On the set of pure states for some systems with non-periodic long-range order

Aernout C. D. van Enter Institute for Theoretical Physics Rijksuniversiteit Groningen Nijenborgh 4 9747 AG Groningen THE NETHERLANDS

AENTER@TH.RUG.NL

April 25, 1997

Abstract We discuss the set of pure states of some models which are ordered in a non-periodic way. This includes both some results on a random model and some results based on the Thue-Morse system. We discuss the possible nature of non-periodic long-range order, and also the overlap distribution between the pure states.

1 Introduction

In this contribution we discuss some results and conceptual issues applying to either disordered models, or to “weak crystals” [14]. We will always restrict ourselves to classical lattice models. In the theory of disordered spin models, in particular in the theory of spin-glass models, there exist a number of conceptual problems, which are raised by the Parisi approach to the Sherrington-Kirkpatrick model. We shall discuss some of these and related issues, including the applicability and interpretation of these ideas for short-range models. In particular we discuss the role of boundary conditions in obtaining pure states and in describing the state structure for random models, and give an illustrative example [6].

Up to now there are various serious problems in making Parisi’s theory precise. In the Sherrington-Kirkpatrick model the description in terms of an infinite number of pure states suffers from the problem that up to now one is not able to define what a pure state is. On the other hand, an (“ultrametric”) distribution over pure states for short-range models cannot influence a free energy density, because the free energy density is a state-independent quantity . As the number of mathematically precise statements one can make is so rare, even a partial implementation of the theory in some caricature of the model is of interest.

We find, surprisingly, a non-trivial implementation of one the ideas of the Parisi theory, namely the existence of an overlap distribution with an ultrametric structure between the infinitely many pure states of the system, in the realm of substitution sequences. These sequences one can consider to be the pure states for toy models for systems which are ordered in a non-periodic way. This long-range order can be of the quasiperiodic type, or even less regular. We will denote such systems which break the translation symmetry of the interaction “weak crystals”, cf. Aubry’s [1, 2] “weakly periodic systems” or Ruelle’s [40] “turbulent crystals”.

2 Something about Spin-Glass models

The spin-glass models which one usually considers have Hamiltonians containing random interactions. In the case of Ising spins, for example, one takes

H = Σ_{i,j} J(i, j)σ_iσ_j (2.1)

where the coupling constants J(i, j) are symmetric random variables.

When for N spins the J(i, j) are chosen 1/ √ N ∗ X(i, j), with the X(i, j) i.i.d.

Gaussian random variables, we obtain the Sherrington-Kirkpatrick model [41]. In models with a spatial structure, such as for example the Edwards-Anderson models, one chooses the J(i, j) from a distribution which only depends on the distance between the lattice sites i and j. In the case where the J(i, j) are independent, almost nothing is known rigorously, and even at a physical level of rigour there are various controversies. One of them is about the number of “pure states” , which one should employ in the description of the presumed low temperature spin-glass phase. There are two main claims in the literature. One the one hand, based on Parisi’s scheme for treating the Sherrington-Kirkpatrick (SK-) model, there is a proposal that one needs an infinite number of states [31], on the other hand there is a theory proposed by Fisher and Huse [19, 20, 21, 22], that two states should suffice in any finite-dimensional model. For some further discussion on this issue see also [5, 10, 34, 35, 36, 37]. In the Parisi description, the infinitely many pure states are arranged in a hierarchical (tree-like or “ultrametric”) way. An important quantity in the theory is the overlap distribution between different states. For shortrange models we will interpret the pure states as either extremal Gibbs measures, or extremal ground state measures (ground state configurations) [26, 11]. Consider two copies—replicas— of the equilibrium state μ^1_J and μ^2_J of the system, with the same disorder realisation.

In the Parisi theory [31] the overlap

q = lim_{N→∞} 1/N Σ_{i=1...N} σ^1_i σ^2_i (2.2)

has a distribution with respect to the product measure μ^1_J ⊗ μ^2_J , called P_J (q), which is non-trivial and also non-self-averaging, that is to say, for a fixed disorder realization it is concentrated on a countable number of values, while after averaging over the disorder parameter the distribution is continuous. This averaged overlap distribution occurs in the Parisi expression for the free energy density. There are various problems in implementing these ideas, both for the SK-model and in shortrange interaction models. For the SK-model it is not clear how to define the (pure) states in the thermodynamic limit. For short-range models, on the other hand, it is known that the free energy density is a self-averaging quantity [18, 30, 42, 27], which is state-independent [17] and also not dependent on boundary conditions. Thus a quantity which is the nontrivial average of a non-self-averaging object, describing an average over different pure states, should not be expected to show up in the free energy density. Moreover there is the problem of dependence on boundary conditions. Indeed, recently Newman and Stein [37] have shown that the overlap distribution and more generally, the “canonical” mixture of the pure states, (which they call the “metastate”), when it can be defined, is self-averaging due to its translation invariance. However, their construction still allows for a non-trivial dependence on boundary conditions. The solution of the existence question is non-trivial, due to the fact that the obvious approach (take say free or plus boundary conditions in finite volumes, and take the infinite volume limit) may not lead to a well-defined thermodynamic limit, a phenomenon described as “chaotic size dependence” [35]. Here we want to illustrate some of these boundary condition problems on a model with random site disorder, the randomly gauge transformed Potts model [6]. The first issue which we will consider is the question of weak versus strong uniqueness of the Gibbs measure for random models. If for each pair of disorder-independently chosen sequences of boundary conditions one approaches the same infinite-volume pure state (which is still disorder-dependent), for almost every realization of the disorder, we say that weak uniqueness applies. Strong uniqueness means that there is only one pure state for almost every realization of the disorder. If there are other pure states, which are only obtainable via disorder-dependent boundary conditions, this means that the uniqueness is not strong [7, 33, 44]. One example where this phenomenon is known to happen is the Ising spin-glass on the Bethe lattice, at temperatures between the spin-glass and the ferromagnetic critical temperatures [8, 3]; another example is the high temperature regime of extremely-long-range interactions [23, 24]. Here we give an example with a nearest neighbour interaction on a regular lattice Z^d, d ≥ 2. The Hamiltonian we will consider is

H = Σ_{i,j} − δ(ξ_iσ_i, ξ_jσ_j) (2.3)

where the Potts spins σ_i = 1...q, and the ξ_i are random permutations of the q Potts spins, chosen independently at each site of the lattice. This model is equivalent to a Potts ferromagnet, after applying a random gauge transformation. The pertinent observation we make here is that any fixed boundary condition, after undoing the random gauge transformation, becomes random. At the transition temperature, for large q, a disordered pure state (extremal Gibbs measure) coexists with q ordered pure states. Choosing the spins at the boundary randomly, favours the disordered state (in which neighbouring spins typically are different) over the q ordered ones. This statement can in fact be made rigorous. This implies for the Hamiltonian defined above that weak uniqueness holds, but not strong uniqueness, at the transition temperature [6]. Another simple observation about this model is that while for periodic boundary conditions in the thermodynamic limit one obtains the equiweighted mixture of the q + 1 pure states [4], for antiperiodic or fixed translation invariant boundary conditions ( say σ = 1 for each boundary spin) we obtain the pure disordered state. Thus, even though the mixture is (trivially) translation invariant and self-averaging, it is still dependent on boundary conditions.

The maximum minus the minimum value of the overlap, taken over all pairs of pure states, defines the Edwards-Anderson order parameter [12]. This definition in the terms introduced above is a strong definition, the example above illustrates that the weak and the strong version of this order parameter do not necessarily coincide, a question which was left open in [12].

3 Some Results about Weak Crystals

In this section we will discuss a number of issues which we will illustrate on the (Prouhet-)Thue-Morse substitution system[29]. We consider the sequences generated by the substitution rule + → +− and − → −+, hence the sequence + − − + − + + − − + + − + − − + − + + − + − − + + − − + − + + − . . ., its translates and limits (the orbit closure) are the sequences we will consider. They support exactly one translation-invariant probability measure μ_{T M} (this property is called “unique ergodicity of the measure”) and they form a minimal translation invariant set, that is, they give rise to a strictly ergodic [43] system. A set is minimal if it is closed, translation-invariant and non-empty, and has no proper subset with this property. Physically this means that the set does not contain configurations with defects. We will say that μ_{T M} has long-range order because at large distances correlations do not factorize:

lim_{n→∞}μ_{T M} (σ_0σ_n) ≠ μ_{T M} (σ_0)^2 = 0 (3.1)

This can be seen easily because of the fact that the correlations are scale-invariant in the sense that μ_{T M} (σ_0σ_n) = μ_{T M} (σ_0σ_{n∗2}p ) (3.2)

for all n and p. In general these correlations are non-zero. The long-range order is non-periodic, in the sense that one cannot write μ_{T M} as an average (mixture) of periodic pure states. Each measure in which the translation symmetry of the interaction is broken in the sense that it is not a mixture of pure translation invariant states and moreover has some positional long-range order in the sense that some correlation functions do not factorize at large distances, we will call a “(weak) crystal” [14].

(It is possible to have uniquely ergodic measures which have very good mixing properties, but are not pure states. Therefore the notions of long-range order in the sense of having long-range correlations and in the sense of being a mixture of pure states are not necessarily equivalent. Such “unique disordered” measures which also can be unique translation invariant ground states have been discussed in [39].)

The measure μ_{T M} is the only translation invariant ground state measure of some fast-decaying 4-spin interaction V (i, j, k, l) with Hamiltonian

H = ΣV (i, j, k, l)(σ_i + σ_j)^2(σ_k + σ_l)^2 (3.3)

As an aside, we remark that both the properties of being a strictly ergodic system and having non-perodic long-range order are typical for ground states of summable interactions [1, 38, 39, 32].

The construction of these interactions is based on the observation [25] that pairs of equal neighboring spins occur only at even distances from each other in any Thue- Morse sequence, combined with scale invariance. What then is needed to complete the argument is to show that the above property actually fully characterizes the

Thue-Morse system. As for positive temperatures, it can be shown that a similar non-periodic long-range order occurs, but for slowly decaying 4-body interactions [15]. This slow decay is unavoidable in a one-dimensional model, it is hoped that in three or more dimensions a fast decaying interaction will lead to the same result [16]. Another way of studying non-periodic long-range order is to concentrate on the spectral properties of the Thue-Morse system. In the physics literature it is often claimed that there occurs purely singular spectrum, see for example [9], although mathematically the description of the Thue-Morse system, considered as a dynamical system in the sense of ergodic theory, gives rise to a mixed discrete/singular spectrum. The explanation in physics terms of this apparent contradiction is in that if one considers the Thue-Morse system as a lattice gas model there is a distinction between the atomic spectrum which is singular and the molecular spectrum which can be discrete. To be precise, the Fourier transform of μ_{T M} (σ_0σ_n) is a singular continuous measure ( the atomic diffraction spectrum or structure factor), while the Fourier transform of μ(X_0X_n) is countable discrete (the molecular diffraction spectrum), if for example X_i = σ_0σ_{i+1}. Thus the “molecule” consists of 2 equal neighbouring atoms.

As remarked before, the Thue-Morse sequences are pure ground states for some translation-invariant interaction. The translation-invariant measure on them is the “canonical” mixture ( in the language of [37] the metastate). It is hence possible to study the overlap distribution with respect to this measure between the different pure states [13]. The first result is for the Thue-Morse overlap distribution:

lim_{N→∞}(1/N Σ_iσ^1_i σ^2_i ) = 0 (3.4)

almost surely with respect to the product measure μ_{T M} ⊗ μ_{T M} .

The fact that the overlap distribution is trivial follows from a well-known argument in ergodic theory, which needs a slight modification in our case. The original result (see for example Walters [43]) shows that if for a measure μ the translation operator has no point spectrum, that is, the measure is weak mixing, the product measure μ ⊗ μ is ergodic, and hence the overlap distribution, because it is translation invariant, is a constant. As a side remark we note that the property of weak mixing is in fact compatible with the existence of long-range order, the absence of long-range order is a strictly stronger mixing property. The Thue-Morse system behaves like a weakly mixing system on observables which are odd under a global spin-flip [29]. The second result is for the “molecular” overlap distribution of the “molecules” X_i = σ_iσ_{i+1} . These molecules form a so-called Toeplitz system [28]. A Toeplitz sequence can be constructed by first taking half of the lattice sites (with probability 1/2 the sites with even coordinates, with probability 1/2 the sites with odd coordinates) and occupying them with −1. ¿From the as yet unoccupied sublattice we occupy one of the two period-four sublattices with pluses; again, which one of the two sublattices becomes occupied, is chosen randomly. We repeat this procedure, putting in pluses and minuses alternatingly at each step. The Toeplitz system is known to be almost periodic in the sense that the translation operator has pure point spectrum, with infinitely many generators [28]. The overlap distribution is concentrated on a countable number of values, and the pure states (the Toeplitz sequences) are organized in an ultrametric way. The overlap between two sequences depends only on which is the first step at which the choice of the sublattice to be occupied is different. This result is fully consistent with the observation of Newman and Stein [37] that the (non-)triviality of the overlap distribution has nothing to do with non-self-averaging; indeed, because there is no randomness here, self-averaging is trivially satisfied, but the self-averaging overlap distribution is non-trivial, and in fact even ultrametric. As a side remark we mention that also for the Fibonacci system (which is quasiperiodic) the overlap distribution can be computed, and that it has a continuous part [13].

Acknowledgements: I thank the organizers, in particular J. Jedrzejewski, for inviting me to a very enjoyable conference. Various parts of this research were done in collaboration with Massimo Campanino, Clifford Gardner, Bob Griffiths, Leo van Hemmen, Bert Hof, Jacek Miȩkisz, Enzo Olivieri and Charles Radin. I am very grateful to them all for these collaborations and for all they taught me. I thank Jacek Miȩkisz also for useful suggestions on the manuscript. Moreover I thank Chuck Newman for many useful discussions and suggestions, and for making his work with Dan Stein available before publication. Part of this work was supported by a fellowship of the KNAW (Royal Dutch Academy of Arts and Sciences). This research has been supported by EU contract CHRX-CT93-0411.

References

[1] S. Aubry. Devil’s staircase and order without periodicity in classical condensed matter. J. Phys (Paris), 44:147-162, 1983.

[2] S. Aubry. Weakly periodic structures and example. J. Phys. (Paris) Coll. 50

C 3: 97-106, 1989.

[3] P. M. Bleher, J. Ruiz and V. A. Zagrebnov. On the purity of the limiting Gibbs state for the Ising model on the Bethe lattice. J. Stat. Phys., 79:473-482, 1995.

[4] C. Borgs and J. Z. Imbrie. A unified approach to phase diagrams in field theory and statistical mechanics. Comm. Math. Phys., 123:305-328, 1989.

[5] A. Bovier and J. Fröhlich. A heuristic theory of the spin glass phase. J. Stat.

Phys., 44:347-391, 1986.

[6] M. Campanino and A. C. D. van Enter. Weak versus strong uniqueness of Gibbs measures: a regular short-range example. J. Phys. A, Math. Gen., 28:L45-47, 1995.

[7] M. Campanino, E. Olivieri and A. C. D. van Enter. One-dimensional spinglasses with decay 1/r^{(1+ϵ)}. Comm. Math. Phys., 108:241-255, 1987.

[8] J. T. Chayes, L. Chayes, J. P. Sethna and D. J. Thouless. A mean field spin glass with short-range interactions. Comm. Math. Phys., 106:41-89, 1986.

[9] Z. Cheng and R. Savit. Structure factor of substitutional sequences. J. Stat.

Phys., 60:383-393, 1990.

[10] A. C. D. van Enter. Stiffness exponent, number of pure states and Almeida- Thouless line in spin-glasses. J. Stat. Phys., 60:275-279, 1990.

[11] A. C. D. van Enter, R. Fernández and A. D. Sokal. Regularity properties and pathologies of position-space renormalization-group transformations: Scope and limitations of Gibbsian theory. J. Stat. Phys., 72:879-1167, 1993.

[12] A. C. D. van Enter and R. B. Griffiths. The order parameter in a spin glass.

Comm. Math. Phys., 90:319-327, 1983.

[13] A. C. D. van Enter, A. Hof and J. Miȩkisz. Overlap distributions for deterministic systems with many states. J. Phys. A, Math. Gen., 25:L1133-1137, 1992.

[14] A. C. D. van Enter and J. Miȩkisz. How should one define a (weak) crystal? J.

Stat. Phys., 66:1147-1153, 1992.

[15] A. C. D. van Enter and J. Miȩkisz. Breaking of periodicity at positive temperatures. Comm. Math. Phys., 134:647-651, 1990.

[16] A. C. D. van Enter, J. Miȩkisz, P. Holický and M. Zahradník. In preparation.

[17] A. C. D. van Enter and J. L. van Hemmen. Statistical mechanical formalism for spin glasses. Phys. Rev. A, 29:355-365, 1984.

[18] A. L. Figotin and L. A. Pastur. Theory of disordered spin systems. Theor.

Math. Phys., 35:403-414, 1978.

[19] D. S. Fisher and D. A. Huse. Absence of many states in realistic spin glasses.

J. Phys. A, Math. Gen., 20:L1005-1010, 1987.

[20] D. S. Fisher and D. A. Huse. Pure states in spin glasses. J. Phys. A, Math.

Gen., 20:L997-1003, 1987.

[21] D. S. Fisher and D. A. Huse. Ordered phase of short-range Ising spin-glasses.

Phys. Rev. Lett., 51:1601-1604, 1986.

[22] D. S. Fisher and D. A. Huse. Equilibrium behavior of the spin-glass ordered phase. Phys. Rev. B, 38:386-411, 1988.

[23] J. Fröhlich and B. Zegarlinski. The high-temperature phase of long-range spin glasses. Comm. Math. Phys., 110:121-155, 1987.

[24] A. Gandolfi, C. M. Newman and D. L. Stein. Exotic states in long-range spin glasses. Comm. Math. Phys., 157:371-387, 1993.

[25] C. Gardner, J. Miȩkisz, C. Radin, A. C. D. van Enter. Fractal symmetry in an Ising model. J. Phys. A, Math. Gen., 22:L1019-1023, 1989.

[26] H.-O. Georgii. Gibbs Measures and Phase Transitions. Walter de Gruyter (de Gruyter Studies in Mathematics, Vol. 9), Berlin–New York, 1988.

[27] J. L. van Hemmen and R. G. Palmer. The thermodynamic limit and the replica method for short range random systems. J. Phys. A, Math. Gen., 15:3881-3890, 1982.

[28] K. Jacobs and M. Keane. 0 − 1 Sequences of Toeplitz type. Z. Wahrs. u. verw.

Geb., 13:123-131, 1969.

[29] M. Keane. Generalized Morse sequences. Z. Wahrs. u. verw. Geb., 10:335-353, 1968.

[30] F. Ledrappier. Pressure and variational principle for random Ising model.

Comm. Math. Phys. 56:297-302, 1977.

[31] M. Mézard, G. Parisi and M. A. Virasoro. Spin Glass Theory and Beyond.

World Scientific, Singapore, 1987.

[32] J. Miȩkisz. Quasicrystals. Leuven Lecture Notes in Mathematical and Theoretical Physics, Vol.5, 1993.

[33] C. M. Newman. Ising systems and random cluster representations. In G. Grimmett, editor, Probability and Phase Transition, Cambridge, 1993, pages 247- 260. Kluwer, Dordrecht, 1994.

[34] C. M. Newman and D. L. Stein. Multiple states and thermodynamic limits in short-range Ising spin-glass models. Phys. Rev. B, 46:973-982, 1992.

[35] C. M. Newman and D. L. Stein. Ground state structure of a highly disordered spin glass model. J. Stat. Phys. to appear, 1996, see also Phys. Rev. Lett. 72:2286-2289, 1994.

[36] C. M. Newman and D. L. Stein. Non-mean-field behavior of realistic spin glasses. Preprint, 1995.

[37] C. M. Newman and D. L. Stein. Spatial inhomogeneity and thermodynamic chaos. Preprint, 1995.

[38] C. Radin. Correlations in classical ground states. J. Stat. Phys., 43:707-712, 1986.

[39] C. Radin. Disordered ground states of classical lattice models. Rev. Math.

Phys., 3:125-135, 1991.

[40] D. Ruelle. Do turbulent crystals exist? Physica, 113A:619-623, 1982.

[41] D. Sherrington and S. Kirkpatrick. Solvable model of a spin glass. Phys. Rev.

Lett., 35:1792-1795, 1975.

[42] P. A. Vuillermot. Thermodynamics of quenched random spin sysyems, and application to the problem of phase transitions in magnetic (spin) glasses. J. Phys. A, 10:1319-1333, 1977.

[43] P. Walters. An introduction to ergodic theory. Springer Graduate texts in mathematics 79; Springer, New York-Heidelberg-Berlin, 1982.

[44] B. Zegarlinski. Spin systems with long-range interactions. Rev. Math. Phys.

6:115-134, 1994.