On the Right Hamiltonian for Singular Perturbations: General Theory

Hagen Neidhardt^1 Universität Potsdam Institut für Mathematik P.O.Box 601553 14415 Potsdam Deutschland

Valentin Zagrebnov^2 Département de Physique Université de la Méditerranée (Aix-Marseille II) CPT-Luminy, Case 907 13288 Marseille Cedex 9 France

April 25, 1997

1E-mail: NEIDHARD@MATH.TU-BERLIN.DE 2E-mail: ZAGREBNOV@CPT.UNIV-MRS.FR

Abstract Let a pair of self-adjoint operators {A ≥ 0, W ≤ 0} be such that

(a) there is a dense domain D ⊆ dom(A) ∩ dom(W ) that Ḣ = (A + W )|D is semibounded from below (stability domain), (b) the symmetric operator Ḣ is not essentially self-adjoint (singularity of the perturbation), (c) the Friedrichs extension Â of Ȧ = A|D is maximal with respect to W , i.e., dom( √ −W ) ∩ ker(Ȧ^∗ − ηI) = {0}, η < 0.

Let {W_n}^∞_{n=1} be a regularizing sequence of bounded operators which tends in the strong resolvent sense to W . The abstract problem of the right Hamiltonian is:

(i) to give conditions such that the limit H of self-adjoint regularized Hamiltonians H̃_n = Ã + W_n exists and is unique for any self-adjoint extension Ã of Ȧ, (ii) to describe the limit H.

We show that under the conditions (a) - (c) there is a regularizing sequence {W_n}^∞_{n=1} such that H̃_n = Ã + W_n tends in the strong resolvent sense to unique (right Hamiltonian) Ĥ = Â^.+ W , otherwise the limit is not unique.

1 Introduction

History of the definition of the “right Hamiltonian” is rather long (see e.g. Simon [12]). But we would like to mention that the “physical approach” to definition of the Hamiltonian in the case of singular interactions is always based on a paradigm of removing cut-offs or regularization. The papers [6], [7], [11], [12], [13], [15] scrutinize this approach in the framework of the abstract scheme of functional analysis.

¿From this point of view all singular perturbations could be divided into two complementary classes: positive and non-positive.

The “right Hamiltonian” Ĥ proposed in [11] and [15] for positve perturbations is a straightforward application of the property of semiboundedness of the perturbation W and the monotonicity of the regularizing sequence of cut-off potentials. In this case one gets automatically the form sum Ĥ = Â^.+ W as the right Hamiltonian which is expected.

The situation drastically changes when we come to non-positive perturbations which are singular enough that the operator A + W on dom(A) is not semibounded from below. The first abstract result in this direction is due to [7]. The important (for the mathematical and physical comprehension of the situation) notion of the stability domain D ⊆ dom(A) ∩ dom(W ) with the property (1.1) (see below) was introduced there. Then, in the paper [8] the notion of an admissible regularizing sequence was added. These two notions are crucial for understanding how the regularizing sequence chooses itself the “right” (i.e. unique) regularized Schrödinger operator. In [8] the phenomenon was clarified on an abstract operator-theoretical level. Moreover, the conditions formulated in [7] were essentially relaxed which improves the main result of [7] for finite deficiency indices case and gives a natural sufficient condition for the case of infinite deficiency indices.

More precisely the situation can be described as follows. Let A ≥ 0 be a self-adjoint operator on some separable Hilbert space H which can be regarded as the Hamiltonian of some quantum system. Let this operator be perturbed by self-adjoint operator W . With respect to quantum mechanics the operator A can be thought as the Laplacian −Δ on L^2(R^n) and W as a multiplication operator which arises from some potential.

We assume that the perturbation W is form bounded with respect to A on some dense subset D (called stability domain) of dom(A) ∩ dom(W ), i.e. |(W f, f)| ≤ a(Af, f) + b(f, f), 0 < a < 1, 0 < b, (1.1) f ∈ D ⊆ dom(A) ∩ dom(W ).

Then let us introduce the symmetric operator Ḣ,

Ḣf = Af + W f, f ∈ dom(Ḣ) = D, (1.2)

which is semibounded from below by (1.1). If Ḣ is not essentially self-adjoint, then W is called singular perturbation of A.

Since for singular perturbations the operator Ḣ is not essentially self-adjoint, it is uncomprehensible which self-adjoint operator is a right Hamiltonian for the perturbed quantum system. The only requirement is that the right Hamiltonian has to be a semibounded self-adjoint extension of Ḣ. Since it is a priori unclear which of them is the right we have to apply additional arguments to find out this extension, see [8].

A standard procedure goes as follows [6], [7], [8], [9], [11], [15]. We choose a sequence of bounded self-adjoint operators {W_n}^∞_{n=1} which tends in the strong resolvent sense to W as n −→ ∞. Since the sequence {W_n}^∞_{n=1}, which is called a regularizing sequence for the singular perturbation W , consists of bounded operators we have no problem to associate with it a sequence of self-adjoint operators {H_n}^∞_{n=1} :

H_nf = Af + W_nf, f ∈ dom(H_n) = dom(A). (1.3)

The sequence {H_n}^∞_{n=1} is called the approximating sequence. If the approximating sequence tends in the strong resolvent sense to some semibounded self-adjoint extension H of Ḣ, then one believes that this H is the right Hamiltonian for the singular perturbed system.

However, if Ȧ = A|D is not essentially self-adjoint, then there are a lot of self-adjoint extensions Ã of Ȧ = A|D which represent different unperturbed systems. Moreover, replacing A by Ã one again satisfies condition (1.1). Since Ḣf = Af + W f = Ãf + W f, f ∈ D, (1.4) the operator W is singular not only for A but for all extensions Ã. Hence, the problem of finding out the right Hamiltonian arises for all extensions Ã. Therefore, using the same method as above one has to investigate the convergence of the approximating sequences {H̃_n}^∞_{n=1},

H̃_nf = Ãf + W_nf, f ∈ dom(H̃_n) = dom(Ã) (1.5)

and to identify their limits H̃ for different Ã.

It is clear that the perturbation W is singular as well for the Friedrichs extension Â of Ȧ = A|D. Using (1.1) one can prove [8] that the approximating sequence

Ĥ_nf = Âf + W_nf, f ∈ dom(Ĥ_n) = dom(Â), (1.6)

converges in the strong resolvent sense to the so-called form extension

Ĥ = Â^.+ W, (1.7)

which means the extension given by the KLMN-Theorem [10].

Then the question which arises is to describe all extensions of Ḣ which can be obtained by the above procedure. Surprisingly it turns out that under some natural conditions the form sum Ĥ is the only one which is available in this way.

In the present paper this result is proven for non-positive singular perturbations, i.e., for

W ≤ 0, (1.8)

under the assumption that the Friedrichs extension Â is maximal with respect to W . This means that if for some semibounded self-adjoint extension Ã we have

dom(ν̃) ⊆ dom( √ −W ), (1.9)

where ν̃ is the quadratic form associated with Ã, then Ã coincides with the Friedrichs extension Â and, obviously, ν̃ = ν̂. Note that one always has dom(ν̂) ⊆ dom(√−W ) by (1.1).

Under these assumptions we shall show that if the approximating sequence {H̃_n}^∞_{n=1} is such that sup_n ‖ √ |W_n|(H̃_n − z)^{−1} √ |W_n|‖ < +∞, ℑm(z) ≠ 0, (1.10) and if it tends in the strong resolvent sense to some semi-bounded self-adjoint extension H̃ of Ḣ, then H̃ coincides with the form sum Ĥ (1.7). Conversely, for any semibounded selfadjoint extension Ã of Ȧ there is a regularizing sequence {W_n}^∞_{n=1} such that the corresponding approximating sequence {H̃_n}^∞_{n=1} tends in the strong resolvent sense to the form sum (1.7) and the condition (1.10) is satisfied. In other words, if one assumes that for a regularizing sequence and for a semibounded self-adjoint extension Ã of Ȧ the corresponding approximating sequence {H̃_n}^∞_{n=1} satisfies the condition (1.10), then either this sequence converges in the strong resolvent sense to the form sum (1.7) (if it happens the regularizing sequence is called well-chosen) or there is no convergence at all. It turns out, that for each semibounded self-adjoint extension of Ȧ a well-chosen regularizing sequence always exists. Therefore, for any self-adjoint extension Ã the well-chosen regularization “picks out” the right Hamiltonian which is in this case (1.7).

It remains open the question whether there always exists a non-increasing (see section 4) regularizing sequence such that {H̃_n}^∞_{n=1} tends in the strong resolvent sense to Ĥ and the condition (1.10) is satisfied.

We would like to note that if the maximality condition is omitted then there are semibounded self-adjoint extensions of Ȧ such that for a given regularizing sequence the corresponding approximating sequences satisfy the condition (1.10) but converge to different self-adjoint extensions of Ḣ. Therefore, we lose the uniqueness of the limit with the pleasant property of the regularization to choose the right Hamiltonian.

The paper is organized as follows. In the Section 2 we recall some necessary facts from the Krein’s extension theory. The aim of Section 3 is to find an explicite formula for the resolvent of the perturbed operator which links the Friedrichs extension Â, the extension parameter B which coresponds to Ã and a bounded perturbation W . The problem of convergence of approximating sequences is solved in the whole generality in Section 4. In Section 5 we discuss the consequences of Section 4, in particular, we prove the above mentioned results.

2 Extensions

Let A_0 ≥ 0 be some non-negative closed symmetric operator which can be regarded as the closure of Ȧ = A|D, where A is a self-adjoint operator and D ⊆ dom(A). To describe all semibounded self-adjoint extensions Ã of A_0 obeying Ã ≥ ηI, η < 0, we introduce the deficiency subspace N_η = ker(A^∗_0−ηI). By Theorem 2.9 of [2] there is a one-to-one correspondence between semibounded self-adjoint extensions Ã obeying Ã ≥ ηI and non-negative closed quadratic forms q̃ on N_η. This correspondence is given in terms of quadratic forms. Denoting by ν̃ the quadratic form which is associated with Ã, i.e. ν̃(f, f) = (√ Ã − ηf, √ Ã − ηf ) + η(f, f), f ∈ dom (√ Ã − η ) , (2.1)

and by ν̂ the form which corresponds to Friedrichs extension Â of A_0 we have

dom(ν̃) = dom(ν̂)^.+ dom(q̃) (2.2)

, (where M^.+ N means that M ∩ N = {0}) and ν̃(g + h, g + h) = ν̂(g, g) + 2ηℜe(g, h) + η(h, h) + q̃(h, h) (2.3) for g ∈ dom(ν̂) and h ∈ dom(q̃). Notice that it is not necessary that the domain of the quadratic form q̃ should be dense in N_η or should be a closed subspace of N_η. The Friedrichs extension Â of A_0 corresponds to the quadratic form q̃ = q̂ = 0 with dom(q̂) = {0} (q̂ = +∞ in the terminology of [2]). The smallest self-adjoint extension Ǎ of A_0 obeying Ǎ ≥ ηI is called the Krein extension with respect to η. It is given by the trivial quadratic form q̃ = q̌ = 0 with dom(q̌) = N_η. All other extensions obeying Ã ≥ ηI are between these two, i.e. Ǎ ≤ Ã ≤ Â.

Since q̃ is a non-negative closed quadratic form on the subspace Q̃_η = dom(q̃) ⊆ N_η, there exist a non-negative self-adjoint operator B ≥ 0 on Q̃_η such that the representation q̃(h, h) = ( √ Bh, √ Bh), h ∈ dom(q̃) = dom( √ B), (2.4)

holds. As far as relation (2.3) is equivalent to ‖ ‖ ‖ √ Ã − η (g + h) ‖ ‖ ‖ 2 = ‖ ‖ ‖ √ Â − ηg ‖ ‖ ‖ 2 + ‖ ‖ ‖ √ Bh ‖ ‖ ‖ 2 , (2.5)

we see that ker(Ã − η) = {0} is equivalent to ker(B) = {0}. Assuming ker(B) = {0} which implies the existence of B^{−1} we find the representation

(Ã − η)^{−1}f = (Â − η)^{−1}f + B^{−1}P f, f ∈ H, P f ∈ ran(B), (2.6)

where P denotes the orthogonal projection from H onto Q̃_η.

It turns out, however, that the relation (2.6) defines a self-adjoint extension Ã of A_0 even in the case when one assumes only the invertibility of B. In this case the formula (2.6) defines a self-adjoint extension of A_0 which is not necessarily semibounded. In particular, if B ≤ 0 and invertible we get an extension for which the interval (η, 0) is a spectral gap, i.e. (η, 0) ⊆ ρ(Ã) where ρ(·) denotes the resolvent set.

The relation (2.6) can be used to compute the resolvent (Ã − η − z)^{−1} in terms of the Friedrichs extension Â and the operator B. To this end we introduce the analytic operatorvalued function

M(z) = z^2P (Â − η − z)^{−1}P + zI : Q̃_η −→ Q̃_η, ℑm(z) ≠ 0. (2.7)

which is usually called the abstract Weyl function [3],[4]. Notice that the imaginary part of the Weyl function has a fixed sign for z in the upper or lower half plane, i.e. ℑm(M(z)) = ℑm(z)P (Â − η)|Â − η − z|^{−2}(Â − η)P. (2.8) Moreover, since ℑm(M(z)) has bounded inverse we immediately find that the operator-valued function (B − M(z)) has the same property for each ℑm(z) ≠ 0. If B is bounded and has a bounded inverse, from (2.6) we derive the Krein representation [1]:

(Ã − η − z)^{−1} = (Â − η − z)^{−1}+

(Â − η)(Â − η − z)^{−1}P (B − M(z))^{−1}P (Â − η)(Â − η − z)^{−1} (2.9) for ℑm(z) ≠ 0. Notice that the right-hand side of (2.9) makes sense if B is any self-adjoint operator.

A straightforward computation shows that for any self-adjoint operator B the relation (2.9) defines a self-adjoint extension Ã of A_0. Conversely, if Ã is any self-adjoint extension of A_0, then there is a unique subspace Q̃_η of the deficiency subspace N_η and a self-adjoint operator B acting on Q̃_η such that the Krein representation (2.9) holds for any non-real z. In the following the self-adjoint operator B defined on the subspace Q̃_η = dom(B) ⊆ N_η is called the extension parameter of the extension Ã.

3 Perturbations

Let W be a bounded self-adjoint operator on H. We consider the self-adjoint operator H̃, H̃ = Ã + W, (3.1)

where Ã is a self-adjoint extension of the non-negative closed symmetric operator A_0 with extension parameter B. Our goal is to compute the resolvent (H̃ − z)^{−1}, ℑm(z) ≠ 0, in terms of the Friedrichs extension Â, the extension parameter B and the perturbation W . It turns out that for this purpose the perturbed abstract Weyl function L(z), cf. (2.7), L(z) = P (W − z)(Â + W − η − z)^{−1}(W − z)P + zI : Q̃_η −→ Q̃_η, ℑm(z) ≠ 0, (3.2) plays a very important rôle. A straightforward computation shows that ℑm(L(z)) = ℑm(z)P (Â − η)|Ĥ − η − z)|^{−2}(Â − η)P. (3.3) Hence the function L(z) is a so-called operator-valued Nevanlinna function, which means that ℑm(L(z)) is positive for positive ℑm(z). Since the operator (Â−η)|Ĥ −η −z|^{−1} has a bounded inverse it is easy to see that the operator-valued function Γ(z), Γ(z) = B + P W P − L(z) : Q̃_η −→ Q̃_η (3.4) has also a bounded inverse for each non-real z.

Now we introduce important for below operator-valued function Ω(z),

Ω(z) = Â + W − (W − z)P (B + P W P − z)^{−1}P (W − z) : dom(Â) −→ H, (3.5) ℑm(z) ≠ 0, which can be regarded as a non-selfadjoint perturbation of Ĥ = Â+W . Introducing the operator-valued function K(z), K(z) = (W − z)P (B + P W P − z)^{−1}P (W − z) + zI : N_η −→ N_η, (3.6) ℑm(z) ≠ 0, one gets that Ω(z) − (η + z)I = Â + W − K(z) − ηI. (3.7) However, K(z) is as well the operator-valued Nevanlinna function. This follows from the relation

ℑm(K(z)) = (3.8) ℑm(z){[W P − (B + P W P )]|B + P W P − z|^{−2}[P W − (B + P W P )] + (I − P )},

ℑm(z) ≠ 0. Hence Ω(z) − z − η is a dissipative operator for each non-real z.

Let us prove that the operator Ω(z) − η − z has a bounded inverse for each non-real z. By (3.7) and (3.8) we obtain that ker(Ω(z) − η − z) = {0} for each non-real z. Moreover, the relation

f = (Ω(z) − η − z){(Ĥ − η − z)^{−1}+ (3.9) (Ĥ − η − z)^{−1}(W − z)P (B + P W P − L(z))^{−1}P (W − z)(Ĥ − η − z)^{−1}}f, which holds for each f ∈ H and any non-real z, implies that ran(Ω(z) − η − z) = H. This yields that (Ω(z) − η − z) has a bounded inverse for each non-real z.

The operator-valued functions Γ(z) and Ω(z) are related by (Ω(z) − η − z)^{−1} = (Ĥ − η − z)^{−1}+ (3.10) (Ĥ − η − z)^{−1}(W − z)P Γ(z)^{−1}P (W − z)(Ĥ − η − z)^{−1} and Γ(z)^{−1} = (B + P W P − z)^{−1}+ (3.11) (B + P W P − z)^{−1}P (W − z)(Ω(z) − η − z)^{−1}(W − z)P (B + P W P − z)^{−1}, ℑm(z) ≠ 0. Both of these formulae we need in the following Proposition 3.1 Let Ã be a self-adjoint extension of A_0 given by the extension parameter B defined on Q̃_η = dom(B) ⊆ N_η. Further, let W be a bounded operator on H and let P be the orthogonal projection from H onto Q̃_η. Then the resolvent (H̃ − η − z)^{−1} admits the representations (H̃ − η − z)^{−1} = (Ĥ − η − z)^{−1}+ (3.12) [I − (Ĥ − η − z)^{−1}(W − z)]P Γ(z)^{−1}P [I − (W − z)(Ĥ − η − z)^{−1}], and (H̃ − η − z)^{−1} = P (B + P W P − z)^{−1}P + (3.13) [I − P (B + P W P − z)^{−1}P (W − z)](Ω(z) − η − z)^{−1} × [I − (W − z)P (B + P W P − z)^{−1}P ], for ℑm(z) ≠ 0.

Proof : Let ℑm(z) ≠ 0. Using (3.1) we get

(H̃ − η − z)^{−1}f = (I + W (Ã − η − z)^{−1})(Ã − η − z)f, f ∈ dom(Ã). (3.14) Taking into account (2.9) we find

(H̃ − η − z)f = {(Ĥ − η − z)(Â − η − z)^{−1}+ (3.15) W (Â − η)(Â − η − z)^{−1}P (B − M(z))^{−1}P (Â − η)(Â − η − z)^{−1}}(Ã − η − z)f.

Multiplying on the left by the operator (Â − η)(Ĥ − η − z)^{−1} we get

(Â − η)(Ĥ − η − z)^{−1}(H̃ − η − z)f = (3.16) {I + (Â − η)(Ĥ − η − z)^{−1}W (Â − η)(Â − η − z)^{−1}P (B − M(z))^{−1}P } × (Â − η)(Â − η − z)^{−1}(Ã − η − z)f. A straightforward computation shows that ( I + (Â − η)(Ĥ − η − z)^{−1}W (Â − η)(Â − η − z)^{−1}P (B − M(z))P )−1 (3.17) = I − (Â − η)(Ĥ − η − z)^{−1}W (Â − η)(Â − η − z)^{−1}P Γ(z)^{−1}P. Setting (Ĥ − η − z)f = g one gets (Â − η)(Â − η − z)^{−1}{g − W (H̃ − η − z)^{−1}g} = (3.18) {I − (Â − η)(Ĥ − η − z)^{−1}W (Â − η)(Â − η − z)^{−1}P Γ(z)^{−1}P } × (Â − η)(Ĥ − η − z)^{−1}g. for each g ∈ H. Since (Â − η)(Ĥ − η − z)^{−1} = I − (W − z)(Ĥ − η − z)^{−1} one can simplify (3.18) to (Â − η − z)^{−1}{g − W (H̃ − η − z)^{−1}g} = (Ĥ − η − z)^{−1}g− (3.19) (Ĥ − η − z)W (Â − η)(Â − η − z)^{−1}P Γ(z)^{−1}P (Â − η)(Ĥ − η − z)^{−1}g. Using the resolvent identity (Â − η − z)^{−1} − (Ĥ − η − z)^{−1} = (Ĥ − η − z)^{−1}W (Â − η − z)^{−1} = (Â − η − z)^{−1}W (Ĥ − η − z)^{−1}, we find (Â − η − z)^{−1}{g − W (H̃ − η − z)^{−1}g} = (Ĥ − η − z)^{−1}g− (3.20) (Â − η − z)^{−1}W (Ĥ − η − z)^{−1}(Â − η)P Γ(z)^{−1}P (Â − η)(Ĥ − η − z)^{−1}g. Multiplying on the left by (Â − η − z) we obtain W (H̃ − η − z)^{−1}g = W {(Ĥ − η − z)^{−1}g+ (3.21) (Ĥ − η − z)^{−1}(Â − η)P Γ(z)^{−1}P (Â − η)(Ĥ − η − z)^{−1}g}. If ker(W ) = {0}, then the relation (3.12) is proven. If ker(W ) ≠ {0}, then we choose τ ∈ R such that ker(W − τI) = {0} and we set W^′ = W − τI and z^′ = z − τ. Using identities H̃ − (η + z)I = Ã + W^′ − z^′I and Ĥ − (η + z)I = Â + W^′ − z^′I, we find W^′(H̃ − η − z)^{−1}g = W^′{(Ĥ − η − z)^{−1}g+ (3.22) (Ĥ − η − z)^{−1}(Â − η)P Γ^′(z^′)^{−1}P (Â − η)(Ĥ − η − z)^{−1}g}, with Γ^′(z^′) = B + P W^′P − L^′(z^′) = (3.23) B + P W^′P − P (W^′ − z^′)(Ĥ − η − z)^{−1}(W^′ − z^′)P − z^′I = Γ(z), which yields W^′(H̃ − η − z)^{−1} = W^′{(Ĥ − η − z)^{−1}g+ (3.24) (Ĥ − η − z)^{−1}(Â − η)P Γ(z)^{−1}P (Â − η)(Ĥ − η − z)^{−1}g}. Since ker(W^′) = {0}, we get (3.12).

To prove (3.13) we insert (3.11) into (3.12) and we use the identity

(Ĥ − η − z)^{−1} = (Ω(z) − η − z)^{−1}− (3.25) (Ĥ − η − z)^{−1}(W − z)P (B + P W P − z)^{−1}P (W − z)(Ω(z) − η − z)^{−1}, ℑm(z) ≠ 0.• At the end of this section let us note that formulae (3.12) and (3.13) have a converse.

Straightforward computations prove that P Γ(z)^{−1}P = −(Â − η)^{−1} − (Â − η)^{−1}(W − z)(Â − η)^{−1}+ (3.26) [I + (Â − η)^{−1}(W − z)](H̃ − η − z)^{−1}[I + (W − z)(Â − η − z)^{−1}] and (Ω(z) − η − z)^{−1} = (Â − η)^{−1} − (Â − η)^{−1}(W − z)(Â − η)^{−1}+ (3.27) (Â − η)^{−1}(W − z)(H̃ − η − z)^{−1}(W − z)(Â − η). In the next sections we use the above representations to resolve the problem of convergence for regularizing sequences of bounded operators {W_n}^∞_{n=1}.

4 Convergence

Let us start with definition of regularizing sequence.

Definition 4.1 A sequence {W_n}^∞_{n=1} of bounded self-adjoint operators is called regularizing sequence for the self-adjoint operator W if s − lim_{n→∞}(W_n − z)^{−1} = (W − z)^{−1}, ℑm(z) ≠ 0. (4.1) If W ≤ 0, the the sequence {W_n}^∞_{n=1} is called non-increasing regularizing sequence for W if 0 ≤ −W_1 ≤ −W_2 ≤ . . . ≤ −W_n ≤ . . . ≤ −W. (4.2)

In the following we restrict ourselves to non-positive perturbations. Notice that if {W_n}^∞_{n=1} is a non-increasing regularizing sequence for the non-positive perturbation W , then {−W_n}^∞_{n=1} is a non-decreasing sequence and by Theorem 3.3 of [5] there is always an operator W_∞ such that

s − lim_{n→∞}(W_n − z)^{−1} = (W_∞ − z)^{−1}, ℑm(z) ≠ 0. (4.3)

Definition 4.1 means that W = W_∞. By [14] we find that

dom( √ −W ) = {f ∈ H : sup_n (−W_nf, f) < +∞} (4.4) and ( √ −W f, √ −W f) = lim_{n→∞}(−W_nf, f), f ∈ dom( √ −W ). (4.5)

Then by the Theorem 3.13 of [5] one gets lim_{n→∞} √ −W_n + If = √ −W + If, f ∈ dom( √ −W ). (4.6)

In accordance with (1.1) we assume that for non-positive perturbations W on has a stability domain D 0 ≤ (−W f, f) ≤ a(A_0f, f) + b(f, f), f ∈ D, 0 < a < 1, b > 0, (4.7) where A_0 is a non-negative closed symmetric operator for which D is a core, i.e. A_0|D = A_0. Denoting by Â the Friedrichs extension of A_0 and by ν̂ the quadratic form which is associated with Â we immediately get from (4.7) that

dom(ν̂) ⊆ dom( √ −W ) (4.8) and 0 ≤ ( √ −W f, √ −W f) ≤ aν̂(f, f) + b(f, f), f ∈ dom(ν̂), 0 < a < 1, b > 0, (4.9) which shows that −W is relatively bounded with respect to Â in the form sense. Then, by the KLMN-theorem [10] the form sum Ĥ = Â^.+ W is well-defined and the operator Ĥ is semibounded from below. Using (4.9), we get s − lim_{n→∞} √ −W_n(Â − z)^{−1} = √ −W (Â − z)^{−1} (4.10) s − lim_{n→∞}(Â − z)^{−1} √ −W_n = (Â − z)^{−1} √ −W (4.11) s − lim_{n→∞} √ −W_n(Â − z)^{−1} √ −W_n = √ −W (Â − z)^{−1} √ −W , (4.12)

for ℑm(z) ≠ 0. As it is shown in [8] the approximating sequence {Ĥ_n}^∞_{n=1},

Ĥ_n = Â + W_n, (4.13)

converges in the strong resolvent sense to Ĥ, i.e.

s − lim_{n→∞}(Ĥ_n − z)^{−1} = (Ĥ − z)^{−1}, ℑm(z) ≠ 0. (4.14)

Using (4.10) - (4.12), one proves that in addition to (4.14) we have the following limits: s − lim_{n→∞} √ −W_n(Ĥ_n − z)^{−1} = √ −W (Ĥ − z)^{−1}, (4.15)

s − lim_{n→∞}(Ĥ_n − z)^{−1} √ −W_n = (Ĥ − z)^{−1} √ −W , (4.16) s − lim_{n→∞} √ −W_n(Ĥ_n − z)^{−1} √ −W_n = √ −W (Ĥ − z)^{−1} √ −W . (4.17)

The purpose of this section is to find necessary and sufficient conditions ensuring that the approximating sequence {H̃_n}^∞_{n=1} defined by (1.3) converges to the form sum Ĥ (1.7) in the generalized strong resolvent sense, which means that in addition to the strong resolvent convergence we have s − lim_{n→∞} √ −W_n(H̃_n − z)^{−1} = √ −W (Ĥ − z)^{−1}, (4.18)

s − lim_{n→∞}(H̃_n − z)^{−1} √ −W_n = (Ĥ − z)^{−1} √ −W , (4.19) s − lim_{n→∞} √ −W_n(H̃_n − z)^{−1} √ −W_n = √ −W (Ĥ − z)^{−1} √ −W , (4.20)

for some non-real z. According to this definition, the limits (4.15) - (4.17) imply that the approximating sequence {Ĥ_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ.

Replacing in (3.12) Γ by Γ_n, W by W_n and Ĥ by Ĥ_n one gets the representation

(H̃_n − η − z)^{−1} = (Ĥ_n − η − z)^{−1}+ (4.21) [I − (Ĥ_n − η − z)^{−1}(W_n − z)]P Γ_n(z)^{−1}P [I − (W_n − z)(Ĥ_n − η − z)^{−1}],

with Γ_n(z) = B + P W_nP − L_n(z) (4.22) and L_n(z) = P (W_n − z)(Ĥ_n − η − z)^{−1}(W_n − z)P + zI. (4.23)

Proposition 4.2 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator. Assume that there is a core D of A_0 such that (4.7) is satisfied (stability domain). Further, let {W_n}^∞_{n=1} be a non-increasing regularizing sequence for W and Ã be a self-adjoint extension of A_0 given by the extension parameter B. Then the approximating sequence {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ if and only if one has the following limits

s − lim_{n→∞} Γ_n(z)^{−1} = 0, (4.24) s − lim_{n→∞} √ −W_nP Γ_n(z)^{−1} = 0, (4.25)

s − lim_{n→∞} Γ_n(z)^{−1}P √ −W_n = 0, (4.26) s − lim_{n→∞} √ −W_nP Γ_n(z)^{−1}P √ −W_n = 0, (4.27)

for some non-real z.

Proof : Due to (3.26) one gets representation

P Γ_n(z)^{−1}P = −(Â − η)^{−1} − (Â − η)^{−1}(W_n − z)(Â − η)^{−1}+ (4.28) [I + (Â − η)^{−1}(W_n − z)](H̃_n − η − z)^{−1}[I + (W_n − z)(Â − η)^{−1}].

Assume that {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ. Then taking into account (4.10) - (4.12), we immediately find the relations (4.24) - (4.27). Conversely, if the relations (4.24) - (4.27) are satisfied, then by (4.21) and (4.15) - (4.17) we obtain that {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum (1.7). • Since the conditions (4.24) - (4.27) are not very practicable it is necessary to look for more comfortable ones. To this end we use the representation (3.13):

(H̃_n − η − z)^{−1} = P (B + P W_nP − z)^{−1}P + (4.29) [I − P (B + P W_nP − z)^{−1}P (W_n − z)](Ω_n(z) − η − z)^{−1} × [I − (W_n − z)P (B + P W_nP − z)^{−1}P ] with

Ω_n(z) = Â + W_n − (W_n − z)P (B + P W_nP − z)^{−1}P (W_n − z), n = 1, 2, . . . , (4.30)

which follows from (3.5) by replacing Ω by Ω_n and W by W_n.

Proposition 4.3 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator. Assume that there is a core D of A_0 such that (4.7) is satisfied (stability domain). Further, let {W_n}^∞_{n=1} be a non-increasing regularizing sequence for W and let Ã be a self-adjoint extension of the A_0 which corresponds to the extension parameter B. If the approximating sequence {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ, then s − lim_{n→∞}(Ω_n(z) − η − z)^{−1} = (Ĥ − η − z)^{−1}, (4.31) s − lim_{n→∞} √ −W_n(Ω_n(z) − η − z)^{−1} = √ −W (Ĥ − η − z)^{−1}, (4.32)

s − lim_{n→∞}(Ω_n(z) − η − z)^{−1} √ −W_n = (Ĥ − η − z)^{−1} √ −W , (4.33) s − lim_{n→∞} √ −W_n(Ω_n(z) − η − z)^{−1} √ −W_n = √ −W (Ĥ − η − z)^{−1} √ −W (4.34)

for some non-real z. If in addition the condition

sup_n ‖ ‖ ‖ ‖ √ −W_nP (B + P W_nP − z)^{−1}P √ −W_n ‖ ‖ ‖ ‖ < +∞ (4.35)

is satisfied, then s − lim_{n→∞}(B + P W_nP − z)^{−1} = 0, (4.36) s − lim_{n→∞} √ −W_nP (B + P W_nP − z)^{−1} = 0, (4.37) s − lim_{n→∞}(B + P W_nP − z)^{−1}P √ −W_n = 0, (4.38) s − lim_{n→∞} √ −W_nP (B + P W_nP − z)^{−1}P √ −W_n = 0 (4.39)

for some non-real z. Conversely, if the conditions (4.31) - (4.34) and (4.36) - (4.39) are satisfied, then {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ.

Proof : From (3.27) we find the representation

(Ω_n(z) − η − z)^{−1} = (Â − η)^{−1} − (Â − η)^{−1}(W_n − z)(Â − η)^{−1} (4.40) +(Â − η)^{−1}(W_n − z)(H̃_n − η − z)^{−1}(W_n − z)(Â − η)^{−1}.

Assume now that {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to Ĥ (1.7). Then using (4.10) - (4.12) one gets directly existence of the limits (4.31) - (4.34). Taking into account the representation

(Ĥ − η − z)^{−1} = (Â − η)^{−1} − (Â − η)^{−1}(W − z)(Â − η)^{−1} (4.41) +(Â − η)^{−1}(W − z)(Ĥ − η − z)^{−1}(W − z)(Â − η)^{−1}, one proves that the right-hand side of (4.40) converges to (Ĥ − η − z)^{−1}.

To show (4.36) - (4.39) we note that (4.35) yields the estimate

sup_n ‖ ‖ ‖ √ −W_nP (B + P W_nP − z)^{−1} ‖ ‖ ‖ = sup_n ‖ ‖ ‖(B + P W_nP − z)^{−1}P √ −W_n ‖ ‖ ‖ < +∞. (4.42)

This follows from the representation √ −W_nP {(B + P W_nP − z)^{−1} − (B + P W_nP − z)^{−1}}P √ −W_n (4.43) = 2iℑm(z) √ −W_nP (B + P W_nP − z)^{−1}(B + P W_nP − z)^{−1}P √ −W_n, which implies the estimate |ℑm(z)| ‖ ‖ ‖ ‖(B + P W_nP − z)^{−1}P √ −W_n ‖ ‖ ‖ ‖ 2 ≤ ‖ ‖ ‖ ‖ √ −W_nP (B + P W_nP − z)^{−1}P √ −W_n ‖ ‖ ‖ ‖ . (4.44)

Therefore, the condition (4.35) guarantees the condition (4.42).

Since

(B + P W_nP − z)^{−1} = Γ_n(z)^{−1}− (4.45) (B + P W_nP − z)^{−1}P (W_n − z)(Ĥ_n − η − z)^{−1}(W_n − z)P Γ_n(z)^{−1},

from Proposition 4.2 and relations (4.15) - (4.17), together with the estimates (4.35) and (4.42), we get limits (4.36) - (4.39).

Conversely, if (4.31) - (4.34) and (4.36) - (4.39) are valid, then the representation (4.29) shows that {H̃_n}^∞_{n=1} converges in the generalized strong resolvent sense to the form sum Ĥ. •

5 Consequences

Here we study some consequences of the results obtained in the previous section.

Proposition 5.1 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator. Assume that the pair {A_0, W } has a stability domain such that (4.7) is satisfied. Further, let {W_n}^∞_{n=1} be a non-increasing regularizing sequence for W and let Ã be self-adjoint extension of A_0 given by extension parameter B. If the corresponding approximating sequence {H̃_n}^∞_{n=1} converges in the strong resolvent sense to the form sum Ĥ, then

dom( √ −W ) ∩ dom(B) = {0}. (5.1)

If the extension parameter B is non-negative, then

dom( √ −W ) ∩ dom( √ B) = {0}. (5.2)

Proof : Assume there is a non-trivial h ∈ dom( √ −W ) ∩ dom(B). Then by (4.6) we have lim_{n→∞} √ −W_n + Ih = √ −W + Ih. Taking into account (4.22), (4.23), as well as (4.14) - (4.17) and (4.24) - (4.27), one finds

lim_{n→∞} Γ_n(z)^{−1}(Γ_n(z) + z)h = 0. (5.3)

On the other hand, we get

Γ_n(z)^{−1}(Γ_n(z) + z)h = h + z lim_{n→∞} Γ_n(z)^{−1}h = h, ℑm(z) ≠ 0, (5.4)

which contradicts (5.3). Hence, h = 0.

If B ≥ 0, then operator √ BΓ_n(z)^{−1}, ℑm(z) ≠ 0, is well-defined for each n = 1, 2, . . ..

Furthermore, we have ‖ √ BΓ_n(z)^{−1}h‖^2 = (h, Γ_n(z)^{−1}h)+ (5.5) ‖ √ −W_nP Γ_n(z)^{−1}h‖^2 + (P (W_n − z)(Ĥ_n − η − z)^{−1}(W_n − z)P Γ_n(z)^{−1}h, Γ_n(z)^{−1}h).

Applying again (4.14) - (4.17) and (4.24) - (4.27), we find s − lim_{n→∞} √ BΓ_n(z)^{−1} = 0, ℑm(z) ≠ 0. (5.6)

Using the representation

(Γ_n(z)^{−1}(Γ_n(z) + z)h, h^′) = ( √ Bh, √ BΓ_n(z)^{−1}h^′)− (5.7) ( √ −W_nh, √ −W_nΓ_n(z)^{−1}h^′) − ((W_n − z)(Ĥ_n − η − z)^{−1}(W_n − z)h, Γ_n(z)^{−1}h^′),

h ∈ dom( √ −W ) ∩ dom( √ B), h^′ ∈ N_η, ℑm(z) ≠ 0, as well as (4.14) - (5.17) and (4.24) - (4.27), one gets

w − lim_{n→∞} Γ_n(z)^{−1}(Γ_n(z) + z)h = 0, h ∈ dom( √ −W ) ∩ dom( √ B). (5.8)

However, this contradics (5.4).•

The conditions (5.1) and (5.2) imply that

sup_n (−W_nh, h) = ∞, (5.9)

for non-trivial elements h ∈ dom(B) or h ∈ dom( √ B). According to Definition 2.6 of [8] the property (5.9) for B ≥ 0 means that the regularizing sequence {W_n}^∞_{n=1} is ν̂-admissible. Hence, Proposition 5.1 shows that admissibility is necessary in order to get convergence of the approximating sequence {H̃_n}^∞_{n=1} to the form sum Ĥ.

Next we are interested in the question what is going on if dom( √ −W ) ∩ N_η ≠ {0}. It turns out that in this case not the all approximating sequences {H̃_n}^∞_{n=1} converge to the form sum Ĥ. Proposition 5.2 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator. Assume that the pair {A_0, W } has a stability domain D such that condition (4.7) is satisfied. If dom( √ −W ) ∩ N_η ≠ {0}, N_η = ker(A^∗_0 − ηI), for some η < 0, then there is a continuum of different semibounded self-adjoint extensions Ã of A_0 such that

dom(ν̃) ⊆ dom( √ −W ), (5.10)

dom(ν̃) ∩ N_η = dom( √ −W ) ∩ N_η, ∀η < 0, (5.11) and ( √ −W f, √ −W f) ≤ ãν̃(f, f) + b̃(f, f), f ∈ dom(ν̃), 0 < ã < 1, b̃ > 0 (5.12) where ν̃ is the closed quadratic form associated with Ã.

Proof : First we remark that if dom( √ −W ) ∩ N_η = {0} for some η < 0, then this relation holds for any η < 0. To see this we have to use the representation [2]

dom(A^∗_0) = dom(Â)^.+ N_η (5.13)

which holds for each η < 0. Assume that dom( √ −W ) ∩ N_η = {0} for some η < 0. Since dom( √ −W ) ∩ dom(A^∗_0) = dom( √ −W ) ∩ dom(Â) we have dom( √ −W ) ∩ N_η0 = {0} for any η^′ < 0.

Let η < −^b_a where the constants a and b are taken from (4.7). We set q̃_ρ(h, h) = ρ( √ −W h, √ −W h), 0 ≤ ρ < ∞, (5.14) h ∈ dom(q̃_ρ) = dom( √ −W ) ∩ N_η. Since W is a non-positive self-adjoint operator, the quadratic form q̃_ρ is non-negative and closed. In accordance with (2.4) we associate with q̃_ρ a semi-bounded self-adjoint extension Ã_ρ of A_0. By (2.3) and (2.4) we have

dom(ν̃_ρ) = dom(ν̂)^.+ dom(q̃_ρ) ⊆ dom( √ −W ), (5.15) ν̃_ρ(g + h, g + h) − η‖g + h‖^2 = ν̂(g, g) − η‖g‖^2 + q̃_ρ(h, h), g ∈ dom(ν̂), h ∈ dom(q̃). (5.16)

Using the estimate ( √ −W (g + h), √ −W (g + h)) ≤ (5.17)

(1 + ϵ)( √ −W g, √ −W g) + (1 + 1 ϵ )( √ −W h, √ −W h), ϵ > 0, and (4.9) we find ( √ −W (g + h), √ −W (g + h)) ≤ (1 + ϵ) { aν̂(g, g) + b‖g‖^2 } + 1 + ϵ ϵ ( √ −W h, √ −W h), (5.18)

which implies ( √ −W (g + h), √ −W (g + h)) ≤ (5.19)

(1 + ϵ)a { ν̂(g, g) + b (1 + ϵ)a

‖g‖^2 + 1 aϵ ( √ −W h, √ −W h) } . Since^b_{(1+ϵ)a} ≤^b_a < −η, one gets the estimate ( √ −W (g + h), √ −W (g + h)) ≤ (1 + ϵ)a { ν̂(g, g) − η‖g‖^2 + q̃_ρ(h, h) } (5.20)

for each ρ ≥^1_{aϵ} . Therefore, we have ( √ −W (g + h), √ −W (g + h)) ≤ (1 + ϵ)aν̃_ρ(g + h, g + h) − (1 + ϵ)aη‖g + h‖^2. (5.21)

Choosing ϵ small enough, we satisfy the condition ã = (1 + ϵ)a < 1. Setting b̃ = −(1 + ϵ)η, we prove (5.12).

Now we can verify (5.11). For the chosen η < −^b_a the condition (5.11) is satisfied by the construction (5.15). In order to show the condition (5.11) for any η < 0 we note that

dom(ν̃_ρ) ∩ dom(A^∗_0) = dom(ν̂)^.+ {dom(q̃_ρ) ∩ N_η} = dom(ν̂)^.+ {dom( √ −W ) ∩ N_η}. (5.22)

This yields dom(ν̃_ρ) ∩ N_η = dom( √ −W ) ∩ N_η for any η < 0.

Since for different ρ ≥^1_{aϵ} quadratic forms q̃_ρ are different, the corresponding self-adjoint extensions Ã_ρ are different too. Hence, there is a continuum family of self-adjoint extensions of A_0 satisfying (5.10) - (5.12).•

Replacing Â by Ã one easily gets that (5.10) and (5.12) are equivalent to (4.8) and (4.9). Again by the KLMN-Theorem the form sum H̃ = Ã^.+ W is well-defined and semi-bounded from below. Further, setting H̃_n = Ã + W_n and replacing Â, Ĥ and Ĥ_n by Ã, H̃ and H̃_n, respectively, we obtain relations similar to (4.10) - (4.12) and (4.14) - (4.17). Hence, the expectation that each approximating sequence {H̃_n}^∞_{n=1} converges to the form sum Ĥ is false if dom( √ −W ) ∩ N_η ≠ {0}. Condition dom( √ −W ) ∩ N_η = {0} means that the domain dom(ν̂) has to be maximal with respect to W , i.e., if Ã is any semibounded self-adjoint extension of A_0 with corresponding quadratic form ν̃ such that

dom(ν̂) ⊆ dom(ν̃) ⊆ dom( √ −W ), (5.23)

then dom(ν̃) = dom(ν̂), which yields Ã = Â.

Obviously the last remark implies the following question. Assume that ν̂ is maximal with respect to W and there is approximating sequence {H̃_n}^∞_{n=1} which converges to some self-adjoint extension H̃ of Ḣ. Does H̃ coincide necessarily with the form sum Ĥ?

Proposition 5.3 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator such that dom(ν̂) is maximal with respect to W . Assume that (4.7) is satisfied for a core D of A_0 and Ã is a self-adjoint extension of A_0. Further, let {W_n}^∞_{n=1} be a regularizing sequence for W such that lim_{n→∞} √ |W_n| + If = √ −W + If, f ∈ dom( √ −W ). (5.24)

If the corresponding approximating sequence {H̃_n}^∞_{n=1} converges in the strong resolvent sense to a semibounded self-adjoint extension H̃ of Ḣ and

sup_n ‖ √ |W_n|(H̃_n − z)^{−1} √ |W_n|‖ < +∞ (5.25) for some non-real z, then H̃ coincides with the form sum Ĥ.

Proof : Let us introduce the sequence {S_n(z)}^∞_{n=1} of bounded operators

S_n(z) = √ |W_n| + I(H̃_n − z)^{−1} √ |W_n| + I, (5.26)

which is uniformly bounded by (5.25), i.e. sup_n ‖S_n(z)‖ < +∞. This yields the existence of a bounded operator S(z) such that for a subsequence {n_k}^∞_{k=1} we have the weak limit

w − lim_{k→∞} S_{nk} (z) = S(z). (5.27)

Let f, h ∈ dom( √ −W ). Then taking into account (5.24) we find lim nk→∞(Snk (z)f, h) = (( H̃_{nk} − z)^{−1} √ −W_{nk} + If, √ −W_{nk} + Ih) = (5.28)

((H̃ − z)^{−1} √ −W + If, √ −W + Ih) = (S(z)f, h), which shows that dom(H̃) ⊆ dom( √ −W ) (5.29) and S(z)f = √ −W + I(H̃ − z)^{−1} √ −W + If, f ∈ dom( √ −W ). (5.30)

A straightforward computation shows that if S(z) makes sense and if it is bounded for some non-real z, then the same holds for each z ∈ ρ(H̃), in particular, for real points of the resolvent set ρ(H̃). They exist by the assumption that H̃ is semibounded. Hence, there is a τ ≤ 0 such that H̃ − τI ≥ 0 and the inverse operator (H̃ − τI)^{−1} exists and is bounded. Since S(τ) = √ −W + I(H̃ − τ)^{−1} √ −W + I is bounded, we obtain that dom((H̃ − τ)^{1/2}) ⊆ dom( √ −W ). Let μ̃ be the quadratic form which is associated with H̃. Then we have

dim(μ̃) ⊆ dom( √ −W ). (5.31)

Let us introduce closed quadratic form ν̃ ν̃(f, f) = μ̃(f, f) + ( √ −W f, √ −W f), f ∈ dom(ν̃) = dom(μ̃). (5.32)

The form ν̃ is obviously semibounded. Moreover, if f ∈ D ⊆ dom(A_0) ∩ dom(W ), then ν̃(f, f) = (Ḣf, f) − (W f, f) = (A_0f, f). (5.33) Hence, the closed quadratic form ν̃ defines a semibounded self-adjoint extension Ã of A_0. Since dom(ν̂) is maximal with respect to W and

dom(ν̂) ⊆ dom(ν̃) ⊆ dom( √ −W ), (5.34)

we get dom(ν̃) = dom(ν̂), which yields ν̃ = ν̂ and Ã = Â. Therefore, dom(μ̃) = dom(ν̂) and μ̃(f, f) = ν̃(f, f) − ( √ −W f, √ −W f) = ν̂(f, f) − ( √ −W f, √ −W f) = ν̂(f, f) f ∈ dom(μ̃) = dom(μ̂) = dom(ν̂), where μ̂ is the quadratic form which is associated with Ĥ. Consequently, we obtain H̃ = Ĥ. •

If the dom(ν̂) is maximal with respect to the perturbation W and the additional condition (5.25) holds, then Proposition 5.3 tells us that the approximating sequence {H̃_n}^∞_{n=1} either converges to the form sum Ĥ or it does not converge at all.

Finally let us show that for each semibounded self-adjoint extension Ã of A_0 there is always a regularizing sequence {W_n}^∞_{n=1} for W ≤ 0 such that the corresponding approximating sequence {H̃_n}^∞_{n=1} tends to the form sum Ĥ in the generalized strong resolvent sense.

Proposition 5.4 Let W be a non-positive self-adjoint operator and let A_0 be a non-negative closed symmetric operator such that dom(ν̂) is maximal with respect to W . Let the pair {A_0, W } has a stability domain and condition (4.7) is satisfied for a core D of A_0. Then for each semibounded self-adjoint extension Ã of A_0 there is a regularizing sequence {W_n}^∞_{n=1} for W such that |(W_nf, f)| ≤ a(A_0f, f) + (b + 2)(f, f), f ∈ D, (5.35) where a and b are taken from (4.7), and the corresponding approximating sequence {H̃_n}^∞_{n=1} given by (1.3) obeys s − lim_{n→∞}(H̃_n − z)^{−1} = (Ĥ − z)^{−1}, (5.36) s − lim_{n→∞} √ |W_n|(H̃_n − z)^{−1} = √ −W (Ĥ − z)^{−1}, (5.37)

s − lim_{n→∞}(H̃_n − z)^{−1} √ |W_n| = (Ĥ − z)^{−1} √ −W , (5.38) s − lim_{n→∞} √ |W_n|(H̃ − z)^{−1} √ |W_n| = √ −W (Ĥ − z)^{−1} √ −W (5.39)

for non-real z.

Proof : Let {W_n}^∞_{n=1} be a non-increasing regularizing sequence for W ≤ 0 (4.1), (4.2). Further, let B be the extension parameter which corresponds to Ã. Choosing η smaller than inf σ(Ã) we can assume that B ≥ 0. We set X_n = P W_nP ≤ 0, n = 1, 2, . . .. There is an isometry Γ_n : Q̃_η −→ H such that √ −W_n + IP = Γ_n √ −X_n + IP, n = 1, 2, . . . . (5.40)

Introducing the operator J_n = I − 2Γ_nΓ^∗_n, n = 1, 2, . . . , (5.41)

we define a sequence {V_n}^∞_{n=1} of bounded operators by

V_n = −( √ −W_n + IJ_n √ −W_n + I − I). (5.42)

Let us show that {V_n}^∞_{n=1} is a regularizing sequence for W . By monotonicity, for each f ∈ dom( √ −W ) we have s − lim_{n→∞} √ −W_n + If = √ −W + If, see (4.6). Using (5.40) we get representation

Γ^∗_nf = 1 √ −X_n + I P √ −W_n + If, f ∈ dom( √ −W ), n = 1, 2 . . . . (5.43)

Since dom(ν̂) is maximal with respect to W , we have s−lim_{n→∞}(−X_n +I)^{−1/2} = 0, see Lemma 2.10 of [8]. This immediately implies

lim_{n→∞} Γ^∗_nf = 0, f ∈ dom( √ −W ). (5.44)

Since {Γ^∗_{n=1}}^∞_{n=1} is a sequence of partial isometries this yields s − lim_{n→∞} Γ^∗_n = 0. Hence one gets s − lim_{n→∞} Γ_nΓ^∗_n = 0. Therefore s − lim_{n→∞} J_n = I. If τ ∈ R is sufficiently small, then the operator (I + τ(I − W_n)^{−1}J_n)^{−1} has a bounded inverse such that

‖(I + τ(I − W_n)^{−1})^{−1}J_n‖ ≤ 1 1 − |τ| . (5.45)

Notice that ‖J_n‖ = 1. Therefore, one gets the following representation ( √ −W_n + IJ_n √ −W_n + I + τ)^{−1} = 1 √ −W_n + I J_n(I + τ(I − W_n)^{−1}J_n)^{−1} 1 √ −W_n + I . (5.46)

Since the sequence {W_n}^∞_{n=1} tends in the strong resolvent sense to W and s − lim_{n→∞} J_n = I, we find s − lim_{n→∞}( √ −W_n + IJ_n √ −W_n + I + τ)^{−1} = (−W + I + τ)^{−1}. (5.47)

Hence, { √ −W_n + IJ_n √ −W_n + I}^∞_{n=1} tends in the strong resolvent sense to −W + I, which shows, see (5.42), that {V_n}^∞_{n=1} tends in the strong resolvent sense to W . Hence {V_n}^∞_{n=1} is a regularizing sequence for W in spite of it is not, in general, a non-increasing one.

To prove (5.35) we note that by (5.41) and (5.42) one has

V_n = (5.48) − (√ −W_n + I{I − 2Γ_nΓ^∗_n} √ −W_n + I − I ) = W_n + 2 √ −W_n + IΓ_nΓ^∗_n √ −W_n + I, which yields W_n ≤ V_n, n = 1, 2, . . . . (5.49)

Moreover, since ‖Γ_n‖ ≤ 1, we find

V_n ≤ −W_n + 2I, n = 1, 2, . . . , (5.50) which proves the estimate |(V_nf, f)| ≤ (−W_nf, f) + 2(f, f), n = 1, 2, . . . f ∈ H. (5.51) Since −W_n ≤ −V , n = 1, 2, . . ., we obtain (5.35) by (4.7).

To verify the convergence of the approximating sequence {H̃_n}^∞_{n=1} to the form sum Ĥ we use the representation (4.29). Then, by (5.40) one finds P V_nP = −P √ −W_n + IJ_n √ −W_n + IP + P = − √ −X_n + IΓ^∗_nJ_nΓ_n √ −X_n + I + P. (5.52) Since Γ^∗_nJ_nΓ_n = −I, one finally gets P V_nP = −X_n + 2P, n = 1, 2 . . . . (5.53) This immediately implies B + P V_nP − I = B − X_n + I ≥ I, n = 1, 2 . . . . (5.54) Now we can calculate the operator-valued function Ω_n(z) for z = 1. Using (4.30) and (5.54) we find

Ω_n(1) = Â + I − √ −W_n + IJ_n √ −W_n + I− (5.55) √ −W_n + IJ_n √ −W_n + IP (B − X_n + I)^{−1}P √ −W_n + IJ_n √ −W_n + I. Taking into account (5.41), one gets

Ω_n(1) = Â + I− (5.56) √ −W_n + I { J_n + Γ_n √ −X_n + I(B − X_n + I)^{−1} √ −X_n + IΓ^∗_n } √ −W_n + I. Inserting (5.41) into (5.56), we finally obtain Ω_n(1) = Â + W_n + Γ_n{2I − √ −X_n + I(B − X_n + I)^{−1} √ −X_n + I}Γ^∗_n. (5.57) Notice that 0 ≤ Γ_n { 2I − √ −X_n + I(B − X_n + I)^{−1} √ −X_n + I)^{−1} } Γ^∗_n ≤ 2I. (5.58) Therefore, by (5.57) one gets Ω_n(1) ≥ Â + W_n ≥ Ĥ. (5.59) If η + 2 < min{inf σ(Ĥ), inf σ(Ã)}, then Ω_n(1) − (η + 1)I ≥ Ĥ_n − (η + 1)I ≥ Ĥ − (η + 1)I ≥ I, (5.60) where Ĥ_n = Â + V_n, n = 1, 2, . . .. Hence, the inverse operator (Ω_n(1) − η − 1)^{−1} exists and we have 0 ≤ (Ω_n(1) − η − 1)^{−1} ≤ I. (5.61)

Let us show that s − lim_{n→∞}(Ω_n(1) − η − 1)^{−1} = (Ĥ − η − 1)^{−1}. By (5.57) the operator (Ω(1) − η − 1)^{−1} admits the representation (Ω_n(1) − η − 1)^{−1} = 1 √ Ĥ_n − η − 1 (I + Z_n)^{−1} 1 √ Ĥ_n − η − 1 , (5.62)

where

Z_n = 1 √ Ĥ_n − η − 1 Γ_n { 2I − √ −X_n + I(B − X_n + I)^{−1} √ −X_n + I } Γ^∗_n 1 √ Ĥ_n − η − 1 . (5.63)

By the strong resolvent convergence of {Ĥ_n}^∞_{n=1} to Ĥ and by (5.44) one gets I = s − lim_{n→∞}(I + Z_n)^{−1}, (5.64) which yields s − lim_{n→∞}(Ω_n(1) − η − 1)^{−1} = (Ĥ − η − 1)^{−1}. (5.65) Since dom(ν̂) is maximal with respect to W , we have s − lim_{n→∞}(B − X_n + I)^{−1} = 0. (5.66) Therefore, (5.66) yields the existence of the limit s − lim_{n→∞}(B − X_n + I)^{−1/2}. So, the sequence of operators { √ −W_n + IP (B − X_n + I)^{−1/2}}^∞_{n=1} is uniformly bounded. Then we get s − lim_{n→∞} √ −W_n + IP (B − X_n + I)^{−1} = 0. (5.67) Using (5.40) and (5.44), we obtain s − lim_{n→∞}(B − X_n + I)^{−1}P √ −W_n + I = 0. (5.68) The estimate (5.50) gives |V_n| ≤ −W_n + 2I, (5.69) which implies s − lim_{n→∞} √ |V_n|P (B − X_n + I)^{−1} = 0. (5.70) Since {V_n}^∞_{n=1} converges in the strong resolvent sense to W , one has s − lim_{n→∞}( √ |V_n| + I)^{−1} = ( √ −W + I)^{−1}. (5.71) Hence, we obtain s − lim_{n→∞}(B − X_n + I)^{−1}P √ |V_n| 1 √ |V_n| + I = 0 (5.72)

However, the sequence {(B − X_n + I)^{−1/2}P √ |V_n|}^∞_{n=1} is uniformly bounded. Therefore, we get s − lim_{n→∞}(B − X_n + I)^{−1/2}P √ |V_n| = 0, (5.73) which yields s − lim_{n→∞}(B − X_n + I)^{−1}P √ |V_n| = 0 (5.74) and s − lim_{n→∞} √ |V_n|P (B − X_n + I)^{−1}P √ |V_n| = 0. (5.75)

Taking into account (4.15) - (4.17), (5.42), the representation (5.62) as well as the convergences (5.64), (5.70), (5.74), (5.75) and s − lim_{n→∞} J_n = I, we finally obtain s − lim_{n→∞} √ |V_n|P (B − X_n + I)^{−1}P V_n(Ω_n(1) − η − 1)^{−1} = 0, (5.76)

s − lim_{n→∞}(Ω_n(1) − η − 1)^{−1}V_nP (B − X_n + I)^{−1}P √ |V_n| = 0, (5.77) s − lim_{n→∞} √ |V_n|P (B − X_n + 1)^{−1}P V_n(Ω_n(1) − η − 1)^{−1}V_nP (B − X_n + 1)^{−1}P √ |V_n| = 0. (5.78)

Then, using the representation (4.29) and convergences (5.65), (5.66), (5.70), (5.74), (5.75), (5.76) - (5.78), we get (5.36) - (5.39). •

Remark 5.5 Notice that the sequence {V_n}^∞_{n=1} defined by (5.42) depends on the subspace Q̃_η but not on the chosen semi-bounded self-adjoint extension Ã of A_0. Moreover, the above construction holds for any non-increasing regularizing sequence {W_n}^∞_{n=1} of W .

Acknowledgments. The first author (H.N.) would like to acknowledge Centre de Physique Théorique - Luminy as well as Université de la Méditerranée and Université de Toulon et du Var for hospitality and support during his visit to Marseille. The paper was acomplished during the visit of the second author (V.Z.) to Potsdam University. He thanks the Sonderforschungsbereich 288 in Berlin for financial support.

References

[1] Akhiezer, N.I., Glazman, I.M.: Theory of linear operators in Hilbert space, Vol.II, Pitman Advanced Publ., Boston , 1981.

[2] Alonso, A., Simon, B.: The Birman-Krein-Visik theory of self-adjoint extensions of semibounded operators. J. Operator Theory 4 (1980), 251-270.

[3] Derkach, V.A., Malamud, M.M.: On the Weyl function and lacunary Hermitian operators.

Dokl. Akad. Nauk SSSR 293, No. 5 (1980), 1041-1046.

[4] Malamud, M.M.: On the formula of generalized resolvents for non-densely defined Hermitian operators. Ukr. Math. J., 44, No. 12 (1992), 1658-1688.

[5] Kato, T.: Perturbation theory for linear operators, Springer-Verlag, Berlin-Heidelberg-New York, 1966.

[6] Klaus, M.: Removing cut-offs from one-dimensional Schrödinger operators. J. Phys. A:

Math. Gen. 13 (1980), L295-L298.

[7] Nenciu, G.: Removing cut-offs from singular perturbations: an abstract result. Lett. Math.

Phys. 7 (1983), 301-306.

[8] Neidhardt, H., Zagrebnov, V.A.: Regularization and convergence for singular perturbations. Commun. Math. Phys. 149 (1992), 573-586.

[9] Neidhardt, H., Zagrebnov, V.A.: Singular perturbations, regularization and extension theory.Operator Theory: Advances and Applications vol.70, 299-305, Birkhäuser Verlag, Basel 1994.

[10] Reed, M., Simon, B.: Methods of Modern Mathematical Physics II: Fourier Analysis, Selfadjointness, Academic Press, New York-San Francisco-London, 1975.

[11] Schechter, M.: Cut-off potentials and form extensions.Lett. Math. Phys. 1 (1976), 265-273.

[12] Simon, B.: Quantum Mechanics for Hamiltonians defined as quadratic forms. Princeton NJ, Princeton University Press, 1971.

[13] Simon, B.: Quadratic forms and Klauder’s phenomenon: a remark on very singular perturbations. J. Funct. Analysis 14 (1973), 295-298.

[14] Simon, B.: A canonical decomposition for quadratic forms with applications to monotone convergence theorems. J. Funct. Analysis 28 (1978), 377-385.

[15] Zagrebnov, V.A.: On singular potential interactions in quantum statistical mechanics.

Trans. Moscow Math. Soc. 41 (1980), 101-120.