such that ‖ f ‖^2_∞ ≤ a ∫ | ∇f |^2dx + b ‖ f ‖^2, f ∈ H^1(R). (2)

We will denote a continuous function and its equivalence class with respect to some measure by the same symbol. In every case it will be clear from the context what is meant. Let μ be a finite Radon measure on R. We put

D(D^μ) := H^1(R), D^μ(f, g) := ∫ ∇f̄ · ∇g dx + ∫ f̄ g d μ, f, g ∈ H1(R). (3) It is well known and easily checked that D^μ is a lower semi–bounded closed quadratic form in L^2(R). We shall denote by −Δ+μ the self–adjoint operator associated with D^μ in the sense of the representation theorem [25], Theorem VIII.15, i.e. −Δ + μ is the unique self–adjoint operator in L^2(R) such that

D(−Δ + μ) ⊂ D(D^μ), (4) ((−Δ + μ)f, g) = D^μ(f, g), f ∈ D(−Δ + μ), g ∈ D(D^μ). (5)

We shall show that weak convergence of the finite Radon measures μ_n to the finite Radon measure μ implies norm resolvent convergence of the operators −Δ + μ_n to the operator −Δ + μ. To prove this result we need the two following lemmata. We shall denote by μ̂ the Fourier transform of μ.

Lemma 1 Let μ_n, n ∈ N, and μ be finite Radon measures on R. Suppose that μ_n −→ μ weakly. Then

sup_{n∈} N^{‖ μ̂n ‖∞ < ∞.} Proof: Obviously for every finite Radon measure ν on R

ν(f) := ∫ f d ν, f ∈ C_b(R), defines a bounded linear functional on the Banach space (C_b(R), ‖ · ‖_∞). Weak convergence of the measures μ_n implies pointwise boundedness of the associated bounded functionals μ_n. By the uniform boundedness principle, this implies that C := sup_{n∈}N ‖ μ_n ‖ < ∞ where here ‖ μ_n ‖ denotes the operator norm of the functional μ_n. Since for every n ∈ N and every x ∈ R | μ̂_n(x) | = | μ_n(e^{ix(·)}) | ≤ ‖ e^{ix(·)} ‖_∞ · ‖ μ_n ‖ ≤ C the lemma is proved. 2

Lemma 2 Let μ_n, n ∈ N, and μ be finite Radon measures on R. Suppose that μ_n −→ μ weakly.

Then sup | ∫ | f |^2d μ − ∫ | f |^2d μ_n | −→ 0 where the suprema are taken over all f ∈ H^1(R) such that ‖ f ‖_H1 = 1.

Proof: It is well known that there exists a unique J ∈ L^2(R) such that

Ĵ(p) = 1√ 1 + p^2 a.e, (6) ∫ J(x − y) f(y) dy = (−Δ + 1)^{−1/2}f(x) a.e., f ∈ L^2(R).

Let g ∈ H^1(R). We have | ∫ g d ν | = | ∫ (−Δ + 1)^{−1/2}(−Δ + 1)^{1/2}g d ν | = | ∫ ∫ J(x − y)(−Δ + 1)^{1/2}g(y) dy ν(dx) | = | ∫ ∫ J(x − y) ν(dx) (−Δ + 1)^{1/2}g(y) dy | ≤ ‖ J ∗ ν ‖ ‖ (−Δ + 1)^{1/2}g ‖ = ‖ 1 √ 2 π Ĵ · ν̂ ‖ ‖ g ‖_{H1} for every finite Radon measure ν on R. In the third step it is justified to change the order of integration since ∫ ∫ | J(x − y) | | h(y) | dy | ν | (dx) ≤ ∫ ‖ J(x − ·) ‖ ‖ h ‖ | ν | (dx) = ∫ ‖ J ‖ ‖ h ‖ | ν | (dx) < ∞ for every h ∈ L^2(R). By (6), we now get that | ∫ g d (μ_n − μ) | ≤ ‖ g ‖_H1 (∫ 1 1 + p^2 | μ̂_n(p) − μ̂(p) |^2dp )1/2 . (7)

Since the sequence {μ_n}_{n∈}N weakly converges to μ we have that μ̂_n(p) −→ μ̂(p) for every p ∈ R and, by the previous lemma, sup_{n∈}N ‖ μ̂_n − μ̂ ‖_∞ < ∞. Thus we have ∫ 1 1 + p^2 | μ̂_n(p) − μ̂(p) |^2dp −→ 0. (8) Let f ∈ H^1(R). It is well known that then also | f |^2 ∈ H^1(R) and ‖ | f |^2‖_H1 ≤ 2 √ 2 ‖ f ‖^2_H1 . (9) By (7), (8) and (9), the lemma is proved. 2

Theorem 3 Let μ_n, n ∈ N, and μ be finite Radon measures on R. Suppose that μ_n −→ μ weakly. Then the operators −Δ + μ_n converge to the operator −Δ + μ in the norm resolvent sense.

Proof: By Sobolev’s inequality (2), we can choose b < ∞ such that

D^μ(f, f) + b ‖ f ‖^2 ≥ (1/2) ‖ f ‖^2_H1 ≥ 0, f ∈ H^1(R). (10)

By the previous lemma, there exists n_0 ∈ N such that for all f ∈ H^1(R) and all n ≥ n_0 the following holds: | ∫ | f |^2d μ_n − ∫ | f |^2d μ | ≤ (1/2) ‖ f ‖^2_H1

and therefore ∫ | f |^2d μ_n ≥ ∫ | f |^2d μ − (1/2) ‖ f ‖^2_H1 ≥ − ∫ | ∇f |^2dx − (b + 1) ‖ f ‖^2. Thus the lower semi–bounded closed quadratic forms D^{μn} , n ∈ N, have a joint lower bound. Thus the theorem immediately follows from (10), the previous lemma and the following Theorem 4. 2

Theorem 4 (cf, e.g., [25], Theorem VIII.25) Let E_n, n ∈ N, and E be lower semi–bounded closed quadratic forms in some Hilbert space H. Suppose that all the forms E_n, n ∈ N, and E have a common lower bound c > −∞ and the same domain D, D is dense in H and sup | E_n(f, f) − E(f, f) | −→ 0 where the suprema are taken over all f ∈ D such that E(f, f)+(1−c) ‖ f ‖^2 = 1. Let H_n, n ∈ N, and H be the self–adjoint operator associated with E_n, n ∈ N, and E, respectively. Then H_n −→ H in the norm resolvent sense.

By Theorem 3, operators of the form −Δ + μ can be regularized, i.e., approximated by operators of the form −Δ+V , where V is some C^∞_0 –function. In fact, let μ be a finite Radon measure on R. Let μ_n := 1_{(−n,n)} · μ and j_n(x) := n j(nx) for every x ∈ R for every n ∈ N where j is any C^∞_0 – function such that j ≥ 0 and ∫ j dx = 1. It is well known and easily seen that

V_n := j_n ∗ μ_n ∈ C^∞_0 (R), n ∈ N, V_n dx −→ μ weakly.

By Theorem 3, it follows that −Δ + V_n −→ −Δ + μ in the norm resolvent sense.

On the other hand one can also explicitly give measures μ_n, n ∈ N, such that μ_n is a finite linear combination of Dirac measures for every n ∈ N and

μ_n −→ μ weakly.

By Theorem 3, it follows that −Δ + μ_n −→ −Δ + μ in the norm resolvent sense. We recall that for the approximands −Δ + μ_n one can explicitly compute all the quantities one is interested in.

It is noteworthy that the finite linear combinations of Dirac measures in the above considerations can be randomly chosen, cf. the following corollary of Theorem 3. For a random variable X we shall denote by P_X its distribution, i.e. P_X (B) = P (X ∈ B) for every Borel set B.

Corollary 5 Let μ_± be positive measures on the Borel σ–algebra of R such that c_± := μ_±(R) < ∞. Let X^±_j , j ∈ N, be pairwise independent random variables such that c_± P_X±_j = μ_± for every j ∈ N. Then almost surely we have −Δ + c_+ 1 n n∑ j=1 δ_X+_j − c_− 1 n n∑ j=1 δ_X−_j −→ −Δ + μ in the norm resolvent sense.

Proof: By the Theorem of Glivenko and Cantelli, almost surely the empirical distributions 1 n n∑ j=1 δ_{Xj} of a sequence of pairwise independent random variables with joint distribution μ weakly converge to μ. Thus the corollary follows from Theorem 3. 2

3 Approximation via Hamiltonians describing point interactions

In this section we shall give results on the approximation of operators of the form −Δ + μ in L^2(R^3) by Hamiltonians describing point interactions.

Since for d > 1 it is not true that every f ∈ H^1(R^d) has a continuous representative one needs some preparations for the definition of operators of the form −Δ + μ and has to make some additional assumptions about the measure μ. A function f : R^d −→ C will be called quasi continuous provided for every ε > 0 there exists an open set U ⊂ R^d such that c_1(U) < ε and f_| Rd_{\U} is continuous. Every Lebesgue equivalence class f ∈ H^1(R^d) has a quasi continuous representative and if f̃ and f^∘ are quasi continuous representatives of f ∈ H^1(R^d) then

c_1({x ∈ R^d : f̃(x) ≠ f^∘(x)}) = 0 (11)

(cf., e.g., [19], [23]). In the following we shall denote by f̃ any quasi continuous representative of f ∈ H^1(R^d). By (11), the following statements will not depend on the special choice of the quasi continuous representative. Note that c_1(B) > 0 for every non–empty Borel set in R and therefore in the one–dimensional case the continuous functions are the only quasi continuous functions.

In the following let N be a non–empty closed subset of R^d and γ : N −→ R a bounded continuous function such that γ ≢ 0. Let m be a finite positive measure on the Borel σ–algebra of N such that supp(m) = N, i.e., m(U ∩ N) > 0 for every open subset U of R^d with U ∩ N ≠ ∅, and m belongs to the Kato class. We recall that for d ≥ 3 this means that

lim_{ε↓0} sup_{x∈N} ∫ B_N (x,ε) 1 | x − y |^{d−2} m(dy) = 0 (12)

where B_N (x, ε) := {y ∈ N : | x − y | < ε}. It is well known that under this assumption m(B) = 0 if c_1(B) = 0 and for every a > 0 there exists a b > ∞ such that ∫ N | f̃ |^2dm ≤ a ∫ | ∇f |^2dx + b ‖ f ‖^2, f ∈ H^1(R^d). (13)

Thus, by the Kato–Lax–Milgram–Nelson Theorem, the quadratic form D^{γ m}, defined by

D(D^{γ m}) := H^1(R^d), D^{γ m}(f, g) := ∫ ∇f̄ · ∇g dx + ∫ N f̃ g̃ γ dm, f, g ∈ H^1(R^d), is lower semi–bounded and closed in L^2(R^d). We shall denote by −Δ + γ m the self–adjoint operator in L^2(R^d) associated with D^{γ m} in the sense of (4). One can easily show that this definition is equivalent to the one we have given in [12].

We can rewrite −Δ + γ m as −Δ −^1_α μ where

α := −α_0 sgn(γ), α_0 := 1 ∫ | γ | dm , μ := | γ | m ∫ | γ | dm . (14)

Note that | α | ≡ α_0 and α is continuous on the set {γ ≠ 0} := {x ∈ N : γ(x) ≠ 0} and μ({γ = 0}) = 0. We shall denote by J : H^1(R^d) −→ L^2(N, μ) the mapping defined by Jf := f̃_{| N} μ–a.e., f ∈ H^1(R^d).

By (13), the operator J is bounded. Let λ > 0. We put G^λ := (−Δ + λ)^{−1}. It is well known that there exists a unique continuous function on R^d \ {0} (on R when d = 1), which will be also denoted by G^λ, such that G^λf(x) = ∫ G^λ(x − y) f(y) dy a.e, f ∈ L^2(R^d). (15) When d = 3 then G^λ(x) = 1 4 π | x | e √ λ | x |, x ∈ R3 \ {0}. (16) We put G^λ_μh(x) := ∫ G^λ(x − y) h(y) μ(dy) (17) whenever the expression on the right hand side is defined. By our results in [12], (17) defines an operator from L^2(N, μ) to H^1(R^d), JG^λ_μ is an integral operator in L^2(N, μ) with kernel G^λ(x − y) and for all sufficiently large λ > 0 ‖ 1 α JG^λ_μ ‖_{2,2} < 1, (18) where here ‖ T ‖_{p,q} denotes the norm of T as an operator from L^p(N, μ) to L^q(N, μ) for 1 ≤ p, q ≤ ∞. It is well known and easily follows from the Kato property and the finiteness of the measure μ that JG^λ_μh has a continuous representative for every h ∈ L^∞(N, μ) and ‖ 1 α JG^λ_μ ‖_{∞,∞} −→ 0, λ −→ ∞. (19) In the following let λ > 0 be such that both ‖^1_α JG^λ_μ ‖_{2,2} < 1 and ‖^1_α JG^λ_μ ‖_{∞,∞} < 1.

By our results in [12],

(−Δ + γ m + λ)^{−1}f = G^λf + G^λ_μ ( 1 − 1 α JG^λ_μ )−1 1 α JG^λf, f ∈ L^2(R^d). Thus for every f ∈ L^2(R^d) we have

(−Δ + γ m + λ)^{−1}f = G^λf − G^λ_μ σ (20)

where σ ∈ L^2(N, μ) denotes the unique solution of the equation

α σ − JG^λ_μ σ = JG^λf μ–a.e (21)

By (18), ( 1 − 1 α JG^λ_μ )−1 = ∞∑ n=0 ( 1 α JG^λ_μ )n . By (19) and (21), this implies that σ has a representative which is bounded and continuous on {γ ≠ 0} provided G^λf has a bounded continuous representative. Since, by Sobolev’s embedding theorem, every f ∈ H^2(R^d) has a bounded continuous representative when d ≤ 3 it follows that σ has a representative which is bounded and continuous on {γ ≠ 0} when d ≤ 3.

In the following we shall consider the case when d = 3. We want to approximate −Δ + γ m by Hamiltonians describing point interactions which take place at only finitely many points. First we recall some definitions. Let λ > 0 and Y a non–empty finite subset of {γ ≠ 0}. We shall denote by Γ^λ_{Y,α} the |Y | × |Y |–matrix such that ( Γ^λ_{Y,α} ) xy := ( |Y | α(x) + √ λ 4 π ) δ_{xy} − G^λ(x − y) (1 − δ_{xy}). (22)

Obviously the matrix Γ^λ_{Y,α} is invertible for all sufficiently large λ > 0. There exists a unique self–adjoint extension H_{Y,α} of the operator −Δ_{| C}∞_{0 (}R3_{\Y )} such that λ is in the resolvent set ρ(H_{Y,α}) of H_{Y,α} and (H_{Y,α} + λ)^{−1}f = G^λf + ( G^λ(· − Y ), (Γ^λ_{Y,α})^{−1}G^λf(Y ) ) a.e., f ∈ L^2(R^3),

(23)

for every λ > 0 such that the matrix Γ^λ_{Y,α} is invertible, cf. [4], (II 1.1.33). Here G^λ(· − Y ) and G^λf(Y ) denote the vector in C^{|Y |} such that ( G^λ(· − Y ) ) y = G^λ(· − y) and ( G^λf(Y ) ) y = G^λf(y) for every y ∈ Y , respectively, and ( , ) denotes the scalar product in C^{|Y |}. One says that H_{Y,α} describes point interactions which take place at the points of Y where for every y ∈ Y the strength of the interaction equals |Y | α(y).

For every n ∈ N, every n × n–matrix Γ and all 1 ≤ p, q ≤ ∞ we shall denote by ‖ Γ ‖_{p,q} the norm of Γ as an operator from (C^n, ‖ · ‖_p) to (C^n, ‖ · ‖_q).

Lemma 6 Let λ > 0. Let {Y_n}_{n∈}N be a sequence of non–empty finite subsets of {γ ≠ 0} such that |Y_n| −→ ∞, n −→ ∞ and sup_{n∈} N 1 |Y_n| sup_{x∈Yn} ∑ y∈Yn\{x} G^λ(x − y) < α_0. (24)

Then there exists a finite constant C and an n_0 ∈ N such that the matrix Γ^λ_{Yn,α} is invertible and ‖ ( 1 |Y_n| Γ^λ_{Yn,α} )−1 ‖_{2,2} < 1 (25)

for all n ≥ n_0.

Proof: We choose a, 0 < a < α_0, such that the left hand side of (24) is less than a and decompose the matrices^1_{|Yn|} Γ^λ_{Yn,α} as 1 |Y_n| Γ^λ_{Yn,α} = D_n + R_n where D_n and R_n is a diagonal and an off–diagonal matrix, respectively. Obviously D_n is invertible for all sufficiently large n and

‖ (D_n)^{−1} ‖_{2,2} −→ 1 α_0

. (26)

By the Schur test, we have ‖ R_n ‖_{2,2} ≤ sup_{x∈Yn} 1 |Y_n| ∑ y∈Yn\{x} G^λ(x − y) < a. (27) By (26) and (27), the lemma is proved. 2

Theorem 7 Let N be a closed non–empty subset of R^3 and m a finite positive measure on the Borel σ–algebra of N such that supp(m) = N and m belongs to the Kato class. Let γ : R^3 −→ R be a bounded continuous function and γ ≢ 0. Let α, α_0 and μ be defined by (14). Let λ > 0 be chosen such that the equation (21) has a unique solution σ and σ a representative – in the following also denoted by σ – which is bounded and continuous on the set {γ ≠ 0} (by our previous considerations every sufficiently large λ > 0 has this property).

Suppose that there exists a sequence {Y_n}_{n∈}N of non–empty finite subsets of {γ ≠ 0} such that |Y_n| −→ ∞ and the following holds: (i) 1 |Y_n| ∑ y∈Yn f(y) −→ ∫ N f d μ for every bounded continuous function f : N −→ C.

(ii) sup_{n∈} N 1 |Y_n| sup_{x∈Yn} ∑ y∈Yn\{x} G^λ(x − y) < α_0. (iii) sup_{y∈Yn} 1 |Y_n| ∑ y^′∈Yn\{y} σ(y^′) G^λ(y − y^′) − ( G^λ_μσ ) (y) −→ 0 for n −→ ∞.

Then H_{Yn,α} −→ Δ + γ m in the strong resolvent sense where the operators H_{Y,α} are defined by (23).

Proof: Observe that the explicit expression for the resolvent of H_{Yn,α} can be written as

(H_{Yn,α} + λ)^{−1}f = G^λf + ∑ y∈Yn q_yG^λ(· − y) a.e, f ∈ L^2(R^3), (28)

where the q_y’s are the solutions of ( |Y_n| α(y) + √ λ 4 π ) q_y − ∑ y^′∈Yn\{y} q_y′ G^λ(y − y^′) = G^λf(y). (29)

Let f, g ∈ L^2(R^3). Since −Δ + γ m and the H_{Yn,α} are self–adjoint operators it suffices to show that I_n −→ 0 where

I_n := (g, (H_{Yn,α} + λ)^{−1}f − (−Δ + γ m + λ)^{−1}f) = ∑ y∈Yn qyG λg(y) − ∫ σ(z) G^λg(z) μ(dz) =^1_{|Yn|} ∑ y∈Yn (|Yn| qy − σ(y)) G λg(y)+ +^1_{|Yn|} ∑ y∈Yn σ(y)G λg(y) − ∫ σ(z) G^λg(z) μ(dz). (30)

Since, by the hypothesis, the difference of the last two terms on the right hand side of this equation tends to zero we have only to show that 1 |Y_n| ∑ y∈Yn (|Y_n| q_y − σ(y)) G^λg(y) −→ 0. Since the continuous function G^λg is bounded we have only to show that 1 |Y_n| ‖ v^{(n)} ‖_1 −→ 0 (31)

where v^{(n)} denotes the vector in C^{|Yn|} such that (v^{(n)})_y = |Y_n| q_y − σ(y) for every y ∈ Y_n.

Subtracting equation (21) evaluated in y ∈ Y_n from (29) we get 0 = ( α(y) +^{√λ}_{4 π |Yn|} ) (|Y_n| q_y − σ(y)) − −^1_{|Yn|} ∑ y^′∈Yn\{y} |Yn| qy^′ G λ(y − y^′)+ + ∫ σ(z) G^λ(z − y) μ(dz) +^{√λ}_{4 π |YN |} σ(y) = ( α(y) +^{√λ}_{4 π |Yn|} ) (|Y_n| q_y − σ(y)) − −^1_{|Yn|} ∑ y^′∈Yn\{y} (|Yn| qy^′ − σ(y ′)) G^λ(y − y^′)− −^1_{|Yn|} ∑ y^′∈Yn\{y} σ(y ′) G^λ(y − y^′)+ + ∫ σ(z) G^λ(z − y) μ(dz) +^{√λ}_{4 π |Yn|} σ(y).

(32)

Equation (32) can be rewritten as 1 |Y_n| Γ^λ_{Yn,α} · v^{(n)} = w^{(n)} (33)

where for every y ∈ Y_n

(w^{(n)})_y := 1 |Y_n| ∑ y^′∈Yn\{y} σ(y^′) G^λ(y − y^′) − ( G^λ_μσ ) (y) − √ λ 4 π |Y_n| σ(y).

By the hypothesis, we have that ‖ w^{(n)} ‖_∞ −→ 0. Thus, by (33) and (31), we have only to show that for every sufficiently large n ∈ N the matrix Γ^λ_{Yn,α} is invertible and 1 |Y_n| ‖ ( 1 |Y_n| Γ^λ_{Yn,α} )−1 ‖_{∞,1} ≤ C (34)

for some finite constant C which does not depend on n.

Since obviously ‖ Γ ‖_{∞,1} ≤ n‖ Γ ‖_{2,2} for every n × n–matrix Γ for every n ∈ N the inequality (34) follows from Lemma 6. 2

Example 8 Let N = [0, 1] × [0, 1] × {0}, γ ≡ 1 and m the area measure on N. For every n ∈ N we subdivide N into n×n squares with equal side length and denote by Y_n the set of the n × n middle points of these squares. It is easily verified that the hypothesis of theorem 7 is satisfied with this choice of N, γ, m and Y_n, n ∈ N.

Example 9 Let N be a compact C^1–submanifold of R^3 with dimension 2 such that N is orientable by some normal vector field n. Let m be the area measure on N and γ : N −→ R a continuous function such that γ ≢ 0. Then the operator −Δ + γ m equals the Laplacian with boundary conditions ∂ f ∂n_+ − ∂ ∂n_− = γ f m–a.e.,

cf. [12]. Via some standard procedures, the investigation of this example can be reduced to the investigation of the previous Example 8 and we get that the operator −Δ + γ m can be approximated in the strong resolvent sense by operators of the form H_{Yn,α} for suitably chosen finite sets Y_n.

Acknowledgement This work has been done during very fruitful stays at the Ruhr–Universität Bochum. We are grateful to S. Albeverio for his interest in our work, very instructive discussions, the invitation to these stays and first of all his warm hospitality. Financial support by the SFB 237 is also gratefully acknowledged.

References

[1] S. Albeverio, J. F. Brasche, M. Röckner: Dirichlet forms and generalized Schrödinger operators. pp. 1–42 in Schrödinger Operators. H. Holden und A. Jensen (eds.), Lecture Notes in Physics, Vol. 345, Springer, Berlin, 1989.

[2] S. Albeverio, J. E. Fenstad, R. Høegh–Krohn, W. Karwowski, T. Lindström: Schrödinger operators with potentials supported by nullsets. pp. 63–95 in Albeverio, S.; Fenstad, J.E.; Holden, H.; Lindström, T. (eds.): Ideas And Methods In Mathematics Analysis, Vol. 2, Cambridge University Press, New York–Cambridge 1991.

[3] S. Albeverio, J. E. Fenstad, R. Høegh–Krohn, T. Lindström: Non– Standard methods in stochastic analysis and mathematical physics. Academic Press, New York–San Francisco–London 1986.

[4] S. Albeverio, F. Gesztesy, R. Høegh–Krohn, H. Holden: Solvable models in quantum mechanics. Springer–Verlag, Berlin–Heidelberg–New York 1988.

[5] S. Albeverio, F. Gesztesy, W. Karwowski, L. Streit: On the connection between Schrödinger operators and Dirichlet forms. J. Math. Phys., 26 (1985), 2546–2553.

[6] S. Albeverio, S. Kususoka, L. Streit: “Convergence of Dirichlet forms and associated Schrödinger operators.” J. Funct. Anal. 68 (1986), 130–148.

[7] H. Altenhofen: über die Anzahl der diskreten Eigenwerte singulärer Sturm – Liouville – Operatoren und verallgemeinerter Schrödinger Operatoren, Diploma Thesis, Frankfurt/Main 1994.

[8] J. P. Antoine, F. Gesztesy, J. Shabani: Exactly solvable models of sphere interaction in quantum mechanics. J. Phys., A20 (1987), 3627–3712.

[9] J. F. Brasche: Perturbation of Schrödinger Hamiltonians by measures - Self-adjointness and lower semiboundedness, J.Math.Phys. 26 (1985), 621-626.

[10] J. F. Brasche: Dirichlet Forms and Non–Standard Schrödinger operators. pp. 43–58 in Exner, P.; Šeba, P. (eds.): Schrödinger Operators– Standard and Non–Standard. World Scientific Publishing Company, 1989.

[11] J. F. Brasche, A. Teta: Spectral analysis and scattering theory for Schrödinger operators with an interaction supported by a regular curve, pp. 197–211 in Albeverio, S.; Fenstad, J.E.; Holden, H.; Lindström, T. (eds.): Ideas And Methods In Mathematics Analysis, Vol. 2, Cambridge University Press, New York–Cambridge 1991.

[12] J. F. Brasche, P. Exner, Y. Kuperin, P. Šeba: Schrödinger operators with singular interactions. Journ. Math. Anal. Appl. 183 (1994), 112–139.

[13] J. F. Brasche, V. Koshmanenko, H. Neidhardt: New aspects of Krein’s extension theory, Ukrain. J. Math. 46 (1994), 37–54.

[14] J. F. Brasche: On the spectral properties of singular perturbed operators, to appear in Proceedings of the International Conference on Stochastic Processes and Dirichlet forms, Z. Ma; M. Röckner, (eds.).

[15] S. Cheremshantsev: Hamiltonians with zero–range interactions supported by a Brownian path. Ann. Inst. H. Poincare, 56 (1992), 1–25.

[16] M. Demuth, J. van Casteren: On spectral theory of self–adjoint Feller semigroups. Rev. Math. Phys. 1,4 (1989), 325–414.

[17] R. Figari, H. Holden, A. Teta: A law of large numbers and a central limit theorem for the Schrödinger operator with zero range potentials. J. Stat.Phys. Vol.51, No 1/2 (1988), 205–214.

[18] R. Ford: Generalized potentials and obstacle scattering. Trans. Amer.

Math. Soc., 329 (1992), 415–431.

[19] M. Fukushima, Y. Oshima, M. Takeda: Dirichlet forms and Symmetric Markov Processes. Walter de Gruyter, Berlin–New York 1994.

[20] W. Karwowski, V. D. Koshmanenko: On definition of the singular bilinear forms and singular bilinear operators. Ukrainean Math. J., 45 (1993).

[21] W. Karwowski, V. D. Koshmanenko, S. Ota: Schrödinger operators with singular potentials supported by null sets. Preprint.

[22] W. Kirsch, F. Martinelli: “Some results on the spectra of random Schrödinger operators and their application to random point interaction models in one and three dimensions.“ S. 223–244 in Lecture Notes in Physics 173. Springer–Verlag, Berlin–Heidelberg–New York 1982.

[23] Z. Ma, M. Röckner: Dirichlet Forms. Springer Verlag, Berlin – Heidelberg – New York 1992.

[24] A. Posilicano: Convergence of distorted Brownian motions and singular Hamiltonians. To appear in Potential Analysis.

[25] M. Reed, B. Simon: Methods of Modern Mathematical Physics. I. Functional Analysis. 2nd ed. Academic Press, New York–San Francisco– London 1980.

[26] A. Teta: Quadratic forms for singular perturbations of the laplacian.

Publ. of the R.I.M.S. Kyoto Univ., 26 (1990), 803-817.