Lifetime of the Wannier-Stark resonances and perturbation theory

Vincenzo Grecchi Università di Bologna, Dipartimento di Matematica Piazza di Porta S. Donato 5, I–40127 Bologna, Italy. e-mail:Grecchi@dm.unibo.it

Andrea Sacchetti Università di Modena, Dipartimento di Matematica Via Campi 213/B, I–41100 Modena, Italy.

e-mail:Sacchet@c220.unimo.it

to appear on Communication in Mathemathical Physics

Abstract. We consider the small field asymptotics of the lifetime of metastable states in Wannier-Stark problems. Assuming that at zero field we have Bloch operators with only the first gap open and using the regular perturbation theory, we prove that the behavior of the lifetime computed by means of the Fermi Golden Rule is proportional to the correct one with the factor (_π 3 )_2

. The connection with adiabatic problems is briefly discussed.

1 Introduction

The Wannier-Stark (or Stark-Wannier or Stark-Bloch) problem is actually older than it can be guessed from its name and it has been studied at least since 1934 by Zener [32]. In fact, the existence of metastable states is a consequence of the Zener barriers between the tilted bands produced by an external homogeneous electric field superimposed to a one-dimensional periodic crystal. By means of a natural and simple idea Wannier [30] suggested the restriction of the full operator to the single-band space of the Bloch operator so that bound states displaced on ladders (called Wannier ladders) turn out explicitly. Actually, because the experimental and the theoretical studies were not able to found such bound states in the real problem, some doubts on their very existence was raised [31].

Only in the eighties the existence of metastable states, associated to resonances (hereafter called Wannier-Stark states), for the Wannier-Stark problem was universally accepted because of accurate numerical [4] and analytical studies [2]. Furthermore, experiments on heterostructures gave the first experimental evidence of existence of metastable states (see, for a review, [3]). Maioli and ourselves [16], considering particular models with a finite number of bands, proved the existence of the Stark-Wannier states by means of the Wannier approximation and the regular perturbation theory for weak electric field; it was also given the asymptotics of the width of the resonances by means of the Fermi Golden Rule approximation, i.e. the second perturbation order. The numerical coefficient of the leading term of the width of the resonances is turned out to be^1_2 C^2 with C =^1_3 π for the two bands model with crystal period 2π. The same value of C appears also in old perturbative calculations [20,21,24] and Kane and Blount [22] suggested that this value of C is not the exact one which should be equal to 1. Recently, in the same class of models Buslaev and Dmitrieva [10], using an adiabatic approximation in the x representation, have obtained C = 1.

As a continuation and completion of the paper [16], here we rigorously compute (Theorem 1) the asymptotics of the width of the resonances in two bands models satisfying a technical hypothesis (Hypothesis 2). We use this hypothesis in order to control the error in (15). Actually, without this hypothesis we are in the same condition of Buslaev and Dmitrieva [10] and we cannot improve their result. This hypothesis is verified in some cases (see Remark 2 and 3).

We prove that any term of the convergent perturbation series contributes to give the correct numerical coefficient obtaining

C = 2 ∞∑ n=0 (−1)^nπ^{2n+1} 6^{2n+1}(2n + 1)!

= 2 sin^1_6 π = 1.

Our proof is based on the regular perturbation theory, on previous computations of perturbation integrals obtained by Berry [7] and on the proof that the self-coupling term of the second infinite band is irrelevant at the leading order. In such a way we justify the Fermi Golden Rule for the Wannier-Stark problem with C = 1 instead of C =^1_3 π. Heuristic considerations explaining this result are also discussed in Remarks 6 and 7. In particular, in Remark 6 it is shown that C could be computed by means of the Borel transform of the asymptotic expansion of the eigenfunction obtained by the Adam-Wannier method [8, 9, 19]:

C =^1_3 πF (^1_6 , −^1_6 ; 1; 1) =^1_3 π lim_{β↑1} ∑_∞ n=0 Γ ( n− 16 ) Γ ( n+ 16 ) Γ (_1 6 ) Γ ( − 16 ) (n!)2 β^n.

The above result can be extended to any model with the first n gaps open, n ≥ 1, and the others closed. More precisely, one obtains an upper and a lower bound of the width of the resonances. Upper bound is given by (15) where now ρ_Z(f) is the Agmon length of the Zener barrier created by the n-th tilted gap. As for the lower bound one obtains ln (|ℑE_{j,m}(f)|) ≥ −2 ∑_n ℓ=1 ρ_ℓ(f) where E_{j,m}(f) is the j-th resonance of the m-th ladder, m = 1, 2, ..., n and j ∈ Z, and where ρ_ℓ(f) is the Agmon length of the Zener barrier created by the ℓ-th tilted gap. In order to perform a more detailed analysis one must consider the crossing phenomenon between ladders of resonances as made in [17]. Let us quote a recent paper by Asch and Briet [1] where they give a lower bound of the imaginary part of Stark-Wannier states.

This paper is organized as follows: in Section 2 we discuss the models and we state our main result (Theorem 1); in Section 3 we give the proof of Theorem 1 and in Section 4 we collect some final remarks, in particular we briefly show (Remark 7) that a Wannier-Stark problem can be associated with an adiabatic problem.

2 Models and results

We consider the self-adjoint operator H_f formally defined on L^2(R, dx) as H_f = H_B + fx H_B = − d^2 dx^2

+ V (x) f > 0 (1)

where V (x) is a periodic real-valued function with period T .

We assume that:

Hypothesis 1: The Bloch operator H_B has the first gap open and the others closed:

σ(H_B) = [E^b_1, E^t_1] ∪ [E^b_2, +∞), E^t_1 < E^b_2. (2)

For instance let V (x) be the Lamé potential [12]

V (x) ≡ V (x; t) = 2t^2sn^2 (x; t) , 0 < t < 1, (3) where sn(x; t) is the Jacobian elliptic function with modulus t; the period of V (x; t) is T = 2K(t) where K(t) = ∫_{π/2} 0 dθ √ 1 − t^2 sin^2 θ

. (4)

In such a case we have that

σ(H_B) = [t^2, 1] ∪ [1 + t^2, +∞).

From Hypothesis 1 it follows that V (x) is an analytic function in the strip |ℑx| < λ_0 for some λ_0 > 0 (see Theorem XIII.91d in [28]). Then, the spectrum of H_f is purely absolutely continuous [5]:

σ(H_f ) = σ_{ac}(H_f ) = R. (5)

In order to define resonances we perform the analytic translation [18] x → x + λ, −λ_0 < ℑλ < 0, and we consider the crystal momentum representation of the translated operator (called extended crystal momentum representation or simply ECMR; see, for a review, Appendix I in [17]). In such a representation the Wannier-Stark operator H_f takes the form

H^λ_f = H^{DB,λ}_f + fX^λ. (6)

It acts on H = H_1 ⊕ H_2 where H_1 = L^2(B, dk/L) with periodic boundary condition, B = R/LZ = (−^1_2 L, +^1_2 L] is the Brillouin zone and L = 2π/T , and H_2 = L^2(R, dp); k denotes the crystal momentum (or quasimomentum) variable in the finite band and p denotes the crystal momentum variable in the infinite band (sometimes are both denoted by p for the sake of simplicity).

The operator H^{DB,λ}_f is the decoupled band approximation of H^λ_f and it is defined as:

H^{DB,λ}_f = diag(H_1, H^λ_2 ) (7)

where

H_1 = ifd_k + E_1(k) + fX_{1,1}(k), d_k := d dk (8) and H^λ_2 = ifd_p + E_2(p) + fλ, d_p := d dp . (9)

Here E_1(k) denotes the first band function and E_2(p) the second one. E_1(k) is a periodic function with period L while E_2(p) has the asymptotic behavior E_2(p) = p^2(1 + O(p^{−1})) as p goes to infinity (see Figure 1). They are real-analytic functions and they have branch points of square root type [25] at k_c =^1_2 L + ir_c and k̄_c, r_c > 0:

Λ(k_c) = Λ(k̄_c) = 0, Λ(p) := E_2(p) − E_1(p).

In the following we neglect the intraband term X_{1,1}(k). This attitude is justified because this term can be taken constant by a gauge choice of the first Bloch function and, in particular, it is exactly zero if the crystal is symmetrical (see §II in [16]).

For the sake of definiteness let us assume that the period T is 2π and that the crystal is symmetrical, i.e.:

V (−x) = V (x) = V (x + 2π), ∀x ∈ R. (10)

Figure 1: Graph of the band functions E1(p) and E2(p). At the branch point kc = 1 2 L + irc (and k̄c) the two band functions coincide: E1(kc) = E2(kc) = EG. For the Lamé potential with t = 0.7 we have EG = 1.2245, L = 1.7021 and rc = 0.1434.

The spectrum of H^{DB,λ}_f is given by:

σ(H^{DB,λ}_f ) = {E_j = E_0 + j2πf, j ∈ Z} ∪ {z ∈ C : ℑz = fℑλ} . Indeed, the operator H_1, defined on H_1, has purely discrete spectrum given by the Wannier ladder of real eigenvalues E_j, E_0 = ∫ B E_1(k)dk is the mean value of the first band function, and the operator H^λ_2 , defined on H_2, has purely essential spectrum on the line fλ + R.

Recalling that the term X^λ which couples the two bands is a bounded operator (Theorem 3 in [16]), taking the decoupled band approximation H^{DB,λ}_f as the unperturbed operator and the coupling term X^λ as a bounded perturbation, then we consider the problem of existence and computation of the resonances of H_f in the framework of the regular perturbation theory for f > 0 small enough. In [16] was proved that the resonances of H_f are the discrete eigenvalues of H^λ_f in the strip fℑλ < ℑz < 0 and they consist in one ladder {E_j(f) = E_0(f) + j2πf, j ∈ Z}. Moreover, for f small enough it was obtained E_0(f) by means of the convergent series

E_0(f) = ∞∑ n=0 f^nE^n_0 (f) (11)

where E^0_0 (f) = E_0, E_1(f) = 0 and E^2_0 (f) is such that (see §IV in [16] where we set T = 2π)

ℑE^2_0(f) = −^1_2 C^2f^{−1}e^{−2ρZ (f)} ( 1 + O(f^{2/3}) ) as f → 0 (12)

with C =^1_3 π. ρ_Z(f) is the Agmon length of the Zener barrier between the two bands created by the tilted gap:

ρ_Z(f) = − i f ∫_{kc} ℜk_c Λ(p)dp = − i 2f ∮ C E(p)dp = 1 f ∫ gap |ℑp(E)|dE = ∫ barrier |ℑp(E^t_1 − fx)|dx, C is the clockwise regular contour around the cut directly linking the two branch points k_c and k̄_c, E(p) is the energy function defined by E(0) = E_1(0) on the Riemann sheet with the above cut and p(E) = E^{−1}(E). Let us stress that ρ_Z(f) can be computed in terms of the periodic potential V ; indeed, let ⟨V ⟩ be the mean value of the periodic potential, then from formula (2.12) in [26] it follows that

ρ_Z(f) = 1 f ∫ gap |ℑp(E)|dE = 1 8f ∫_{2π} 0 [V (x) − ⟨V ⟩]^2dx. (13)

From (12) and from the Fermi Golden Rule we stated in [17] the conjecture that the imaginary part of the resonance E_0(f) has asymptotic behavior given by (12) (multiplied by f^2) for some value of the positive constant C.

We stress that, although the validity of the Fermi Golden Rule has been proved for the case of the Auger states in helium [28], its validity for the Wannier-Stark problem is not evident. Indeed, in the Auger case we have a quadratic behavior of the width of resonances with respect to the perturbative parameter and so higher order terms cannot contribute to the leading behavior. In contrast, in the Wannier-Stark case we expect an exponentially small width and so the dominance of the second term does not immediately follow. In fact, each term E^n_0 (f) of the Rayleigh-Schrödinger series contributes to the leading term of the imaginary part of the resonance.

The main result of this paper consists in proving the above conjecture. In order to do this let us define here the anti-Stokes lines starting from k̄_c as: ℑ [S(p)] = 0, S(p) := ∫_p k̄_c Λ(τ)dτ. (14)

The angles between the real axis and the limit directions of the anti-Stokes lines at k̄_c are^1_6 π,^5_6 π and −^1_2 π because Λ(p) has a square root branch point at k̄_c and it is a real and positive function when restricted to p =^1_2 + ir, −r_c < r < +r_c [13].

We assume that:

Hypothesis 2: The two anti-Stokes lines starting from k̄_c with directions 1 6 π and^5_6 π belong to S_0 ∪ {k̄_c} where S_δ denotes the complex strip {p ∈ C : |ℑp| < r_c − δ}. Let us stress that one can check the validity of this hypothesis for a class of models (see Remarks 2 and 3).

We note that Λ(p) is real and positive for real p and that Λ(p) ∼ p^2 as p goes to infinity in the strip S_0, so the above two anti-Stokes lines approach the real axis at infinity.

We have that:

Theorem 1: Let V (x) be an even and periodic function with period T = 2π satisfying Hypotheses 1 and 2. Then, for f small enough we have that:

ℑE_0(f) = −^1_2 fe^{−2ρZ (f)} (1 + o(1)) , as f → 0 (15)

where

ρ_Z(f) = 1 8f ∫_{2π} 0 [V (x) − ⟨V ⟩]^2dx. (16)

The proof of the Theorem will be given in the next section and it is split in several steps which we briefly explain now.

In Lemma 1, by means of the regular perturbation theory, we give the asymptotic behavior of the eigenvector ζ^λ = (ϕ, χ^λ) of H^λ_f associated to E_0(f) as f goes to zero.

In Lemma 2 we give an explicit formula (equation (43) of the imaginary part of the resonance E_0(f). It is obtained choosing ω = (ϕ, 0) as a test vector in (46) (usual Rayleigh-Schrödinger formula is computed with the choice of the unperturbed eigenvector ζ_0 = (ϕ_0, 0) as a test one) and using the results of appendix II in [17].

In Lemma 3, substituting in (43) the convergent perturbation series of the eigenvector, proving that the intraband coupling term X^λ_{2,2} does not affect the leading term of the imaginary part of the resonance and using the explicit expression of the resolvent operator of the decoupled band approximation (where we can take into account only the most singular term of the kernel), we compute the contribution to the imaginary part of the resonances of any perturbative term. In such a way it turns out that all these terms have the same exponential and power behavior and an explicit expression is obtained using a computation performed by Berry in a different problem [7]. Finally, the numerical coefficient of the leading term of the imaginary part of the resonance is computed obtaining so (15).

3 Proof of Theorem 1

In order to prove Theorem 1 let us collect some results on the coupling term

X^λ = ( 0 X^λ_{1,2} X^λ_{2,1} X^λ_{2,2} ) . (17)

The term X^λ_{2,1} acts from H_1 to H_2 as ( X^λ_{2,1}ξ ) (p) = e^{ipλ}X(p) ~ξ(p), ξ ∈ H_1 (18) where ~ξ is the periodical extension of ξ on R (in the following, for the sake of simplicity, let us denote both by ξ), and X^λ_{1,2} acts from H_2 to H_1 as ( X^λ_{1,2}η ) (k) = ∑ L∈Z e^{−i(k+L)λ}X̄(k + L)η(k + L), η ∈ H_2. (19)

The function X(p) is defined as

X(p) = i⟨d_pw^p_1, w^p_2⟩_K = i ∑ K∈Z dw^p_1(K) dp w^p_2(K), K = ℓ^2(Z) (20) where φ_j(x, p) = e^{ipx}u_j(x, p), j = 1, 2, are the Bloch functions associated to the band functions, u_j (x, p) are periodic functions with respect to x with period 2π and w^p_j = {w^p_j (K)} ∈ ℓ^2(Z) where w^p_j (K) are the Fourier coefficients of u_j(x, p). We recall that u_1(x, p) is a periodic function with respect to p with period 1 and that u_2(x, p) admits the asymptotic behaviors (see (II.6) in [16]):

u_2(x, p) = 1 + O(p^{−1}) and ∂u_2(x, p) ∂p = O(p^{−2}) (21)

as p goes to infinity. Moreover, when the periodic potential is an even function

E_j(−p) = E_j (p), E_j (p) = E_j(p̄), j = 1, 2 (22) and φ_j(x, p) = φ_j(−x, p) = φ_j(x, −p), j = 1, 2 (23) and so X(p) = −X(p). (24) The Bloch functions are analytic functions in the complex plane with branch point singularities of order −^1_4 at the branch points k_c and k̄_c. From this, (20) and (23) it follows that X(p) is an analytic function in the complex plane with simple poles at k_c and k̄_c (see (A.40) in [17]) and branch point singularities of order −^1_4 at k_c + L and k̄_c + L for any L ∈ Z\{0}. Moreover, it has the following exponentially decreasing behavior as p goes to infinity (see Lemma 1 and Remark 5 in [16]): for any ϵ > 0 there exists c_ϵ > 0 such that |X(p)| ≤ c_ϵ|p| exp[−(λ_0 − ϵ)|p|] ∀p ∈ R. (25) Let us stress that this behavior can be easily extended to any strip S_δ, for δ > 0 fixed, using the same arguments in [16] and from the boundedness of the Fourier coefficients w^p_j (K) in S_δ.

The intraband term X^λ_{2,2}, which couples the infinite second band with itself, acts on H_2 as ( X^λ_{2,2}η ) (p) = ∑ L∈Z\{0} e^{−iLλ}X^L_{2,2}(p)η(p + L), η ∈ H_2 (26) where the function X^L_{2,2}(p) is defined as

X^L_{2,2}(p) = i⟨d_pw^{p+L}_2 , T_Lw^p_2⟩_K, (T_La)(K) = a(K + L), a = {a(K)}.

Therefore, X^L_{2,2}(p) is an analytic function in the complex plane with branch point singularities of order −^1_4 at k_c and k̄_c and branch point singularities of order −^5_4 at k_c − L and k̄_c − L. Moreover, it has the following exponentially decreasing behavior as L goes to infinity: for any ϵ > 0 there exists c_ϵ > 0 independent of L such that |X^L_{2,2}(p)| ≤ c_ϵ|L| ( 1 + |p|^{−2} ) exp[−(λ_0 − ϵ)L] ∀p ∈ R, ∀L ∈ Z, (27)

which can be extended to any S_δ as for X(p).

Now, let R^λ(z, f) = ( R^λ_1 (z, f) S^λ(z, f) T^λ(z, f) R^λ_2 (z, f) ) , ℑz > fℑλ (28) be the resolvent operator of H^λ_f defined on H where:

R^λ_1 (z, f) = [ H_1 − z − fF^λ(z) ]_{−1} (29) T^λ(z, f) = − [ H^λ_2 + fX^λ_{2,2} − z ]_{−1} fX^λ_{2,1}R^λ_1 (z, f) (30)

F^λ(z) = X^λ_{1,2}f [ H^λ_2 + fX^λ_{2,2} − z ]_{−1} X^λ_{2,1}. (31)

Let Σ be the clockwise contour surrounding E_0 with radius given by min (fπ, f^1_2 |ℑλ|). From the norm bound (Lemma 10 in [16]) ‖ ‖ ‖F^λ(z) [H_1 − z]^{−1} ‖ ‖ ‖_{L(H1)} ≤ c, (32)

for some c > 0 independent of f and z ∈ Σ for f small enough, we have that the geometric series

R^λ_1 (z, f) = [H_1 − z]^{−1} ∞∑ n=0 f^n [ F^λ(z) [H_1 − z]^{−1} ]_n (33)

is uniformly convergent for any z ∈ Σ for f small enough. Therefore, the resolvent operator R^λ(z, f) is uniformly norm bounded (Theorem 9 in [16]) on Σ and, from the Kato-Rellich stability theorem, there exists one discrete eigenvalue E_0(f) of H^λ_f in the strip fℑλ < ℑz < 0 (i.e. a resonance of H_f ) with associated eigenvector ζ^λ = (ϕ^λ, χ^λ) ∈ H given by:

ϕ^λ = − 1 2πi ∮ Σ R^λ_1 (z, f)ϕ_0dz, χ^λ = − 1 2πi ∮ Σ T^λ(z, f)ϕ_0dz (34)

where ζ_0 = (ϕ_0, 0) ∈ H, ϕ_0(k, f) = e^{if} ∫_{k (E1(τ)−E0)} dτ , is the unperturbed eigenvector of H^{DB,λ}_f associated to E_0. Let us stress that ϕ^λ is actually independent of λ. This follows from (25) and because F^λ(z) is independent of λ (see App. II in [17]) for any z such that ℑz > fℑλ. Hence, ϕ^λ will be simply denoted by ϕ in the following.

From (33) and (34) we obtain the convergent perturbation series for the eigenvector ζ^λ. In order to give an asymptotic behavior for ζ^λ we rewrite the perturbation series extracting the exponential term ϕ_0.

Let us write [ H_1 − z − fF^λ(z) ]_{−1} ϕ_0 = Φ_0 [ ~H_1 − z − f ~F^λ(z) ]_{−1} e_1, (35)

where e_1(k) ≡ 1, Φ_0 is the multiplication operator defined by ϕ_0(k, f) and

~F^λ(z) = X^λ_{1,2}f [ ~H^λ_2 + fX^λ_{2,2} − z ]_{−1} X^λ_{2,1}, (36)

~H_1 = ifd_k + E_0, ~H^λ_2 = ifd_p + Λ(p) + E_0 + fλ. (37)

Hence, we obtain

ϕ = Φ_0ν and χ^λ = Φ_0η^λ

where:

Lemma 1: For any k ∈ B and p ∈ R it follows that:

ν(k, f) = 1 + O(f) and η^λ(p, f) = O(f) as f → 0. (38)

Proof: From (34) and (35) we have

ν = − 1 2πi ∮ Σ [ ~H_1 − z − f ~F^λ(z) ]_{−1} e_1dz where the geometric series for ν(k, f), obtained from (32) and (33) adapted to ~F^λ(z) and [ ~H_1 − z]^{−1}, converges for small f and any real k obtaining so

ν(k, f) = 1 + O(f) as f → 0.

We consider now the asymptotic behavior of η^λ as f goes to zero. From (III.22) in [16] it follows that for any ℑz > fℑλ the geometric series [ ~H^λ_2 + fX^λ_{2,2} − z ]_{−1} = [ ~H^λ_2 − z ]_{−1}^∞∑ m=0 ( −fX^λ_{2,2} [ ~H^λ_2 − z ]_{−1})m (39)

is norm convergent for f small enough. Therefore, as f goes to zero we obtain that

η^λ = − [ ~H^λ_2 − E_0 ]_{−1} fX^λ_{2,1}e_1 (1 + O(f)) , (40)

that is η^λ(p, f) = −ie^{ipλ} ∫_{+∞} p e^{if} ∫_p q Λ(τ)dτ X(q)dq (1 + O(f)) . (41)

The asymptotic behavior of (41) for small f is given by two contributions: one given by the endpoint of integration p and the other one given by the saddle point coinciding with the branch point k̄_c where X(q) has a simple pole with residue −^1_4 (see, for instance, [15]). Therefore: η^λ(p, f) = [ f X(p) Λ(p) − i π 3 e^{− if} ∫_p ¯_{kc} Λ(τ)dτ ] e^{ipλ} (1 + O(f)) = O(f) (42)

as f goes to zero and for any real p because the contribution given by the saddle point is negligible with respect to the other one. △

We give now the following Lemma:

Lemma 2: The imaginary part of the resonance E_0(f) is given by:

ℑE_0(f) = − 1 2 f | | | ∫ R [ψ(p, f)]^{−1}v(p, f)dp | | | 2 (1 + O(f)) as f → 0 (43)

where

ψ(p, f) = exp [ i f ∫_p 0 Λ(τ)dτ ] (44) and v = [ 1 + (fX_{2,2} + ℜE_0(f) − E_0) [ ~H_2 − (E_0 − i0^+) ]_{−1}]−1 X_{2,1}ν. (45)

Proof: Let ω = (ϕ, 0) ∈ H, then

E_0(f) = ⟨H^λ_f ζ^λ, ω⟩_H ⟨ζ^λ, ω⟩_H = ⟨H_1ϕ, ϕ⟩_{H1} ⟨ϕ, ϕ⟩_{H1} + f ⟨X^λ_{1,2}χ^λ, ϕ⟩_{H1} ⟨ϕ, ϕ⟩_{H1} . (46)

Recalling that H_1 is symmetrical and χ^λ = − [ H^λ_2 + fX^λ_{2,2} − E_0(f) ]_{−1} fX^λ_{2,1}ϕ because ζ^λ = (ϕ, χ^λ) satisfies [H^λ_f − E_0(f)]ζ^λ = 0, we obtain:

ℑE_0(f) = − f ⟨ϕ, ϕ⟩_{H1} ℑ⟨F^λ(E_0(f))ϕ, ϕ⟩_{H1} (47) = − f ⟨ν, ν⟩_{H1} ℑ⟨ ~F^λ(E_0(f))ν, ν⟩_{H1} (48)

where

⟨ν, ν⟩_{H1} = 1 + O(f) as f → 0 (49)

from Lemma 1. Now, from the first resolvent formula (see (I.5.5) in [23]) it follows that ℑE_0(f) = −f ℑ⟨ ~F^λ(ℜE_0(f))ν, ν⟩_{H1} ⟨ν, ν⟩_{H1} (1 + f^2ℜμ)

(50)

where

μ = ⟨X^λ_{1,2} [ ~H^λ_2 + fX^λ_{2,2} − E_0(f) ]_{−1} [ ~H^λ_2 + fX^λ_{2,2} − ℜE_0(f) ]_{−1} X^λ_{2,1}ν, ν⟩_{H1} . Because E_0(f) = E_0 + O(f^2), ℜE_0(f) = E_0 + O(f^2), (38) and using the same arguments we used to obtain (42) then it follows that |μ| ≤ c for some c > 0 and any f small enough. Hence:

ℑE_0(f) = −fℑ⟨ ~F^λ(ℜE_0(f))ν, ν⟩_{H1} (1 + O(f)) (51)

for small f. Recalling now that ~F^λ(ℜE_0(f)) is independent of λ and denoting

~F^+ = lim λ→0, ℑλ<0 ~F^λ(ℜE_0(f)) = ~F^0(ℜE_0(f) + i0^+)

= X_{1,2}f [ ~H_2 + fX_{2,2} − (ℜE_0(f) + i0^+) ]_{−1} X_{2,1} and ~F^− = ~F^0(ℜE_0(f) − i0^+) the adjoint of ~F^+ then we obtain

ℑ⟨ ~F^λ(ℜE_0(f))ν, ν⟩_{H1} = ℑ⟨ ~F^+ν, ν⟩_{H1} = 1 2i ⟨( ~F^+ − ~F^− ) ν, ν ⟩ H1 . Let us notice that ~F^0(z ± i0^+), for z real, is a bounded operator on H_1 because (25). Now, let [ ~H_2 + fX_{2,2} − (ℜE_0(f) ± i0^+) ]_{−1} = [ ~H_2 − (E_0 ± i0^+) ]_{−1} A^±, where

A^± = [ 1 + A [ ~H_2 − (E_0 ± i0^+) ]_{−1}]−1 , A = fX_{2,2} − ℜE_0(f) + E_0,

and, let T = [ ~H_2 − (E_0 + i0^+) ]_{−1} − [ ~H_2 − (E_0 − i0^+) ]_{−1} . (52)

From the second resolvent formula we obtain:

A^+ − A^− = A^+AT A^−, ~F^+ − ~F^− = X_{1,2}fW T A^−X_{2,1}

where

W = 1 − [ ~H_2 + fX_{2,2} − (ℜE_0(f) + i0^+) ]_{−1} A. Hence:

ℑ⟨ ~F^+ν, ν⟩_{H1} = 1 2f ∫ R [ψ(p, f)]^{−1}v(p, f)dp · ⟨X_{1,2}fW ψ, ν⟩_{H1} = 1 2 ∫ R [ψ(p, f)]^{−1}v(p, f)dp · ∫ R ψ(p, f)ū(p, f)dp from (A.35) in [17] and where v = A^−X_{2,1}ν, ψ(p, f) = exp [_i f ∫_p 0 Λ(τ)dτ ] and

u = ( 1 − A [ ~H_2 + fX_{2,2} − (ℜE_0(f) − i0^+) ]_{−1}) X_{2,1}ν = A^−X_{2,1}ν = v.

It finally follows (43) because ψ̄(p) = ψ^{−1}(p) for real p. △

Now, we are ready to prove Theorem 1. To this end we perform the asymptotic computation of the integral in (43) using the stationary phase method where the stationary phase point coincides with the branch point k̄_c.

Now, let:

ℑE_0(f) = −^1_2 f|I(f)|^2e^{−2ρZ (f)} (1 + O(f)) (53) where I(f) = e^{ρZ (f)} ∫ R [ψ(p, f)]^{−1}v(p, f)dp = ∫ R e^{− if} ∫_p ¯_{kc} Λ(τ)dτ v(p, f)dp. (54) By means of the norm convergent geometric series (33) adapted to [ ~H_1 −z − f ~F^λ(z)]^{−1} we obtain the following uniformly convergent series for f small enough: I(f) = +∞∑ n=0 I_n(f), I_n(f) = f^n ∫ R e^{− if} ∫_p ¯_{kc} Λ(τ)dτ v n(p, f)dp (55) where v_n is the analytic function in the strip S_0 given by v_n = A^−X_{2,1}ν_n and

ν_n = − 1 2πi ∮ Σ [ ~H_1 − z]^{−1} [ ~F^λ(z)[ ~H_1 − z]^{−1} ]_n e_1dz.

Figure 2: The path γ (full line) is along the anti-Stokes lines (broken lines) up to a small

neighborhood of the branch point k̄c where here it is indented.

We prove the following result:

Lemma 3: Let I_n(f) be the integral (55) obtained from (54) where we replace v(p, f) with the n−th perturbation term. Then:

I_n(f) = 2i

(−1)^nπ^{2n+1} (2n + 1)!6^{2n+1}

+ O(f^{2/3}) as f → 0.

Proof: We change the path of integration in I_n with the path γ along the two anti-Stokes lines and indented in a f−neighborhood (that is a neighborhood small for f small) of k̄_c (see Figure 2). From Hypothesis 2 and the Cauchy Theorem we obtain that:

I_n(f) = f^n ∫ γ e^{− if} ∫_p ¯_{kc} Λ(τ)dτ v n(p, f)dp. (56) Now, we put in evidence the most singular behavior of each term v_n(p, f) for p near k̄_c. To this end let us recall that the resolvent operator [ ~H_1 − z ]_{−1} acts on ξ ∈ H_1 as [23]: ([ ~H_1 − z ]_{−1} ξ ) (k) = 1 ifρ {∫ B F_1(k, ρ, t)ξ(t)dt + ∫_k 0 F_2(k, ρ, t)ξ(t)dt }

where ρ = E_0 − z if , F_1(k, ρ, t) = ρ 1 − e^{−ρ} e^{ρ(t−k)}, F_2(k, ρ, t) = ρe^{ρ(t−k)}. From this and from the Cauchy residue theorem it follows that:

ν_n(k, f) = − 1 2πi ∮ Σ (K^n(ρ)e_1) (k) dz (E_0 − z)^{n+1}

(57) = 1 i^nf^nn! d^n dρ^n [K^n(ρ)e_1]_{ρ=0} (k)

where K(ρ) = K_1(ρ) + K_2(ρ) is the integral operator defined as:

(K_1(ρ)ξ) (k) = ∫ B F_1(k, ρ, k_1) ( ~F^λ(z)ξ ) (k_1)dk_1, ξ ∈ H_1 and

(K_2(ρ)ξ) (k) = ∫_k 0 F_2(k, ρ, k_1) ( ~F^λ(z)ξ ) (k_1)dk_1, ξ ∈ H_1.

Now, (K_1(0)ξ) (k) (and its derivatives with respect to ρ) is independent of k and moreover, if ξ ∈ H_1 is a test vector independent of f, we have that:

K_1(0)ξ = f ∫ B ( X_{1,2} [ ~H_2 + fX_{2,2} − (E_0 + i0^+) ]_{−1} X_{2,1}ξ ) (k_1)dk_1 = −f ∫ R |X(p)|^2 Λ(p) ξ(p)dp + O(f^2) as f → 0.

On the other side, we have that K_2(0) = 0 and that the derivatives of (K_2(0)ξ) (k), with respect to ρ, are actually dependent on k and they become singular at k̄_c. Thus, we obtain that as f goes to zero

ν_n(k, f) = 1 i^nf^n ([ dK_2(0) dρ ]_n e_1 ) (1 + O(f)) = 1 i^nf^n [(_n ∏ m=1 ∫_{km}�_1 0 ~F^0(E_0 + i0^+)dk_m ) e_1 ] (1 + O(f)) where k_0 = k, since K_2(0) = 0 and ~F^λ(E_0) = ~F^0(E_0 + i0^+) is independent of λ. Hence:

I_n(f) = ∫ γ e^{− if} ∫_p ¯_{kc} Λ(τ)dτ u

n(p, f)dp + O(f) as f → 0 (58)

where

u_n = (−i)^nA^−X_{2,1} [(_n ∏ m=1 ∫_{km}�_1 0 ~F^0(E_0 + i0^+)dk_m ) e_1 ] . (59)

Now, in order to asymptotically evaluate the leading term of each integral (58), we show that the intraband term X^λ_{2,2} can be neglected and that the term A^− can be replaced with the identity operator. To this end we introduce the (semiclassical action) variable s(p) = 1 f ∫_p k̄_c Λ(τ)dτ = 2c 3f [p − k̄_c]^{3/2} ( 1 + O(p − k̄_c) ) , (60)

where c = |c|e^{−i π4} because Λ(p) = c[p − k̄_c]^{1/2} ( 1 + O(p − k̄_c) ) and it is a positive real function for p =^1_2 + ir, −r_c < r < r_c [13]. Then it appears that a singular term in u_n(p, f) of the type (p−k̄_c)^{−α} gives a contribution to (58) of order f^{− 23 α}. By means of this argument we can prove that the term A^− in (59) and the intraband term X_{2,2} do not contribute to the leading term of I_n.

Indeed, let us consider the geometric series

A^− = +∞∑ m=0 ( −A[ ~H_2 − (E_0 + i0^+)]^{−1} )_m (61)

and (39) for z = E_0 and λ = −i0^+, that is:

[ ~H_2 + fX_{2,2} − (E_0 + i0^+)]^{−1} = = [ ~H_2 − (E_0 + i0^+)]^{−1} ∑_{+∞} m=0 ( −fX_{2,2}[ ~H_2 − (E_0 + i0^+)]^{−1}

)_m (62)

which are both norm convergent for f small enough from (25) and (III.22) in [16]. We formally compute now the contribution to I_n of each term of the series (62) when substituted in (59).

The zero-th order term of (62) gives a contribution to I_n of order f^{−2/3}; this follows from (19) and because X(p) has a simple pole at k̄_c and X(p + L) has a branch point singularity of order −^1_4 at k̄_c.

The first order term of (62) gives a contribution to I_n of order f^{5/6} which is negligible with respect to the previous one. Indeed, let ξ be a test vector independent of f, then we have that the first order term of ~F^0(E_0 + i0^+)ξ is given by

X_{1,2}f[ ~H_2 − (E_0 + i0^+)]^{−1}θ (63)

where θ(p, f) = −f [ X_{2,2}[ ~H_2 − (E_0 + i0^+)]^{−1}X_{2,1}ξ ] (p) (64)

has a branch point singularity of order −^1_4 at k̄_c because the sum in (25) is taken for L ≠ 0.

The second order term of ~F^0(E_0 + i0^+)ξ is given by (63) where now

θ(p, f) = [( fX_{2,2}[ ~H_2 − (E_0 + i0^+)]^{−1}

)_2 X_{2,1}ξ ] (p) (65) = − ∑ M,L≠0 X^L_{2,2}(p) ∫_{+∞} p+L e^{if} ∫_{p+L} q Λ(τ)dτ X M 2,2(q)dq · · ∫_{+∞} q+M e^{if} ∫_{q+M} r Λ(τ)dτ X(r)ξ(r)dr. By the change of variable q → q −L and because the largest singular term is given for M = −L, where X^{−L}_{2,2} (q + L) has a branch point singularity q = k̄_c of order −^5_4 , we obtain that the leading term of (65) for p near k̄_c is given by:

θ(p, f) ∼ − ∑ M≠0 X^{−M}_{2,2} (p) ∫_{+∞} p e^{if} ∫_p�_M q�M^{Λ(τ)}d^τ X^M_{2,2}(q − M)dq ·

· ∫_{+∞} q e^{if} ∫_q r Λ(τ)dτ X(r)ξ(r)dr.

where Λ(q − M) ≠ 0 for q near k̄_c since M ≠ 0. Thus, the contribution of the second order term to I_n is of order f^0.

In the same way one can prove that the m−th order term of (62), for m ≥ 2, formally gives a contribution to I_n of order f^β for some β ≥ 0. Hence:

I_n(f) = ∫ γ e^{−is(p)}w_n(p, f)dp + O(f^{2/3}) (66) as f goes to zero, where

w_n = (−i)^nA^−X_{2,1} [(_n ∏ m=1 ∫_{km}�_1 0 X_{1,2}f[ ~H_2 − (E_0 + i0^+)]^{−1}X_{2,1}dk_m ) e_1 ] . In the same way, from (11) and (61), we have that we can replace in each I_n the operator A^− with the identity operator up to an error O(f^{2/3}), that is:

I_n(f) = ∫ γ e^{−is(p)}z_n(p, f)dp + O(f^{2/3}) as f goes to zero, where

z_n = (−i)^nX_{2,1} [(_n ∏ m=1 ∫_{km}�_1 0 X_{1,2}f[ ~H_2 − (E_0 + i0^+)]^{−1}X_{2,1}dk_m ) e_1 ]

= X_{2,1} n∏ m=1 ∫_{km}�_1 0 X̄(p_m)e^{is(p}m^)dp_m ∫_{+∞} p_m X(k_m)e^{−is(km)}dk_m. In the new variable s the above integral I_n(f) takes the form

I_n(f) = ( 3f 2c )_{2/3} ∫ γ_s e^{−is} s^{1/3} z_n[p(s), f]ds + O(f^{2/3})

where γ_s is the path, starting from −∞, clockwise surrounding the origin in the upper complex half-plane and then going to +∞. Then, recalling that the residue of X(p) at k̄_c is −^1_4 and that X̄(p) = −X(p) we obtain:

I_n(f) =

(−1)^{n+1} 6^{2n+1} ∫ R e^{−is0} s_0 + i0^+ ds_0 · · n∏ m=1 ∫_{sm}�_1 −∞ e^{irm} r_m + i0^+ dr_m ∫_{+∞} r_m e^{−ism} s_m + i0^+ ds_m + O(f^{2/3}).

Then, from formula (19) in Berry [7] we finally have I_n(f) = −2πi (−1)^{n+1}π^{2n} (2n + 1)!6^{2n+1}

+ O(f^{2/3}) as f → 0 (67) proving so Lemma 3. △

Finally, recalling that the series (55) is uniformly convergent with respect to f for f small enough, we have that:

lim_{f↓0} I(f) = ∞∑ n=0 lim_{f↓0} I_n(f)

= 2i ∞∑ n=0 (−1)^nπ^{2n+1} 6^{2n+1}(2n + 1)!

= 2i sin^1_6 π = i (68)

proving so Theorem 1.

4 Remarks

Remark 1: The same question about the numerical pre-factor^1_3 π appears also in adiabatic problems and it was clearly understood by Berry [8] and rigorously solved in certain cases [9,19]. Moreover, a summation phenomenon which gives the correct numerical pre-factor was already observed for the computation of the reflection coefficient above an analytic barrier [6].

Remark 2: It is easy to show that Hypothesis 2 is satisfied for the class of Lamé potentials (3) with t near 1. Indeed, in the limit t ↑ 1 one obtains the explicitly solvable problem with potential V (x) = 2 − 2cosh^{−2}(x) (see [14]) and boundary conditions given by the Sommerfeld and anti-Sommerfeld rule at plus and minus infinity respectively. Then the relation between the energy and the crystal momentum p is given by the conditions at infinity. The second band function is exactly E_2(p) = 2 + p^2 and the first band function takes the constant value E_1(k) ≡ 1. Let z = (p − k̄_c) and

S_t(z) = ∫_p k̄_c Λ(τ)dτ where Λ is the difference between the two band functions. The limit function S_1(z) =^1_3 (z^3 − 3iz^2) has imaginary part ℑS_1(z) = −z^2 < 0 for z real and different from zero, so that we expect ℑS_t < 0 for any z ∈ R − {0} and 1 − t small. In order to prove this we should consider the possible non uniformity

Figure 3: Anti-Stokes lines in the p complex plane for the Lamé potential with t = 0.7

of the t ↑ 1 limit at z = ∞ and at z = 0. For what concern the large z regime we actually have uniformity of the limit since the infinite band E_2(p) has the free behavior E_2(p) ∼ p^2 for p large independently of t, and E_1(p) is bounded with E_1(p) ∼ +1. For small z the non uniformity of the limit does not destroy the result. Indeed, let us consider the holomorphic function S^2_t (z); for real z ≠ 0 and small enough we have:

ℜS^2_t (z) = −a_tz^3 − b_tz^4 + O(z^5) < 0

because a_t > 0, a_t → 0 and b_t → 1 as t ↑ 1. Then it implies ℑS_t(z) ≠ 0, and so ℑS_t(z) < 0 by continuity.

Remark 3: For the class of Lamé potentials (3) with any t ∈ (0, 1) the two band functions E_1 and E_2 are given by

E_{1,2}(p) = t^2 + dn^2 [ Z^{−1} (−ip + iπ/2K(t); t); t ] (69) where dn(x; t) is an Jacobian elliptic function and Z^{−1} is the inverse (multivalued) function of the Jacobian Zeta function [29]. Then one can numerically compute the two anti-Stokes lines (see for instance Figure 3). From this we obtain the numerical evidence of Hypothesis 2 for any t.

Remark 4: By assuming the relation |ℑE_0(f)| =^1_2 fνp, where ν = L^{−1} = 1 is the frequency of the periodic motion in the band (see §119 [27]), from Theorem 1 follows the probability transition p between the two bands:

p ∼ e^{−2ρZ (f)} as f → 0 in agreement with the conjecture of Kane and Blount [22].

Remark 5: In [17] is discussed the crossing-anticrossing phenomenon of Wannier-Stark resonances under the conjecture that (15) holds for some numerical coefficient. Since Theorem 1 this assumption is justified.

Remark 6: From Lemma 3 and its proof (see in particular equation (66)) it follows that the intraband term X_{2,2} does not contribute to the leading term of the imaginary part of the resonances. So that, it turns out:

ℑE_0(f) ∼ −^1_2 f|Î(f)|^2e^{−2ρZ (f)}

for small f where now Î(f) is given by

Î(f) = ∫ R e^{− if} ∫_p ¯_{kc} Λ(τ)dτ (X

2,1ν̂) (p, f)dp (70)

where (ν̂, μ̂) is the solution of: { ifν̂^′ + E_0ν̂ + fX(p)μ̂ = E_0(f)ν̂ ifμ̂^′ + Λ(p)μ̂ + E_0μ̂ + fX̄(p)ν̂ = E_0(f)μ̂

with asymptotic condition ν̂(p, f) = 1 + O(f) and μ̂(p, f) = O(f), for real p and as f goes to zero, from Lemma 1. In the limit f → 0, p → k̄_c and the (semiclassical action) variable s(p) = S(p)/f finite, the above system takes the form (see Joye [19]): { iν̂^′_s +^i_{6s}μ̂ = 0 iμ̂^′_s − iμ̂ −^i_{6s}ν̂ = 0

(71) because (20), X(p) has residue −^1_4 at k̄_c and E_0(f) = E_0 + O(f^2). We finally obtain the following equation for ν̂(s): ν̂^{′′}_{ss} + ( 1 s − i ) ν̂^′_s − a^2 s^2 ν̂ = 0 a =^1_6 (72)

with the asymptotic condition ν̂(+i∞) = 1. Let ν̂(s) = s^aw(is) and t = is, then (72) becomes:

tw^{′′}(t) + (c − t)w^′(t) − aw(t) = 0, c = 2a + 1 =^4_3 (73)

where solutions of this equation are the confluent hypergeometric functions (see §6 in [11]) and in particular, from the asymptotic condition at s = +i∞, we obtain the solution of (72)

ν̂(s) = (is)^{1/6}Ψ(^1_6 ,^4_3 ; is) ∼ ∑_∞ n=0(−is)^{−n}ν̂_n, ν̂_n =^Γ ( n− 16 ) Γ ( n+ 16 ) Γ (_1 6 ) Γ ( − 16 ) n! (74)

as s goes to infinity (see (d.16) in [27]) where Ψ(a, c; z) is the second confluent hypergeometric function. We stress that the asymptotic expansion (74) can be also obtained using the super-adiabatic expansion as in Berry [8] or using the Adams-Wannier expansion (see §II.2 in [17]).

Now, in order to compute the integral (70) we change the path of integration with the path γ along the two anti-Stokes lines and indented in a neighborhood of k̄_c. Thus, in the (semiclassical action) variable and by means of the two bands approximation we obtain: Î(f) ∼ 1 6 ∫_{+∞−i0}+ −∞−i0+ e^{−is}ν̂(s) ds s (75)

for small f. Substituting (74) in the above integral, from the change of variable t = is, and using formulas (10) in §6.10 [11], (14) in §2.1.3 [11] and (8) in §1.2 [11] we obtain:

Î(f) ∼ i^{1/6} 1 6 ∫_{+∞−i0}+ −∞−i0+ e^{−is}s^{−5/6}Ψ(^1_6 ,^4_3 ; is)ds = π 3 1 2π ∫_0+_{+i∞} 0+−i∞ e^{−t}t^{−5/6}Ψ(^1_6 ,^4_3 ; t)dt = i^π_3 lim_{β↑1} ∑_∞ n=0 ~νn_{n!} βn = i π 3 F (_1 6 , −^1_6 ; 1; 1 ) = 2i sin π/6 = i for small f, in agreement with (68).

We stress that the regular perturbation theory gives the value of the numerical coefficient by means of the convergent series of the sine function (68) while the Adams-Wannier asymptotic expansion gives the same numerical coefficient by means of the Borel transform.

Remark 7: Following Berry [8,9] one can associate the two bands approximation [22] of an usual Wannier Stark-problem (with, say, all the gaps open) with a 2 levels periodic adiabatic problem and heuristically compute the probability transition during one period. The two bands approximation takes the form:

ifa^′ = ( E_1 fX fX̄ E_2 ) a, a = ( a_1 a_2 ) (76)

where E_1(k) and E_2(k) are the first two band functions defined in the Brillouin zone B and where X̄(k) = −X(k) is purely imaginary for real k. For small f, this problem is similar to an usual adiabatic 2 levels problem, as Blount and Kane [22] already pointed out, but where the off-diagonal terms in (76) are dependent on f and singular at the branch points k_c and k̄_c. Let a_1 = Ua, where U = exp [_i 2f ∫_k [E_1(τ) + E_2(τ)]dτ ] 1, then (76) takes the form

ifa^′_1 = ( −^1_2 Λσ_3 + ifXσ_2 ) a_1 (77)

where σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) and σ_3 = ( 1 0 0 −1 ) are the

Pauli matrices. Now, by the further unitary transformation a_0 = Va_1, V = exp[−iθσ_2] where θ is such that θ^′ = iX, (77) becomes

ifa^′_0 = −^1_2 Λ [cos(2θ)σ_3 + sin(2θ)σ_1] a_0 (78)

Let us notice that θ(k) = θ(k+1) because the mean value of X(k) is zero (for a symmetrical crystal). In such a way we have led the two bands approximation Wannier-Stark problem (76) to an usual analytic adiabatic multiple crossing (one for each period) problem (78). The transition between the two levels ±^1_2 Λ(k) occurs in an interval with center^1_2 , where the distance between the levels takes the minimum value, and amplitude (see [8])

Δk = O( √ f), as f → 0. (79)

Thus, in one period the transition between the two levels is essentially completed and one obtains that the leading term of the probability transition is given by p ∼ 4 sin^2(πΩ/3)e^{−2ρZ(f)} where Ω is the residue of 2iθ^′(k) at the Kohn branch point [9]. Since we found Ω = 1/2 for the Wannier-Stark problem, then we have the following value for the probability transition

p ∼ e^{−2ρZ (f)} (80)

in agreement with Remark 4.

Acknowledgements

We thank Professor Alain Joye for useful discussions. We gratefully acknowledge the hospitality of the Erwin Schrödinger Institute in Vienna, where parts of this work were done. Vincenzo Grecchi is also grateful to the Paris-Nord University for hospitality. Andrea Sacchetti is also grateful to the Isaac Newton Institute for Mathematical Sciences (University of Cambridge, UK) and to the Institute for Mathematics and its Applications (IMA, University of Minnesota, USA) for hospitality. This work is partially supported by the Italian CNR (GNFM) and MURST.

Bibliography

1. Asch J, Briet P 1996 Lower bounds on the width of Stark-Wannier type resonances, Commun. Math. Phys. 179, 725-736.

2. Avron J 1982 The lifetime of Wannier ladder states, Ann. Phys. 143, 33-53.

3. Bastard G, Brun J A, Ferreira R 1991 Electronic states in semiconductor heterostructures, Solid States Physics (Academic Press) 143, 229-415.

4. Bentosela F, Grecchi V, Zironi F 1983 Oscillations of Wannier resonances, Phys. Rev. Lett. 50, 84-86.

5. Bentosela F, Carmona R, Duclos P, Simon B, Souillard B, Weder R 1983 Schrödinger operators with an electric field and random or deterministic potentials, Commun. Math. Phys. 88, 387-397.

6. Berry M V, Mount K E 1972 Semiclassical approximation in wave mechanics, Rep. Prog. Phys. 35, 315-397.

7. Berry M V 1982 Semiclassical weak reflection above the analytic and non-analytic potential barrier, J. Phys. A: Math. Gen. 15, 3693-3704.

8. Berry M V 1990 Histories of adiabatic quantum transitions, Proc. R.

Soc. A 429, 61-72.

9. Berry M V, Lim R 1993 Universal transition prefactors derived by superadiabatic renormalization, J. Phys. A: Math. Gen. 26, 4737- 4747.

10. Buslaev V, Dmitrieva L 1990 A Bloch electron in an external field, Leningrad Math. J. 1, 287-320.

11. Erdelyi A (ed.) 1955 Higher transcendental functions, vol. I (Bateman manuscript project) (New-York: Mc Graw-Hill).

12. Erdelyi A (ed.) 1955 Higher transcendental functions, vol. III (Bateman manuscript project) (New-York: Mc Graw-Hill).

13. Firsova N E 1979 The Riemann surface of a quasi-momentum and scattering theory for a perturbed Hill operator, J. Sov. Math. 51, 487-497.

14. Grecchi V, Maioli M, Sacchetti A 1992 Stark resonances in disordered systems, Commun. Math. Phys. 146, 231-240.

15. Grecchi V, Maioli M, Sacchetti A 1993 Wannier ladders and perturbation theory, J. Phys. A: Math. Gen. 26, L379-L384.

16. Grecchi V, Maioli M, Sacchetti A 1994 Stark ladder of resonances:

Wannier ladders and perturbation theory, Commun. Math. Phys. 159, 605-618.

17. Grecchi V, Sacchetti A 1995 Crossing and anticrossing of resonances:

the Wannier-Stark ladders, Annals of Physics 241, 258-284.

18. Herbst I, Howland J 1981 The Stark ladder and the other one-dimensional external electric field problems, Commun. Math. Phys. 80, 23-42.

19. Joye A 1993 Non-trivial prefactors in adiabatic transition probabilities induced by haih-order complex degeneracies, J. Phys. A: Math. Gen. 26, 6517-6540.

20. Kane E O 1959 Zener tunneling in semiconductors, J. Phys. Chem.

Solids 12, 181-188.

21. Kane E O 1961 Theory of tunneling, J. Appl. Phys. 32, 83-91.

22. Kane E O, Blount E 1969 Interband tunneling in Tunneling phenomena in solids, ed. Burstein E and Lundqvist S (Plenum Press - New York), 79-91.

23. Kato T 1976 Perturbation theory for linear operators, (Springer-Verlag, New-York, 2nd Edition).

24. Keldysh L V 1958 Behavior of non-metallic crystals in strong electric field, Sov. Phys. JEPT 6(33), 763-770.

25. Kohn W 1959 Analytic properties of Bloch waves and Wannier functions, Phys. Rev. 115, 809-821.

26. Korotyaev E 1996 The estimates of periodic potentials in terms of effective masses, Preprint.

27. Landau L, Lifsitz E 1959 Quantum mechanics, (Pergamon, Oxford).

28. Reed M, Simon B 1978 Methods of Modern Mathematical Physics: IV Analysis of operators, (Academic, New-York).

29. Sacchetti A 1996 Band functions for the Lamé equation and anti- Stokes lines, preprint.

30. Wannier G H 1960 Wave functions and effective Hamiltonian for Bloch electrons in an electric field, Phys. Rev. 117, 432-439.

31. Zak J 1968 Stark ladder in solid? Phys. Rev. Lett. 20, 1477-1481. 32. Zener C 1934 A theory of electric breakdown of solid dielectrics, Proc.

R. Soc. A 145, 523-529.