Non-integrability and continuation of fixed points of 2n-dimensional perturbed twist mappings

Karl Wodnar‡, Simos Ichtiaroglou§ and Efi Meletlidou

Department of Physics, University of Thessaloniki, 54006 Greece, email: ichtiaroglou@olymp.ccf.auth.gr, meletlidou@olymp.ccf.auth.gr

Abstract. In this paper a simple criterion to prove non-integrability of symplectic, perturbed twist mappings in 2n dimensions is developed for sufficiently small perturbations. In addition an upper bound for the number of isolating integrals the system can possess is provided. A criterion for the analytic continuation of isolated periodic orbits in case of a small nonzero perturbation of twist maps is found. The evaluation of their linear stability character by obtaining a simplfied expression of the eigenvalues of the Jacobian matrix concludes the theoretical part. The theory is finally applied to a generalized standard map involving Jacobian elliptic functions.

PACS numbers: 03.20.+i, 05.45.+b, 46.10.+z

Short title: Non-integrability and fixed points of near twist maps

August 22, 1996

‡ Permanent address: Institute of Astronomy, University of Vienna, Türkenschanzstraße 17, A-1180 Vienna, AUSTRIA, email: wodnar@astro.ast.univie.ac.at § To whom correspondence should be addressed.

1. Introduction

In many applications of the theory of nonlinear dynamical systems in science, engineering and economy one deals with Hamiltonian systems. For a general introduction into the field see e.g. Moser (1968, 1973), Arnol’d (1980; et al 1988), Abraham and Marsden (1982), Lichtenberg and Liebermann (1983), MacKay et al (1984) and Wodnar (1994).

The study of continuous flows defined through differential equations corresponding to dynamical systems — as for instance Hamilton’s equations — can be greatly simplified by considering a suitably selected Poincaré mapping, sampling the state of the system at significant discrete time steps. In practice, however, one can find only approximate expressions for the mapping corresponding to a specific continuous system, see e.g. Hadjidemetriou (1991; 1996). In any case, particular mapping constructions stated in terms of known functions serve as an important tool for the study of fundamental mechanisms which are mostly difficult to be observed in real physical systems corresponding to a flow. From the mapping approach there may also emerge conceptually interesting new proof techniques (e.g. Moser 1962, Mather 1984) as has been the case in this paper.

For the application of perturbation techniques one is led to consider near integrable systems. The class of mappings naturally corresponding to Hamiltonian systems are the symplectic mappings — which in the case of two dimensions reduce to area preserving maps — in particular perturbed twist mappings. In order to characterize the dynamics of a flow, it is essential to decide on integrability and to know its periodic orbits which correspond to fixed points of the Poincaré map.

In this paper a simple criterion to prove an obstruction to integrability of a perturbed twist mapping under certain conditions as well as a closely related theory on the fixed point structure are provided for small enough perturbations in systems of arbitrary even dimension. The essential steps of the procedure are the implicit formulation of the twist map in terms of a generating function of the second type and an explicit representation of the q-fold iterated map found perturbatively. In conjunction with previous work by Meletlidou & Ichtiaroglou (1994) and Ichtiaroglou & Meletlidou (1996) a non-integrability criterion is found which yields also an upper bound on the maximum number of analytic integrals that may exist for the system under consideration. Going further, we prove the analytic continuation of isolated periodic orbits for small perturbations by means of the implicit function theorem. In addition, in order to determine the linear stability of these orbits, we reduce the calculation of the eigenvalues of the Jacobian matrix to a linear space of half the dimension of the original system. The theory is well suited to prove the existence of a finite, but arbitrarily large number of isolated periodic orbits for generic systems, compare e.g. to Arnol’d et al

(1988 p 216) and Veerman & Holmes (1985). A similar theorem on the continuation of periodic orbits for Hamiltonian flows was proved by Poincaré (1890; 1892 secs 42, 79). By exploiting the symplectic structure of the Jacobian matrix of the mapping through generalizing the symmetry of the related characteristic polynomial to the matrix itself, we succeed in reducing the length of the proof considerably, compared to Poincaré’s work. About the general stability theory of equilibria in Hamiltonian flows see e.g. MacKay (1986). We refer the reader to Birkhoff (1927 p 12 and p 140) for statements related to the general form of the implicit function theorem involving analytic functions as it will be heaviliy used in this paper and to Abraham and Marsden (1982) for a modern treatment of this fundamental theorem, however, involving just C^∞ functions.

The theory is demonstrated along with the example of a generalized Chirikov-Taylor standard map (Chirikov 1979), involving Jacobian elliptic funtions instead of the usual trigonometric ones.

The essential element for both non-integrability and fixed point structure of symplectic mappings is the occurance of Poincaré resonances which play a decisive rôle for the understanding of irreversibility on the macroscopic level, based on a generalized, but purely Hamiltonian dynamical approach to the microscopic world according to the fundamental work by Prigogine (e.g. 1962; 1980) and his coworkers (e.g. Petrosky 1984; 1985). See Prigogine (1995) for a review on the subject. This underlines the importance of the study of non-integrability and fixed points of symplectic mappings in many dimensions also for the solution of fundamental physical problems.

2. Perturbed Twist Maps and Hamiltonian Systems

Consider an n + 1 degrees of freedom Hamiltonian system

H(w^∗, J^∗) = H_0(J^∗) + εH_1(w^∗, J^∗) + o(ε^2) (1)

represented in action-angle variables

w^∗ = (w_0, . . . , w_n)^T and J^∗ = (J_0, . . . , J_n)^T ,

with H being analytic in perturbation parameter ε in an open interval ]−ε_1, ε_1[, ε_1 > 0, and also analytic in (w^∗, J^∗) in an open domain D^∗_H := T^{n+1} × J^∗_H, J^∗_H ⊆ R^{n+1}, where . . .^T denotes matrix transposition. Define the explicit Poincaré-map

G_ε : { w^′ = w̄_ε(w, J) mod 2π (componentwise) J^′ = J̄_ε(w, J) (2) by the surfaces w^{(k)}_0 = 2kπ — superscript (k) denoting the k-th iteration of the map — on the set of reduced action-angle variables J = (J_1, . . . , J_n)^T , w = (w_1, . . . , w_n)^T in the corresponding projected open domain D_E := T^n × J_H, J_H ⊆ R^n and for ε ∈] − ε_1, ε_1[.

From fundamental theorems we know that such functions w̄ and J̄ exist and are analytic in ε and (w, J) in their open domains (see Birkhoff 1927 p 12). Conversly, a recent result by Treschev (1996) proved the existence of a Hamiltonian analytic in all of its variables within open domains corresponding to arbitrarily given functions w̄ and J̄ representing the Poincaré-map (2) with the appropriate analyticity properties. Furthermore — for sufficiently small ε — G_ε admits an implicit representation through a generating function S of the second type

S = S(w, J^′) = wJ^′ + S_T (J^′) S_0 :=

+ εS_1(w, J^′) + o(ε^2) (3)

in the following form

G_ε : w^′ = ∂S ∂J^′ = w + ∂S^T ∂J^′ + ε∂S^1 ∂J^′ + o(ε^2) J = ∂S ∂w = J^′ + ε∂S^1 ∂w + o(ε^2) (4)

see e.g. Arnol’d (1980), Wodnar (1994). Again the righthand sides of (4) can be shown to be analytic in ε ∈] − ε_2, ε_2[, 0 < ε_2 ≤ ε_1 and (w, J^′) ∈ D := T^n × J, J ⊆ J_H, J open. Subsequently we shall use the standard notation 2πα(J^′) := ∂S^T ∂J^′ (J^′). If the nondegeneracy condition Det ( 2π ∂α ∂J^′ ) = Det

∂^2S_T ∂J^{′2} ≠ 0 (5)

holds in D we speak of a — perturbed, if ε ≠ 0 — (implicit) twist mapping. For several theoretical considerations the definition of a twist map requires also the invariance of two tori bordering the domain of definition of G_ε. This restriction, however, is of no relevance for the subsequent deductions. G_ε being canonical, its Jacobian matrix

DG_ε = ∂w̄ ∂w ∂w̄ ∂J ∂J̄ ∂w ∂J̄ ∂J of the related explicit representation clearly satisfies the local symplectic or canonical condition

DG^T_ε Ω DG_ε = Ω (6)

at any point of phase space, where Ω = ( O_n I_n −I_n O_n )

is the symplectic 2n × 2n unit matrix.

We call a 2n-dimensional symplectic mapping G_ε represented in any state variables in an open domain D completely (analytically) integrable if there exist n functions Φ^{(ε)}_j defined on D and on some open interval with respect to ε which are analytic in all of their variables and which are integrals, i.e. invariants of the mapping Φ^{(ε)}_j ∘ G_ε = Φ^{(ε)}_j , j = 1, . . . , n, if those are independent, rank

(rΦ^{(ε)}_1 · · · rΦ^{(ε)}_n^) = n

in D , and if they are in involution within D , i.e.

(rΦ^{(ε)}_j )^T Ω rΦ^{(ε)}_k = 0, j, k = 1, . . . , n.

Otherwise such a mapping shall be termed non-integrable. The sufficiency of only n integrals for complete integrability rests on a reasoning analogous to the proof of the Liouville-Arnol’d theorem (see e.g. Arnol’d 1980 p 271) which is stated for canonical flows. In subsequent deductions no use of the involution property will be made.

If a mapping is integrable its generating function in action-angle variables attains the form of S_0 as defined in (3) in open domains. Thus according to (4) with ε = 0 the phase space is foliated into invariant tori each of which corresponds to a fixed value of J^′. The components of J^′ may therefore be regarded as n integrals of the map. We call such tori of G_0 resonant if the components of α are rational numbers.

3. Non-Integrability

Assume the existence of n independent integrals Φ_j(w, J) = Φ^{(ε)}_j (w, J), 2π-periodic in each component of w, analytic in ε within ]−ε_0, ε_0[, 0 < ε_0 ≤ ε_2, and analytic in (w, J) in the domain D of G_ε. Thus for j = 1, . . . , n Φ_j(w, J) = Φ_{j0}(w, J) + εΦ_{j1}(w, J) + o(ε^2) = Φ_j(w^′, J^′).

Now, since we have Φ_j(w, J) = Φ_{j0}(w, J^′) + ε ( ∂Φ_{j0} ∂J^′ (w, J^′) ∂S_1 ∂w (w, J^′) + Φ_{j1}(w, J^′) ) + o(ε^2),

Φ_j(w^′, J^′) = Φ_{j0}(w + 2πα(J^′), J^′) + ε ( ∂Φ_{j0} ∂w (w + 2πα(J^′), J^′) ∂S_1 ∂J^′ (w, J^′) + Φ_{j1}(w + 2πα(J^′), J^′) ) + o(ε^2), respectively, by collecting orders ε^0 and ε^1 we obtain the relations

Φ_{j0}(w, J^′) = Φ_{j0}(w + 2πα(J^′), J^′), (7) ∂Φ_{j0} ∂J^′ (w, J^′) ∂S_1 ∂w (w, J^′) − ∂Φ_{j0} ∂w (w + 2πα(J^′), J^′) ∂S_1 ∂J^′ (w, J^′) = Φ_{j1}(w + 2πα(J^′), J^′) − Φ_{j1}(w, J^′). (8)

From equation (7) Φ_{j0} are integrals of the mapping generated by S_0. Expanding Φ_{j0} into a Fourier series

Φ_{j0}(w, J^′) = ∑ k∈Zn^{Akj0(J ′) exp(ikw)} and applying relation (7) yields ∑ k∈Zn^{Akj0(J ′)[exp(2πikα(J ′)) − 1] exp(ikw) ≡ 0}

so that either

kα(J^′) ∈ Z or A_{kj0}(J^′) ≡ 0

in the open domain of definition and for all k ≠ O. But if the first alternative is true for at least one k ≠ O in any open subset of R^n, then α(J^′) ≡ Const and this is a contradiction to the nondegeneracy condition (5), therefore ∂Φ_{j0} ∂w (w, J^′) ≡ 0 =⇒ Φ_{j0} = Φ_{j0}(J^′). (9)

We point out that — following Poincaré (1892 sec 81) — one can show that the Φ_j can always be selected such that the Φ_{j0} are independent, see Meletlidou (1995 p 43) for a detailed proof.

Using (9) we simplify relation (8) to ∂Φ_{j0} ∂J^′ (J^′) ∂S_1 ∂w (w, J^′) = Φ_{j1}(w + 2πα(J^′), J^′) − Φ_{j1}(w, J^′). (10)

Applying (10) q ∈ N times iteratively, we obtain

Φ_{j1}(w + 2πqα(J^′), J^′) − Φ_{j1}(w, J^′) = q−1∑ k = 0 ( ∂Φ_{j0} ∂J^′ ∂S_1 ∂w ) (w + 2πkα(J^′), J^′). (11)

Now let α be of the form α_j(J^′) = p_j /q, p_j ∈ Z, q ∈ N, j = 1, . . . , n, (12) such that q is relative prime to the largest common divisor of the p_j . Then (w + 2πkα(J^′), J^′), k = 0, . . . , q − 1, corresponds to a representative segment of a q-periodic orbit of the unperturbed part G_0 of mapping G_ε. This form of α can be achieved on a dense set of actions J^′ because of the nondegeneracy condition (5). For such a choice of α, because of periodicity, the left hand side of (11) vanishes, so that, using again (9), ∂Φ_{j0} ∂J^′ (J^′) q−1∑ k = 0 ∂S_1 ∂w (w + 2πkα(J^′), J^′) ≡ 0, j = 1, . . . , n, identically on (w, J^′) ∈ D Q := T^n × JQ, JQ = {J ∈ J|α(J) ∈ Q^n}. In other words

F(J^′)

∂Σ^{(q)} ∂w (w, J^′) ≡ 0 (13)

holds on D Q where (F(J^′))_{j,l=1,...,n} := ∂Φ_{j0} ∂J^′_l Σ^{(q)}(w, J^′) := q−1∑ k = 0

S_1(w + 2πkα(J^′), J^′).

Σ^{(q)}(w, J^′) is called the action function along an orbital segment of length q. See e.g. MacKay et al (1984) for the definition of the action function in context with type one generating functions. In this paper we concentrate on length q segments of q-periodic orbits of the unperturbed system, therefore q is always determined by J^′. In analogy to the case of continuous systems we define the ultra-subharmonic Poincaré-Melnikov- Arnol’d vector of a mapping as ∂Σ^{(q)} ∂w (w, J^′). If we are now able to show that this vector does not vanish identically in (w, J^′) on a dense or key set (see Arnol’d et al 1988 p 213) of J^′ values, we would have Det F ≡ 0 on this set which is a contradiction to the independence of integrals Φ_{i0}, i = 0, . . . , n. Consequently the system determined by G_ε cannot have a complete set of independent analytic integrals. This establishes the first part of our non-integrability criterion.

Going further, we differentiate (13) with respect to w yielding L(w, J^′) F(J^′) ≡ O, identically on D Q, with (L(w, J^′))_{j,l=1,...,n} := ∂^2 ∂w_j∂w_l Σ^{(q)}(w, J^′).

Now suppose the system represented by mapping G_ε has at least s independent integrals Φ_j, j = 1, . . . , s for some fixed s, 1 ≤ s ≤ n, then rank F(J^′) ≥ s in D . Because of rank F ≤ dim ker L and dim ker L + rank L = n it follows that s ≤ rank F(J^′) ≤ n − rank L(w, J^′).

Note that F and its rank depend just on the resonant torus selected, while L also depends on the particular periodic orbit considered. Thus passing to the maximum rank over all such orbits on the torus determined by J^′ r_J 0 := max{rank L(w, J^′)|w ∈ T^n}, we know there exists at least one orbit with initial w = w_J 0 , such that r_J 0 = rank L(w_J 0 , J^′), thus s ≤ rank F(J^′) ≤ n − r_J 0 . Note that the supremum taken here is really a maximum since a rank is an integer. Now let r := min{r_J 0 |J^′ ∈ J_1}, where J_1 ⊆ JQ is a dense or a key set of resonant J^′, then we have s ≤ rank F(J^′) ≤ n − r on this set. If now s > n − r we have arrived at a contradiction. Thus there cannot be more than n − r independent integrals with the prescribed properties. Summarizing we have proved the following theorem.

Theorem 1. Let a one parameter family of discrete dynamical systems of dimension 2n be represented through the family of canonical, i.e. symplectic mappings G_ε : D_E → T^n × R^n, (w, J) → (w^′, J^′), D_E = T^n × J_H, J_H ⊆ R^n, J_H open analytic in its parameter ε ∈] − ε_1, ε_1[, ε_1 > 0 and on D_E with respect to (w, J). Moreover assume G_0 to be of twist type, i.e. in canonical action-angle variables (w, J)

G_0 : { w^′ = w + 2πα(J) J^′ = J, fulfilling the nondegeneracy condition Det ∂α ∂J^′ (J^′) ≠ 0.

Then for sufficiently small ε let G_ε be implicitly defined through its second type generating function S(w, J^′) = S_0(w, J^′) + εS_1(w, J^′) + o(ε^2), S_0(w, J^′) = wJ^′ + S_T (J^′) as G_ε : w^′ = ∂S ∂J^′ (w, J^′) and J = ∂S ∂w (w, J^′) respectively, G_ε being analytic in an open domain D = T^n × J, J ⊆ J_H in (w, J^′) and in ε ∈] − ε_2, ε_2[, 0 < ε_2 ≤ ε_1.

Let furthermore the action function Σ^{(q)} be defined as

Σ^{(q)}(w, J^′) = q−1∑ k = 0

S_1(w + 2πα(J^′), J^′)

such that J^′ corresponds to a resonant torus, i.e. to a q-periodic orbit of G_0,

α(J^′) = 1 q p, p ∈ Z^n, q ∈ N, with q being relative prime to the largest common divisor of the p_j . Then,

(i) if within D a dense or a key set of resonant tori of G_0 is found such that for at least one orbit on each of them ∂ ∂w Σ^{(q)}(w, J^′) ≢_w 0,

then G_ε does not possess a complete set of analytic integrals for ε ∈] − ε_0, ε_0[\{0}, 0 < ε_0 ≤ ε_2; and

(ii) if, likewise, on some dense or key set of resonant tori there is at least one orbit on each of them such that

rank ( ∂^2Σ^{(q)} ∂w^2 (w, J^′) ) ≥ r ∈ N, then G_ε cannot possess more than n − r independent integrals being analytic in the same set of ε values.

4. Continuation of Periodic Orbits and Linear Stability

Again we assume the implicit map G_ε to be analytic in (w, J^′) and ε in open domains

D = T× J, J ⊆ R^n and ] − ε2, ε2[, ε2 > 0, respectively. Expanding with respect to ε we

obtain the following explicit first order formulation of the q-fold iterated mapping

G^{(q)}_ε :

w^{(q)} = w + 2πqα(J) + ε ( ∂Σ^{(q)} ∂J (w, J) − 2π ∂α ∂J (J) ∂Σ^{(q)} ∂w (w, J) ) + o(ε^2)

J^{(q)} = J − ε∂Σ^{(q)} ∂w (w, J) + o(ε^2).

The condition for a point (w, J) to be q-periodic, which will meet the requirements for a proper application of the implicit function theorem in order to show continuation of the periodicity of the specific point from ε = 0 to small |ε| ≠ 0, takes the form

f (ε, w, J) := w^{(q)}(ε, w, J) − w − 2πp J^{(q)}(ε, w, J) − J ε = O, p ∈ Z^n, q ∈ N. (14)

The division by ε involved in the J-terms is consistent, because an orbit being continued for small enough |ε| ≠ 0 must fulfill (14) in its original form without division, thus, since ε ≠ 0, division is possible and the condition must be still valid in the limit of ε → 0 because of continuity. The necessity of this procedure will become clear below. We have f (ε, w, J) = f_0(w, J) + o(ε) with

f_0(w, J) = 2πqα(J) − 2πp ∂Σ^{(q)} ∂w (w, J) .

The implicit function theorem now ensures that when

f_0(w_0, J_0) = O

holds for certain (w_0, J_0) and if also

Det ∂f_0 ∂(w, J) (w_0, J_0) = | | | | | | | O_n ∂α ∂J (J_0)

∂^2Σ^{(q)} ∂w^2 (w_0, J_0) ∂

2Σ^{(q)} ∂w∂J (w_0, J_0)

| | | | | | | ≠ 0, (15)

then there is an open interval of ε values around zero, such that the perturbed twist map G_ε has a q-periodic orbit with initial condition (w, J) = (w(ε), J(ε)) = (w_0 +εw_1 +o(ε^2), J_0 +εJ_1 +o(ε^2)) analytically depending on ε which for ε = 0 coincides with (w_0, J_0). We note that condition (15), because of nondegeneracy reduces to Det ∂^2Σ^{(q)} ∂w^2 (w_0, J_0) ≠ 0

and also that without the above division by ε in the periodicity conditions for J this condition would have been void in any case.

The linear stability of the fixed points is determined by the eigenvalues of the matrix M of the tangential map. Composing this matrix as

M = DG^{(q)}_ε = ( A B C D ) with four n × n matrices

(A)_{ij} = δ_{ij} + ε ( ∂^2 ∂J_i∂w_j − 2π n∑ l = 1 ∂α_i ∂J_l ∂^2 ∂w_l∂w_j ) Σ^{(q)} + o(ε^2)

(B)_{ij} = 2πq ∂α^i ∂J_j + ε ( ∂^2 ∂J_i∂J_j − 2π n∑ l = 1 ∂α_i ∂J_l ∂^2 ∂w_l∂J_j ) Σ^{(q)} + o(ε^2)

(C)_{ij} = −ε ∂ 2 ∂w_i∂w_j Σ^{(q)} + o(ε^2)

(D)_{ij} = δ_{ij} − ε ∂ 2 ∂w_i∂J_j Σ^{(q)} + o(ε^2),

for i, j = 1, . . . , n, we have from (6), since M is a symplectic matrix,

M^{−1} = −ΩM^T Ω = ( D^T −B^T −C^T A^T ) . If λ is an eigenvalue of M with eigenvector x then 1/λ is an eigenvalue of M^{−1} with the same eigenvector, consequently ν := λ + 1/λ is an eigenvalue to N := M + M^{−1} with eigenvector x. Since 1/λ is also an eigenvalue of M with an eigenvector y ≠ x, ν is necessarily at least a double eigenvalue of N, which attains the form N = ( A + D^T B − B^T C − C^T A^T + D ) = ( 2I_n + εΘ + o(ε^2) o(ε) o(ε^2) 2I_n + εΘ^T + o(ε^2) ) , where Θ(w, J) = −2π ∂α ∂J (J) ∂^2Σ^{(q)} ∂w^2 (w, J). Following the method of Yakubovich and Starzhinskii (1975 p 315) we may draw the following conclusions. For ε = 0 clearly ν = 2, therefore — since Det (N − νI_{2n}) = 0 defines ν in dependence of ε — we set εβ_ε(w, J) = ν_ε(w, J) − 2 . Dividing the above determinant by ε^{2n}, which is justified by the necessity of continuity with respect to ε at ε = 0, we obtain | | | | Θ − β_εI_n o(1)

o(ε) Θ^T − β_εI_n + o(ε) | | | | = 0. If β_0(w_0, J_0) is an eigenvalue of Θ(w_0, J_0) we have

β_ε(w, J) = β_0(w_0, J_0) + o(ε^{1/l}), l ∈ N,

which depends analytically on some fractional power of ε. Thus

ν_ε(w, J) = 2 + εβ_0(w_0, J_0) + o(ε^{1+1/l}), and consequently

λ = λ_ε(w, J) = 1 ± √ ερ(w_0, J_0) + o(ε^{min(1,1/2+1/l)}), l ∈ N

where ρ^2(w_0, J_0) = β_0(w_0, J_0). It follows that the linear stability of the periodic orbit continued is just determined by the n × n (Hessian) twist matrix ∂α ∂J (J_0) and the n × n

Hessian ∂^2Σ^{(q)} ∂w^2 (w_0, J_0). Note, that because of (15), ρ is always different from zero so the continued periodic orbits are always isolated. The linear stability analysis is thus reduced to consideration of a linear space of half the dimension of the system. The following theorem results:

Theorem 2. Let G_ε be the implicit twist mapping defined through a generating function S as in theorem 1, so that the nondegeneracy condition holds. Assume G_ε to be analytic in (w, J^′) and analytic in ε in open domains. Then for all resonant tori of the unperturbed mapping G_0 determined by J_0 such that

α(J_0) = 1 q p, p ∈ Z^n, q ∈ N a q-periodic orbit of G_0 containing the point (w_0, J_0) is analytically continued to (w, J) = (w_0, J_0) + o(ε) for small enough |ε| ≠ 0, if the vector ∂Σ^{(q)}/∂w has a simple zero in (w_0, J_0), i.e. ∂Σ^{(q)} ∂w (w_0, J_0) = O, Det

∂^2Σ^{(q)} ∂w^2 (w_0, J_0) ≠ 0,

Σ^{(q)} being defined as in theorem 1. Moreover the eigenvalues of the Jacobian DG^{(q)}ε at such a point are of the form λ_ε(w, J) = 1 ± √ ερ(w_0, J_0) + o(ε^{min(1,1/2+1/l)}), l ∈ N,

where ρ^2 are the eigenvalues of −2π ∂α ∂J (J_0)

∂^2Σ^{(q)} ∂w^2 (w_0, J_0)

and λ_ε are analytic functions of a fractional power of ε.

In the following we consider the linear stability of mapping G_ε in dependence of β_0 = β_0(w_0, J_0) for sufficiently small |ε| in more detail:

If at least one β_0 is complex, instability of complex type results. If all β_0 are real and simple with at least one β_0 such that εβ_0 > 0, we have real instability. If all β_0 are real and simple with εβ_0 < 0 we encounter the only certain case of linear stability based on the framework of theorem 2. In the latter two cases, if some β_0 is multiple, complex instability may result, depending on the behaviour of the higher order terms in ε.

We note that in the case of n = 1 we have

ρ^2(w_0, J_0) = −2π dα dJ (J_0)

∂^2Σ^{(q)} ∂w^2 (w_0, J_0).

Since Σ^{(q)} is 2π-periodic with respect to w, two consecutive simple zeroes of ∂Σ^{(q)}/∂w correspond to a maximum and a minimum of Σ^{(q)}, i.e. positive and negative ρ^2 respectively, assuming positive twist direction dα dJ (J_0) > 0. Thus we obtain the known result of Poincaré-Birkhoff for small enough ε > 0, see Poincaré (1912) and Birkhoff (1913). Note further that, in view of theorem 1, if the perturbed mapping possesses at least one integral, then for a resonant torus in general position, Det L = 0 and theorem 2 is not applicable.

5. Application to a Generalized Standard Map

In the following we want to demonstrate the application of the theory developed so far along the simple example of a two dimensional mapping (n = 1). In the case of the well known Chirikov-Taylor standard map (Chirikov 1979, Lichtenberg and Liebermann 1983)

G_ε : { w^′ = w + J^′ J^′ = J − ε sin w

generated by

S(w, J^′) = wJ^′ + 1 2 J^{′2} − ε cos w

our non-integrability criterion stated in theorem 1 fails due to the absence of higher harmonics in the perturbation of the J-part; a dense set or at least a key set of resonant tori with the properties stated in theorem 1 cannot be found. Note that in the case of the standard map, since the perturbation of the J-part depends only on w and the perturbation of the w-part vanishes — which characterizes a so-called radial map — the mapping can be made explicit. In general a standard map for several degrees of freedom is defined as being derivable from a ‘potential’ function V = V (w), periodic in its components, in the form w^′ = w + J^′ and J^′ = J + r_wV respectively, see e.g. Lomelí (1996).

For the mentioned reason we considered a generalized standard map by replacing trigonometric functions by their respective analogues of properly scaled Jacobian elliptic functions. In particular let

S(w, J^′) = wJ^′ + 1 2 J^{′2} + ε π 2Kk ln ( dn 2K π w − k cn 2K π w ) , then

G_ε : { w^′ = w + J^′ J^′ = J − ε sn (2K π w, k ) . (16)

Thus for α(J^′) = p/q, p ∈ Z, q ∈ N ∂ ∂w Σ^{(q)}(w, J^′) = q−1∑ m = 0 sn ( 2K π ( w + 2πm p q ) , k ) , wherein k is the modulus of the Jacobian elliptic functions and K = K(k) the related quarter period, K(k) representing the complete elliptic integral of the first kind in the sense of Legendre, see Abramowitz and Stegun (1984 p 235). Using the well known relation — see again Abramowitz and Stegun (1984 p 229) —

sn(u, k) = 2π kK ∞∑ j = 0 Q^{j+1/2} 1 − Q^{2j+1} sin [ (2j + 1) π 2K u ] ,

with Q = e^− πK^′ K being the elliptic nome and K^′ = K(k^′) being the complementary quarterperiod corresponding to the complementary modulus k^′ = √ 1 − k^2, we find ∂ ∂w Σ^{(q)}(w, J^′) = q ∼ k^∼K kK sn ( 2^∼Kq π w,^∼k ) . In this relation^∼k is uniquely defined through the equations

σ(^∼k) := ∼ K ′ ∼ K = K^′ K q,^∼K = K(^∼k),^∼K^′ = K(^∼k^′),^∼k^′ = √ 1 −^∼k^2,

because σ is continuous on^∼k ∈]0, 1[, σ(0) = ∞, σ(1) = 0 and σ(^∼k) decreases monotonically with^∼k.

We conclude first, that e.g. for the key set of tori J^′ = 2π q + 1 q → 2π (q → ∞), ∂ ∂w Σ^{(q)}(w, J^′) ≢_w 0 holds, therefore the dynamical system determined by the mapping

(16) is non-integrable according to theorem 1.

Second, for every rational value p/q of α(J_0) =^1_{2π} J_0, the zeroes of ∂ ∂w Σ^{(q)}(w_0, J_0)

are w_0 = πj q , j = 0, . . . , 2q − 1 for which ∂ 2 ∂w^2 Σ^{(q)}(w_0, J_0) is positive — corresponding to a stable periodic orbit — if j is even, and negative — corresponding to an unstable periodic orbit — if j is odd.

In figure 1 the continued fixed points at some main resonances are shown for ε = 0.1 and k = sin 80o.

6. Final Remarks

Comparing the results of this paper with the analogous ones of Meletlidou and Ichtiaroglou (1994) and Ichtiaroglou and Meletlidou (1996), there is a striking resemblence to the theory developed here visible if the expression ⟨H_1⟩ (the average value of H_1 taken over one period) in the quoted papers is replaced by Σ^{(q)}. Indeed, the theory of symplectic integrators (see e.g. Yoshida 1993; Hadjidemetriou 1991, 1996) shows that the first order symplectic integrator implicitly defined by a generating function of the second type establishes a close connection between those two expressions. Particularly, if we deal with a Hamiltonian system (1) the first order symplectic integrator takes the form ∼ Gε : w^′ = w + τ ∂H^0 ∂J^′ (J^′) + τ ε∂H^1 ∂J^′ (w, J^′) J = J^′ + τ ε∂H^1 ∂w (w, J^′), (17)

where τ is the integration time step assumed to be a small quantity. Taking now heuristically τ = 2π in (17) and comparing the result with (4) we recognize that in (17) 2πH_1 takes the rôle of S_1 in (4). However, this is only a rough consideration, the development of a more rigorous theory describing the connection between symplectic maps and Hamiltonian flows in more detail will be the subject of a forthcoming paper.

In literature, extensive use has been made of the generating function approach and related methods in order to describe the dynamics of mappings, see e.g. Percival (1979), Aubry and Le Daeron (1983), Aubry (1983), MacKay and Meiss (1983), MacKay et al (1984), Mather (1984), Lomelí (1996) for the use of the first type generators mostly relying on stationarity of the related action functions with respect to certain orbital variations, as far as fixed points and their linear stability or invariant sets in general are concerned. In our present work we used the more convenient way of stationarity against variations of the initial conditions and preferred to take advantage of the natural occurence of type two generators in the context of perturbed twist maps as long as the perturbation is small enough. Generating functions of the second type and their critical points when expressed in non-mixed form play a decisive rôle in generalisations of the Poincaré-Birkhoff fixed point theorem to higher dimensions, see Arnol’d (1980) and Milani (1991) for supplementary remarks. The main difference of our approach to the cited papers lies in the fact that in Arnold’s work the generating function has to be modified to yield a non-mixed representation by means of a function that is known to exist, but unknown in explicit terms which results in just an existence statement. In contrast, our result on fixed points is of constructive nature, well suited for practical calculations, however, it is a perturbative one, valid for small ε only. We note that in the method of Arnol’d the sufficient closeness of the mapping to identity or a pure twist also imposes strong restrictions on the applicability of the theory. The question of the actual necessity of such a confinement is not yet settled.

In this paper we defined the ultra-subharmonic Poincaré-Melnikov-Arnol’d vector for the case of a symplectic near twist map and used it for showing both non-integrability and continuation of fixed points. Related work on nonintegrability and the homoclinic Poincaré-Melnikov-Arnol’d vector has been done e.g. by Glasser et al (1989), Delshams and Ramírez-Ros (1996) for the case of planar maps and by Sun (1996) for highdimensional maps of specific form. For canonical flows the definition and treatment of these vectors go back to Poincaré (1890), Melnikov (1963) and Arnol’d (1964). See Wiggins (1990 p 117) for a theorem on the rôle of the ultra-subharmonic Melnikov vector for the existence of periodic orbits and Wiggins (1990 p 483) for a treatment of the homoclinic Melnikov vector, both in the context of flows.

For a specific system of two degrees of freedom Veerman and Holmes (1985) proved a theorem which establishes the existence of an arbitrarily large but finite number of isolated fixed points in the neighbourhood of an elliptic fixed point for sufficiently small perturbation away from integrability. From our present work, using further estimates involved in the application of the implicit function theorem not published here, we conclude that under appropriate conditions such a result may be proved for a large class of symplectic maps. However, since the domain of validity in ε of this approach without further assumptions shrinks to zero as the period q of an orbit under consideration tends to infinity, the number of isolated fixed points that can be shown to exist with this method in some open set remains always bounded.

We note finally that the two theorems presented here are coordinate independent except for the determination of rank ∂^2Σ^{(q)}/∂w^2 unless the zeroes of ∂Σ^{(q)}/∂w are considered.

Acknowledgments

This work has been partially supported by EC contract CHRX-CT93-0330/DC (KW, SI, EM) and by scientific programme PENED-95, No 1857, Greece (SI, EM).

References

Abraham R and Marsden J E 1982 Foundations of Mechanics (Reading, Massachusetts:

Benjamin/Cummings) Abramowitz M and Stegun I A eds 1984 Pocketbook of Mathematical Functions (Frankfurt/Main:

Deutsch) Arnol’d V I 1964 “Instability of Dynamical Systems with Several Degrees of Freedom” Sov. Math. Dokl.

5 581–5 ——1980 Mathematical Methods of Classical Mechanics (New York: Springer-Verlag) Arnol’d, V I, Kozlov V V and Neishtadt A I 1988 Dynamical Systems III (Berlin: Springer-Verlag) Aubry S 1983 “The Twist Map, the Extended Frenkel-Kontorova Model and the Devil’s Staircase” Physica 7D 240–58 Aubry S and Le Daeron P Y 1983 “The Discrete Frenkel-Kontorova Model and its Extensions” Physica 8D 381–422 Birkhoff G D 1913 “Proof of Poincaré’s Geometric Theorem” Trans. Amer. Math. Soc. 14 14–22 ——1927 Dynamical Systems, Colloquium Publications Vol IX (Providence, Rhode Island: Amer. Math.

Soc.) Acta Math. 50 Chirikov B V 1979 “A Universal Instability of Many-Dimensional Oscillator Systems” Phys. Rep. 52 265 Delshams A and Ramírez-Ros R 1996 “Poincaré-Melnikov-Arnold Method for Analytic Planar Maps” Nonlinearity 9 1–26 Glasser M L, Papageorgiou V G and Bountis T C 1989 “Mel’nikov’s Function for Two-Dimensional Mappings” SIAM J. Appl. Math. 49 692–703 Hadjidemetriou J D 1991 “Mapping Models for Hamiltonian Systems with Application to Resonant Asteroid Motion”, in Predictability, Stability and Chaos in N-Body Dynamical Systems ed Roy A E (New York: Plenum Press) ——1996 “Symplectic Maps and their Use in Celestial Mechanics” in Systemes Dynamiques Discrets eds Benest D and Froeschlé C, in press Ichtiaroglou S and Meletlidou E 1996 “The Non-Integrability of Perturbed Hamiltonians of N Degrees of Freedom and the Continuation of Periodic Orbits” in Hamiltonian Systems with Three or More Degrees of Freedom, NATO ASI (New York: Plenum Press), in press Lichtenberg A J and Liebermann M A 1983 Regular and Stochastic Motion (New York: Springer-Verlag) Lomelí H 1996 “Saddle Connections and Heteroclinic Orbits for Standard Maps” Nonlinearity 9 649–68 MacKay R S 1986 “Stability of Equilibria of Hamiltonian Systems” Nonlinear Phenomena and Chaos 254–70 MacKay R S and Meiss J D 1983 “Linear Stability of Periodic Orbits in Lagrangian Systems” Phys.

Lett. 98A 92-4 MacKay R S, Meiss J D and Percival I C 1984 “Transport in Hamiltonian Systems” Physica 13D 55–81 Mather J N 1984 “Non-Existence of Invariant Circles” Ergodic Theory and Dynamical Systems 4 301–9 Meletlidou E 1995 Non-Integrability Criteria in Hamiltonian Dynamical Systems (Univ. of Thessaloniki:

PhD Thesis, in Greek) Meletlidou E and Ichtiaroglou S 1994 “On the Number of Isolating Integrals in Perturbed Hamiltonian Systems with n ≥ 3 Degrees of Freedom” J. Phys. A 27 3919–26 Melnikov V K 1963 “On the Stability of the Center for Time Periodic Perturbations” Trans. Moscow Math. Soc. 12 3–56

Milani A 1991 “Chaos in the Three Body Problem”, in Predictability, Stability and Chaos in N-Body Dynamical Systems ed Roy A E (New York: Plenum Press) Moser J 1962 “On Invariant Curves of Area-Preserving Mappings of an Annulus” Nachr. Akad. Wiss.

Göttingen, math. phys. Kl. 1–20 ——1968 “Lectures on Hamiltonian Systems” Mem. Amer. Math. Soc. 81 1–60 ——1973 Stable and Random Motion in Dynamical Systems (Princeton: Princeton University Press) Percival I C 1979 “Variational Principles for Invariant Tori and Cantori” AIP Conf. Proc. 57 302–10 Petrosky T 1984 “Chaos and Irreversibility in a Conservative Nonlinear System with a Few Degrees of Freedom” Phys. Rev. A 29/4 2078–91 ——1985 “Chaos and Nonunitary Evolution in Nonintegrable Hamiltonian Systems” Phys. Rev. A 32/6 3716–25 Poincaré H 1890 “Sur le Problème des Trois Corps et les Équations de la Dynamique” Acta Math. 13 1–270 ——1892 Les Méthodes Nouvelles de la Méchanique Céleste Vol I (Paris: Gauthier-Villars), English translation: ed Goroff D L 1993 New Methods in Celestial Mechanics (American Institute of Physics) ——1912 “Sur un Théorème de Géométrie” Recondito del Circolo matematico di Palermo 33 357–407 Prigogine I 1962 Nonequilibrium Statistical Mechanics (New York: Wiley) ——1980 From Being to Becoming (New York: Freeman) ——1995 “Why Irreversibility? The Formulation of Classical and Quantum Mechanics for Nonintegrable Systems” Int. J. Bifurcation and Chaos 5/1 3–16 Sun J H 1996 “Melnikov Vector Function for High-Dimensional Maps” Phys. Lett. A 216 47–52 Treschev D 1995 “Continuous Averaging in Hamiltonian Systems” in Hamiltonian Systems with Three or More Degrees of Freedom, NATO ASI Abstracts (S’ Agaró, Spain) 37 Veerman P and Holmes P 1985 “The Existence of Arbitrarily Many Distinct Periodic Orbits in a Two Degrees of Freedom Hamiltonian System” Physica 14D 177–92 Wiggins S 1990 Introduction to Applied Nonlinear Dynamical Systems and Chaos (New York: Springer- Verlag) Wodnar K 1994 “Symplectic Mappings and Hamiltonian Systems” in Perturbation Theory and Chaos in Nonlinear Dynamics with Emphasis to Celestial Mechanics eds Hagel J, Cunha M and Dvorak R (Funchal, Portugal: Universidade da Madeira) pp 163–220 Yakubovich V A and Starzhinskii 1975 Linear Differential Equations with Periodic Coefficients (New York: Wiley) Yoshida H 1993 “Recent Progress in the Theory and Application of Symplectic Integrators” in Qualitative and Quantitative Behaviour of Planetary Systems eds Dvorak R and Henrard J (Dordrecht: Kluwer) pp 27–43

Figure 1. Some orbits around fixed points of resonances 2/1, 11/6, 9/5, 5/3, 8/5, 3/2, 7/5, 4/3 (from above) of the generalized standard map.