On semibounded restrictions of self-adjoint operators

H.Neidhardt^1 Fachbereich Mathematik Universität Potsdam Postfach 60 15 53 14 415 Potsdam Germany

V.A. Zagrebnov^2 Départment de Physique Université de la Méditerranée (Aix-Marseille II) and CPT-Luminy Case 907 13288 Marseille Cedex 9 France

July 6, 1997

1Email: neidhard@math.tu-berlin.de 2Email: zagrebnov@cpt.univ-mrs.fr

Abstract

After the von Neumann’s remark [10] about “pathologies” of unbounded symmetric operators and an abstract theorem about stability domain [9], we develope here a general theory allowing to construct semibounded restrictions of self-adjoint operators in explicit form. We apply this theory to quantum-mechanical momentum (position) operator to describe corresponding stability domains. Generalization to the case of measurable functions of these operators is considered. In conclusion we discuss spectral properties of self-adjoint extensions of constructed self-adjoint restrictions.

Mathematics Subject Classification

47A05, 47B25, 81C10, 81C12

Keywords

self-adjoint operators, symmetric restrictions, momentum and position operators, spectra

Contents

1 Introduction 2

2 General Theory 3

3 Momentum Operator 13

4 Functions of Momentum Operator 20

5 Concluding Remarks 23

1 Introduction

Let H be a separable Hilbert space and let H be a (closed or unclosed) densely defined symmetric operator on H. Assume that H is not semibounded from below. Naturally, the question arises whether for a given real number b ∈ R^1 there is a linear dense subset D_b ⊆ dom(H) such that H|D_b is bounded from below by b, i.e. 1.1(Hf, f) ≥ b(f, f), f ∈ D_b. (1.1) In the following we call such a domain D_b a b-stability domain of H. It turns out that for each b ∈ R^1 a b-stability domain always exists provided the symmetric operator is not semibounded from above. The result was proven in [10] and, independently, in [9]. Moreover, in [9] it was found that there is always a maximal b-stability domain. A b-stability domain D_b is called maximal if for each b-stability domain D^′_b obeying D^′_b ⊇ D_b one has D^′_b = D_b.

In [9, 10] the proofs are constructive but not practicable in order to find explicitly a stability domain for a given symmetric operator. Nevertheless, for the differential operator H 1_κ , 0 < κ < 1, on H = L^2(R^1) given by 1.2dom(H) = C^∞_0 (R^1 \ {0}) (1.2) and 1.3(H 1_κ f)(x) = − d^2 dx^2 f(x) − 1 4κ 1 x^2 f(x), f ∈ dom(H), (1.3)

maximal stability domains for each b ∈ R^1 are constructed in [9] in explicit form. Moreover, these domains have a physical interpretation: they correspond to an infinite sequence of repulsive δ-barriers screening the attractive centre.

The results of [9, 10] are applicable to the momentum operator D on H = L^2(R^1) given by 1.4(Df)(x) = −i d dx f(x), f ∈ dom(D) = W^{1,2}(R^1). (1.4)

Therefore for each b ∈ R^1 there is a maximal b-stability domain for D, in particular, there is 0-stability domain D_0, i.e.

1.5(Df, f) ≥ 0, f ∈ D_0 ⊆ dom(D). (1.5)

In contrast to the operator H 1_κ there is no clear physical intuition to visualize stability domains for D.

Since there is a certain interest among physicists to have an idea about structure of such stability domains for D, in this paper we make an attempt to describe more or less explicitly those domains. The chosen approach is applicable to any self-adjoint operator H. Our method clearly shows general structure of stability domains for self-adjoint operators and, furthermore, is practicable for the momentum operator. So we are able to construct stability domains for D explicitly.

Technically, our method presupposes some knowledge of domain of the square root of nonnegative part H_+ of the self-adjoint operator H. This comes from the necessity to find a contraction Π acting from the non-negative subspace H_+ of H into the negative subspace H_− of H such that 1.6ima(Π^∗) ∩ dom( √ H_+) = {0}, (1.6) cf. Corollary II.6. For the momentum operator D this means that using the fractional Sobolev space W^{1/2,2}(R^1), see [1], we choose a contraction Π : H^2_+(R^1) −→ H^2_−(R^1) such that

1.7ima(Π^∗) ∩ W^{1/2,2}(R^1) = {0}, (1.7)

where H^2_±(R^1) denote Hardy spaces [8]. For the operator D this problem is complicated by the fact that in general elements of W^{1/2,2}(R^1) are not continuous.

In fact, the method is applicable to functions ϕ(D) of the momentum operator. We consider measurable functions ϕ(·) : R^1 −→ R^1 which satisfy the conditions

1.8ϕ(t) > 0 a.e. in R^1_+ and ϕ(t) < 0 a.e. in R^1_−, (1.8)

where R^1_− = (−∞, 0) and R^1_+ = (0, +∞), and

1.9ϕ(t) ≥ Ct^α, a.e. in R^1_+, α > 1, and C > 0. (1.9)

Now, instead of the fractional Sobolev space W^{1/2,2}(R^1) one has to use here the fractional Sobolev space W^{α/2,2}(R^1) for α > 1 which simplifies the method due to the fact that W^{α/2,2}(R^1) can be embeded into continuous function space.

The paper is organized as follows. In the next section we present an general method allowing to construct stability domains for self-adjoint operators. In section three we apply it to the momentum operator D and describe explicitly its 0-stability domains. Finally, in section four we apply the method to functions of the momentum operator. The last section is reserved for some conclusions and comments concerning previous results.

2 General Theory

Let H be a self-adjoint operator on the separable H and let E_H (·) be its spectral measure. We set 2.0 − 1H_− = E_H (R^1_−)H and H_+ = E_H (R^1_+)H (2.1) as well as 2.0 − 2H_− = −H|dom(H) ∩ H_− and H_+ = H|dom(H) ∩ H_+. (2.2) Note that H_± ≥ 0 and that one obviously has 2.1H = H_− ⊕ H_+, (2.3) and 2.2H = −H_− ⊕ H_+, (2.4) Furthermore, we note that 2.3 ker(H_−) = {0}. (2.5) Assume that H is not semibounded neither from below and nor from above. Then it makes sense to look for 0-stability domains D_0 of H. Let D_0 be such a 0-stability domain. For each f ∈ D_0 one has decomposition 2.4f = f_− ⊕ f_+, P_±f = f_±, (2.6) where P_± are the orthogonal projections from H onto H_±. We define operator T : H_+ −→ H_− by: 2.5T f_+^{def}= f_−, f_+ ∈ dom(T ) = P_+D_0. (2.7) First one has to justify correctness of this definition. It would be correct if f_+ = 0 implies f_− = 0 for f ∈ D_0. Since D_0 is a 0-stability domain, one has 2.6(Hf, f) = (H_+f_+, f_+) − (H_−f_−, f_−) ≥ 0, f ∈ D_0. (2.8) If f_+ = 0, then (2.6) gives 2.7(H_−f_−, f_−) ≤ 0. (2.9) Since H_− ≥ 0 and ker(H_−) = {0}, (2.7) implies f_− = 0. Hence, definition (2.5) is correct. Using T we define the operator K : H_+ −→ H, 2.8Kf_+^{def}= T f_+ ⊕ f_+, f_+ ∈ dom(K) = dom(T ). (2.10) Note that 2.9ima(K) = D_0. (2.11)

Theorem 2.1 II.1 Operator H has a 0-stability domain D_0 if and only if there is a densely defined linear operator T : H_+ −→ H_− obeying

(i) dom(T ) ⊆ dom(H_+), (ii) ima(T ) ⊆ dom(H_−), (iii) dom(T^∗) = {0}, (iv) (H_−T f_+, T f_+) ≤ (H_+f_+, f_+), f_+ ∈ dom(T ).

Proof: First we show necessity of conditions (i) - (iv). To this end let D_0 be a 0-stability domain of H. Since D_0 is dense in H, the domain dom(T ) = P_+D_0 is dense in H_+. Then we get: (i) The subspace H_+ reduces the self-adjoint operator H. Hence for each f ∈ dom(H) one has P_+f ∈ dom(H_+). Therefore, P_+D_0 ⊆ dom(H_+).

(ii) Similarly one gets P_−D_0 ⊆ dom(H_−) which proves that ima(T ) ⊆ dom(H_−). (iii) Let g_− ∈ dom(T^∗). We set g_+^{def}= −T^∗g_−. Then one gets

2.10(Kf_+, g_− ⊕ g_+) = (2.12) (T f_+ ⊕ f_+, g_− ⊕ −T^∗g_−) = (T f_+, g_−) − (f_+, T^∗g_−) = 0, f_+ ∈ dom(T ).

Hence g_− ⊕ −T^∗g_− ⊥ D_0. However, the domain D_0 = ima(K) is dense in H. This yields g_− ⊕ −T^∗g_− = 0, in particular, g_− = 0. Hence dom(T^∗) = {0}. (iv) Since D_0 is a 0-stability domain, we obtain 2.110 ≤ (Hf, f) = −(H_−T f_+, T f_+) + (H_+f_+, f_+), f ∈ D_0, (2.13) which verifies (iv).

To prove the converse, we start from K and D_0 defined by (2.8) and (2.9), respectively. First, we prove that D_0 is dense in H. If g ⊥ D_0, then 2.13(g, Kf_+) = (g_−, T f_+) + (g_+, f_+) = 0, f_+ ∈ dom(T ), (2.14) which implies that g_− ∈ dom(T^∗) and g_+ = −T^∗g_−. By (iii) we get g_− = 0 which yields g_+ = 0. Hence g = 0. Next we verify that D_0 ⊆ dom(H). An element f ∈ H belongs to dom(H) if and only if f_+ = P_+f and f_− = P_−f belong to dom(H_+) and dom(H_−), respectively. Hence Kf_+ ∈ dom(H) if and only if f_+ ∈ dom(H_+) and T f_+ ∈ dom(H_−). Taking into account (i) and (ii) we immediately obtain D_0 = Kdom(T ) ⊆ dom(H). It remains to show that D_0 is a 0-stability domain. By virtue of (iv) we have 2.14(HKf_+, Kf_+) = (H_+f_+, f_+) − (H_−T f_+, T f_+) ≥ 0, (2.15) which completes the proof. 2

Corollary 2.2 II.2 If linear operator T obeys (i) - (iv), then T has a dense range.

Proof: Let g_− ⊥ ima(T ). Then for any f_+ ∈ dom(T ) one obtains

2.15(g_−, T f_+) = 0, (2.16)

which implies g_− ∈ dom(T^∗). By (iii) we get g_− = 0. 2

It is natural to ask whether one can characterize maximality of stability domains [9] in terms of the operator T .

Corollary 2.3 II.2-1 Let D_0 be a 0-stability domain of H.

(v) Domain D_0 of H can be extended to a larger 0-stability domain if and only if there is an extension T^′ ⊇ T obeying conditions (i), (ii) and (iv).

(vi) Domain D_0 is maximal if and only if T_0 does not admit any (proper) extension T^′ which satisfies conditions (i), (ii) and (iv).

(vii) If dom(T ) = dom(H_+), then D_0 is maximal.

Proof: (v) If D^′_0 ⊇ D_0, then T^′ ⊇ T and T^′ satisfies (i), (ii) and (iv) of Theorem II.1. Conversely, let T^′ ⊇ T and let conditions (i), (ii) and (iv) be satisfied. Since dom(T^{′∗}) ⊆ dom(T^∗) by Theorem II.1 (iii) we get dom(T^{′∗}) = {0}. Hence D^′_0 = ima(K^′) is a 0-stability domain of H and D_0 = ima(K) ⊆ ima(K^′) = D^′_0.

(vi) By (v) this assertion is obvious.

(vii) Suppose that D^′_0 ⊇ D_0 is also a 0-stability domain of H. Since dom(H_+) ⊇ P_+D^′_0 = dom(T^′) ⊇ dom(T ) = dom(H_+) one has dom(T^′) = dom(T ) = dom(H_+). Hence T^′ = T . Then by (vi) the domain D_0 is maximal. 2

Theorem II.1 reduces the problem of 0-stability domains to existence of densely defined linear operators with certain properties. However, the condition (iv) is difficult to handle. That is why our next aim will be to reduce (iv) to a simpler condition.

Lemma 2.4 II.3 Let A : H −→ H be a self-adjoint operator and let B : H −→ K be a linear operator (K is a Hilbert space) such that:

2.16dom(B) ⊆ dom(A) (2.17) and dom(B) is core of A. If 2.17‖Bf‖_K ≤ ‖Af‖_H, f ∈ dom(B), (2.18) then there is a uniquely determined contraction Γ : ima(A) −→ K such that we have representation 2.18Bf = ΓAf, f ∈ dom(B). (2.19) Proof: Since dom(B) is a core of A, by (2.17) the operator B admits a unique extension B̂ such that dom(B̂) = dom(A) and 2.19‖B̂f‖_K ≤ ‖Af‖_H, f ∈ dom(A). (2.20) Let H_0 = ker(A) and H_1 = H ⊖ H_0. Then with respect to decomposition H = H_0 ⊕ H_1 the operator A gets the form 2.20A = 0 ⊕ A_1, (2.21) where ker(A_1) = {0} and ima(A_1) = H_1. Let 2.21Γ_1f^{def}= B̂A^{−1}_1 f, f ∈ dom(Γ_1) = ima(A_1). (2.22) By ima(A_1) = ima(A) (see (2.20)) we have 2.22Γ_1Af = B̂A^{−1}_1 Af = B̂P_1f, f ∈ dom(A), (2.23) where P_1 denotes orthogonal projection from H onto H_1. By (2.19) we obtain ker(B̂) ⊇ ker(A). Hence 2.23B̂f = B̂P_1f = Γ_1Af, f ∈ dom(A). (2.24) Using again (2.19) we find 2.24‖Γ_1Af‖_K ≤ ‖Af‖_H, f ∈ dom(A), (2.25) which implies 2.25‖Γ_1g‖_K ≤ ‖g‖_H, g ∈ ima(A). (2.26) Hence Γ_1 can be uniquely extended to a contraction Γ : H_1 −→ K. By (2.23) we finally get 2.26B̂f = ΓAf, f ∈ dom(A). (2.27) If f ∈ dom(B) ⊆ dom(B̂), then (2.26) implies (2.18). 2 Let D_+^{def}= dom(T ) = P_+D_0, see (2.5), and 2.27Ḣ_+^{def}= H_+|D_+. (2.28)

The operator Ḣ_+ is symmetric, non-negative but in general non-selfadjoint. Let H^F_+ be its Friedrichs extension. Using H^F_+ the condition (iv) can be rewritten as 2.28‖ √ H_−T f_+‖ ≤ ‖ √ H^F_+ f_+‖, f_+ ∈ D_+. (2.29) We note that D_+ is a core of √ H^F_+ . Then by Lemma II.3 there is a unique contraction Γ_F : R^F_+ −→ H_−, R^F_+^{def}= √ H^F_+ D_+, such that 2.29 √ H_−T f_+ = Γ_F √ H^F_+ f_+, f_+ ∈ D_+. (2.30) Since 2.30‖ √ H_+f_+‖ = ‖ √ H^F_+ f_+‖, f_+ ∈ D_+, (2.31) again by Lemma II.3 there is a contraction V : R^F_+ −→ H_+, such that 2.31 √ H_+f_+ = V √ H^F_+ f_+, f_+ ∈ D_+. (2.32) The operator V is a partial isometry acting from the subspace R^F_+ onto the subspace 2.31 − 1R_+^{def}= √ H_+D_+. (2.33) Hence the representation 2.32 √ H^F_+ f_+ = V^∗ √ H_+f_+, f_+ ∈ D_+, (2.34) holds. Setting 2.33Γ = Γ_F V^∗ : R_+ −→ H_− (2.35) we obtain a contraction Γ such that 2.34 √ H_−T f_+ = Γ √ H_+f_+, f_+ ∈ D_+. (2.36) Since ima(T ) ⊆ dom(H_−) one has Γ √ H_+f_+ ⊆ ima( √ H_−), f_+ ∈ D_+. Using that and ker(H_−) = {0} one gets the representation 2.35T f_+ = H^{−1/2}_− Γ √ H_+f_+, f_+ ∈ D_+. (2.37) Now we can characterize all densely defined linear operators T obeying conditions (i) - (iv) in terms of contractions Γ. For simplicity we assume below that H_− is boundedly invertible. As we shall see this condition gives no restrict on possibilities to construct stability domains. Theorem 2.5 II.4 Assume that H_− is boundedly invertible. A corresponding operator H has a 0-stability domain D_0 if and only if there is a dense subset D_+ ⊆ dom(H_+) and contraction Γ : R_+ −→ H_−, such that

(a) ima(H^{−1/2}_− Γ) = H_−,

(b) Γ √ H_+D_+ ⊆ dom( √ H_−),

(c) Γ^∗dom( √ H_−) ∩ dom(L^∗_+) = {0}, L_+^{def}= √ H_+|D_+.

Proof: Let D_0 be a 0-stability domain. Then existence of contraction Γ is shown by reasoning (2.27) - (2.35) above. Therefore, it rests to verify conditions (a) - (c). To this end we set D_+^{def}= P_+D_0. By (2.35) and Corollary II.2 one gets that

2.36H^{−1/2}_− ΓH^{1/2}_+ D_+ = H_−. (2.38)

Since √ H_+D_+ is dense in R_+ = √ H_+D_+ and Γ : R_+ −→ H_− is a bounded operator, we obtain condition (a). Moreover, by Theorem II.1 (ii) we have

2.37H^{−1/2}_− ΓH^{1/2}_+ D_+ ⊆ dom(H_−) (2.39)

which implies condition (b). Let g_− ∈ dom( √ H_−) and

2.38Γ^∗g_− ∈ dom(L^∗_+). (2.40)

Setting f_− = √ H_−g_− and L_+ = √ H_+|D_+ and using (2.35) we get

2.39(T f_+, f_−) = (H^{−1/2}_− Γ √ H_+f_+, √ H_−g_−) = (L_+f_+, Γ^∗g_−), f_+ ∈ D_+. (2.41)

Then (2.38) implies

2.40(T f_+, f_−) = (f_+, L^∗_+Γ^∗H^{−1/2}_− f_−), f_+ ∈ D_+, (2.42)

which shows that f_− ∈ dom(T^∗). Since dom(T^∗) = {0}, cf. Theorem II.1 (iii), one gets f_− = 0. Since ker(H_−) = {0}, one gets g_− = 0. Therefore, Γ^∗g_− = 0 and, consequently, Γ^∗dom( √ H_−) ∩ dom(L^∗_+) = {0} which proves condition (c).

To prove the converse we define by (2.35) the operator T . Since dom(T ) = D_+, the operator T is densely defined in H_+. Then the property (i) (see Theroem II.1) is satisfied by construction. Taking into account condition (b) we verify (ii). To prove (iii) let f_− ∈ dom(T^∗). Then we get

2.41(T f_+, f_−) = (L_+f_+, Γ^∗H^{−1/2}_− f_−), f_+ ∈ dom(T ) = D_+. (2.43)

Since f_− ∈ dom(T^∗) one has

2.42(L_+f_+, Γ^∗H^{−1/2}_− f_−) = (f_+, T^∗f_−), (2.44) which yields Γ^∗H^{−1/2}f_− ∈ dom(L^∗_+). By condition (c) this yields Γ^∗H^{−1/2}_− f_− = 0. From condition (a) we obtain ker(Γ^∗H^{−1/2}_− ) = {0} which implies f_− = 0. Hence dom(T^∗) = {0} which verifies (iii) of Theroem II.1. Finally, (iv) follows from relation

2.43(H_−T f_+, T f_+) = (2.45) ‖Γ √ H_+f_+‖^2 ≤ ‖ √ H_+f_+‖^2 = (H_+f_+, f_+), f_+ ∈ dom(T ) = D_+,

which completes the proof. 2

Then Corollary II.2-1 should to be modified as follows.

Corollary 2.6 II.4-1 Let H_− be boundedly invertible.

(d) The 0-stability domain D_0 of H can be extended to a larger 0-stability domain if and only if there is a domain D^′_+ obeying

2.43 − 1P_+D_0 = D_+ ⊆ D^′_+ ⊆ dom(H_+) (2.46)

and a contraction Γ^′ : R^′_+ −→ H_−, R^′_+ = √ H_+D^′_+ ⊇ R_+, such that

2.43 − 2Γ^′|R_+ = Γ (2.47) and 2.43 − 3Γ^′ √ H_+D^′_+ ⊆ ima( √ H_−). (2.48)

(e) The 0-stability domain D_0 is maximal if and only if there is no a (properly) larger domain D^′_+ ⊇ D_+, D^′_+ ⊆ dom(H_+), and a contraction Γ^′ : R^′_+ −→ H_− such that conditions (2.43- 2) and(2.43-3) are satisfied.

(f) There is a maximal 0-stability domain D_0 of H obeying P_+D_0 = dom(H_+) if and only if there is a contraction Γ : R_+ −→ H_−, R_+ = √ H_+dom(H_+) such that conditions (a), (b) and 2.43 − 4Γ^∗dom( √ H_−) ∩ dom( √ H_+) = {0} (2.49)

are satisfied. The domain D_0 is given by D_0 = Kdom(H_+), where K is defined by (2.8) and (2.35).

Proof: (d) Let D^′_0 ⊇ D_0 be a larger 0-stability domain of H. As above we associate with D^′_0 the contraction Γ^′ : R^′_+ −→ H_−, R^′_+ = √ H_+D^′_+, D^′_+ = P_+D^′_0. Since D^′_0 ⊇ D_0 one has D^′_+ ⊇ D_+ which yields R^′_+ ⊇ R_+. Applying Corollary II.2-1 (v) and using (2.34) we find Γ^′|R_+ = Γ.

Since Γ^′ satisfies (b), we obtain (2.43-3). Conversely, if the conditions (2.43-1) - (2.43-3) hold, then Γ^′ obeys (a) and (b). To verify that Γ^′ satisfies (c) we note that

2.43 − 5Γ^{′∗}dom( √ H_−) ∩ dom(L^{′∗}_+) ⊆ Γ^{′∗}dom( √ H_−) ∩ dom(L^∗_+) (2.50)

because L^′_+ ⊇ L_+ yields dom(L^{′∗}_+) ⊆ dom(L^∗_+). Furthermore, one has

2.43 − 6ima(Γ^{′∗}) ⊆ ima(Γ^∗) ⊕ ker(L^∗_+). (2.51)

Let g_− ∈ dom( √ H_−). Then

2.43 − 7Γ^{′∗}g_− = Γ^∗g_− + h, h ∈ ker(L^∗_+). (2.52)

If Γ^{′∗}g_− ∈ dom(L^∗_+), 2.43 − 8Γ^∗g_− ∈ dom(L^∗_+). (2.53)

By property (c) for Γ we obtain Γ^∗g_− = 0. Let f_− = √ H_−g_−, then Γ^∗H^{−1/2}_− f_− = 0. By (a) we have ker(Γ^∗H^{−1/2}_− ) = {0}. Therefore, f_− = √ H_−g_− = 0. Since ker(H_−) = {0}, we finally obtain g_− = 0. Hence Γ^{′∗}g_− = 0 which is equivalent to

2.43 − 9Γ^{′∗}dom( √ H_−) ∩ dom(L^∗_+) = {0} (2.54)

and which proves property (c) for Γ^′. Defining T^′ by (2.35) we find T^′ ⊇ T . Applying Corollary II.2-1 (v) we complete the proof of this part.

(e) Due to (d) the assertion is obvious.

(f) By Theorem II.4 there is a contraction Γ such that (a) - (c) are satisfied. Since P_+D_0 = dom(H_+) = D_+ and L^∗_+ = √ H_+, L_+ = √ H_+|D_+, the property (c) reduces to (2.43-4). Conversely, (a), (b) and (2.43-4) imply (a) - (c). By Theorem II.4 there is 0-stability domain D_0 which is given by D_0 = Kdom(H_+) where K and T are defined by (2.8) and (2.35), respectively. Obviously, we have P_+D_0 = dom(H_+). By Corollary II.2-1 (vii) the domain D_0 is maximal. 2

Next we study problem whether a given 0-stability domain D_0 can be extended to a maximal stability domain D^′_0 which satisfies the condition P_+D^′_0 = dom(H_+)

Corollary 2.7 II.5 Let D_0 be a 0-stability domain of H and let H_− be boundedly invertible. If

2.44ima(Γ) ⊆ dom( √ H_−), (2.55)

then there is maximal stability domain D^′_0 ⊇ D_0 obeying P_+D^′_0 = dom(H_+).

Proof: We set D^′_+ = dom(H_+)2.45 (2.56) R^′_+ = √ H_+D^′_+ ⊇ R_+2.46 (2.57) Γ^′ = ΓP^R

0_+ R+ : R^′_+ −→ H_−, 2.47 (2.58) where P^R

0_+ R+ is the orthogonal projection from R^′_+ onto R_+. The operator Γ^′ is obviously a contraction such that Γ^′|R_+ = Γ, cf. (2.43-2). Since ima(Γ) = ima(Γ^′), the condition (2.43-3) is satisfied. Moreover, by 2.48Γ^{′∗}dom( √ H_−) = Γ^∗dom( √ H_−) (2.59) one gets 2.49Γ^{′∗}dom( √ H_−) ∩ dom( √ H_+) = (2.60) Γ^∗dom( √ H_−) ∩ dom( √ H_+) ⊆ Γ^∗dom( √ H_−) ∩ dom(L^∗_+) = {0}, which verifies (2.43-4). Using relation (2.35) we define operator T^′ with dom(T^′) = D^′_+ = dom(H_+). Finally, by Corollary II.4-1 (f) the corresponding 0-stability domain D^′_0 is maximal. 2 Corollary 2.8 II.6 Let H_− ≥ I_H�, where I_H� is the identity operator on H_−. If there is a contraction Π : H_+ −→ H_− with dense range such that 2.51ima(Π^∗) ∩ dom( √ H_+) = {0}, (2.61) then H has a maximal 0-stability domain D_0 obeying P_+D_0 = dom(H_+). The domain D_0 is given by D_0 = Kdom(H_+), where 2.52 − 1Kf_+ = T f_+ ⊕ f_+, f_+ ∈ dom(K) = dom(T ) = dom(H_+) (2.62) and 2.52T f_+ = H^{−1}_− Π √ H_+f_+ f_+ ∈ dom(T ) = dom(H_+). (2.63) Proof: We set D_+ = P_+dom(H_+) and 2.53Γ = H^{−1/2}_− Π : H_+ −→ H_−. (2.64) Since H_− ≥ I_H�, the operator Γ is a contraction. Furthermore, since Π has a dense range, condition (a) is satisfied. Condition (b) holds by construction. Finally, one has 2.54Γ^∗dom( √ H_−) ∩ dom( √ H_+) ⊆ ima(Π^∗) ∩ dom( √ H_+) = {0} (2.65) which proves (2.43-4). Then applying Corollary II.4-1 (f) we finish the proof. 2

3 Momentum Operator

In order to apply the previous theory to the momentum operator we use so-called Hardy spaces H^2_±(R^1). An element f_± ∈ L^2(R^1) belongs to H^2_±(R^1) if and only if f_± admits an analytic continuation to C_± = {z ∈ C : ±ℑm(z) > 0}, respectively, such that 4.1 sup_{y>0} ∫ +∞ −∞ |f_±(x ± iy)|^2dx < +∞. (3.1) Hardy spaces are closed subspaces of L^2(R^1) such that 4.2L^2(R^1) = H^2_−(R^1) ⊕ H^2_+(R^1). (3.2) Using the Fourier transform F : L^2(R^1) −→ L^2(R^1), 4.3f̂(t)^{def}= (F f)(t)^{def}= 1 √ 2π ∫ +∞ −∞ dxe^{−itx}f(x), f ∈ L^2(R^1), (3.3) one gets 4.4F H^2_±(R^1) = L^2(R^1_±). (3.4) Consider momentum operator D, 4.5(Df)(x) = −i d dx f(x), f ∈ dom(D) = W^{1,2}(R^1), (3.5) Via the Fourier transform the momentum operator is unitarily equivalent to multiplication operator M̂,

4.6(M̂f̂)(t) = tf(t), f̂ ∈ dom(M̂) = {f ∈ L^2(R^1) : tf̂(t) ∈ L^2(R^1)}, (3.6) i.e. F DF^{−1} = M̂.

Since F DF^{−1} = M̂ and F^{−1}L^2(R^1_±) = H^2_±(R^1), subspaces H^2_±(R^1) reduces the momentum operator. We set

4.7D_− = −D|dom(D) ∩ H^2_−(R^1) and D_+ = D|dom(D) ∩ H^2_+(R^1). (3.7) Obviously we have 4.8F D_±F^{−1} = M̂_±, (3.8) where

4.9M̂_− = −M̂|dom(M̂) ∩ L^2(R^1_−) and M̂_+ = M̂|dom(M̂) ∩ L^2(R^1_+). (3.9)

Since M̂_± ≥ 0, one gets D_± ≥ 0. To apply the general theory of Section 2 we set H_± = H^2_±(R^1), 4.10H_− = D_− + I_H� and H_+ = D_+ (3.10) and consider operator H = −H_− ⊕ H_+. Our intention is to give a simple description of 0- stability domains of H.

To this end we introduce operator J : H −→ H given by 4.11(Jf)(x) = f(−x), f ∈ L^2(R^1), x ∈ R^1. (3.11) The operator J is isometrical and satisfies JH_± = H_∓. Note that 4.11 − 1D_−Jf_+ = JD_+f_+, f_+ ∈ dom(D_+). (3.12) Next we choose a measurable function Θ(·) : R^1 −→ R^1_+ such that 4.120 < Θ(x) ≤ 1 √ 1 + x^2

, a.e. in R^1, (3.13) and 4.13 ∫ +∞ −∞ dx | log(Θ(x))| 1 + x^2

< +∞. (3.14) Moreover, let Θ(·) be smooth except at points {x_n}^∞_{n=1} such that lim_{n→∞} x_n = 0. At that points it is assumed that the boundary values Θ(x_n ± 0) = lim_{ϵ→0} Θ(x_n ± ϵ) exist but 4.14Θ(x_n − 0) ≠ Θ(x_n + 0), n = 1, 2, . . . . (3.15) To give an example we choose 4.15x_n = 1 n , n = 1, 2, . . . . (3.16) Then we introduce intervals 4.16Δ_n = (^1_{n+1} ,^1_n ], n = 1, 2, . . . , (3.17) and set 4.17Θ_0(x) = 1 : x ∈ (−∞, 0] 1 n : x ∈ Δ_n, n = 1, 2, . . . 1 : x ∈ (1, +∞)

. (3.18)

Now we can define function 4.18Θ(x) = Θ_0(x)e^− √_{|x|} , x ∈ R^1. (3.19) One can verify that both conditions (4.12) and (4.13) are satisfied. Moreover, we have 4.19Θ(^1_n − 0) =^1_{n+1} e^{−n}

�1/2

≠^1_n e^{−n}

�1/2 = Θ(^1_n + 0), n = 1, 2, . . . . (3.20)

We set 4.20Ω(z) = exp { i π ∫ +∞ −∞ [ 1 z − t + t 1 + t^2 ] log(Θ(t)) dt } , z ∈ C_+. (3.21) The function Ω(z), z ∈ C_+ is an outer function, see [8]. Boundary values Ω(x) = lim_{ϵ→0} Ω(x+iϵ) exist a.e. in R^1 and 4.21|Ω(x)| = Θ(x), a.e. in R^1. (3.22) Hence |Ω(x)| ≤ 1 a.e in R^1 which yields Ω ∈ L^∞(R^1). Moreover, one has 4.22|Ω(x)| ≤ e^− √_{|x|} , a.e. in R^1. (3.23) By means of Ω we can introduce a bounded multiplication operator M(Ω), 4.23(M(Ω)f)(x) = Ω(x)f(x), f ∈ H. (3.24) Since Ω is an outer function, one has 4.24M(Ω)H_+ ⊆ H_+. (3.25) Therefore, we can define operator M_+(Ω) = M(Ω)|H_+ : H_+ −→ H_+. The adjoint operator M_+(Ω)^∗ : H_+ −→ H_+ is given by 4.25M_+(Ω)^∗f_+ = P_+M(Ω)f_+, f_+ ∈ H_+, (3.26) where P_± denote orthogonal projections of H onto H_±. If M_+(Ω)f_+ = 0, then 4.26Ω(x)f_+(x) = 0 a.e. in R^1. (3.27) By (4.12) and (4.21) one gets f_+(x) = 0 a.e. in R^1. Hence ker(M_+(Ω)) = {0} or, equivalently, 4.27ima(M_+(Ω)^∗) = H_+. (3.28) Now we define contraction Π : H_+ −→ H_− 4.28Π^{def}= Je^{−D+} M_+(Ω)^∗. (3.29) Since ima(e^{−D+} ) = H_+, the operator Π has a dense range. Let us show that 4.29Π^∗f ∈ dom( √ D_+) (3.30) yields Π^∗f = 0. To this end we note that 4.30dom( √ D_+) = W^{1/2,2}(R^1) ∩ H^2_+(R^1). (3.31)

By Theorem 7.48 of [1] one has that u ∈ W^{1/2,2}(R^1) if and only if

4.31 ∫ R^{1 dx |u(x)|2 +} ∫ R^1 ∫ R^{1 dx dy} |u(x) − u(y)|^2 |x − y|^2 < +∞ (3.32)

Since 4.32(e^{−D+}f_+)(x) = f_+(x + i), f_+ ∈ H^2_+(R^1), (3.33) one gets 4.33(Π^∗f_−)(x) = Ω(x)f_+(x + i), f_+^{def}= J^∗f_−, f_− ∈ H_−. (3.34) Therefore, if Π^∗f ∈ dom( √ D_+), then Ω(x)f_+(x + i) ∈ W^{1/2,2}(R^1) and hence

4.34 ∫ R^1 ∫ R^{1 dx dy} |Ω(x)f_+(x + i) − Ω(y)f_+(y + i)|^2 |x − y|^2 < +∞. (3.35)

Using representation

4.35Ω(x)f_+(x + i) − Ω(y)f_+(y + i) = (3.36) (f_+(x + i) − f_+(y + i))Ω(x) + f_+(y + i)(Ω(x) − Ω(y))

we get

4.36 ∫ R^1 ∫ R^{1 dx dy} |Ω(x)f_+(x + i) − Ω(y)f_+(y + i)|^2 |x − y|^2 ≥ (3.37) | | | | | {∫ R^1 ∫ R^{1 dx dy} |f_+(x + i) − f_+(y + i)|^2|Ω(x)|^2 |x − y|^2 }1/2 − {∫ R^1 ∫ R^{1 dx dy|f+(y + i)|2} |Ω(x) − Ω(y)|^2 |x − y|^2 }1/2| | | | 2 . Since f_+(x + i) ∈ W^{1/2,2}(R^1) and |Ω(x)| ≤ 1 a.e. in R^1, we find

4.36 − 1 ∫ R^1 ∫ R^{1 dx dy} |f_+(x + i) − f_+(y + i)|^2|Ω(x)|^2 |x − y|^2 < +∞. (3.38)

Hence (4.34), (4.36) and (4.36-1) imply

4.37 ∫ R^1 ∫ R^{1 dx dy|f+(y + i)|2} |Ω(x) − Ω(y)|^2 |x − y|^2 < +∞. (3.39)

Assume that 4.38f_+(x_n + i) ≠ 0. (3.40) for some n = 1, 2, . . ., cf. (4.15). Since f_+(x + i) is continuous, there is a neighbourhood δ_n of x_n such that 4.39m_n = inf_{x∈δn} |f_+(x + i)| > 0. (3.41)

By (4.37) one gets estimate 4.40m_n ∫ δn ∫ δn dx dy |Ω(x) − Ω(y)|^2 |x − y|^2 ≤ (3.42) ∫ δn ∫ δn dx dy|f_+(y + i)|^2 |Ω(x) − Ω(y)|^2 |x − y|^2 < +∞. Since 4.41| |Ω(x)| − |Ω(y)| | ≤ |Ω(x) − Ω(y)|, (3.43) we finally obtain 4.42m_n ∫ δn ∫ δn dx dy | |Ω(x)| − |Ω(y)| |^2 |x − y|^2 < +∞. (3.44) By (4.21) this is equivalent to 4.43m_n ∫ δn ∫ δn dx dy |Θ(x) − Θ(y)|^2 |x − y|^2 < +∞. (3.45) Since Θ(x) is smooth except at points x_n and Θ(x_n − 0) ≠ Θ(x_n + 0) we can get that 4.44d_n^{def}= inf {x,y∈δ̃n:x<xn<y} |Θ(x) − Θ(y)| > 0 (3.46) provided δ̃_n is small enough. Hence 4.45m_nd_n ∫ ∫ {(x,y)∈δ̃n ×δ̃n:x<xn<y} dx dy 1 |x − y|^2 < +∞. (3.47) Since 4.46 ∫ ∫ {(x,y)∈δ̃n ×δ̃n:x<xn<y} dx dy 1 |x − y|^2 = +∞ (3.48) one obtains m_n = 0. Hence the assumption f_+(x_n + i) ≠ 0 is false. Therefore, f_+(x_n + i) = 0 for each n = 1, 2, . . .. Since the sequence {x_n}^∞_{n=1} (4.15) has limit point and f_+(z) is analytic in C_+, one gets f_+ ≡ 0 which proves 4.47dom( √ D_+) ∩ ima(Π^∗) = {0}. (3.49) Now, following our general construction, see (2.53) and (4.28), we define contraction operator 4.48Γ = H^{−1/2}_− Je^{−D+} M_+(Ω)^∗ (3.50) which gives representation 4.50g = Kf_+ = H^{−1}_− Je^{−D+} M_+(Ω)^∗ √ D_+f_+ ⊕ f_+, f_+ ∈ dom(D_+), (3.51) for elements g ∈ D_0, see Corollary II.6, where the operator T is given by 4.49T f_+ = H^{−1}_− Je^{−D+} M_+(Ω)^∗ √ D_+f_+, f_+ ∈ dom(T ) = dom(D_+). (3.52)

By (4.11-1) we obtain 4.51H^{−1}_− JP_+ = JP_+(H_+ + I_{H+})^{−1} = J(D_+ + I_{H+} )^{−1}, (3.53) which yields

4.51 − 1g = J(D_+ + I_{H+} )^{−1}e^{−D+}M_+(Ω)^∗ √ D_+f_+ ⊕ f_+, f_+ ∈ dom(D_+). (3.54) Here (D_+ + I_{H+} )^{−1}e^{−D+}M_+(Ω)^∗ is an integral operator given by 4.52(D_+ +I_{H+})^{−1}e^{−D+} M_+(Ω)^∗f_+)(x) = ∫ +∞ −∞ dy E(y−x)Ω(y)f_+(y), f_+ ∈ H^2_+(R^1), (3.55) where E(·) is defined by 4.53E(ξ) = 1 2π ∫ +∞ 0 dt e^{−iξt}e^{−t}(1 + t)^{−1}, ξ ∈ R^1. (3.56) We note that that E(·) can be expressed by 4.55E(ξ) = 1 2π e^{1+iξ}E_1(1 + iξ). (3.57) where E_1(·) denotes incomplete Γ-function given by 4.54E_1(x) = ∫ +∞ x dt e^{−t}t^{−1}, (3.58) cf. definition 9.7 (1) and relation 9.7 (14) of [3]. From (4.51-1) we get representation 4.54 − 1g(x) = (Kf_+)(x) = ∫ +∞ −∞ dy E(y + x)Ω(y)( √ D_+f_+)(y) + f_+(x), f_+ ∈ dom(D_+). (3.59) Setting h_+ = √ D_+f_+ for g ∈ D_0, one obtains that 4.55 − 2g = H^{−1}_− Je^{−D+} M_+(Ω)^∗h_+ ⊕D^{−1/2}h_+, h_+ ∈ L^{def}= dom(D^{1/2}_+ )∩dom(D^{−1/2}_+ ), (3.60) which gives representation 4.56g(x) = ∫ +∞ −∞ dy E(y + x)Ω(y)h_+(y) + (D^{−1/2}_+ h_+)(x), h_+ ∈ L. (3.61) Since

4.57dom(D^{−1/2}_+ ) = {h_+ ∈ H^2_+(R^1) : ∫ +∞ −∞ ∫ +∞ 0 dx dt |h(x + it)|^2 < +∞}, (3.62) the set L can be characterized by

4.58L = {h_+ ∈ W^{1/2,2}(R^1) ∩ H^2_+(R^1) : ∫ +∞ −∞ ∫ +∞ 0 dx dt |h(x + it)|^2 < +∞}. (3.63)

Note that D^{−1/2}_+ admits representation

4.59(D^{−1/2}_+ h_+)(x) = 1 Γ(^3_2 ) ∫ +∞ 0 dt 1 √ t h_+(x + it) (3.64)

a.e. in R^1. Since E(·) ∈ C^∞(R^1) ∩ L^2(R^1) and

4.60g_−(x) = ∫ +∞ −∞ dy E(y + x)Ω(y)h_+(y), h_+ ∈ L, (3.65)

one always has g_− ∈ C^∞(R^1) and 4.61 lim_{x→±∞} d^m dx^m g_−(x) = 0, m = 0, 1, 2, . . . . (3.66) Furthermore, taking into account (4.55) and relation 9.7 (7) of [3] we obtain:

4.61 − 1 lim_{x→±∞} xg_−(x) = 1 2πi ∫ +∞ −∞ dy Ω(y)h_+(y) = 0. (3.67)

The last equality is due to the fact that Ω ∈ H^2_−(R^1) and h_+ ∈ H^2_+(R^1).

The domain D_0, which is given by elements g of the form (4.54-1), is a maximal 0-stability domain for H = −H_− ⊕ H_+, where H_− = D_− + I_H� and H_+ = D_+. We show that D_0 is also a maximal 0-stability domain for the momentum operator D. Since dom(H) = dom(D), one has D_0 ⊆ dom(D). By 4.61 − 20 ≤ (Hg, g) = −(H_−g_−, g_−) + (H_+g_+, g_+) ≤ (3.68) −(D_−g_−, g_−) + (D_+g_+, g_+) = (Dg, g), g ∈ D_0 the domain D_0 is a 0-stability domain for D. The operator T is the same for H and D. Since dom(T ) = dom(H_+) = dom(D_+), by Corollary II.2-1 (vii) the 0-stability domain is maximal for D.

Finally, since the momentum operator D is unitarily equivalent to the multiplication operator M̂, i.e. M̂ = F DF −1, the set D̂_0 = F D_0 is a maximal 0-stability domain of M̂. Let us describe this stability domain D̂_0. First of all let us compute T̂ = F T F^{−1} : L^2(R^1_+) −→ L^2(R^1_−). One has 4.62(F M(Ω)F^{−1}f̂)(t) = ∫ +∞ −∞ ds Ω̂(t − s)f̂(s), f̂ ∈ L^2(R^1), (3.69) where 4.63Ω̂(ξ) = 1 2π ∫ +∞ −∞ dx e^{−ixξ}Ω(x), ξ ∈ R^1. (3.70) Since |Ω(x)| = |Θ(x)| a.e. in R^1, the function Ω̂(x) is well-defined by (4.12). Moreover, Ω ∈ C^∞(R^1) ∩ L^2(R^1). Hence, the integral operator (4.62) is well-defined, too. Using (4.62) we find

4.64(F e^{−D+}M_+(Ω)^∗F^{−1}f̂_+)(t) = χR1_+ (t)e^{−t} ∫ +∞ 0 ds Ω̂(s − t)f̂_+(s), f̂_+ ∈ L^2(R^1_+). (3.71)

Since Ĵ = F JF^{−1} : L^2(R^1) −→ L^2(R^1) acts as 4.65(Ĵf̂)(t) = f̂(−t), f̂_+ ∈ L^2(R^1), t ∈ R^1, (3.72) one gets for operator T̂ (cf. (4.49)) that

4.66(T̂ f̂_+)(t) = χR1�(t) 1 1 − t e^t ∫ +∞ 0 ds Ω̂(s + t) √ s f̂_+(s) f̂_+ ∈ dom(M̂) ∩ L^2(R^1_+), (3.73)

So the elements ĝ of D̂_0 can be represented as

4.67ĝ(t) = (3.74)

χR^1_�^{(t) 1}_{1 − t}^{et} ∫ +∞ 0 ds Ω̂(s + t) √ s f̂_+(s) + χR1_+ (t)f̂_+(t), f̂_+ ∈ dom(M̂) ∩ L^2(R^1_+).

The relation (4.67) gives an explicit description of domains D̂_0 and D_0.

4 Functions of Momentum Operator

Let ϕ(·) : R^1 −→ R^1_+ be a measurable function which obeys (1.8) and (1.9). Let H_± = H^2_±(R^1) as above. We set 5.1ϕ_+ = ϕ|R^1_+ and ϕ_− = −ϕ|R^1_−. (4.1) Note that ϕ_±(t) ≥ 0 for a.e. in R^1_±. Then we define 5.2H_+ = ϕ_+(D_+) and H_− = ϕ_−(−D_−) + I_H� (4.2) and set 5.3H = −H_− ⊕ H_+. (4.3) Obviously, one has 5.4H = ϕ(D) − P_H�, (4.4) where P_H� is orthogonal projection on H_−. Since α > 1 (see (1.9)), the consideration can be simplified due the fact that 5.9W^{α/2,2}(R^1) ⊆ C(R^1) ∩ L^2(R^1). (4.5) Let J be given by (4.11) and let {r_n}^∞_{n=1} be an enumeration of the rational numbers of R^1. We set 5.10q(x)^{def}= ∞∑ n=1 c_n √ |x − r_n| , x ∈ R^1, (4.6) where c_n > 0, n = 1, 2, . . ., and 5.11C^{def}= ∞∑ n=1 c_n < +∞. (4.7)

Since q(x) ≥ 0 for a.e. in R^1 and

5.12 ∫ a+1 a−1 dx 1 √ |x − r_n| ≤ 4, a ∈ R^1, (4.8)

we obtain 5.13 ∫ a+1 a−1 dx q(x) ≤ 4 ∞∑ n=1 c_n = 4C, a ∈ R^1, (4.9)

which shows that q ∈ L^1_{loc}(R^1). Since always

5.14 ∫ a+1 a−1 dx q(x)^2 = +∞, a ∈ R^1, (4.10)

one has q /∈ L^2_{loc}(R^1). We define

5.15Θ_∗(x)^{def}= 1 1 + q(x) e^− √_{|x|} , x ∈ R^1. (4.11)

The function Θ_∗(x) obeys 5.160 ≤ Θ_∗(x) ≤ 1 a.e. in R^1. (4.12) Moreover, one has

5.17 ∫ +∞ −∞ dx | log(Θ_∗(x)| 1 + x^2

= (4.13) ∫ +∞ −∞ dx log(1 + q(x)) + √ |x| 1 + x^2 ≤ ∫ +∞ −∞ dx q(x) 1 + x^2 + ∫ +∞ −∞ dx √ |x| 1 + x^2 . Since 5.18 ∫ +∞ −∞ dx q(x) 1 + x^2 = ∞∑ n=1 ∫ +∞ −∞ dx 1 √ |x − r_n| 1 1 + x^2

≤ (4 + π)C (4.14)

one gets 5.19 ∫ +∞ −∞ dx | log(Θ_∗(x)| 1 + x^2

< +∞. (4.15) Replacing Θ by Θ_∗ in (4.20) we define the outer function Ω_∗(z), z ∈ C_+. In accordance with (4.28) we introduce contraction 5.20Π_∗^{def}= JM_+(Ω_∗)^∗. (4.16) To verify ima(Π^∗) ∩ dom( √ H_+) = {0} we assume that

5.21h^{def}= Π^∗f_− ∈ dom( √ H_+) ⊆ W^{α/2,2}(R^1). (4.17)

By (5.9) one has h ∈ C(R^1) ∩ L^2(R^1) which yields 5.22Θ_∗(x)|f_+(x)| = |h(x)| ∈ C(R^1), f_+^{def}= Jf_− ∈ H^2_+(R^1), x ∈ R^1. (4.18) Hence 5.23e^− √_{|x|} |f_+(x)| = (1 + q(x))|h(x)| ∈ L^2(R^1), x ∈ R^1. (4.19) which implies 5.24 1 √ |x − r_n| |h(x)| ∈ L^2(R^1), n = 1, 2, . . . . (4.20)

However, this is possible only if h(r_n) = 0 for n = 1, 2, . . .. Since h ∈ C(R^1) one gets h ≡ 0 which proves that ima(Π^∗) ∩ dom( √ H_+) = {0}. Therefore, collection of elements 5.25g = H^{−1}_− JM_+(Ω_∗)^∗ √ H_+f_+ ⊕ f_+, f_+ ∈ dom(H_+) (4.21) gives a maximal 0-stability domain D_{0,∗} for H. From (5.25) one deduces the corresponding pointwise representation

5.26g(x) = ∫ +∞ −∞ dy E_∗(x + y)Ω(y)( √ ϕ_+(D_+)f_+)(y) + f_+(x), f_+ ∈ dom(ϕ_+(D_+)), (4.22) where 5.27E_∗(ξ) = 1 2π ∫ +∞ 0 dt e^{−iξt} 1 1 + ϕ_−(−t)

. (4.23) By reasonings of Section 3 we find that D_{0,∗} is a maximal 0-stability domain not only for H = ϕ(D) − P_H� but also for ϕ(D).

Since ϕ(D) via the Fourier transform is unitarily equivalent to multiplication operator M̂(ϕ), dom(M̂(ϕ)) = {f̂ ∈ L^2(R^1) : ϕ(t)f̂(t) ∈ L^2(R^1)}, 5.28 (4.24) (M̂(ϕ)f̂)(t) = ϕ(t)f̂(t), f̂ ∈ dom(M̂(ϕ)), 5.29 (4.25) i.e. M̂(ϕ) = F ϕ(D)F^{−1}, the set D̂_{0,∗} = F D_{0,∗} is a maximal 0-stability domain for M̂(ϕ). The coresponding vectors have the form 5.30 ĝ(t) = χR1�(t) 1 1 − ϕ(t) ∫ +∞ 0 ds Ω̂_∗(s + t) √ ϕ(s)f̂_+(s) + χR1_+ (t)f̂_+(t), (4.26) f̂_+ ∈ dom(M̂(ϕ)) ∩ L^2(R^1_+),

where 5.31Ω̂_∗(ξ) = 1 2π ∫ +∞ −∞ dx e^{−iξx}Ω_∗(x). (4.27) Since |Ω_∗(x)| = Θ_∗(x) a.e. in R^1 the Fourier transform Ω̂_∗ is well-defined.

5 Concluding Remarks

Let D_0 be a maximal 0-stability domain given by (4.54-1) and let D_0 = D|D_0. The operator D_0 is symmetric and non-negative. Let us show that D_0 is closed. Since D ⊇ D_0, the operator D_0 is closable. Let D_0 be its closure. Obviously, we have dom(D_0) ⊇ D_0 and 6.1(D_0f, f) ≥ 0, f ∈ dom(D_0). (5.1) Since D ⊇ D_0, the domain dom(D_0) is a 0-stability domain of D. However, D_0 is maximal. Hence dom(D_0) = D_0, i.e., D_0 is closed.

Further we would like to note that the deficiency indices of D_0 are equal and, moreover, equal to infinity. Otherwise any self-adjoint extension D̃ of D_0 would be semibounded from below. Since D is a self-adjoint extension of D_0 which is not semibounded from below, deficiency indices of D_0 have to be infinite.

Next few remarks about spectral properties of self-adjoint extensions of D_0. Denote the point, singular continuous and absolutely continuous spectra by σ_p(·), σ_{sc}(·) and σ_{ac}(·), respectively.

Theorem 5.1 VI.1 Let D̃ be a self-adjoint extension of D_0. Then up to unitary equivalence the operator D_+ is always contained in D̃, in particular, one has 6.2σ_{ac}(D̃) ⊇ R^1_+. (5.2)

Proof: Introduce identification operator K_Δ : H_+ −→ H, 6.3K_Δf_+^{def}= KE_{D+} (Δ)f_+, f_+ ∈ H_+, (5.3) where K : H_+ −→ H is given by (4.54-1) and E_{D+} (Δ) is spectral measure of D_+ for a bounded interval Δ ⊆ R^1_+. Since always E_{D+} (Δ)f_+ ∈ dom( √ H_+), f_+ ∈ H_+, the definition (6.3) makes sense. Using (4.54-1) one gets 6.4(K_Δf_+)(x) = (T_Δf_+)(x) + E_{D+} (Δ)f_+, f_+ ∈ H_+, (5.4) where

6.5(T_Δf_+)(x) = ∫ +∞ −∞ dy E(y + x)Ω(y)( √ D_+E_{D+} (Δ)f_+)(y), f_+ ∈ H_+. (5.5) Let us introduce kernels 6.6T_1(x, y) = E(y + x)Ω(y)e^{12} √_{|y|} , x, y ∈ R^1, (5.6) and 6.7T_{2,Δ}(y, t) = 1 √ 2π e^{− 12} √_{|y|} e^{iyt} √ t χ_Δ(t), y ∈ R^1, t ∈ R^1_+. (5.7)

Denoting by T_1 : L^2(R^1) −→ L^2(R^1) and T_{2,Δ} : L^2(R^1_+) −→ L^2(R^1) the corresponding integral operators we find representation 6.8T_Δ = T_1T_{2,Δ}F (5.8) for (6.5). Since T_1 and T_{2,Δ} are Hilbert-Schmidt operators, one gets that T_Δ is a nuclear operator for each bounded interval Δ ⊆ R^1_+. Since

6.9ima(K_Δ) ⊆ D_0, (5.9)

one gets 6.10D̃K_Δf_+ − K_ΔD_+f_+ = DK_Δf_+ − K_ΔD_+f_+, f_+ ∈ dom(D_+). (5.10) By (6.4) we obtain

6.11D̃K_Δf_+ − K_ΔD_+f_+ = (5.11) D_−T_Δf_+ ⊕ D_+E_{D+} (Δ)f_+ − (T_ΔD_+f_+ ⊕ E_{D+} (Δ)D_+f_+) = (D_−T_Δf_+ − T_ΔD_+f_+) ⊕ 0.

Since T_ΔD_+ = T_ΔE_{D+} (Δ)D_+ the operator T_ΔD_+ is a nuclear one. To check that operator D_−T_Δ has the same property we consider operator D_−T_1. One has

6.12(D_−T_1f)(x) = −i d dx ∫ +∞ −∞ dy E(y + x)Ω(y)e^{12} √_{|y|} f(y), f ∈ L^2(R^1). (5.12)

By (4.53) we find 6.13 − i d dx E(y + x) = − 1 2π ∫ +∞ 0 dt e^{−i(y+x)t}e^{−t} t 1 + t = 1 2π 1 1 + i(y + x)

+ E(y + x). (5.13)

Hence 6.14D_−T_1 = T_0 + T_1, (5.14) where T_0 is integral operator with kernel

6.15T_0(x, y) = 1 2π 1 1 + i(y + x)

Ω(y)e^{12} √_{|y|} , x, y ∈ R^1. (5.15)

Therefore, T_0 is a Hilbert-Schmidt operator. So D_−T_Δ is a nuclear operator. Hence the operator

6.16Ċ_Δf_+^{def}= D̃K_Δf_+ − K_ΔD_+f_+, f_+ ∈ dom(Ċ_Δ) = dom(D_+), (5.16)

is closable and its closure C_Δ is a nuclear operator. By the trace class existence theorem, cf. [4], the wave operators W_±(D̃, D_+; K_Δ),

6.17W_±(D̃, D_+; K_Δ) = s − lim_{t→±∞} e^{itD̃}K_Δe^{−itD+} , (5.17) exist for each bounded interval Δ ∈ R^1_+. Furthermore, we have

6.18‖W_±(D̃, D_+; K_Δf_+‖^2 = (5.18) lim t→±∞ ‖KΔe −itD+ f +‖^2 = lim_{t→±∞}{‖T_Δe^{−itD+} f_+‖^2 + 2ℜe(T_Δe^{−itD+} f_+, E_{D+}(Δ)e^{−itD+} f_+) + ‖E_{D+} (Δ)f_+‖^2}, f_+ ∈ H_+.

Since T_Δ is compact, by Theorem VI.45 of [4] we immediately find that 6.19‖W_±(D̃, D_+; K_Δ)f_+‖ = ‖E_{D+} (Δ)f_+‖, f_+ ∈ H_+, (5.19) for each bounded interval Δ ⊆ R^1_+. This property yields that there are isometries W_± : H_+ −→ H such that 6.20W_±|E_{D+} (Δ)f_+ = W_±(D̃, D_+; K_Δ)|E_{D+}(Δ)f_+, f_+ ∈ H_+. (5.20) Obviously, one has 6.21e^{itD̃}W_± = W_±e^{itD+} , t ∈ R^1, (5.21) which shows that 6.22D̃ ⊇ W_+D_+W^∗_+. (5.22) Hence D_+ is unitarily equivalent to a part of D̃. In particular, this proves (6.2). 2 Theorem VI.1 shows that the relation σ_{ac}(D̃) ⊇ R^1_+ is fixed and cannot be changed by variation of extensions of D_0. However, the spectrum below the threshold zero can be chosen more or less freely.

Choosing the Friedrichs extension D_F of D_0 one gets 6.22 − 1σ(D_F ) ∩ R^1_− = ∅, (5.23) i.e. we have no negative spectrum. This strikes imagination as far as it concerns the momentum operator. Let E be a countable subset of R^1_− and let n(·) : E −→ N, N = {1, 2, . . .}. By [5] there is a self-adjoint extension D̃ of D_0 such that 6.23σ_p(D̃) ∩ R^1_− = E and σ_{sc}(D̃) ∩ R^1_− = σ_{ac}(D̃) ∩ R^1_− = ∅ (5.24) and n(λ) coincides with the multiplicity of the eigenvalue λ ∈ E. Further, by [6] and [2] for any closed Borel subset S ⊆ R^1_−, which can be the support of some absolutely continuous measure, there is a self-adjoint extension D̃ of D_0 such that 6.24σ_{ac}(D̃) ∩ R^1_− = S and σ_p(D̃) ∩ R^1_− = σ_{sc}(D̃) ∩ R^1_− = ∅. (5.25)

Moreover, there is extension such that D̃E~_D(S) is unitarily equivalent to DE_D(S). Finally, by [7] for any Borel subset S ⊆ R^1_−, which is the closure of an open subset S_0 ⊆ R^1_−, there is a self-adjoint extension D̃ of D_0 such that

6.25σ_{sc}(D̃) ∩ R^1_− = S and σ_p(D̃) ∩ R^1_− = σ_{ac}(D̃) ∩ R^1_− = ∅. (5.26)

At last, by [2] there is always an extension which mix all these three types of spectra.

Warning! It is false to conjecture that we have a total control of spectral properties of selfadjoint extensions D̃ of D_0. We have control only on the negative spectral part of extensions D̃. Concerning the non-negative part we just know that σ_{ac}(D̃) ∩ R^1_+ is unchanged. For example, extensions D̃ can change the spectrum σ_p(D̃) ∩ R^1_+ and σ_{sc}(D̃) ∩ R^1_+ as well as the multiplicity of σ_{ac}(D̃) ∩ R^1_+.

Acknowledgements

The first author (H.N.) thanks the Center de Physique Théorique and Université de Provence (Marseille) as well as Deutsche Forschungsgemeinschaft for financial support allowing to finish this paper.

References

[1] R.A.Adams: Sobolev Spaces. Academic Press, Inc., Boston 1978.

[2] S.Albeverio, J.F.Brasche, H.Neidhardt: On inverse spectral theory for self-adjoint extensions: mixed types of spectra. Preprint 96-056, SFB-343, Universität Bielefeld, 1996.

[3] H.Bateman, A.Erdélyi: Higher transcendential functions. Vol. II, Mc Graw-Hill Book Company, Inc., New York 1953.

[4] H.Baumgärtel, M.Wollenberg: Mathematical scattering theory. Akademie Verlag, Berlin 1983.

[5] J.F.Brasche, H.Neidhardt, J.Weidmann: On the point spectrum of self-adjoint extensions.

Mathematische Zeitschrift 214 (1993), 343-355.

[6] J.F.Brasche, H.Neidhardt: On the absolutely continuous spectrum of self-adjoint extensions. J. Funct. Anal. 131, No.2 (1995), 364-385.

[7] J.F.Brasche, H.Neidhardt: On the singular continuous spectrum of self-adjoint. Mathematische Zeitschrift 222 (1996), 533-542.

[8] P.Koosis: Introduction to H^p spaces. Cambridge University Press, Cambridge 1980.

[9] H.Neidhardt, V.A.Zagrebnov: Does each symmetric operator have a stability domain?

Submitted to Rev. Math. Phys..

[10] J.von Neumann: Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren. Math.

Ann. 102 (1929), 370 - 427. See also Collected Works, ed. A.H.Taub, Pergamon Press, Oxford 1961, Vol.II: Operators, ergodic theory and almost periodic functions in a group, p. 3 - 85.