Relativistic quantum models for two bosons with interaction in the Schrödinger picture

E. Frochaux Département de Mathématiques, Ecole Polytechnique Fédérale de Lausanne, CH-1015 Lausanne, Switzerland

Abstract

Relativistic quantum models are given, in the Schrödinger picture, describing two bosons with interaction in four space-time dimensions. More precisely we start from the free model, involving functions f(p_1, p_2) of two momenta p_1, p_2 ∈ IR^3 in the Hilbert space L^2(IR^6, σ_2), where σ_2 is the Lorentz invariant measure. We add to the free Hamiltonian and the free Lorentz generators new interaction terms, such that the commutation rules of the Poincaré algebra remain satisfied. We get a large set of interaction terms solution to this problem. By integration we obtain unitary representations of the Poincaré group, in the same space L^2(IR^6, σ_2). The existence of asymptotic states and of bound states assures that these models describe two particles with effective interaction.

1. Introduction

A new family of unitary representations of the Poincaré group in four space-time dimensions is given, which describe two boson systems with interaction. The construction of scattering states confirms that they really concern two particle systems while the existence of bound states confirms the effective interaction.

These models are obtained by perturbations of the Hamiltonian and the Lorentz generators of the two free boson model, in the Schrödinger picture (i.e. the Hilbert state space is simply made of functions of two momenta). A similar modification of the free model was proposed by Dirac in the last 40’s [1], but in the classical case. His conclusion was that we get to too complicated equations. More recently, Currie [2] has obtained, under additional natural assumptions, that such modifications cannot generate an interaction (this is known as the ‘non-interaction theorem’). The present paper shows that in the quantum case, these difficulties can be solved.

The result given here is the generalization of a similar result in two space-time dimensions [3], which was itself suggested by an original approch of the bound state problem in two dimensional space-time Quantum Field Theory (QFT). Let us describe this new approach.

The mathematical construction of bosonic QFT models in two space-time dimensions (the weakly coupled P (φ)_2 models) by Glimm, Jaffe, Spencer [4], has made possible a rigorous approach of the relativistic bound state problem. In this framework the Bethe-Salpeter method has been rigorously established and extensively studied [5]. This method provides a clear and precise theory for relativistic quantum particles with interaction at low energy, which gives satisfaction both at the physical and at the mathematical point of view. However this theory is incomplete because it neglects the construction of the eigenstates of the bound states; moreover the hole mathematical construction fails down at four dimensional space-time and for gauge interactions.

Before trying to grapple with these difficulties, it should be natural road to improve first the bound state description of the P (φ)_2 models, in order to develop intuition and new ideas. However, such a improvement requires unavoidably the construction of the eigenspaces of the bound states. But the standard strategy of QFT was precisely to avoid working with states of interacting particles (the vacuum and asymptotic states are the only states which are used). Thus a new method is needed, adapted to QFT models in which the existence of bound states is already known (from the Bethe-Salpeter method). Such a method has been developed by combining a variational and a perturbation approachs ([6], [7]). Let us explain in few words how it works. First, explicit expressions for the involving operators (Hamiltonian, etc...) on a sufficiently large set of vectors (the zero-time vectors) are calculated (at first perturbation orders only, but with perfect control of the remainders). Then the minimization of the Rayleigh quotient (ψ, Mψ) ‖ψ‖^{−2}, where M is the mass operator, is performed over the largest combination ψ of such vectors. The vectors exhibed by the minimization can be considered as perturbative calculations of eigenvectors. This gives a method to construct approximations of the eigenspace, once the existence of a bound state is known.

This methods has brought several surprises. First, it leads to an eigenvalue equation for the bound state mass, which is very similar to the Schrödinger equation (and which can be considered as an approximed ‘relativistic Schrödinger equation’) [6], [8]. Second, a subspace is found which is stable under the Poincaré transformation (at first perturbation orders) and nevertheless carries interaction [7, Section 3], [8]. Such representations of the Poincaré group can be studied for themselves, without reference to QFT. The third surprise is that such representations can be constructed non-perturbatively [3]. They provide a set of models for two particles with effective interaction in the Schrödinger picture (because the time variable is not introduced, due to the initial restriction to zero-time vectors). Moreover, the complete set of such representations can be given, in the weak coupling regime. They are all constructed from an interaction kernel which, in the centre-of-mass frame, can be chosen arbitrarily [3].

The last surprise is that generalizations are possible, to N > 2 particle systems [9] and to higher dimensional space-time. The case of two particles in three spacetime dimensions has been obtained for special interactions (involving the projection on the s-waves) [10]. With such an interaction, the direct connection with QFT fails. The present paper concerns the generalization to four space-time dimensions, for two particle systems. The difficulty comes from the highter dimension of the Poincaré group and non-integrability of some involving kernels. However, provided the interaction satisfies again the special property given above, unitary representations of the Poincaré group can be constructed, which describe two particles with interaction in four space-time dimensions. They give the first examples, to our knowledge, of relativistic quantum models for a finite number of particles with interaction in four space-time dimensions. Moreover, these models admit a rigorous mathematical construction which is remarkably simple.

The paper is organized as follows. Section 2 presents the models, given by a family of operators which (formally) satisfy the commutation rules of the Poincaré algebra, provided some conditions on the ‘interaction kernel’ h hold. In particular, if h satisfies the special property given above, then these conditions reduce to a single ‘fundamental equation’ for h. In section 3 the complete set of solutions to this equation is given, in the weak coupling regime. Then we focus on a particular subset of solutions which satisfy all the analytic properties we need for the following proofs. Section 4 shows that the formal representations of the Poincaré algebra, we have just obtained, are well defined and can be integrated to give unitary representations of the Poincaré group. Section 5 gives the eigenvalue equation for the bound states (the ‘relativistic Schrödinger equation’) and shows the existence of a bound state in some examples, which assures the non-triviality of these models. In section 6 we sum up what we have found, a family of models for two particles (this last point is confirmed by the construction of scattering states) with effective interaction.

2. The models

The Lie algebra G of the Poincaré group P^↑_+ in four space-time dimensions is generated by the ten operators H (Hamiltonian), ⃗P = (P_1, P_2, P_3) (momentum), ⃗J = (J_1, J_2, J_3) (angular momentum) and ⃗L = (L_1, L_2, L_3) (generators of the Lorentz transformations), satisfying the 45 commutation rules [P_j, P_k] = 0 [P_j, J_k] = iε_{j,k,ℓ}P_ℓ [J_j, J_k] = iε_{j,k,ℓ}J_ℓ (1) [P_j, H] = 0 [H, J_j] = 0 (2) [P_j, L_k] = iδ_{j,k}H [J_j, L_k] = iε_{j,k,ℓ}L_ℓ (3) [H, L_j] = iP_j [L_j, L_k] = −iε_{j,k,ℓ}J_ℓ (4) for all 1 ≤ j, k ≤ 3 where δ_{i,j} is the Kronecker tensor and ε_{j,k,ℓ} ∈ {0, 1} is the totally antisymetric tensor with ε_{1,2,3} = 1 (we have used the Einstein summation notation). This algebra admits two Casimir operators, the mass operator M, the square of which is given by

M^2 := H^2 − ⃗P^2 (5)

and the Pauli-Lubanski operator

W^2 := ( ⃗P · ⃗J )2 − ( −H ⃗J + ⃗P ∧ ⃗L )2 (6) where the dot “·” and the wedge “∧” denote the ordinary scalar and vectorial products respectively.

We start from the representation describing one spinless particle of mass m > 0, in the Schrödinger picture, given by following choice of operators ⃗P ϕ(⃗p) = ⃗p ϕ(⃗p) Hϕ(⃗p) = ω(⃗p)ϕ(⃗p) ⃗Jϕ(⃗p) = −i ⃗p ∧ ⃗∇ϕ(⃗p) (7) ⃗Lϕ(⃗p) = −iω(⃗p) ⃗∇ϕ(⃗p) for almost all ⃗p = (p_1, p_2, p_3) ∈ IR^3 and suitable three-variable functions ϕ, where we have put ω(⃗p) := √ ⃗p^2 + m^2. We have used the notation ⃗∇ := (∂_{p1} , ∂_{p2} , ∂_{p3} ).

These operators define a representation of the algebra G which can be integrated to give a unitary, continuous and irreducible representation of the Poincaré group P^↑_+, in the function space L^2(IR^3, σ), where σ is the measure dσ(⃗p) := d⃗p [2ω(⃗p)]^{−1} (see Appendix A). The Casimir operators of the representation (7) are simply M = m (times the identity operator) and W = 0.

The representation describing two identical bosons of mass m > 0 without interaction, in the Schrödinger picture, is given by the symmetrical tensor product of two copies of the representation (7) (the symmetry refers to the case where the particles are identical, but this restriction is not essential and could be removed). The action of the operators becomes ⃗P ϕ(⃗p_1, ⃗p_2) = (⃗p_1 + ⃗p_2) ϕ(⃗p_1, ⃗p_2) H_0 ϕ(⃗p_1, ⃗p_2) = (ω(⃗p_1) + ω(⃗p_2)) ϕ(⃗p_1, ⃗p_2) ⃗J ϕ(⃗p_1, ⃗p_2) = −i ( ⃗p_1 ∧ ⃗∇_1 + ⃗p_2 ∧ ⃗∇_2 ) ϕ(⃗p_1, ⃗p_2) (8) ⃗L_0 ϕ(⃗p_1, ⃗p_2) = −i ( ω(⃗p_1)⃗∇_1 + ω(⃗p_2)⃗∇_2 ) ϕ(⃗p_1, ⃗p_2)

for almost all (⃗p_1, ⃗p_2) ∈ IR^6 and suitable six variable functions ϕ, where ⃗∇_i := (∂_{(⃗pi)1} , ∂_{(⃗pi)2} , ∂_{(⃗pi)3} ), i ∈ {1, 2}. Because of the properties of the tensor product, (8) defines a representation of the algebra G which can be integrated to give a unitary and continuous representation of the Poincaré group P^↑_+, in the function space

H := L^2_{Sym}(IR^6, σ_2), dσ_2(⃗p_1, ⃗p_2) := d⃗p_1 2ω(⃗p_1) d⃗p_2 2ω(⃗p_2) (9) made of symmetrical functions (i.e. ϕ( ⃗p_1, ⃗p_2) = ϕ( ⃗p_2, ⃗p_1)). Note that σ_2 = σ ⊗ σ and recall that ω(⃗p_i) = √ ⃗p^2_i + m^2 for each i ∈ {1, 2}. H describes two particles without interaction (therefore we have put an index 0 to H_0 and ⃗L_0).

The Casimir operator of the representation (8) are given by the complicated expressions

M^2_0 ϕ( ⃗p_1, ⃗p_2) = [ (ω(⃗p_1) + ω(⃗p_2))^2 − (⃗p_1 + ⃗p_2)^2 ] ϕ( ⃗p_1, ⃗p_2) (10)

W^2_0 ϕ( ⃗p_1, ⃗p_2) = − [( (⃗p_1 ∧ ⃗p_2) · (⃗∇_1 − ⃗∇_2) )2

− ( ω(⃗p_1)⃗p_2 ∧ ⃗∇_1 + ω(⃗p_2)⃗p_1 ∧ ⃗∇_2 )2] ϕ( ⃗p_1, ⃗p_2). (11)

Now we want to modify these operators in order to introduce the interaction. To remain in the Schrödinger picture we keep ⃗P and ⃗J unchanged and modify only H_0 and ⃗L_0. We introduce a symmetric operator O, the interaction operator, on which we impose only, for the moment, the formal commutation properties

[O, ⃗P ] = 0 [O, ⃗J] = 0. (12)

The interaction representation is defined as follows ⃗P , ⃗J as in (8) H := H_0 + {O, H_0} (13) ⃗L := ⃗L_0 + {O, ⃗L_0} where we have used the notation {A, B} = AB + BA. The particular form of the ‘interaction parts’ of (13) together with (12) have the following nice consequence.

Lemma 1 The operators (13) satisfy formally the commutation rules (1), (2) and (3) of the algebra G.

The proof is only a straightforward algebraic calculation; (1) has not been touched; (2) is an immediate consequence of (12); (3) follows from a line of easy calculation. (Note the particular role of (3) : it gives the new operators H, L_1, L_2 after the change of L_3 only.) For more details on the proof, see [3] or [9]. Until now no condition on O, except (12), were needed. But the last commutation rules (4) impose the following complicated equations 0 = [{O, H_0}, L_{0,j}] + [H_0, {O, L_{0,j}}] + [{O, H_0}, {O, L_{0,j}}] (14) 0 = [{O, L_{0,j}}, L_{0,k}] + [L_{0,j}, {O, L_{0,k}}] + [{O, L_{0,j}}, {O, L_{0,k}}] (15) for all j ≠ k ∈ {1, 2, 3}. We get six equations for O of the same form (made of a linear term plus a bilinear term), which must hold simultaneously. We have now to find solutions to this system.

In order to have a better physical description we make the change of variables (⃗p_1, ⃗p_2) → ( ⃗P , ⃗Q) given by

⃗P = ⃗p_1 + ⃗p_2 ⃗Q = 1 2 (⃗p_1 − ⃗p_2) − 1 2 ⃗P ω(⃗p^1) − ω(⃗p^2) M_0(⃗p_1, ⃗p_2) + ω(⃗p_1) + ω(⃗p_2)

(16)

where M_0(⃗p_1, ⃗p_2) = [ (ω(⃗p_1) + ω(⃗p_2))^2 − ⃗P^2 ]1/2 is the function appearing in (10).

The variable ⃗P is the total momentum while ⃗Q is the relative momentum, defined as the momentum in a centre-of-mass frame (more precisely, ⃗Q is the transform of 1 2 (⃗p_1 − ⃗p_2) under a Lorentz transformation leading to a centre-of-mass frame, see Appendix B for more explanations).

Under this change of variables the free representation (8) becomes

⃗P ϕ( ⃗P , ⃗Q) = ⃗P ϕ( ⃗P , ⃗Q) (multiplication by the variable ⃗P ) H_0 ϕ( ⃗P , ⃗Q) = Ω( ⃗P , ⃗Q) ϕ( ⃗P , ⃗Q) ⃗J ϕ( ⃗P , ⃗Q) = ( ⃗J^{⃗P} + ⃗J^{⃗Q} ) ϕ( ⃗P , ⃗Q) (17) ⃗L_0 ϕ( ⃗P , ⃗Q) = −iΩ( ⃗P , ⃗Q)⃗∇_{⃗P} − ⃗P ∧ ⃗J^⃗Q 2ω( ⃗Q) + Ω( ⃗P , ⃗Q) ϕ( ⃗P , ⃗Q)

for almost all ( ⃗P , ⃗Q) ∈ IR^6 and suitable functions ϕ, where we have put Ω( ⃗P , ⃗Q) := √ ⃗P 2 + 4ω( ⃗Q)2 = √ ⃗P 2 + 4 ⃗Q2 + 4m2 ⃗J^{⃗P} := −i ⃗P ∧ ⃗∇_{⃗P} (18) ⃗J^{⃗Q} := −i ⃗Q ∧ ⃗∇_{⃗Q} (see the calculation in Appendix B). As for (8), these operators define a representation of the algebra G which can be integrated to give a unitary and continuous representation of the Poincaré group P^↑_+, in the function space (9), which in these variables becomes H = L^2_{ev. ⃗Q}(IR^3 × IR^3, μ), dμ( ⃗P , ⃗Q) := d ⃗Q d ⃗P 2ω( ⃗Q)Ω( ⃗P , ⃗Q) = dσ( ⃗Q) d ⃗P Ω( ⃗P , ⃗Q) (19)

made of even functions w.r.t. ⃗Q (i.e. ϕ( ⃗P , ⃗Q) = ϕ( ⃗P , − ⃗Q)), see Appendix B.

Let us discuss the representation (17). In the non-relativistic case, it is possible to find relative variables which are invariant under the proper Galilean transformations. In the relativistic case we have not managed to find such relative variables, and our Lorentz generators contain a term involving ⃗J^{⃗Q}, i.e. acting on ⃗Q. Note that only the angular variables of ⃗Q are concerned, because ⃗Q^2 = 1 4 [(⃗p_1 − ⃗p_2)^2 − (ω(⃗p_1) − ω(⃗p_2))^2] is an invariant quantity. This last point can also be seen in the Casimir operators, which are now only functions of ⃗Q^2 and ( ⃗J^{⃗Q})^2 :

M^2_0 ϕ( ⃗P , ⃗Q) = 4ω( ⃗Q)^2 ϕ( ⃗P , ⃗Q) (20) W^2_0 ϕ( ⃗P , ⃗Q) = 4ω( ⃗Q)^2 ( ⃗J^{⃗Q})^2 ϕ( ⃗P , ⃗Q). (21)

To find solutions of (14), (15) we must write O more explicitly. The most general form compatible with (12) is O ϕ( ⃗P , ⃗Q^′) = ∫ IR6 dμ( ⃗P^′, ⃗Q^′) ϕ( ⃗P^′, ⃗Q^′) η( ⃗P , ⃗Q, ⃗P^′, ⃗Q^′) Ω( ⃗P , ⃗Q) + Ω( ⃗P^′, ⃗Q^′) δ( ⃗P − ⃗P^′) = ∫ IR3 dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) (22)

where h( ⃗P , ⃗Q, ⃗Q^′) = η( ⃗P , ⃗Q, ⃗P , ⃗Q^′) is an arbitrary kernel (for the moment) even w.r.t ⃗Q and ⃗Q^′, that is h( ⃗P , ⃗Q, ⃗Q^′) = h( ⃗P , − ⃗Q, ⃗Q^′) = h( ⃗P , ⃗Q, − ⃗Q^′), and satisfying the symmetry condition h( ⃗P , ⃗Q, ⃗Q^′)∗ = h( ⃗P , ⃗Q^′, ⃗Q) (23) where the star * means complex conjugation, all these conditions being necessary for O to be a symmetric operator on H. The Dirac δ pseudo-function assures that O (formally) commutes with ⃗P and the last condition of (12) leads (formally) to ( ⃗J^{⃗P} + ⃗J^{⃗Q} + ⃗J^{⃗Q0} ) h( ⃗P , ⃗Q, ⃗Q^′) = 0. (24) The denominateur in (22) is for h to be the kernel of the interaction part of H.

In fact, the Hamiltonian (13) can be written simply H ϕ( ⃗P , ⃗Q^′) = Ω( ⃗P , ⃗Q) ϕ( ⃗P , ⃗Q) + ∫ IR3 dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) h( ⃗P , ⃗Q, ⃗Q^′) (25)

(note that h has no physical dimension) while ⃗L gives the complicated formula ⃗L ϕ( ⃗P , ⃗Q^′) = ⃗L_0ϕ( ⃗P , ⃗Q) + ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) [ ⃗L_0ϕ( ⃗P , ⃗Q^′) ] h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q^′) (26) − i ⃗P ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) Dh( ⃗P , ⃗Q, ⃗Q^′) ‖ ⃗P ‖Ω( ⃗P , ⃗Q^′) − h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q^′)^2 + ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′)

× ⃗P ∧ [ ⃗J^⃗Q 2ω( ⃗Q) + Ω( ⃗P , ⃗Q) + ⃗J^⃗Q^0 2ω( ⃗Q^′) + Ω( ⃗P , ⃗Q^′) ]

Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) h( ⃗P , ⃗Q, ⃗Q^′). The substitution of (22) in (14), (15) leads to six non-linear, integro-differential equations for h. Six equations for one unknown function. We obtain easily nontrivial solutions h ≠ 0 satisfying the special condition ⃗J^{⃗Q} h( ⃗P , ⃗Q, ⃗Q^′) = 0 (27) which leads to ⃗J^{⃗P} h = ⃗J^{⃗Q0} h = 0 because of (21) and (22). So (27) is equivalent to the requirement that h( ⃗P , ⃗Q, ⃗Q^′) is function of the norms ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖ only. In this case the six equations (14), (15) gives six times the same equation, that we write now. We first introduce the differential operator D given by Dh( ⃗P , ⃗Q, ⃗Q^′) := Ω( ⃗P , ⃗Q) Ω( ⃗P , ⃗Q^′) Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) ∂_{‖ ⃗P ‖} h( ⃗P , ⃗Q, ⃗Q^′). (28) Appendix C shows that (14), (15) leads to the single equation 0 = 2Dh( ⃗P , ⃗Q, ⃗Q^′) + ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′})^2 − ‖ ⃗P ‖ Ω( ⃗P , ⃗Q^{′′}) h( ⃗P , ⃗Q, ⃗Q^{′′})h( ⃗P , ⃗Q^{′′}, ⃗Q^′) + Dh( ⃗P , ⃗Q, ⃗Q^{′′})h( ⃗P , ⃗Q^{′′}, ⃗Q^′) + h( ⃗P , ⃗Q, ⃗Q^{′′})Dh( ⃗P , ⃗Q^{′′}, ⃗Q^′) } . (29)

This is the fundamental equation which guarantiees the relativistic structure of the theory. Let us sum up what we have found in a proposition.

Proposition 2 Let h( ⃗P , ⃗Q, ⃗Q^′) be a function of ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖ only which satisfies (23) and (29). Then the operators (13), with O given by (22), are symmetric and satisfy algebraically the commutation rules (1) to (4) of the algebra G.

3. Existence of solutions of the fundamental equation

We give the complete set of solutions of (29) lying in a ball of a Banach space, neglecting for the moment the conditions (23) and (27). Then we study the analytic properties of a particular subset of solutions.

Definition 1 Let K be a compact set of IR^3 with Lebesgue-measure |K| ≠ 0. We denote by B the Banach space of continuous and bounded functions h( ⃗P , ⃗Q, ⃗Q^′) with support in ( ⃗P , ⃗Q, ⃗Q^′) ∈ IR^3 × K × K for which Dh( ⃗P , ⃗Q, ⃗Q^′) exists and is also bounded and continuous, given the norm |h|_B := ‖h‖_∞ + ‖Dh‖_∞ (30) where the differential operator D is given by (28).

The following result assures the existence of a large class of solutions of (29).

Proposition 3 There exists 0 < K_1 < ∞ such that, for all c ∈ C^0_0 (K×K) satisfying ‖c‖_∞ < K_1, there exists one and only one h ∈ B satisfying

1) |h|_B < 2K_1 2) h(0, ⃗Q, ⃗Q^′) = c( ⃗Q, ⃗Q^′) for all ⃗Q, ⃗Q^′ ∈ IR^3 3) h( ⃗P , ⃗Q, ⃗Q^′) satisfies (29) for all ⃗P , ⃗Q, ⃗Q^′ ∈ IR^3.

The proposition gives the complete set of solutions h of (29) lying in a certain ball of B; they are uniquely defined by their restriction to ⃗P = 0, which can be chosen arbitrarily in a certain ball of C^0_0 (K × K). This analytic condition is the only restriction on h for ⃗P = 0, that is, in a centre-of-mass frame. Proof. Let us introduce a bilinear operator b on suitable functions f, g b(g, h)( ⃗P , ⃗Q, ⃗Q^′) := − 1 2 ∫ ‖ ⃗P ‖ 0 d‖⃗ζ‖ ( 1 Ω(⃗ζ, ⃗Q) + 1 Ω(⃗ζ, ⃗Q^′) ) ∫ dσ( ⃗Q^{′′}) Ω(⃗ζ, ⃗Q^{′′})^2 { Dg(⃗ζ, ⃗Q, ⃗Q^{′′})h(⃗ζ, ⃗Q^{′′}, ⃗Q^′)

+ g(⃗ζ, ⃗Q, ⃗Q^{′′})Dh(⃗ζ, ⃗Q^{′′}, ⃗Q^′) − ‖⃗ζ‖ Ω(⃗ζ, ⃗Q^{′′}) g(⃗ζ, ⃗Q, ⃗Q^{′′})h(⃗ζ, ⃗Q^{′′}, ⃗Q^′) . (31) for all ( ⃗P , ⃗Q, ⃗Q^′) ∈ IR^9. By applying the derivation operator D (given by (28)), with right derivation at 0, we get simply Db(g, h)( ⃗P , ⃗Q, ⃗Q^′) = − 1 2 ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′})^2 − ‖ ⃗P ‖ Ω( ⃗P , ⃗Q^{′′}) f( ⃗P , ⃗Q, ⃗Q^{′′})g( ⃗P , ⃗Q^{′′}, ⃗Q^′) + Dg( ⃗P , ⃗Q, ⃗Q^{′′})h( ⃗P , ⃗Q^{′′}, ⃗Q^′) + g( ⃗P , ⃗Q, ⃗Q^{′′})Dh( ⃗P , ⃗Q^{′′}, ⃗Q^′) } . (32)

The fundamental equation (29) can now be written Dh − Db(h, h) = 0. By integration this equation becomes h( ⃗P , ⃗Q, ⃗Q^′) = c( ⃗Q, ⃗Q^′) + b(h, h)( ⃗P , ⃗Q, ⃗Q^′) := A(h)( ⃗P , ⃗Q, ⃗Q^′) (33) where c( ⃗Q, ⃗Q^′) is an arbitrary function (the integration ‘constant’). This is a fixed point equation which can be solved by applying the Banach fixed point theorem [11, Sec 1.1] in the Banach space B. Obviously b : B → B and satisfies |b(g, h)|_B < K^′_1 |g|_B |h|_B. (34) where

K^′_1 = 1 2 ∫ ∞ 0 2 dζ √ ζ^2 + 4m^2 ∫ K dσ( ⃗Q^{′′}) ζ^2 + 4 ⃗Q^{′′2} + 4m^2 + 1 2 ∫ K dσ( ⃗Q^{′′}) 4( ⃗Q^{′′2} + m^2) < |K| 4m^3

. (35)

Let us take K_1 = (4K^′_1)^{−1} and c( ⃗Q, ⃗Q^′) ∈ B with |c|_B = ‖c‖_∞ < K_1. Then the operator A(h) sends the ball B(2K_1) := {g ∈ B | |g|_B < 2K_1} into itself and is a strict contraction on B(2K_1) (see [3] or [9] for more details). In such a case, it follows from the Banach fixed point theorem that the equation h = A(h) has one and only one solution in B(2K_1) given by the convergent limit

h = lim_{n→∞} A^n(0). [] (36)

The previous proof constructs the solutions h in terms of their restriction to ⃗P = 0, denoted by c, as the limit of a convergent sequence in B, provided ‖c‖_∞ < m^3/|K| (because the proof shows that we can take K_1 = m^3/|K|). Let us compute the first terms of the sequence (36):

A(0) = c A^2(0) = c + b(A(0), A(0)) = c + b(c, c) A^3(0) = c + b(A^2(0), A^2(0)) (37) = c + b(c, c) + b(b(c, c), c) + b(c, b(c, c)) + b(b(c, c), b(c, c)) etc... The limit can be seen as a convergent series in powers of c. More precisely, by replacing c by λc in the definition of A (33), the limit (36) becomes a power series of λ h = ∞∑ n=0 λ^n h_n (38)

converging for −1 < λ ≤ 1, where h_n is the sum of all terms in (36) of degree n in c. By going on the calculation (37) we see that h_n is given by the sum of all different ways of writing n − 1 bilinear functions b applied on n functions c. For example, h_3 = b(b(c, c), c) + b(c, b(c, c)) h_4 = b(c, b(c, b(c, c))) + b(c, b(b(c, c), c)) + b(b(c, c), b(c, c)) (39) + b(b(c, b(c, c)), c) + b(b(b(c, c), c), c) and so on.

We have now to extract from this large set of solutions a subset which realize what we want to construct: unitary representations of the Poincaré group describing two particles with effective interaction. For that purpose we restrict us to the following class of functions.

Definition 2. Let K be the ball of IR^3 of centre 0 and radius R > 0. Let V be the set of functions c( ⃗Q, ⃗Q^′) ∈ C^2_0 (K × K) which satisfy c( ⃗Q, ⃗Q^′)∗ = c( ⃗Q^′, ⃗Q), which depend only on the norms ‖ ⃗Q‖ and ‖ ⃗Q^′‖, and such that ‖c‖_∞ ≤ m^3 2 |K| . (40)

Note that V depends on the two positive parameters m and R.

Each c ∈ V satisfies the hypothesis of proposition 3 and moreover satisfies

‖c‖_L2_{(IR}6_) ≤ m^3 2 (41)

where L^2(IR^6) refers to the ordinary Lebesgue measure (not the σ_2 measure). The following set of properties hold on V.

Proposition 4 Let c ∈ V. The function h deduced from c by (35) (or (36)) satisfies:

1) h satisfies (23), 2) h( ⃗P , ⃗Q, ⃗Q^′) depends only on the norms ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖, 3) for all ⃗Q, ⃗Q^′ ∈ IR^3, the function ⃗P → h( ⃗P , ⃗Q, ⃗Q^′) is a function of ⃗P^2 analytic in a IC-neighbourhood of IR_+,

4) for all ⃗P ∈ IR^3, the function ⃗Q, ⃗Q^′ → h( ⃗P , ⃗Q, ⃗Q^′) has compact support and belongs to C^2(IR^6),

5) the partial derivatives of h( ⃗P , ⃗Q, ⃗Q^′), of any order w.r.t. ⃗P^2 and of order ≤ 2 w.r.t. ⃗Q, ⃗Q^′, belong to B,

6) h and Dh satisfy the estimates sup_{⃗P ∈IR3} ∫ IR6 d ⃗Qd ⃗Q^′|h( ⃗P , ⃗Q, ⃗Q^′)|^2 ≤ ( 2 3 )2 m^6

sup_⃗ P ∈IR3 ∫ IR6 d ⃗Qd ⃗Q^′|Dh( ⃗P , ⃗Q, ⃗Q^′)|^2 ≤ ( 1 20 )2 m^6. (42)

Proof. First we establish the convergence of h = ∑∞ n=0 h_n, where the h_n are introduced by (38), by another way. By the estimate on b given by (34) follows that |h_n|_B < N_nK^{′n−1}_1 |c|^n_B, where N_n is the number of terms of h_n. To get an estimate on N_n we consider the trivial equation : x = u + x^2 with u ∈ IC and small |u|, which is a caricature of the equation (33). The fixed-point theorem leads to a solution x = ∑∞ n=1 N_nu^n, convergent for |u| < 1/4 and unique in the disc |x| < 1/2, where the N_n are given by N_1 = 1 and N_n = ∑n−1 i=1 N_iN_{n−i} for all n > 1. On the other hand, an elementary calculation gives x =^1_2 (1 − √ 1 − 4u) for |u| ≤ 1/4 as the unique solution near the origin. By expansion of this solution in power series we obtain explicit expressions for N_n, from which follows easily the estimate N_n < 4^n for all n ≥ 1. By summing up these estimates we get |h_n|_B < K^{′n−1}_1 N_n |c|^n_B < 1 K^′_1

(4K^′_1|c|_B)^n (43)

which assures the convergence of h = ∑∞ n=0 h_n provided 4K^′_1|c|_B < 1, in agreement with the proof of proposition 3.

Proof of 1). Because A(0) = c we have A(0)( ⃗Q, ⃗Q^′) = A(0)( ⃗Q^′, ⃗Q)^∗. If g ∈ B satisfies g( ⃗P , ⃗Q, ⃗Q^′) = g( ⃗P , ⃗Q^′, ⃗Q)^∗, so does b(g, g) and A(g). By an induction argument it follows that A^n(0) satisfies this symmetry for all n, and so does the uniform limit lim_{n→∞}A^n(0).

Proof of 2). If f( ⃗P , ⃗Q, ⃗Q^′), g( ⃗P , ⃗Q, ⃗Q^′) are only function of ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖, so are b(f, g)( ⃗P , ⃗Q, ⃗Q^′) and Db(f, g)( ⃗P , ⃗Q, ⃗Q^′). Thus, if c( ⃗Q, ⃗Q^′) is only function of ‖ ⃗Q‖, ‖ ⃗Q^′‖, then h_n( ⃗P , ⃗Q, ⃗Q^′) is only function of ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖ for all n. This property passes obviously to the uniform limit h = lim_{N→∞} ∑N n=0 h_n.

Proof of 3). Let us fix ( ⃗Q, ⃗Q^′) ∈ IR^6 and put x = ‖ ⃗P ‖. In h_n, x appears only in kernels √ x^2 + 4ω(⃗ξ)^2 or as limit of integrals ∫ x 0 dy over a variable y appearing only in kernels √ y^2 + 4ω(⃗χ)^2 or as limit of integrals ∫ y 0 dz, and so on, for various variables ⃗ξ, ⃗χ, etc... All these kernels are analytic in a strip {x ∈ IC| |Imx| < 2m}. Moreover the derivation of (x^2 + 4ω(⃗ξ)^2)^{k/2}, for any k ∈ ZZ, gives a function bounded by a constant times (x^2 + 4ω(⃗ξ)^2)^{k/2}. Thus the integrability is preserved. From all these properties follows that h_n( ⃗P , ⃗Q, ⃗Q^′) is an analytic function of ‖ ⃗P ‖ in the strip given above, for all ( ⃗Q, ⃗Q^′) ∈ IR^6.

To study the convergence for n → ∞ we note that ∂^j_{‖ ⃗P ‖}h_n satisfies the bound (43) multiplied by a constant due to the derivations of the kernels, and by the factor (n − 1)^j for the number of terms caused by j derivations, according to the Leibniz formula. These new factors have no consequence on the convergence, and thus ∂^j_{‖ ⃗P ‖}h_n converges to an element of B, which is nothing else than ∂^j_{‖ ⃗P ‖}h because of the uniform convergence.

The analyticity is obtained by giving a small fixed imaginary part to ‖ ⃗P ‖, taking ‖ ⃗P ‖ + iη in the definition of b (31), with |η| small enough to have again the estimate (34). The same argument as before, based on (43) which is still valid, shows the convergence of h_n and ∂^j_{‖ ⃗P ‖}h_n, for all n, uniformly in η.

To see that h is an analytic function of ⃗P^2 (and not only on ‖ ⃗P ‖) we note that, if f( ⃗P , ⃗Q, ⃗Q^′), g( ⃗P , ⃗Q, ⃗Q^′) ∈ B, functions of ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖ only, are even in ‖ ⃗P ‖, so is b(f, g)( ⃗P , ⃗Q, ⃗Q^′). A glance to (37) suffices to convince ourselves that all the terms of h_n, and thus the limit h itself, are even functions of ‖ ⃗P ‖.

Proof of 4). The functions h_n can be written as h_n( ⃗P , ⃗Q, ⃗Q^′) = ∫ dσ( ⃗Q^{′′}_1) · · · dσ( ⃗Q^{′′}_{n−1}) c( ⃗Q, ⃗Q^{′′}_1) c( ⃗Q^{′′}_1, ⃗Q^{′′}_2) · · ·

· · · c( ⃗Q^{′′}_{n−1}, ⃗Q^′) Θ_n( ⃗P , ⃗Q, ⃗Q^′; ⃗Q^{′′}_1, . . . , ⃗Q^{′′}_{n−1}) (44) where the kernels Θ_n can be deduced from (36), (31), (32) by an easy (and tedius) calculation. This expression shows clearly that the support property of c leads to a support property for all h_n, and thus for h, w.r.t. ⃗Q, ⃗Q^′.

For j = 1 or 2, the jth derivation of h_n w.r.t. ⃗Q, ⃗Q^′ is bounded by the estimate (43) multiplied by (‖∂^jc‖_∞/‖c‖_∞)^j, by a constant due to the derivations of the kernels √ x^2 + 4 ⃗Q^2 + 4m^2, √ y^2 + 4 ⃗Q^{′2} + 4m^2 (for various variables x, y) w.r.t. ⃗Q, ⃗Q′ this time, and the factor (n−1)j for the number of terms caused by j derivations, according to the Leibniz formula. As before, these new factors have no consequence on the convergence, and then these functions converges to an element of B, which is nothing else than the corresponding derivation of h.

Proof of 5). We have already seen in the proofs of 2) and 3) that the derivation of h at any order w.r.t. ‖ ⃗P ‖ and at order ≤ 2 w.r.t. ⃗Q, ⃗Q^′, belong to B. The derivations w.r.t. ⃗P^2 are bounded by the derivations w.r.t. ‖ ⃗P ‖ for large ‖ ⃗P ‖; for small ‖ ⃗P ‖ the boundedness is assured by the analyticity of h w.r.t. ⃗P^2.

Proof of 6). Let us introduce the norm ‖f‖_∗ = m^{−3} sup_{⃗P ∈IR3} √∫ IR6 d ⃗Q d ⃗Q^′ |f( ⃗P , ⃗Q, ⃗Q^′)|^2 (45) for all f ∈ B. From an easy estimate involving the Cauchy-Schwartz inequality we get ‖b(f, f)‖_∗ < √ 3 8 ( ‖f‖^2_∗ + ‖Df‖^2_∗ )

‖Db(f, f)‖_∗ < √ 3 16 ( ‖f‖^2_∗ + ‖Df‖^2_∗ ) (46)

for all f ∈ B. Now recall that h = lim_{n→∞} A^n. Let us suppose that for some n ∈ IN we know that ‖A^n‖_∗ ≤ 2/3 and ‖DA^n‖_∗ ≤ 1/20 (because of (41) this is true for n = 0). Then from (41) and (46) we obtain ‖A^{n+1}‖_∗ = ‖c + b(A^n, A^n)‖_∗ ≤ ‖c‖_∗ + ‖b(A^n, A^n)‖_∗ ≤ 1 2 + √ 3 8 (‖A^n‖^2_∗ + ‖DA^n‖^2_∗) ≤ 1 2 + √ 3 8 ( 4 9 + 1 20^2 ) < 2 3 ‖DA^{n+1}‖_∗ = ‖Db(A^n, A^n)‖_∗ ≤ √ 3 16 (‖A^n‖^2_∗ + ‖DA^n‖^2_∗) ≤ √ 3 16 ( 4 9 + 1 20^2 ) < 1 20 . It follows that these bounds hold for all n. Because the uniform convergence of A^n and DA^n for n → ∞, the estimates (42) follow now simply from the Riemann theorem. [] 4. Unitarity representations of the Poincaré group

Until now, the representations (13) of the algebra G were only formal, in the sense that the domains of the operators and of the commutators were not precised. The proposition 4 brings the results which allow us to show that these algebra representations are well defined and can be integrated to give unitary continuous representations of P^↑_+.

Theorem 5 Let c ∈ V. Let O be the interaction operator (22) with the kernel h deduced from c in Proposition 3. Then {H, ⃗P , ⃗J, ⃗L}, given by (13), are the generators of a unitary continuous representation of P^↑_+.

Proof. According to the Theorem 5 of [12], H, ⃗P , ⃗J, ⃗L are the generators of a unitary continuous representation of P^↑_+ if the following three conditions are satisfied: 1) they are self-adjoint, 2) they admit a common invariant dense domain D on which the commutation rules of the algebra hold, 3) D is a domain of essential selfadjointness for the operator Δ = m^{−2}(H^2 + ⃗P^2) + ⃗J^2 + ⃗L^2. This scheme gives the three natural steps of the proof.

1st step: proof that H, ⃗P , ⃗J, ⃗L are self-adjoint. It is clear for ⃗P and ⃗J. To study H and ⃗L we need a general estimate of the norm of vectors like ϕ_ξ( ⃗P , ⃗Q) := ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) ξ( ⃗P , ⃗Q, ⃗Q^′) for ϕ ∈ H and a suitable kernel ξ. By using the Cauchy-Schwarz inequality and the Fubini theorem we obtain

‖ϕ_ξ‖^2 = ∫ d ⃗P dσ( ⃗Q) Ω( ⃗P , ⃗Q) | | | | | ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) ξ( ⃗P , ⃗Q, ⃗Q^′) | | | | | 2

≤ ∫ d ⃗P dσ( ⃗Q) Ω( ⃗P , ⃗Q) ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) | | |ϕ( ⃗P , ⃗Q^′) | | | 2 ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′}) | | |ξ( ⃗P , ⃗Q, ⃗Q^{′′}) | | | 2 ≤ |||ξ|||^2 ‖ϕ‖^2 (47) where |||ξ|||^2 := sup_{⃗P ∈IR3} ∫ dσ( ⃗Q) Ω( ⃗P , ⃗Q) ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′}) | | |ξ( ⃗P , ⃗Q, ⃗Q^{′′}) | | | 2 . (48)

For H, given by (25), we find the bound on the operator norm ‖H − H_0‖_{op} ≤ |||h|||. ¿From (42) follows : |||h||| ≤ m/6. Thus H − H_0 is a bounded operator, and H is self-adjoint on the domain of H_0.

For ⃗L we consider (26) without the last term (because ⃗J^{⃗Q}h = ⃗J^{⃗Q0} h = 0). The estimate (47) leads to ‖(L_j − L_{0,j})ϕ‖ ≤ |||h/Ω||| ‖L_{0,j}ϕ‖ + (|||h/Ω||| + |||Dh/Ω|||) ‖ϕ‖ (49) for all j ∈ {1, 2, 3}. From the Kato-Rellich theorem (section X.2 of [13]) follows that ⃗L is self-adjoint on the domain of ⃗L_0 provided |||h/Ω||| < 1. Using the previous estimates we get |||h/Ω||| ≤ |||h|||/2m < 1/12 < 1. (Note that the condition |||h|||/2m < 1 implies the operator norm bound ‖H − H_0‖_{op} < 2m and then the positivity of H).

2nd step: the invariant domain and the commutation rules. Let D be the following domain D = { ϕ ∈ H | | Ω( ⃗P , ⃗Q)^ℓ P^{n1}_1 P^{n2}_2 P^{n3}_3 L^{m1}_{0,1} L^{m2}_{0,2} L^{m3}_{0,3} J^{j1}_1 J^{j2}_2 J^{j3}_3 ϕ( ⃗P , ⃗Q) ∈ H

for all ℓ, n_1, n_2, n_3, m_1, m_2, m_3, j_1, j_2, j_3 ∈ IN } . (50)

D is dense (because it contains C^∞_0 (IR^6)) and is clearly left invariant by H_0, ⃗P , ⃗J and ⃗L_0. To show that it is also invariant under H and ⃗L it is sufficient to show that it is invariant under O. Let ϕ ∈ D and let us apply an operator Ω( ⃗P , ⃗Q)^ℓP^{n1}_1 P^{n2}_2 P^{n3}_3 L^{m1}_{0,1} L^{m2}_{0,2} L^{m3}_{0,3} J^{j1}_1 J^{j2}_2 J^{j3}_3 to the vector Oϕ. ¿From 2), proposition 4, we get 0 unless j_1 = j_2 = j_3 = 0. In that case, from the Leibniz rule we find

Ω( ⃗P , ⃗Q)^ℓ P^{n1}_1 P^{n2}_2 P^{n3}_3 L^{m1}_{0,1} L^{m2}_{0,2} L^{m3}_{0,3} Oϕ( ⃗P , ⃗Q) = ∑ ⃗α+⃗β=⃗m C_{⃗α,⃗β} ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) [ Ω( ⃗P , ⃗Q^′)^{ℓ+β1+β2+β3+1}P^{n1}_1 P^{n2}_2 P^{n3}_3 L^{α1}_{0,1}L^{α2}_{0,2}L^{α3}_{0,3} ϕ( ⃗P , ⃗Q^′) ]

× Ω( ⃗P , ⃗Q) Ω( ⃗P , ⃗Q^′) ℓ+β1+β2+β3 ∂^{β1}_{P1} ∂^{β2}_{P2} ∂^{β3}_{P3} h( ⃗P , ⃗Q, ⃗Q^′)

Ω( ⃗P , ⃗Q^′)(Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′))(51)for some coefficients C_{⃗α,⃗β}. Because ϕ ∈ D the expression in [ ] is a vector of H. By using the estimate (47) we find that (51) belongs to H if the expression in { } has well defined |||.||| norm. It is the case because of the points 3), 4) and 5) of proposition 4), because the derivations of Ω( ⃗P , ⃗Q^′)^{−1}(Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′))^{−1} w.r.t. ⃗P give bounded functions, and because Ω( ⃗P , ⃗Q) Ω( ⃗P , ⃗Q^′) ≤ ‖ ⃗P ‖ Ω( ⃗P , ⃗Q^′) + 2ω( ⃗Q) Ω( ⃗P , ⃗Q^′) ≤ 1 + ω( ⃗Q) m (52)

gives a bounded contribution, due to the compact support of ⃗Q → h( ⃗P , ⃗Q, ⃗Q^′). Thus D is an invariant domain for all operators H, ⃗P , ⃗J and ⃗L.

By working on D the commutation rules for {H, ⃗P , ⃗J, ⃗L} can be deduced from those for {H_0, ⃗P , ⃗J, ⃗L_0} without having to take care of their domain. Thus we have only to do algebraic calculations, and thus to apply proposition 2.

3th step: proof that D is a domain of essential self-adjointness for the operator Δ. We show that Δ is self-adjoint, using theorems by Nelson and Kato-Rellich. Because { ⃗P , H_0, ⃗J, ⃗L_0} are the infinitesimal generators of a unitary continuous representation of a Lie group it follows from a theorem by Nelson (see [12], theorem 3) that all these operators and Δ_0 = m^{−2}(H^2_0 + ⃗P^2) + ⃗J^2 + ⃗L^2_0 are self-adjoint and that there exists a domain D_0 which is a common invariant domain and a common core for all of them. However the largest common invariant domain is given by (50), thus D is also a common core. By the Kato-Rellich theorem (Theorem X.12 of [13]), Δ is essentially self-adjoint on D if

‖(Δ − Δ_0)ϕ‖ ≤ k_1‖Δ_0ϕ‖ + k_2‖ϕ‖ (53) for all ϕ ∈ D, for some 0 < k_1 < 1 and 0 < k_2 < ∞.

The bound (53) concerns the interaction terms of H and ⃗L because

Δ − Δ_0 = m^{−2}(H^2 − H^2_0 ) + ⃗L^2 − ⃗L^2_0. (54)

Now, for all ϕ ∈ D

(H^2 − H^2_0 ) ϕ( ⃗P , ⃗Q) = ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) Ξ( ⃗P , ⃗Q, ⃗Q^′) (55) where Ξ( ⃗P , ⃗Q, ⃗Q^′) := ( Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) ) h( ⃗P , ⃗Q, ⃗Q^′) + ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′}) h( ⃗P , ⃗Q^′, ⃗Q^{′′}) h( ⃗P , ⃗Q^{′′}, ⃗Q^′) (56) ¿From (47) follows ‖(H^2 − H^2_0 )ϕ‖ ≤ |||Ξ||| ‖ϕ‖, provided |||Ξ||| is defined, which gives a contribution to the second term of (53) only. To see the existence of |||Ξ||| we use first (52) to obtain ( Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) )2 2ω( ⃗Q)Ω( ⃗P , ⃗Q) 2ω( ⃗Q^′)Ω( ⃗P , ⃗Q^′) < 3 2m^2

(57)

which gives |||(Ω + Ω^′)h||| < m^2 √ 3/2‖h‖_∗ (which is bounded by m^2 √ 2/3 from (42)) and then the Cauchy-Schwartz inequality to get ||| ∫ dσ^{′′}hh/Ω^{′′}||| ≤ |||h|||^2 < m^2/36, from (42) again.

Because in (53) the coefficient of ‖ϕ‖ has not to be bounded, we omit to estimate it explicitly henceforth. Now let us put ⃗L_h := ⃗L − ⃗L_0. We have to control the action of ⃗L^2 − ⃗L^2_0 = ⃗L_0 · ⃗L_h + ⃗L_h · ⃗L_0 + ⃗L^2_h on vectors ϕ ∈ D. Replacing ϕ by ⃗L_0ϕ in (26) leads, with (43), to the estimate ‖⃗L_h · ⃗L_0ϕ‖ < |||h/Ω||| ‖⃗L^2_0ϕ‖ + (|||h/Ω||| + |||Dh/Ω|||) 3∑ j=1 ‖L_{0,j}ϕ‖ (58) On the other hand, applying ⃗L_0 to (26) and neglecting the contribution of ⃗J^{⃗Q} gives ⃗L_0 · ⃗L_hϕ( ⃗P , ⃗Q) = ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) Ω( ⃗P , ⃗Q) Ω( ⃗P , ⃗Q^′) [ ⃗L^2_0ϕ( ⃗P , ⃗Q^′) ] h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q^′)

− i ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) Ω( ⃗P , ⃗Q) Ω( ⃗P , ⃗Q^′) [ ⃗P · ⃗L_0ϕ( ⃗P , ⃗Q^′) ] × −3 h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q^′)^2 + ( 2 Ω( ⃗P , ⃗Q^′) + 1 Ω( ⃗P , ⃗Q) ) Dh( ⃗P , ⃗Q, ⃗Q^′) ‖ ⃗P ‖ − Ω( ⃗P , ⃗Q) ∫ dσ( ⃗Q^′) ϕ( ⃗P , ⃗Q^′) ( 2 + ‖ ⃗P ‖ ∂_{‖ ⃗P ‖} ) Dh( ⃗P , ⃗Q, ⃗Q^′) ‖ ⃗P ‖Ω( ⃗P , ⃗Q^′)^2 − h( ⃗P , ⃗Q, ⃗Q^′) Ω(P, q^′)^3

for all ϕ ∈ D. We remark in the last term the factor ‖ ⃗P ‖∂_{‖ ⃗P ‖}Dh‖ ⃗P ‖^{−1} which is well

defined, in norm ‖.‖_∗, because h is an analytic function of ⃗P^2 with all derivatives in

B (points 3) and 5) of proposition 4). From the estimate (47) we get ‖⃗L_0 · ⃗L_hϕ‖ ≤ |||Ωh/Ω^{′2}||| ‖⃗L^2_0ϕ‖ + 3(|||Ωh/Ω^{′2}||| + |||ΩDh/Ω^{′2}|||) 3∑ j=1 ‖L_{0,j}ϕ‖ + k_3‖ϕ‖ (59)

for some k_3 ∈ (0, ∞). By applying ⃗L_h to (26) and by using (59) we get an estimate

of the last term ‖⃗L^2_hϕ‖ ≤ |||h/Ω||| ‖⃗L_0 · ⃗L_hϕ‖ + (|||h/Ω||| + |||Dh/Ω|||) 3∑ j=1 ‖L_{h,j}ϕ‖ ≤ |||Ωh/Ω^{′2}||| ‖⃗L^2_0ϕ‖ + [ 3|||h/Ω||| ( |||Ωh/Ω^{′2}||| + |||ΩDh/Ω^{′2}||| )

+ |||h/Ω||| + |||Dh/Ω||| ] 3∑ j=1 ‖L_{0,j}ϕ‖ + k_4‖ϕ‖ (60) for some k_4 ∈ (0, ∞). Finally by collecting the estimates (58), (59), (60) we obtain

‖(Δ − Δ_0)ϕ‖ ≤ (| | | | | | | | | | | | h Ω | | | | | | | | | | | | + | | | | | | | | | | | | Dh Ω | | | | | | | | | | | | ) ‖⃗L^2_0ϕ‖ + [ 2 | | | | | | | | | | | | h Ω | | | | | | | | | | | | + 2 | | | | | | | | | | | | Dh Ω | | | | | | | | | | | | + 3 ( 1 + | | | | | | | | | | | | | | | h Ω | | | | | | | | | | | | | | | ) (| | | | | | | | | | | | | | Ωh Ω^{′2} | | | | | | | | | | | | | | | + | | | | | | | | | | | | | | | ΩDh Ω^{′2} | | | | | | | | | | | | | | | )] 3 ∑ j=1 ‖L_{0,j}ϕ‖ + k_5 ‖ϕ‖ (61)

for some k_5 ∈ (0, ∞) and all ϕ ∈ D. It remains to find a bound on ‖L_{0,j}ϕ‖, ‖⃗L^2_0ϕ‖

of the type k_6‖Δ_0ϕ‖ + k_7‖ϕ‖ for constantsk_6 and k_7. Following Nelson [12, proof of

Lemma 6.1] we find 3∑ j=1 ‖L_{0,j}ϕ‖ ≤ √ 3 3∑ j=1 ( ‖L_{0,j}ϕ‖^2 + m^{−2}‖P_jϕ‖^2 + ‖J_jϕ‖^2 ) + m^{−2} ‖H_0ϕ‖^2 1/2

= √ 3 (ϕ, Δ_0ϕ)^{1/2} < √ 3 ( ϕ, (^1_2 Δ^2_0 + Δ_0 +^1_2 )ϕ )1/2 = √ 3/2 ‖(Δ_0 + 1)ϕ‖ ≤ √ 3/2 (‖Δ_0ϕ‖ + ‖ϕ‖) . (62)

The bound on ‖⃗L^2_0ϕ‖ needs more development. Following [12, proof of Lemma 6.1]

again we try to write Δ^2_0 − (⃗L^2_0)^2 as a sum of positive and negative operators. For

that we use the commutation rules (1) to (4), which imply

⃗P^2⃗L^2 + ⃗L^2 ⃗P^2 = 2^3∑ j=1 P_j ⃗L^2P_j − 6H^2

⃗P^2 ⃗J^2 + ⃗J^2 ⃗P^2 = 2^3∑ j=1 P_j ⃗J^2P_j − 6 ⃗P^2

⃗J^2 ⃗L^2 + ⃗L^2 ⃗J^2 = 2^3∑ j=1 J_j ⃗L^2J_j H^2⃗L^2 + ⃗L^2H^2 = 2H ⃗L^2H − 2 ⃗P^2.

¿From these relations follows that Δ^2_0 − (⃗L^2_0)^2 + 2m^{−2}(2 ⃗P^2 + 3H^2_0 ) is a positive

operator and thus

(⃗L^2_0)^2 < Δ^2_0 + 2m^{−2}(2 ⃗P^2 + 3H^2_0 ) < Δ^2_0 + 6Δ_0 + 9 = (Δ_0 + 3)^2

and finally ‖⃗L^2_0ϕ‖ < ‖(Δ_0 + 3)ϕ‖ ≤ ‖Δ_0ϕ‖ + 3‖ϕ‖. By collecting all these results

the estimate (61) can be written as (53) with

k_1 = (| | | | | | | | | | | | h Ω | | | | | | | | | | | | + | | | | | | | | | | | | Dh Ω | | | | | | | | | | | | )

+ √ 3 2 [ 2 | | | | | | | | | | | | h Ω | | | | | | | | | | | | + 2 | | | | | | | | | | | | Dh Ω | | | | | | | | | | | | + 3 ( 1 + | | | | | | | | | | | | h Ω | | | | | | | | | | | | ) (| | | | | | | | | | | | Ωh Ω^{′2} | | | | | | | | | | | | + | | | | | | | | | | | | ΩDh Ω^{′2} | | | | | | | | | | | | )] (63)

Now from (42) follows | | | | | | | | | | | | h Ω | | | | | | | | | | | | ≤ |||h||| 2m ≤ ‖h‖_∗ 16 ≤ 1 24 | | | | | | | | | | | | Dh Ω | | | | | | | | | | | | ≤ ‖Dh‖_∗ 16 ≤ 1 320 (64)

where ‖ ‖_∗ is the norm (45), and, with Ω( ⃗P , ⃗Q)/Ω( ⃗P , ⃗Q^′) ≤ 2ω( ⃗Q)ω( ⃗Q^′)/m^{−2} from

(52), we get | | | | | | | | | | | | Ωh Ω^{′2} | | | | | | | | | | | | ≤ |||ωω^′h||| m^3 ≤ ‖h‖_∗ 8 ≤ 1 12 | | | | | | | | | | | | ΩDh Ω^{′2} | | | | | | | | | | | | ≤ ‖Dh‖_∗ 8 ≤ 1 160 (65)

The substitution of (64) and (65) in (63) gives k_1 < 1/2 < 1. [] 5. Non-

triviality

We have obtained a family of unitary representations of the Poincaré group by

doing some perturbations of the two free boson model. It remains to show that the

‘interaction terms’ we have introduced have a real physical effect. This is an essential point, because such a situation never occurs in the non-quantum case, according to the ‘non-interaction theorem’ [2].

To that purpose we study the modification of the Casimir operators due to the introduction of the interaction. We consider first the operators W^2, given by (6), which becomes in the interaction representation (13)

W^2 = W^2_0 + {{O, ⃗W_0}, ⃗W_0} + {O, ⃗W_0}^2

where W^2_0 is given by (21) and ⃗W_0 = −H_0 ⃗J + ⃗P ∧ ⃗L_0. Now the condition (27) implies {O, ⃗W_0} = 0 and thus

W^2 = W^2_0 . (66)

The introduction of interaction has no effect on the Pauli-Lubanski operator W^2. On the other hand the operator M^2 takes the form

M^2ϕ( ⃗P , ⃗Q) = 4( ⃗Q^2 + m^2) ϕ( ⃗P , ⃗Q) + ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) Ξ( ⃗P , ⃗Q, ⃗Q^′) (67) for all ϕ ∈ D, where the kernel Ξ is given by (56). Note that the spectrum of M^2_0 , given by (20), is the complete interval [4m^2, ∞) and is absolutely continuous. The introduction of interaction has the important effect that an isolated eigenvalue may occur.

Proposition 6 For all c ∈ V the operator M^2 is essentially self-adjoint on the domain D given by (50). Moreover, there exists c ∈ V (for some m > 0, R > 0) such that M^2 has an isolated eigenvalue m^2_B ∈ (0, 4m^2), and its spectrum is given by {m^2_B} ∪ [4m^2, ∞).

Proof. M^2_0 is clearly essentially self-adjoint on D. By the estimate (47) we have the bound on the operator norm ‖M^2 − M^2_0 ‖_{op} ≤ |||Ξ|||, which is bounded by |||Ξ||| ≤ m^2( √ 2/3 + 1/36) (see the estimates just after (56)). Thus M^2 is essentially selfadjoint on D.

Because H and ⃗P commute they admit a simultaneous spectral measure dE(ρ, ⃗P ) where ρ > 0 is the spectral variable associated to H. In this representation M^2 becomes simply the multiplication operator by ρ^2 − ⃗P^2. Because it commutes with the hole representation, the invariant subspaces are limited in the (ρ, ⃗P ) space by half hyperboloids { ρ = ( ⃗P^2 + K^2)^{1/2} } with K > 0, and so is the support of dE.

Thus the spectrum of M^2 can be obtained from the restiction to a neighbourhood of ⃗P = 0, that is from the restriction of M to the subspace

H_ε := closure_H {ϕ ∈ H | ϕ( ⃗P , ⃗Q) = 0 for all ‖ ⃗P ‖ > ε} (68)

for arbitrary small ε > 0.

The interest of H_ε is that the ⃗P variable belongs to a compact set, and thus the theory of ‘decomposable operators’ of [14, Section XIII.16] can be applied. It consists in working with fixed ⃗P . We consider the operator M^2_{⃗P} given by

M^2_{⃗P} φ( ⃗Q) := 4( ⃗Q^2 + m^2) φ( ⃗Q) + ∫ dσ_{⃗P} ( ⃗Q^′) φ( ⃗Q^′) k( ⃗P , ⃗Q, ⃗Q^′) (69) for suitable φ in the space H_{⃗P} = L^2(IR, dσ_{⃗P} ) where dσ_{⃗P} ( ⃗Q) = dσ( ⃗Q)Ω( ⃗P , ⃗Q)^{−1}. Here ⃗P ∈ IR2 is just a set of three parameters.

Let H_{⃗P} be the restriction of H for fixed ⃗P , as operator on H_{⃗P} . Because M^2_{⃗P} = H^2_{⃗P} − ⃗P^2 the spectrum of M^2_{⃗P} is easily deduced from the spectrum of H_{⃗P} . We write H_{⃗P} = Ω + H_{h, ⃗P} , where H_{h, ⃗P} φ( ⃗Q) := ∫ dσ_{⃗P} ( ⃗Q^′)φ( ⃗Q^′)h( ⃗P , ⃗Q, ⃗Q^′) for all φ ∈ H_{⃗P} . Because ∫ |h( ⃗P , ⃗Q, ⃗Q^′)|^2dσ_{⃗P} ( ⃗Q)dσ_{⃗P} ( ⃗Q^′) is well defined, H_{h, ⃗P} is compact. By the ‘classical Weyl theorem’ [14, section XIII.4] the essential spectrum of H_{⃗P} is the same as of Ω( ⃗P , ⃗Q) (for fixed ⃗P ), that is the interval [Ω( ⃗P , 0), ∞). It may exist a finite number of eigenvalues in (0, Ω( ⃗P , 0)), with finite-dimensional eigenspaces. Moreover ⃗P → H_{h, ⃗P} is an analytic family of compact operators in a IC^2-neighbourhood of the real axis (because by giving a small imaginary value to ⃗P the integral ∫ |h( ⃗P , ⃗Q, ⃗Q^′)|^2dσ_{⃗P} ( ⃗Q)dσ_{⃗P} ( ⃗Q^′) is still defined). Thus H_{⃗P} is an ‘analytic family of type (A)’ and by theorem XII.13 of [14] the eigenvalues, if there are any, are continuous functions of ⃗P . Returning to the operator M^2_{⃗P} = H^2_{⃗P} − ⃗P^2 we conclude that its spectrum is made of the interval [4m^2, ∞) and of a finite number of possible eigenvalues in the interval (0, 4m^2) which are continuous with respect to ⃗P .

Now from the point (d) of theorem XIII.85 of [14] follows that the spectrum of M^2 restricted to the subspace H_ε, and then on the hole H, is made of the continuous intervalle [4m^2, ∞) and of a possible structure in (0, 4m^2). The existence of something below 4m^2 depends on the existence of solutions to the eigenvalue equation M^2ϕ( ⃗P , ⃗Q) = m^2_Bϕ( ⃗P , ⃗Q), for 0 ≠ ϕ ∈ D(M^2). By the point d) of the theorem just mentioned it suffices to consider the case ⃗P = 0 and the reduced equation 2 √ ⃗Q2 + m2 φ( ⃗Q) + ∫ d ⃗Q^′ 4( ⃗Q^{′2} + m^2) φ( ⃗Q^′) c( ⃗Q, ⃗Q^′) = m_B φ( ⃗Q) (70)

where we have replaced the operator M^2 by H (because for ⃗P = 0, M^2 is just H^2), for suitable φ. In the case where the function c ∈ V can be written as c( ⃗Q, ⃗Q^′) = −d(‖ ⃗Q‖)d(‖ ⃗Q^′‖) for a function d ∈ C^2([0, R]) with ‖d‖^2_∞ ≤ m^3/(2|K|), the equation (70) is equivalent to φ( ⃗Q) = d(‖ ⃗Q‖)(2ω( ⃗Q) − m_B)^{−1}, which belongs to D(H_{⃗P =0}), provided the implicit equation 1 = ∫ d ⃗Q 4( ⃗Q^2 + m^2) d(‖ ⃗Q‖)^2 2 √ ⃗Q2 + m2 − m_B . (71)

admits a solution 0 < m_B < 2m. To study this question we consider the r.h.s. of

(71) as a function of the variable m_B. For m_B = 0 we get ∫ d ⃗Q 4( ⃗Q^2 + m^2) d(‖ ⃗Q‖)^2 2 √ ⃗Q2 + m2 ≤ ‖d‖^2_∞ ∫ K d ⃗Q 8( ⃗Q^2 + m^2)^{3/2} ≤ m^3 2|K| |K| 8m^3 = 1 16 < 1. (72)

Let us suppose now that the function d^2 is bounded from below as follows

d(r)^2 ≥ m^3 3|K| = m^3 4πR^3 if r < R2 0 if r ≥ R2

(73)

In that case, for m_B = 2m the r.h.s. of (71) becomes larger than ∫ d ⃗Q 4( ⃗Q^2 + m^2) d(‖ ⃗Q‖)^2 2 √ ⃗Q2 + m2 − 2m = π 2 ∫ R 0 dr d(r)^2 √ r^2 + m^2 + m r^2 + m^2 ≥ m^3 8R^3 ∫ R/2m 0 dr 1 + √ r^2 + 1 r^2 + 1 = ( m 2R )3 ( arctan R 2m + arg sinh R 2m ) (74)

which can be > 1 for m/R large enough (because x^3(arctan(1/x)+arg sinh(1/x)) → ∞ when x → ∞). ¿From (72) and (74) it follows that (71) has a solution 0 < m_B < 2m, provided d satisfies (73) and m/R is large enough. Note that this solution is unique, and thus (70) has a unique eigenvalue.

¿From the theory of ‘decomposable operators’ and from the geometrical form of the support of dE, mentioned above, it follows that the spectrum of M^2, for that particular case, has the form given in the conclusion of the proposition. []

Remark. The eigenvalue equation for M^2, or its reduced form (70), can be considered as a relativistic Schrödinger equation because it generates the discrete structure of the bound states (see the discussion of [10] on this topic).

6. Scattering states and conclusion

Let us sum up what we have found. We have constructed a family of unitary, continuous representations of the Poincaré group in four space-time dimensions, as perturbations of the two free boson model. The perturbations are introduced by interaction operators O, the range of which are contained in the s-wave subspace. These perturbations are non trivial, in the sense that isolated eigenvalues of the Casimir operator M may appear (but the Pauli-Lubanski Casimir operator W^2 remains unchanged). To affirm that we have really obtained models for two bosons with interaction, it remains to construct the asymptotic states.

A vector ψ ∈ H is said to be a ‘two-particle scattering state’ if its time evolution, for very large time (or very small time), is not distinguishable from the two free particle evolution, that is, if there exist ψ_{out} (or ψ_{in}) in H such that ψ = Ω^−ψ_{out} (or ψ = Ω^+ψ_{in}), where the ‘wave operators’ Ω^+, Ω^− are given by

Ω^± = s − lim_{t→∓∞} eitH e^−itH^0 (75)

(do not confuse Ω^+, Ω^− with the function Ω( ⃗P , ⃗Q)). Here H_0 is the two free particle Hamiltonian (17). If the operators (75) exist on all H, then their application to any vector of H give two-particle scattering states, and so a two particle scattering theory can be deduced.

Proposition 7 For all c ∈ V the operator Ω^± exist on H.

Proof. We apply Cook’s method (theorem XI.4 of [15]), with A = H and B = H_0. Note that D(H) = D(H_0). Let us consider the function F (t, ⃗P , ⃗Q) = ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) h( ⃗P , ⃗Q, ⃗Q^′) e−itΩ( ⃗P , ⃗Q′) (76)

for ϕ ∈ C^∞_0 (IR^2) satisfying ϕ( ⃗P , 0, Q_2) = ∂_{Q1} ϕ( ⃗P , 0, Q_2) = 0. Such vectors ϕ generate a dense subspace of H. Performing two integrations by parts w.r.t. Q_1 leads to F (t, ⃗P , ⃗Q) = − 1 16t^2 ∫ d ⃗Q^′e−itΩ( ⃗P , ⃗Q′) ∂_{Q1} Ω( ⃗P , ⃗Q^′) Q^′_1 ∂_{Q1} ϕ( ⃗P , ⃗Q^′)h( ⃗P , ⃗Q, ⃗Q^′) Q^′_1ω( ⃗Q^′)

(recall that Q_1 → h( ⃗P , ⃗Q, ⃗Q^′) is in C^2_0 (IR) with derivatives in B, by the points 4) and 5) of proposition 4) from which it follows that the function

t → ∫ d ⃗P dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) | | |F (t, ⃗P , ⃗Q) | | | 2 1/2 = ‖ ‖ ‖ ‖(H − H_0)e−itH^0 ϕ ‖ ‖ ‖ ‖ (77)

is in L^1([1, ∞)), as required by Cook’s method. []

Appendix A. One-particle representation

We show that the operators (7) are the infinitesimal generators of a unitary, continuous and irreducible representation of the universal covering of the Poincaré group P^↑_+. Such a representation is a good candidate for a theory describing a quantum relativistic spinless particle of mass m > 0. The Poincaré representation describing one particle of mass m > 0 without spin in given by the following result.

Lemma 8 The operators (7) are the infinitesimal generators of a unitary, continuous and irreducible representation of the universal covering of the Poincaré group P^↑_+ in the space L^2(IR^3, σ).

We recall that dσ(⃗p) = d⃗p [2ω(⃗p)]^{−1} where ω(⃗p) = √ ⃗p^2 + m^2.

Proof. Let us consider the following transformations of functions ϕ ∈ L^2(IR^3, σ) : (τ, ⃗ξ, ⃗α, ⃗β) · ϕ(⃗p) := ei(τω(⃗p) + ⃗ξ · ⃗p) ϕ(R_{⃗α}λ_{⃗β}⃗p) (78) for all τ ∈ IR, ⃗ξ, ⃗α, ⃗β ∈ IR^3, ‖⃗β‖ < 1, and almost all ⃗p ∈ IR^2, where R_{⃗α} is the matrix of the rotation of IR^3 of the Euler angles ⃗α and λ_{⃗β} ⃗p is the ‘spatial’ component of the pure Lorentz transform of (ω(⃗p), ⃗p) of speed ⃗β (i.e. the ‘spatial’ component of (81) (see below) for such four-vector).

Let us show that the transformation (78) defines a unitary, continuous and irreducible representation in L^2(IR^3, σ) of the Poincaré group P^↑_+, the infinitesimal generators of which are given by (7).

The unitarity and the group law are easily seen by introducing a fourth variable p^0 together with a Dirac-delta function in the measure, that is by replacing L^2(IR^3, σ) by L^2(IR^4, Σ) where dΣ(p^0, ⃗p) = dp^0dp_1dp_2dp_3δ(p^{02} − ⃗p^2 − m^2)θ(p^0), θ being the Heaviside function. Because of the Σ measure, a function ϕ(p^0, ⃗p) is not distinguishable from ϕ(ω(⃗p), ⃗p). The transformation (78) becomes, after Fourier transformation (τ, ⃗ξ, ⃗α, ⃗β) · ϕ̃(t, ⃗x) = ϕ̃ ( (τ, ⃗ξ, ⃗α, ⃗β)^{−1} · (t, ⃗x) )

(where ϕ̃ is the Fourier transform of ϕ) that is, given in terms of the ordinary Poincaré transformation on space-time. The group law is now obvious. The unitarity follows from the Poincaré invariance of the measure Σ.

The continuity of the representation is easily seen in L^2(IR^3, σ), by the standard analysis methods. The irreducibility is obtained as follows. Let ϕ be a non zero function of L^2(IR^3, σ). Let us show that the only vector orthogonal to {ei ⃗ξ · ⃗p ϕ(λ_{⃗β} ⃗p) | ⃗ξ, ⃗β ∈ IR^3} is 0. By the Fourier theory ∫ IR3 dσ(⃗p) ψ(⃗p)^∗ ei ⃗ξ · ⃗p ϕ(λ_{⃗β} ⃗p) = 0 for all ⃗ξ ∈ IR^3 (79)

implies that ψ(⃗p) = 0 for almost all ⃗p such that ϕ(λ_{⃗β} ⃗p) ≠ 0. Without loss of generality we may assume that ϕ(0) ≠ 0. For all ⃗p ∈ IR^3 the vector ⃗β = − ⃗p/ω(⃗p) satisfies λ_{⃗β} ⃗p = 0 (see Appendix B). Thus if moreover we impose that (79) holds for all ⃗β ∈ IR^2 we get ψ = 0.

After an elementary calculation the operators (7) turn out to be the infinitesimal generators of the representation (78). []

Appendix B. The relative momentum

We explain the change of variable (⃗p_1, ⃗p_2) → ( ⃗P , ⃗Q) given in (16) and establish somes useful formulas.

The meaning of ⃗P = ⃗p_1 +⃗p_2, the total momentum, is clear. The notion of relative momentum is more subtle. Physically it must be related to the momentum of one of the particles in a centre-of-mass frame.

Let p_1 = (ω(⃗p_1), ⃗p_1) and p_2 = (ω(⃗p_2), ⃗p_2) be the energy-momenta of two free particles, of the same mass to simplify. We define first P = ( P^0, ⃗P ) = p_1 + p_2 q = ( q^0, ⃗q ) = 1 2 (p_1 − p_2). (80)

Note the useful relation ⃗P · ⃗q = P^0q^0. Let Λ_{⃗β} be a Lorentz transformation such that Λ_{⃗β}P = (M_0,⃗0 ), where M_0 = [(P^0)^2 − ⃗P^2]^{1/2}. Physically Λ_{⃗β} is associated with a change of referential frame, which put the two particles of momenta ⃗p_1, ⃗p_2 on one of their centre-of-mass frames. Then we define the relative momentum ⃗Q as the spatial projection of Λ_{⃗β} q. Note that the relative momentum just defined depends on the centre-of-mass frame, which is not unique.

To get more explicit expressions we need the formula of a pure Lorentz transform Λ_{⃗β} of speed ⃗β ∈ IR^3, ‖⃗β‖ < 1. It acts on a four-dimensional vector (p^0, ⃗p) ∈ IR × IR^3 as follows

Λ_{⃗β} ( p^0 ⃗p ) = γ(p^0 + ⃗β · ⃗p) ⃗p + ⃗β [ γp^0 + γ − 1 β^2 ⃗p · ⃗β ] (81)

where we have put β = ‖⃗β‖ and γ = (1 − β^2)^{−1/2}. The condition that the spatial component of Λ_{⃗β}P vanishes gives ⃗P + ⃗β [ γP^0 + γ − 1 β^2 ⃗P · ⃗β ] = 0. (82)

If we choose the direction of ⃗β parallel to ⃗P (this condition leads to a particular centre-of-mass frame), we get the unique solution ⃗β = − ⃗P /P^0. After some calculation one gets Λ_{− ⃗P /P} 0 q = (0, ⃗Q) where ⃗Q = ⃗q − ⃗P P^0

P^0q^0 M_0 − P^0 − M_0 M_0

(P^0)^2 ⃗P 2 ⃗q · ⃗P P^0

(83)

which, after some easy development, gives finally the formula (16). Let us calculate the operators of the two free boson representation (8) in these variables, to establish (17). The norm ‖ ⃗Q‖ is obtained by the properties of the Lorentz transform, which gives ⃗Q^2 = (q^0)^2 − ⃗q^2. From the trivial identity (P^0)^2 − ⃗P^2 = 4m^2 + 4[(q^0)^2 − ⃗q^2] it follows

M_0 = 2ω( ⃗Q) (84)

and then

P^0 = ω(⃗p_1) + ω(⃗p_1) = M^2_0 + ⃗P^2 = √ ⃗P 2 + 4 ⃗Q2 + 4m2 = Ω( ⃗P , ⃗Q) (85) in agreement with (20) and (18). The angular momentum ⃗J is easily obtained because a rotation of the system ⃗p_1, ⃗p_2 leads to the same rotation of ⃗P , ⃗Q (this is an obvious consequence of the formula (16)). The Lorentz generator L_{0,1} is obtained as follows. Under an infinitesimal Lorentz transform of hyperbolic angle γ in the first direction (of unit vector ⃗e_1) the fundamental quantities become ⃗P → ⃗P + γP 0⃗e_1 ⃗q → ⃗q + γq^0⃗e_1 P^0 → P^0 + γP_1 q^0 → q^0 + γq_1 .

Under such a transformation ⃗Q becomes

⃗Q → ⃗q + γq^0⃗e_1 − q^0 + γq^1 M_0 + P^0 + γP_1 ( ⃗P + γP^0⃗e_1 )

≈ ⃗Q + γ 1 M_0 + P^0 ( ( ⃗P · ⃗Q)⃗e_1 − Q_1 ⃗P )

where we have performed a first order development and used the relation q^0M_0 = ⃗P · ⃗Q. The formula for L_{0,1} given in (17) follows from the calculation

L_{0,1}ϕ( ⃗P , ⃗Q) = −i∂_γ ϕ ⃗P + γP^0⃗e_1, ⃗Q + γ ( ⃗P · ⃗Q)⃗e_1 − Q_1 ⃗P M_0 + P^0 | | | | | γ=0 (86)

L_{0,2} and L_{0,3} are obtained in the same way.

The Jacobian of the transformation (⃗p_1, ⃗p_2) → ( ⃗P , ⃗Q) is calculated in two steps. First we perform the transformation (⃗p_1, ⃗p_2) → ( ⃗P , ⃗q ), with Jacobian 1, and then the transformation ( ⃗P , ⃗q ) → ( ⃗P , ⃗Q) with Jacobian (using the formula (16) for ⃗Q) | | | |det ( ∂Q_i ∂q_j )| | | | −1 = [ 1 − ⃗P · ⃗∇_{⃗q} q^0 M_0 + P^0 ]−1 (87)

which, after a long and tedious calculation, gives 4ω(⃗p_1)ω(⃗p_2)[M_0P^0]^{−1}. Thus the measure σ_2 becomes dσ_2(⃗p_1, ⃗p_2) = dμ( ⃗P , ⃗Q) = d ⃗P dσ( ⃗Q)Ω( ⃗P , ⃗Q)^{−1}.

Appendix C. The fundamental equation

The fundamental equation (29) is the condition on a kernel h( ⃗P , ⃗Q, ⃗Q^′), depending only on the norms ‖ ⃗P ‖, ‖ ⃗Q‖, ‖ ⃗Q^′‖, for the relation (14) and (15) to hold. This norm dependence leads to (27) and thus to L_{0,j}O = L^{⃗P}_{0,j}O and OL_{0,j} = OL^{⃗P}_{0,j} where L^{⃗P}_{0,j} := −iΩ( ⃗P , ⃗Q)∂_{Pj} for all j ∈ {1, 2, 3}. Let us calculate the jth equation of (14). The linear part in O can be written

A_j := [{H_0, O}, L_{0,j}] + [H_0, {L_{0,j}, O}] = 2(H_0OL_{0,j} − L_{0,j}OH_0 + iP_jO) where we have used [H_0, L_{0,j}] = iP_j and the fact that P_j and O commute. By applying this operator to a vector ϕ ∈ D (the domain given by (50)) we obtain, in obvious symbolic notation A_jϕ( ⃗P , ⃗Q) = −2iΩ ∫ dσ( ⃗Q^′) ∂_{Pj} ϕh Ω + Ω^′

+ 2iΩ∂_{Pj} ∫ dσ( ⃗Q^′) ϕh Ω + Ω^′ + 2iP_j ∫ dσ( ⃗Q^′) Ω^′ ϕh Ω + Ω^′

= 2i ∫ dσ( ⃗Q^′)ϕ ( Ω∂_{Pj} h Ω + Ω^′ + P_j Ω^′ h Ω + Ω^′ )

= 2i ∫ dσ( ⃗Q^′) ϕ( ⃗P , ⃗Q^′) Ω( ⃗P , ⃗Q) ∂_{Pj} h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′) . To study the bilinear part, we rewrite (25) and (26) : {H_0, O} ϕ( ⃗P , ⃗Q) = ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) h( ⃗P , ⃗Q, ⃗Q^′) {L_{0,j}, O} ϕ( ⃗P , ⃗Q) = −i ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) (∂_{Pj} ϕ( ⃗P , ⃗Q^′)) h( ⃗P , ⃗Q, ⃗Q) − iΩ(P, q) ∫ dσ( ⃗Q^′)ϕ( ⃗P , ⃗Q^′) ∂_{Pj} h( ⃗P , ⃗Q, ⃗Q^′) Ω( ⃗P , ⃗Q^′)(Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^′)) . Thus the bilinear part in O gives, in symbolic notation B_jϕ( ⃗P , ⃗Q) := [{H_0, O}, {L_0, O}] ϕ( ⃗P , ⃗Q) = ∫ dσ^{′′} Ω^{′′} h^{Q,Q00} [ −i ∫ dσ^′ Ω^′ (∂_jϕ^′)h^{Q00,Q0} − iΩ^{′′} ∫ dσ^′ϕ^′∂_j h^{Q00,Q0} Ω^′(Ω^{′′} + Ω^′) + i∂_j ∫ dσ^′ Ω^′ ϕ^′h^{Q00,Q0} ] + iΩ ∫ dσ^{′′} ( ∂_j h^{Q,Q00} Ω^{′′}(Ω + Ω^{′′}) ) ∫ dq^′ Ω^′ ϕ^′h^{Q00,Q0} = i ∫ dσ^{′′} ∫ dσ^′ϕ^′ ( − h^{Q,Q00} ∂_j h^{Q00,Q0} Ω^′(Ω^{′′} + Ω^′) + h^{Q,Q00} Ω^{′′} ∂_j h^{Q00,Q0} Ω^′ + Ω Ω^′ ( ∂_j h^{Q,Q00} Ω^{′′}(Ω + Ω^{′′}) ) h^{Q00,Q0} )

= i ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ϕ( ⃗P , ⃗Q^′) ∫ dσ( ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′})^2 { − P_j Ω( ⃗P , ⃗Q^{′′}) h( ⃗P , ⃗Q, ⃗Q^{′′})h( ⃗P , ⃗Q^{′′}, ⃗Q^′) + Ω( ⃗P , ⃗Q)Ω( ⃗P , ⃗Q^{′′})∂_{Pj} h( ⃗P , ⃗Q, ⃗Q^{′′}) Ω( ⃗P , ⃗Q) + Ω( ⃗P , ⃗Q^{′′}) h( ⃗P , ⃗Q^{′′}, ⃗Q^′)

+ h( ⃗P , ⃗Q, ⃗Q^{′′}) Ω( ⃗P , ⃗Q^{′′})Ω( ⃗P , ⃗Q^′)∂_{Pj} h( ⃗P , ⃗Q^{′′}, ⃗Q^′) Ω( ⃗P , ⃗Q^{′′}) + Ω( ⃗P , ⃗Q^′) .

Because h depends on ⃗P only through ‖ ⃗P ‖ we can replace everywhere ∂_{Pj} by P_j‖ ⃗P ‖^{−1}∂_{‖ ⃗P ‖}. The condition A_j + B_j = 0, which must hold for all ϕ ∈ D, leads to the fundamental equation (29), for all j ∈ {1, 2, 3}.

The equations (15) are slightly more difficult. By using ⃗J^{⃗Q}O = 0 and by putting ⃗J^⃗P := ⃗J − ⃗J^⃗Q the linear part of the first equation of (15) can be written, in symbolic notations : Cϕ( ⃗P , ⃗Q) := 2 ( L^{⃗P}_{0,1}OL^{⃗P}_{0,2} − L^{⃗P}_{0,2}OL^{⃗P}_{0,1} − iOJ^{⃗P}_3 ) ϕ( ⃗P , ⃗Q) = −2Ω ∫ dσ^′ [(∂_2ϕ^′) ∂_1 − (∂_1ϕ^′) ∂_2] h Ω + Ω^′ − 2 ∫ dσ^′ Ω^′

[(P_1∂_2 − P_2∂_1) ϕ^′] h Ω + Ω^′ = − 2i ‖ ⃗P ‖ ∫ dσ( ⃗Q^′) Ω( ⃗P , ⃗Q^′) ( J^{⃗P}_3 ϕ( ⃗P , ⃗Q^′) ) Dh( ⃗P , ⃗Q, ⃗Q^′) The bilinear part of this equation gives Dϕ( ⃗P , ⃗Q) := ( 1 2 (CO + OC) + L^{⃗P}_{0,1}O^2L^{⃗P}_{0,2} − L^{⃗P}_{0,2}O^2L^{⃗P}_{0,1} + iO^2J^{⃗P}_3 ) ϕ( ⃗P , ⃗Q) = = − i ‖ ⃗P ‖ ∫ dσ^′ Ω^′

J^{⃗P}_3 ϕ^′ ∫ dσ^{′′} Ω^{′′} Dh^{⃗Q, ⃗Q00} h^{⃗Q00 , ⃗Q0} Ω^′ + Ω^{′′} + h^{⃗Q, ⃗Q00} Ω + Ω^{′′} Dh^{⃗Q00, ⃗Q0}

(−i)^2 ∫ dσ^′ Ω^′

ΩΩ^′ [(∂_2ϕ^′)∂_1 − (∂_1ϕ^′)∂_2] ∫ dσ^{′′} Ω^{′′} h^{⃗Q, ⃗Q00} Ω + Ω^{′′} h^{⃗Q00, ⃗Q0} Ω^′ + Ω^{′′} + ∫ dσ^′ Ω^′

[(P_1∂_2 − P_2∂_1)ϕ^′] ∫ dσ^{′′} Ω^{′′} h^{⃗Q, ⃗Q00} Ω + Ω^{′′} h^{⃗Q00, ⃗Q0} Ω^′ + Ω^{′′} = − i ‖ ⃗P ‖ ∫ dσ^′ Ω^′

J^{⃗P}_3 ϕ^′ ∫ dσ^{′′} Ω^{′′2} ( Dh^{⃗Q, ⃗Q00} h^{⃗Q00, ⃗Q0} + h^{⃗Q, ⃗Q00} Dh^{⃗Q00, ⃗Q0} )

+ i ∫ dσ^′ Ω^′

J^{⃗P}_3 ϕ^′ ∫ dσ^{′′} Ω^{′′3} h^{⃗Q, ⃗Q00} h^{⃗Q00, ⃗Q0} The condition C + D = 0, which must hold for all J^{⃗P}_3 ϕ, leads to the fundamental equation (29) again. The two other equations of (15) lead to the same result.

Acknowledgment

I would like to thank Dr. Pierre Bader, Prof. J.-J. Loeffel, Prof J. Fröhlich and Prof. W. O. Amrein for fruitful discussions and usefull suggestions. I am also gratefull to Prof. G. Gallavotti and Prof. S. V. Varadarajan for their interest in this work and for their encouragements.

References

[1] P. A. M. Dirac, Forms of relativistic dynamics, Rev Mod Phys 21, p. 392-399 (1949)

[2] D. G. Currie, Interaction contra classical relativisticHamiltonian particle mechanics, Journ. Math. Phys. 4, (1963) see also E. C. G. Sudarshan, N: Mukunda, Classical dynamics: a modern perspective, John Wiley and Sons, (1974)

[3] E. Frochaux, Strongly non-trivial representations of the special relativity group, to appear in Forum Mathematicum

[4] J. Glimm, A. Jaffe, Quantum Physics, Springer-Verlag, (1987)

[5] D. Iagolnitzer, Scattering in quantum field theory, Princeton series in Physics, Priceton University press (1993)

[6] E. Frochaux, A variational proof of the existence of a bound state in a relativistic quantum model, Helv. Phys. Acta 61, p. 923-957 (1998)

The bound states of the P(φ)_2 relativistic quantum field models with weak coupling obtained by the variational perturbation method, Nucl. Phys. B 389, p. 666-702 (1993)

[7] E. Frochaux, The bound states in Quantum Field Theory: review of some analytic problems raised by the variational perturbation method, Helv. Phy. Acta 66, p. 567-613 (1993)

[8] E. Frochaux, How a relativistic Schrödinger equation arises in Quantum Field Theory, in preparation

[9] E. Frochaux, A relativistic quantum equation for N ≥ 2 bosons in two space-time dimensions, Helv Phys Acta, Vol 68, p. 47-63 (1995)

[10] E. Frochaux, Two relativistic boson models in the Schrödinger picture in three space-time dimensions, to appear in Journ. Math. Phys.

[11] E. Zeidler, Nonlinear Functional Analysis and its Applications, Vol.1, Springer- Verlag, New York Berlin Heidelberg Tokyo (1985)

[12] E. Nelson, Analytic vectors, Annals of Mathematics, Vol 70, p. 572-615 (1959)

[13] M. Reed, B. Simon, Methods of modern mathematical physics, Vol II, Fourier analysis and self-adjointness, Academic press, New York - San Francisco - London (1975)

[14] M. Reed, B. Simon, Methods of modern mathematical physics, Vol VI, Analysis of operators, Academic press, New York - San Francisco - London (1978)

[15] M. Reed, B. Simon, Methods of modern mathematical physics, Vol III, Scattering theory, Academic press, Boston - San Diego - New York - London - Sydney - Tokyo - Toronto (1979)