STRICT POSITIVITY OF A RELATIVISTIC HAMILTONIAN DUE TO BROWN AND RAVENHALL

C. TIX

Abstract. We prove that the spectrum of a suitably projected Dirac operator - sometimes called no-pair operator – introduced by Brown and Ravenhall is bounded from below by some positive constant when the nuclear charge is below some critical charge. This bound improves a result obtained recently by Evans et al and disproves a conjecture made by Hardekopf and Sucher.

1. Introduction

Relativistic kinematic of spin–1/2 particles is usually described with the Dirac- Operator. But this operator is unbounded from below and therefore problematic to extend to the multi-particle case. A solution to this problem is – according to Brown and Ravenhall [2] – to consider the operator

B := Λ_+ ( D_0 − e^2Z |x| ) Λ_+ (1) in the Hilbert space H = Λ_+ ( L^2(R^3 ) ⊗ C^4 ) for a relativistic electron in the field of a nucleus, see also [1] and for a more recent review article [15]. Here D_0 is the Dirac operator D_0 :=

∑_3

j=1 α_j c~_i ∇_j + βmc^2. The constants ~, Planck’s constant divided by 2π, the electron mass m, and e, the absolute value of the electron charge, are all positive. As usual we set α := e^2/(~c), the Sommerfeld fine structure constant. The 4 × 4-matrices α_j and β are the four Dirac matrices in standard representation and Λ_+ := χ_{(0,∞)}(D_0)

is the projection on the positive spectral subspace of the free Dirac operator.

The operator (1) and its multi-particle analogon is widely used to describe relativistic effects in atoms and molecules, see, e.g., [7, 8], and in this context called no-pair operator. It appears – usually with different potentials – as a “reduced Salpeter operator” in the description of meson models with fermionic constituents, see, e.g., [11], and attracted recently attention in connection with the “stability of relativistic matter”–question [9].

The first mathematical investigation of the operator (1) was done by Evans et al [3]. They proved that the energy E[ψ] := (ψ, Bψ) associated with B is bounded from below by αZ(1/π −π/4)mc^2 on the set of normalized rapidly decaying smooth spinors in the electron Hilbert space H, if the nuclear charge does not exceed the critical charge Z_c := 2/[(π/2 + 2/π)α]. This allows to realize the operator selfadjointly as the Friedrichs extension in H. Note that this bound is always negative and yields for the physical value of the fine structure constant α = 1/137 roughly −0.42 mc^2 for Z = Z_c. Earlier Hardekopf and Sucher [5, 6] investigated the operator numerically and claimed that, as for the Dirac equation, the ground state energy vanishes for Z = Z_c [6, p. 2025]. Obviously, there is need to clarify whether the bound of Evans et al can be sharpened and if the operator has a similar structure as the Dirac operator and therefore a vanishing ground state energy. However, here

Date: 10 December 1996.

1991 Mathematics Subject Classification. 35P15, 35Q40, 81Q10. 1

we prove that E[ψ] is strictly positive for Z ≤ Z_c by using a better “trial function” than Evans et al. We expect this bound to be quite good and therefore to be also useful for the test of the accuracy of numerical calculations.

In Section 2 we state the theorem and point out the proof. In the appendices some integrals are calculated and some estimates are given.

2. Positivity of the operator

Theorem 1. inf ψ∈H∩(H^{1/2}(R^3)⊗C^4 ) ‖ψ‖=1 E[ψ] ≥ mc^2 ( 1 − αZ − 0.002 Z Z_c ) (2)

for Z ≤ Z_c, i.e., the energy of the operator B is strictly positive for nuclear charges below or equal the critical charge.

We remark the following:

• For the critical charge Z_c we obtain roughly 0.09 as a lower bound. This bound is presumably quite sharp for Z = Z_c and rather bad for small Z.

• the kinetic energy of B, i.e., the expectation of D_0 in H is equal to ( ψ, √ −c^2~^2Δ + m^2c^4 ψ ) . This suggest a similar “trial function” than the one that was used by Raynal et al [13] for the Herbst operator H = √ −c^2~^2Δ + m^2c^4 −e^2Z/|x|. They obtained excellent upper and lower bounds for the ground state of H by using a local energy criterion, see [16, p. 140], and proved that H > 0 for Z ≤ 2/(πα), which is the critical Z for this operator. However, the derivation of the bounds includes some numerical calculations.

• As can be seen from (5) the Herbst operator H with charge Z/2 is an upper bound for the operator B with charge Z. This ensures the existence of an eigenvalue by using the bounds given in [10, 13] since σ_{ess}(B) = [1, ∞) [3] but leads to the poor upper bound of about 0.9 for the ground state energy.

Proof. We will follow the basic strategy of Evans et al until (9) which we include here to be self-consistent.

According to [3], elements ^ψ in ^H, the image of H under the Fourier transform, can be written as ^ψ(p) = 1 N(p) ( (E_0 + E(p)) u(p) cp · σu(p) ) (3) with u ∈ L^2(R^3 )⊗C^2 , i.e., a Pauli spinor, σ = (σ_1, σ_2, σ_3)^∗ with the Pauli-matrices σ_j and E(p) := (c^2p^2 + m^2c^4)^{1/2}, E_0 := E(0), N(p) = [2E(p)(E(p) + E_0)]^{1/2}. Conversely, any Dirac spinor of the form (3) is in ^H. Substituting this expression for ψ turns (ψ, Bψ) into ∫ R^3 E(p)|u(p)|^2dp − αcZ 2π^2 ∫ R^6 u(p^′)^∗K(p^′, p)u(p)dpdp^′ where K is given by K(p^′, p) = (E(p^′) + E_0)(E(p) + E_0) + c^2(p^′ · σ)(p · σ) N(p^′)|p^′ − p|^2N(p) . (4) Note that it suffices to prove (2) for ~ = m = c = 1 when m > 0 because of scaling. We shall assume this in the following.

From the partial wave analysis of the operator B, see [3], Lemma 1 and its proof, we know that the minimizer of (u, bu) occurs for spinors of the form u_a(p) = a(|p|)( √ 4π|p|)^{−1}(1, 0)^∗ where a ∈ L^2(R_+ , (1 + p^{1/2})dp) and a(p) ≥ 0 for p ∈ R_+ .

We write for the quadratic form in a obtained by taking spinors of this form

(a, b_0a) := (u_a, bu_a) = ∫_∞ 0 e(p)a(p)^2dp − αZ 2π ∫_∞ 0 ∫_∞ 0 a(p^′)k(p^′, p)a(p)dpdp^′ (5) with n(p) := N(p), e(p) := E(p), k := k_1 + k_2 and

k_j (p^′, p) := √ 1 + (−1)^j e(p) Q_j ( p 2p^′ + p^′ 2p ) √ 1 + (−1)^j e(p^′) . (6) The functions Q_l are Legendre functions of the second kind, i.e., Q_l(z) = 1 2 ∫_1 −1 P_l(t) z−t dt where the P_l are Legendre polynomials (see [14] for the notation).

Introducing functions h_j (p) > 0, j = 0, 1, using the Schwarz inequality and omitting the argument of Q_0 we obtain ∫_∞ 0 ∫_∞ 0 a(p^′)k_0(p^′, p)a(p)dpdp^′ = ∫_∞ 0 ∫_∞ 0 a(p^′) √ 1 + 1 e(p^′) √ Q_0 √ h_0(p) h_0(p^′) √ h_0(p^′) h_0(p) √ Q_0 a(p) √ 1 + 1 e(p) dpdp^′ ≤ ∫_∞ 0 a(p)^2 ( 1 + 1 e(p) ) I[h_0](p) h_0(p) dp. and similarly ∫_∞ 0 ∫_∞ 0 a(p^′)k_1(p^′, p)a(p)dpdp^′ ≤ ∫_∞ 0 a(p)^2 ( 1 − 1 e(p) ) I[h_1](p) h_1(p) dp with

I[h_j ](p) := ∫_∞ 0 h_j (p^′)Q_j ( p 2p^′ + p^′ 2p ) dp^′. (7) Putting all together we have the lower bound

(a, b_0a) ≥ inf_{p∈} R^+

E[h_0, h_1](p) ∫_∞ 0 a^2(p) dp (8) for all functions h_j (p) > 0 where

E[h_0, h_1](p) = e(p) − αZ 2π (( 1 + 1 e(p) ) I[h_0](p) h_0(p) + ( 1 − 1 e(p) ) I[h_1](p) h_1(p) ) . (9) If we choose h_j (p) to be proportional to the ground state wave function of b_0, (8) becomes an equality and our lower bound would be sharp. To obtain a better bound than Evans et al we have to alter their strategy at this point. They used h_j (p) = 1/p which should be correct for large values of p but is obviously not correct for small values of p. Our choice of h_j is motivated by this asymtotics and from the trial function which was used for the Herbst operator by Raynal et al [13], i.e., our choice of h_j is connected with the Fourier transform of |x|^{β−1}e^{−μ|}x^|. From

h_{0,β,μ0} (p) := Γ(β + 1)(μ^2_0 + p^2)^{−(β+1)/2} sin[(β + 1) arctan(p/μ_0)]

(10) for p > 0 with μ_0 > 0 and −1 < β < 1 (this ensures h_0(p) > 0) we find (see appendix A) I[h_{0,β,μ0} ](p) = πΓ(β)(μ^2_0 + p^2)^{−β/2} sin [β arctan(p/μ_0)] .

(11) The second “trial function” is chosen to be

h_{1,β,μ1} (p) := p^{1/2}(μ^2_1 + p^2)^{−(β+3/2)/2}Γ(3 + β) P^{−3/2}_{β+1/2} ( μ_1 √ μ^2_1 + p^2 ) (12) for p > 0 and yields (see appendix A)

I[h_{1,β,μ1} ](p) = πp^{1/2}(μ^2_1 + p^2)^{−(β+1/2)/2}Γ(2 + β) P^{−3/2}_{β−1/2} ( μ_1 √ μ^2_1 + p^2 ) . (13)

From the integral representation of the associated Legendre functions P^μ_ν (cos ϕ) with Re(μ) < 1/2 and 0 < ϕ < π [4, p. 1002]

P^μ_ν (cos ϕ) = √ 2 π sin^μ ϕ Γ(1/2 − μ) ∫_ϕ 0 cos[(ν + 1/2)t] dt (cos t − cos ϕ)^{μ+1/2}

(14)

we find that h_{1,β,μ1} (p) > 0 at least for −1 < β ≤ 0. Collecting all terms gives

(15) E[h_{0,β,μ0} , h_{1,β,μ1} ](p) = e(p)− αZ 2 √ p^2 + μ^2_0 β sin[β arctan(p/μ_0)] sin[(β + 1) arctan(p/μ_0)] ( 1 + 1 e(p) )

− αZ 2 ( 1 − 1 e(p) ) √ p^2 + μ^2_1 β + 2 P^{−3/2}_{β−1/2} ( μ_1(p^2 + μ^2_1)^{−1/2} ) P^{−3/2}_{β+1/2} ( μ_1(p^2 + μ^2_1)^{−1/2} ) and therefore (a, b_0a) ≥ sup_{−1<β≤0} μ0,μ1>0 inf_{p∈} R^+ E[h_{0,β,μ0} , h_{1,β,μ1} ](p) ∫_∞ 0 a^2(p) dp. (16)

Since we are not able to evaluate (16) in general we choose μ_0 = μ_1 = 1 and β = 0 and use (14) to obtain for E_Z (p) := E[h_{0,0,1}, h_{1,0,1}](p) e(p) − αZ 2 ( arctan(p) e(p) p (e(p) + 1) + (e(p) − 1) p − arctan p e(p) arctan p − p/e(p) ) . (17)

But note that the evaluation of the integral (14) is elementary for all β.

The choice of β = 0 cancels the large momentum terms for Z = Z_c and we find lim_{p→∞} E_Z (p) = π^{−1}(4π^2 + 4 π − 16 − π^3)/(4 + π^2) and lim_{p→0} E_Z (p) = 1 − αZ. The tedious calculations to bound E_Z (p) for Z = Z_c can be found in appendix B, we obtain inf_{p∈} R^+

E_{Zc} (p) = lim_{p→0} E_{Zc} (p) − 0.002 = 1 − αZ_c − 0.002.

(18)

Note that e(p) is a monotone increasing function and from this the bound given in (2) easily follows for all positive Z which are smaller or equal Z_c.

Appendix A. Calculation of the integrals Before doing the integration in (11) we remark the following: the inverse Fourier transform of h(p) = √ 2 π Γ(β + 1)p^{−1}(μ^2 + p^2)^{−(β+1)/2} sin[(β + 1) arctan(p/μ)],

with p = |p|, μ > 0 and β > −2 is given by

ȟ(r) = 1 (2π)^{3/2} ∫ R^3 h(|p|)e^ip^·xdp = r^{β−1}e^{−μr} (19)

with r = |x|. Furthermore, the Fourier transform of ȟ(r)/r can be written as

(20) ( 1 | · | ȟ(| · |) ) ^ (p) = 1 (2π)^{3/2} ( ^1 | · | ∗ h(| · |) ) (p) = 1 2π^2 ∫ R^3 dp^′ h(p^′) |p − p^′|^2 = (πp)^{−1} ∫_∞ 0 dp^′ Q_0 ( p 2p^′ + p^′ 2p ) p^′h(p^′), where the last equality is obtained by performing the angular integration and the ∗ denotes convolution. If we choose h as in (10) we obtain from (19) and (20) the desired integral (11).

We proceed similarly to find a trial function h_1 for which we are able to calculate I[h_1]. Again, we write the Fourier transform of p^{−1}g(p)Y_{1,0}(p/|p|) as a convolution, where g is a function such that the Fourier transform of gY_{1,0} exists and Y_{1,0} is a spherical harmonic: [ 1 | · | g(| · |)Y_{1,0}(·/| · |) ] ^ = 1 (2π)^{3/2} ^1 | · | ∗ [g(| · |)Y_{1,0}(·/| · |)]^. (21)

Note that the Fourier transform of gY_{1,0} reproduce the spherical harmonic: [g(| · |)Y_{1,0}(·/| · |)]^(p) = H{g}(p)Y_{1,0}(p/|p|) with H{g}(p) = i^{−1}p^{−1/2} ∫_∞ 0 J_{3/2}(pr)r^{3/2}g(r) dr, see [4, p. 951] for the notation of the Bessel function of the first kind J_{3/2}. We get by performing the remaining angular integration in (21) [ 1 | · | g(| · |)Y_{1,0}(·/| · |) ] ^ (p) = (πp)^{−1}Y_{1,0}(p/|p|) ∫_∞ 0 dp^′ p^′H{g}(p^′) Q_1 ( p 2p^′ + p^′ 2p ) . (22)

From [4, p. 711] we find for μ_1 > 0 and β > −3

H{(·)^{β−1}e^{−μ1·}}(p) = i^{−1}p^{−1/2}(μ^2_1 + p^2)^{−(β+3/2)/2}Γ(3 + β) P^{−3/2}_{β+1/2} ( μ_1 √ μ^2_1 + p^2 ) . (23)

Choosing the trial function as done in (12), we find from (22) and (23) the result (13).

Appendix B. Estimating E_{Zc} (p)

We begin to estimate E_{Zc} (p) from below for p ≥ p_0 := 7. From arctan(p) = ∫_p 0 (x^2 + 1)^{−1}dx, 1 − x^2 ≤ (x^2 + 1)^{−1} ≤ 1 and arctan(p) + arctan(1/p) = π/2 we obtain the upper and lower bound π/2 − p^{−1} ≤ arctan(p) ≤ π/2 − p^{−1} + p^{−3}/3 for p > 0. Furthermore we use the estimates p + p^{−1}/2 − p^{−3}/8 ≤ e(p) ≤ p + p^{−1}/2 and p/e(p) ≤ 1 − p^{−1}/2 + 3p^{−4}/8. This yields E_{Zc} (p) ≥ p + 1 2p − 1 8p^3 − αZ_c 2 [ πp 2 − 1 + π 2 + π/2 − 1 p + π/4 − 2/3 p^2 − 1 6p^3 + 1 3p^4 + 1 6p^5 + p^2 − (π/2 + 1)p + 3/2 + π/2 − (π/4 + 1)p^{−1} + p^{−2}/2 πp/2 − 2 + πp^{−1}/4 − πp^{−3}/16 − p^{−4}/4 ] . Estimating πp/2−2+πp^{−1}/4−πp^{−3}/16−p^{−4}/4 from below by πp/2−2+πp^{−1}/4− πp^{−3}_0 /16 − p^{−4}_0 /4 and observing that this lower bound is still positive for p ≥ p_0, we can bound all remaining terms of the form p^{−j} for j ≤ −2 by either p^{−j}_0 or by 0. With this procedure E_{Zc} (p) is estimated from below by some function E_{Zc,p0} (p). The equation E^′_{Zc,p0} (p) = 0 is equivalent with solving a polynomial equation of degree four because the highest order of p is canceling. Since E^′_{Zc,p0} (p) = 0 possesses no solutions for p ≥ p_0 and E^′_{Zc,p0} (p_0) > 0, we conclude that inf_{p≥p0} E_{Zc} (p) ≥ inf_{p≥p0} E_{Zc,p0} (p) = E_{Zc,p0} (p_0) ≥ 0.097.

Since lim_{p→0} E_{Zc} (p) = 1 − αZ_c < 0.097, it remains to find the infimum of E_{Zc} (p) in the compact interval [0, p_0]. But since E_{Zc} (p) is a smooth function this can confidently be done on a computer. However, we do not know any algorithm who can find the global minimum of a function even in a bounded region. But the second algorithm of Remes (see [12] for details) leads for f ∈ C[a, b] to a series of polynomials P^{(j)}_n of degree n which uniformly converge to the minimizing polynomial P_n of degree n of the Chebyshev norm ‖f − p_n‖_∞. Here ‖f‖_∞ = max_{p∈[a,b]} |f(p)| and p_n is any polynomial of degree n. We choose n = 3, a = 0, b = p_0 and f = E_{Zc} and obtain numerically the minimizer P_3(p) = 0.09325640 + 0.007174570p − 0.0008136597p^2 + 0.00002323894p^3 with ‖E_{Zc} − P_n‖_∞ ≤ 0.001. From min_{p∈[0,7]} P_3(p) = P_3(0) we finally get (18).

3. Acknowledgment

The author thanks H. Siedentop for giving valuable advice concerning the manuscript. This work was partially supported by the European Union under grant ERB4001GT950214 and under the TMR-network grant FMRX-CT 96-0001.

References

[1] Hans A. Bethe and Edwin E. Salpeter. Quantum mechanics of one- and two-electron atoms.

In S. Flügge, editor, Handbuch der Physik, XXXV, pages 88–436. Springer, Berlin, 1 edition, 1957.

[2] G.E. Brown and D.G. Ravenhall. On the interaction of two electrons. Proc. Roy. Soc. London A, 208(A 1095):552–559, September 1951.

[3] William Desmond Evans, Peter Perry, and Heinz Siedentop. The spectrum of relativistic oneelectron atoms according to Bethe and Salpeter. Commun. Math. Phys., 178(3):733–746, July 1996.

[4] I.S. Gradshteyn and I.M. Ryzhik. Table of integrals, series, and products. Academic Press, New York and London, 4 edition, 1965.

[5] G. Hardekopf and J. Sucher. Relativistic wave equations in momentum space. Phys. Rev. A, 30(2):703–711, August 1984.

[6] G. Hardekopf and J. Sucher. Critical coupling constants for relativistic wave equations and vacuum breakdown in quantum electrodynamics. Phys. Rev. A, 31(4):2020–2029, April 1985.

[7] Y. Ishikawa and K. Koc. Relativistic many-body perturbation theory based on the no-pair Dirac-Coulomb-Breit Hamiltonian: Relativistic correlation energies for the noble-gas sequence through Rn (Z = 86), the group-IIB atoms through Hg, and the ions of Ne isoelectronic sequence. Phys. Rev. A, 50(6):4733–4742, December 1994.

[8] Hans Jörgen Aa. Jensen, Kenneth G. Dyall, Trond Saue, and Knut Fægri Jr. Relativistic four-component multiconfigurational self- consistent-field theory for molecules: Formalism. J. Chem. Physics, 104(11):4083–4097, March 1996.

[9] Elliott H. Lieb, Heinz Siedentop, and Jan Philip Solovej. Stability and instability of relativistic electrons in classical electromagnetic fields. Accepted for publication in J. Stat. Phys., 1997.

[10] W. Lucha and F. F. Schöberl. Relativistic Coulomb problem: energy levels at the critical coupling constant analytically. HEPPHY-PUB 645/96, July 1996.

[11] M. G. Olsson, S. Veseli, and K. Williams. Validity of the reduced Salpeter equation. Phys.

Rev. D, 53(1):504–513, 1996.

[12] A. Ralston and H.S. Wilf. Mathematical Methods for Digital Computers. Wiley, New York, 1960.

[13] J. C. Raynal, S.M. Roy, V. Singh, A. Martin, and J. Stubbe. The ”Herbst-Hamiltonian” and the mass of boson stars. Phys. Lett. B, 320:105–109, 1994.

[14] Irene A. Stegun. Legendre functions. In Milton Abramowitz and Irene A. Stegun, editors, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, chapter 8, pages 331–353. Dover Publications, New York, 1965.

[15] J. Sucher. Relativistic many-electron Hamiltonians. Phys. Scripta, 36:271–281, 1987. [16] Walter Thirring. Lehrbuch der Mathematischen Physik 3: Quantenmechanik von Atomen und Molekülen. Springer-Verlag, Wien, New York, 1 edition, 1979.

Matematisk institutt, Universitetet i Oslo, Postboks 1053, N-0316 Oslo E-mail address: christti@math.uio.no