From Resonances to Master Equations

Vojkan Jakšić^1 and Claude-Alain Pillet^2

1Department of Mathematics and Statistics, University of Ottawa, Ottawa ON, K1N 6N5 Canada 2 Département de Physique Théorique, Université de Genève, CH-1211 Genève 4, Switzerland

Abstract. We study the long-time behavior of the dynamics of a 2-level atom coupled to a scalar radiation field at positive temperature. We discuss the deep relations between results proven recently in [JP1], [JP2], and the Davies master equation technique [D1], [D2].

1 Introduction

This paper is a note on the results we recently proved in [JP1]-[JP3]. There we studied the dynamics of an open quantum system A, characterized by discrete set of energy levels {e_i}, allowed to interact with a large reservoir B. The reservoir is an infinite free Bose gas at inverse temperature β without Bose-Einstein condensate. Using algebraic and spectral techniques we have shown that in the weak-coupling/high-temperature regime the interacting system A + B has strong ergodic properties. In particular, it approaches thermal equilibrium exponentially fast. The techniques we employed shed a new light on the origin and derivation of master equations for this class of models, and it is this aspect that we would like to discuss here.

The basic idea of our approach is to reduce ergodic properties of the system to spectral problems for a distinguished self-adjoint operator: the Liouvillean. This operator is defined in abstract terms. We use Tomita - Takesaki theory to compute the Liouvillean, and complex deformation techniques to study its spectrum. It turns out that complex resonances of the Liouvillean carry critical information concerning physical mechanism of thermal relaxation. For instance, it is well-known that the time evolution of an open system is Markovian if the time variable is suitably rescaled (the Van Hove weak-coupling limit). We show that the generator of this Markov approximation arises as Fermi’s Golden Rule for the resonances of the Liouvillean. Our technique is not restricted to the second order perturbation theory, and gives an exact transport equation with convergent expansion in the powers of the coupling constant. The first non-trivial contribution to this expansion is the generator of the Markov approximation.

Although our results can be presented in an abstract form, as in [D1], we prefer to be concrete, and develop the theory on a specific, physically important model. Thus, in this paper we will study the dissipative dynamics of a 2-level atom (or spin 1/2) interacting with a free Bose gas. In the physics literature, this model is known as the spin-boson system. The master equation which governs the spin relaxation is the well-known Bloch equation. The literature on the subject is enormous and is partially listed in [JP2]. We remark that the results of this paper have a straightforward extension to models in which the spin is replaced by an N-level atom. An extension of our results to a variety of related models, including non-relativistic QED, will be presented in [JP3].

Originally, this paper was meant to be a part of [JP3]. The mathematical analysis of the models in non-relativistic QED is, however, very technical. It has been suggested that results discussed here might be of interest to a wider audience, and we decided to present them separately.

Acknowledgments. We are grateful to H. Spohn for useful discussions. The first author was suppoted in part by the NSERC, the second by the Fonds National Suisse. This paper was completed while the first author was a visitor at Californa Institute of Technology. V.J. is grateful to B. Simon and C. Peck for their hospitality.

2 The model

We recall that a W^∗-dynamical system is a pair (M, τ ), where M is a von Neumann algebra (weakly closed ∗-algebra of bounded operators on some separable Hilbert space) and R ∋ t → τ^t a weakly continuous group of ∗- automorphisms of M. The elements of M are associated with observables of the quantum mechanical system under consideration. The group τ^t specifies their time evolution. The physical states of the system are represented by normalized continuous positive linear functionals, i.e. states, over M. A state S is normal if there is a density matrix ρ (a positive trace class operator of unit trace) such that S(A) = Tr(ρA). A state S is faithful if S(A^∗A) = 0 implies A = 0. A quantum dynamical system is a triple (M, S, τ ), where S is a faithful, normal, τ -invariant state.

Thermal equilibrium states of quantum systems are characterized by the KMS condition.

Definition 2.1 Let (M, τ ) be a W^∗-dynamical system and β > 0. A state S on M is a (τ, β)-KMS state if it satisfies: 1. S is normal.

2. For any A, B ∈ M there exist a function F_{A,B}(z), analytic in the strip 0 < Im(z) < β, continuous and bounded on its closure, and satisfying the KMS boundary conditions F_{A,B}(t) = S(Aτ^t(B)), F_{A,B}(t + iβ) = S(τ^t(B)A), for t ∈ R.

Remark. A KMS-state is τ -invariant, and a unique KMS state is automatically faithful.

In the sequel we restrict ourselves to quantum dynamical systems of the form (M, S^β, τ ), where S^β is a unique (τ, β)-KMS state. To characterize the ergodic properties of such systems, Robinson [RO1], [RO2] introduced the following notion:

Definition 2.2 A quantum dynamical system (M, S^β, τ ) has the property of return to equilibrium if, for any A ∈ M and any normal state S, one has lim_{|t|→∞} S(τ^t(A)) = S^β(A). For a detailed discussion of this definition and its various reformulations we refer the reader to [RO1].

We now describe the spin-boson system. We introduce first the isolated spin and the reservoir. The Hilbert space of the isolated spin is C^2. Its algebra of observables is M_2, the algebra of all 2 × 2 matrices on C^2. We denote by σ_x, σ_y, σ_z the usual Pauli matrices. The Hamiltonian of this system is chosen to be H_s ≡ σ_z. This Hamiltonian induces a flow τ^t_s : A → e^{itHs} Ae^{−itHs} . The eigenenergies of the spin are e_± = ±1, and we denote the corresponding eigenstates by χ_±. At inverse temperature β, the equilibrium state of the spin is defined by the Gibbs Ansatz S^β_s (A) ≡ 1 Z^βs Tr ( e^{−βHs} A ) , where Z^β_s is a normalization factor. It is well-known that S^β_s is a unique (τ_s, β)-KMS state on M_2.

The heat reservoir is an infinite gas of free massless bosons at positive temperature without Bose-Einstein condensate. The detailed mathematical description of this system is presented in [JP2]. Thus, here we will just introduce the necessary notation, referring the reader to [JP2] for details and additional information.

The reservoir is described by a triple {H_B, Ω_B, H_B} where H_B is a Hilbert space, Ω_B a unit vector in H_B, and H_B a self-adjoint operator on H_B. We denote by ω(k) the energy of a boson with momentum k ∈ R^3. We are interested in the physically realistic case: ω(k) = |k|. Our method easily accommodates other dispersion laws, as long as the bosons remain massless. The equilibrium momentum distribution of the bosons is given by the Planck law ϱ(k) = 1 e^{βω(}k^) − 1

. (2.1) The space H_B carries a regular, cyclic representation of Weyl’s algebra (CCR) over the space of test functions

D = {f : (1 + ω(k)^{−1/2})f ∈ L^2(R^3)}, such that

(Ω_B, W_B(f)Ω_B) = exp [ − ‖f‖^2 4 − 1 2 ∫ R^3 |^{f(k)}|^{2ϱ(k)d3k} ] (2.2)

for f ∈ D. We denote by φ_B(f) the field operators, W_B(f) ≡ e^{iφB (f )}. The operator H_B is uniquely specified by the requirements e^{itHB} W_B(f)e^{−itHB} = W_B(e^{itω}f), (2.3) H_BΩ_B = 0. (2.4)

We denote by M_B the Von Neumann algebra generated by {W_B(f) : f ∈ D}. The triple {H_B, Ω_B, H_B} and M_B are, up to unitary equivalence, uniquely determined by (2.1)-(2.4). We remark that these structures can be explicitly identified, see e.g. [AW] or [JP2]. Let

S^β_B(A) = (Ω_B, AΩ_B), and τ^t_B : A → e^{itHB} Ae^{−itHB} . Then S^β_B is a unique (τ_B, β)-KMS state on M_B. The quantum dynamical system (M_B, S^β_B, τ_B) defines the heat reservoir.

The spin-boson system is defined as follows. The Hilbert space of the combined system is C^2⊗H_B, and its algebra of observables is M ≡ M_2⊗M_B. The Hamiltonian of the system is

H_λ = H_s ⊗ I + I ⊗ H_B + λQ ⊗ φ_B(α), (2.5)

where λ is a real constant, Q ≡ σ_x, and α ∈ D. In the sequel, we will refer to α as the form factor. In [JP1] we have shown that H_λ is essentially self-adjoint on C^2 ⊗ D(H_B) for each λ ∈ R, provided

(ω(k) + ω(k)^{−1})α ∈ L^2(R^3).

Thus, under this assumption τ^t_λ : A → e^{itHλ} Ae^{−itHλ} is a weakly continuous group of ∗-automorphisms of M, and the spin-boson model defines a W^∗-dynamical system (M, τ_λ).

The following result was proven for the first time in [FNV] (see also Theorem 6.1 in [JP2]).

Proposition 2.3 For any λ ∈ R and β > 0, there exists a unique (τ_λ, β)- KMS state S^β_λ on M.

In [JP2] we investigated the ergodic properties of the quantum dynamical system (M, S^β_λ , τ_λ). To state the result, we need some additional notation. Let S^2 be the unit sphere in R^3 and dσ its surface measure. Let H^2(δ, L^2(S^2)) be the Hardy class of L^2(S^2)-valued functions in the strip {z : |Im(z)| < δ}. For a given function f on R^3, we define a new function f̃ on R × S^2 by the formula f̃(s, k̂) = { s^{1/2} · f(sk̂) if s ≥ 0 −|s|^{1/2} · f (|s|k̂) if s < 0. We set the Hypothesis:

(H1) The form-factor α in Equation (2.5) satisfies

(ω(k) + ω(k)^{−1})α ∈ L^2(R^3).

(H2) There exists δ > 0 such that

α̃ ∈ H^2(δ, L^2(S^2)).

(H3) ∫ S^2 |α(2k̂)| 2dσ(k̂) > 0. The Hypothesis (H2) is a technical condition related to the use of the complex deformation technique. The Hypothesis (H3) ensures that the spin effectively couples to the reservoir at Bohr’s frequency e_+ − e_− = 2.

We have proven the following two theorems in [JP2].

Theorem 2.4 Suppose that Hypotheses (H1)-(H3) hold. Then, for β > 0, there exists a constant l(β) > 0, depending only on the form-factor α, such that the spin-boson system has property of return to equilibrium for any real λ satisfying 0 < |λ| < l(β).

The return to equilibrium is exponentially fast in the following sense:

Theorem 2.5 Suppose that Hypotheses (H1)-(H3) hold, and let l(β) be as in Theorem 2.4. There exists a norm dense set of normal states N_0 and a strongly dense ∗-algebra M_0 ⊂ M, both independent of β, and such that for 0 < |λ| < l(β), S ∈ N_0 and A ∈ M_0, one has |S(τ^t_λ(A)) − S^β_λ (A)| ≤ C(S, A)e^{−η(λ)|t|}, (2.6) for some C(S, A) independent of λ and β. The function η(λ) is positive for 0 < |λ| < l(β), and satisfies

η(λ) = λ^2 4π tanh β ∫ S^2

|α(2k̂)|^2dσ(k̂) + O(λ^4),

as λ → 0.

Remark. By the best estimate we have, l(β) = O(β^{−1}) as β → ∞. Thus, the above results do not yield any information concerning the zero-temperature model.

The traditional approach to the dynamics of open quantum systems is based on the use of master equations. In this paper we would like to discuss the relation between the master equation technique, and the techniques we introduced in [JP1], [JP2] to prove Theorems 2.4 and 2.5. Although the quantum mechanical master equations are extensively studied in the physics literature [HA], [KTH], the rigorous results on the subject are scarce. We will discuss here only the mathematically rigorous results of Davies [D1], [D2]. These results played an important role in our understanding of the subject.

3 Davies’ theory

Davies’ theory is most conveniently developed in the Schrödinger picture. We introduce first the necessary notation. Let M_∗ be the predual of M, i.e. the Banach space of all normal linear functionals over M. Every such linear functional is represented by a trace class operator over C^2 ⊗ H_B. Let M_{2∗} and M_{B∗} be the preduals of M_2 and M_B. Clearly, M_∗ = M_{2∗} ⊗ M_{B∗}. Throughout this section we will assume that Hypothesis (H1) holds. Let L_λ be an operator on M_∗ defined by (L_λS)(A) = S([H_λ, A]). (3.7) For each real λ, L_λ is a closed, densely defined operator. It generates a strongly continuous group of isometries T^t_λ ≡ e^{tLλ} , of M_∗ such that (T^t_λS)(A) = S(τ^t_λ(A)). Let (L_I S)(A) = S([Q ⊗ φ_B(α), A]). Then L_I is a closed, densely defined operator, and L_λ = L_0 + λL_I .

We introduce the partial trace P : M_∗ → M_{2∗}, by the formula (P S)(X) = S(X ⊗ I), X ∈ M_2.

Identifying M_{2∗} with a subspace of M_∗ by the injection ζ → ζ ⊗ S^β_B, P becomes a projection. The reduced dynamics of the system is obtained by projecting out the reservoir variables, U_λ(t) = P T^λ_t P. Let Q = 1 − P . Defining V_λ(t) = e^{t(L0+λQLI Q)}, we derive the integral form of NPRZ (Nakajima-Prigogine-Resibois-Zwanzig) equation as follows. First, since P L_I is a bounded operator, we have a welldefined equation U_λ(t) = V_λ(t) + λ ∫ t 0 V_λ(t − s)P L_I QT^λ_t P ds, see e.g. Theorem 9.1 in [D3]. We have used that P L_I P = 0. Since L_I P is also bounded, we have QT^λ_t P = λ ∫ t 0 V_λ(t − s)QL_IP U_λ(s)ds. Combining the above equations and using that V_λ(t)P = U_0(t), we obtain the NPRZ equation:

U_λ(t) = U_0(t) + λ^2 ∫ t 0 ds ∫ s 0 ds^′U_0(t − s)P L_I QV_λ(s − s^′)QL_I P U_λ(s^′). This equation is also known as the generalized master equation. Introducing the new variables t̄ = λ^2t and u = λ^2s^′ we get

U_λ(t̄/λ^2) = U_0(t̄/λ^2) +

∫_¯t 0 U_0((t̄ − u)/λ^2)K(λ, t̄ − u)U_λ(u/λ^2)du, where K(λ, t̄) = ∫_¯t/λ2 0 U_0(−s)P L_I QV_λ(s)QL_I P ds.

This operator acts on M_{2∗}. One can immediately conjecture that the Van Hove limit λ → 0, t → ∞, t̄ = λ^2t, will yield the generator K = ∫_∞ 0 U_0(−s)P L_I QU_0(s)QL_IP ds. The matter is, however, more complicated. Let L_s be defined on M_{2∗} according to (L_sS)(X) = S([H_s, A]), X ∈ M_2, and let K^# = lim_{T →∞} 1 2T ∫ T −T e^{tLs} Ke^{−tLs} dt. We now state Davies results [D1], [D2] specialized to the spin-boson system. Note that M_{2∗} can be identified with the vector space of 2 × 2 matrices equipped with the trace norm ‖ · ‖_1. Theorem 3.1 For any a > 0, lim_{λ→0} sup λ^2t∈(0,a) ‖e^{tLs+λ2tK} − e^{tLs+λ2tK#} ‖_1 = 0. (3.8) Theorem 3.2 Suppose that for some δ > 0 the form-factor α satisfies ∫_∞ 0 (1 + t)^δ [∫ R^{3 eitω(} k)|_{α(k)}|2_d3_k^]_{dt <} ∞_{. (3.9)}

Then for any a > 0 lim_{λ→0} sup λ^2t∈(0,a) ‖U_λ(t) − e^{tLs+λ2tK}‖_1 = 0, (3.10)

lim_{λ→0} sup_{t̄∈(0,a)} ‖U_0(−t̄/λ^2)U_λ(t̄/λ^2) − e^{t̄K#} ‖_1 = 0. (3.11) Furthermore, for t̄ ≥ 0, the semi-group e^{t̄K#} is positivity and trace preserving on M_{2∗}. It also leaves the Gibbs state S^β_s invariant, e^{t̄K#} S^β_s = S^β_s . (3.12)

Remark. Since in general K ≠ K^# [SD], Relations (3.8), (3.10) and (3.11) imply that the Markov approximation is unambiguously defined only in the interaction picture. This ambiguity is clearly related to the fact that the master equation technique does not provide sufficiently sharp estimates which can distinguish between K and K^#. The matter is aggravated by the fact that the Markov generator commonly used in the physics literature differs from both K and K^#. For a detailed discussion we refer the reader to [SD]. We will return to this point in the next section.

Notation. In the sequel, all the matrices are written in the basis (χ_+, χ_−). The generator K^# can be explicitly computed. Let

Γ^β_± = 2π e^{±β} sinh(β) ∫ S^2

|α(2k̂)|^2dσ(k̂), (3.13)

Π^β_± = ± 1 2 PV ∫ R×S^2 e^{±βs/2} | sinh(βs/2)| |α̃(s, k̂)|^2 2 − s dsdσ(k̂), (3.14) and Γ^β = Γ^β_− + Γ^β_+, Π^β = Π^β_+ − Π^β_−. If ζ = ( ζ_{11} ζ_{12} ζ_{21} ζ_{22} ) , then

K^#ζ =

2Γ^β_−ζ_{22} − 2Γ^β_+ζ_{11} −ζ_{12}(Γ^β + iΠ^β)

−ζ_{21}(Γ^β − iΠ^β) 2Γ^β_+ζ_{11} − 2Γ^β_−ζ_{22}

. (3.15)

Note that to second order, the coefficient 2Γ^β_± is the probability per unit time that the spin will make a transition ± → ∓ by emitting or absorbing one quantum respectively. This probability is different from zero iff the Hypothesis (H3) holds. The coefficient Π^β_± is the Lamb shift of the energy level ±1. These coefficients differ from the usual physics textbook values by a factor λ^2, which has been absorbed in t̄. Note also that η(λ) in Equation (2.6) satisfies η(λ) = λ^2Γ^β + O(λ^4). We refer the reader to [JP1], [JP2] for a detailed discussion of the coefficients Γ^β_±.

It is instructive to reformulate Relation (3.11) in the Heisenberg picture. Assume that the initial state of the system is given by the density matrix ρ = ζ ⊗ |Ω_B⟩ ⟨Ω_B| . If (3.9) holds, then for any X ∈ M_2,

lim_{λ→0} Tr(ρτ^{−t̄/λ2}_0 ∘ τ^{t̄/λ2}_λ (X ⊗ I)) = Tr ( e^{t̄K#} ζX ) . (3.16)

We denote the right hand side of (3.16) by ⟨X(t̄)⟩. The spin-boson model is completely analogous to the following nuclear magnetic resonance problem: A spin 1/2 particle in a constant magnetic field pointing in the z-direction interacts with scalar radiation field in the x-direction only [LCD]. For such a problem, the phenomenological Bloch equations are commonly used in the physics literature to describe the evolution of the expectation values ⟨σ_x⟩, ⟨σ_y⟩, ⟨σ_z⟩ [BL], [BLW], [KTH], [PU]. The Bloch equations for the spin-boson system follow immediately from (3.15): d⟨σ_x(t̄)⟩ dt̄ = Π^β⟨σ_y(t̄)⟩ − ⟨σ_x(t̄)⟩ T_2 , d⟨σ_y(t̄)⟩ dt̄ = −Π^β⟨σ_x(t̄)⟩ − ⟨σ_y(t̄)⟩ T_2 , d⟨σ_z(t̄)⟩ dt̄ = − ⟨σ_z(t̄)⟩ T_1 Note that these equations and (3.12) uniquely specify K^#. The constants T_1 and T_2 are the longitudinal and transversal relaxation times respectively, and 1 T_1

= 2Γ^β, 1 T_2

= Γ^β.

If the initial state of the spin system is diagonal (ζ_{12} = ζ_{21} = 0) then dζ(t̄) dt̄ = K^#ζ(t̄)

reduces to Pauli’s master equation [P1], [P2]

ṗ_−(t̄) = 2Γ_+p_+(t̄) − 2Γ_−p_−(t̄),

ṗ_+(t̄) = 2Γ_−p_−(t̄) − 2Γ_+p_+(t̄).

Here p_±(t̄) is the probability that, at the rescaled time t̄, the spin is in the state |χ_±⟩⟨χ_±|. The original derivations of Pauli and Bloch equation were based on the statistical assumption of “random phases at all times”, which is similar in spirit to Boltzmann Stosszahlansatz, and subject to similar objections [VH3]. The first derivation not using this assumption was given by Van Hove [VH1], [VH2], see also [PR], [M], [Z1], [Z2]. Mathematically rigorous derivations were given for the first time by Pule [PU] and Davies [D1].

We finish this section with a number of remarks concerning the results of Davies. The matrix e^{t̄K#} can be computed. If ζ ∈ M_{2∗} is a state, then

e^{t̄K#} ζ = S^β_s + 1 2Γ^β D(t̄)ζ, where

D(t̄)ζ = e^{−2t̄Γβ} ( 2Γ^β_+ ζ_{11} − 2Γ^β_− ζ_{22} ) e^{−t̄(Γβ +iΠβ )}2Γ^β ζ_{12}

e^{−t̄(Γβ −iΠβ )}2Γ^β ζ_{21} e^{−2t̄Γβ} ( 2Γ^β_−ζ_{22} − 2Γ^β_+ζ_{11} ) .

We conclude that if Hypothesis (H3) holds, then at the time scale t̄ the spin system approaches thermal equilibrium exponentially fast. The linear transport equation of thermal relaxation is the Bloch equation, as expected. The technical assumption (3.9) is very mild and the method works equally well at zero-temperature (β = ∞). Clearly, Theorem 3.2 is a powerful result.

On the other hand, the final conclusions of the theory yield only a crude understanding of the problem of thermal relaxation. It has been realized quite early [VH3] that a natural next step is to abandon the simplifying assumption λ → ∞, t → ∞, λ^2t finite, and to study the expectation values Tr(ρτ^t_λ(A)) for both λ and t finite. This problem cannot be treated by the old techniques, and the following two questions were open for some years: 1. Does the quantum dynamical system (M, S^β_λ , τ_λ) returns to equilibrium for sufficiently small nonzero λ?

2. What are the higher order corrections to the linear transport equation? Is it possible to derive an exact transport equation with convergent expansion in powers of λ, such that its first non-trivial term is the Bloch equation?

We remark that Theorems 2.4 and 2.5 answered the Question 1. In the sequel we will discuss how our techniques resolve the Question 2.

4 Spectral theory of thermal relaxation

The spectral approach to dynamics of infinite quantum systems is based on the non-commutative analog of Koopman’s lemma. We briefly recall some basic facts concerning this approach. For details we refer the reader to Section 4 in [JP2].

Let (M, S^β, τ ) be a quantum dynamical system. We denote by (H, π, Ω) the GNS representation of M associated to S. There is a unique self-adjoint operator L on H such that π(τ^t(A)) = e^{itL}π(A)e^{−itL}, LΩ = 0,

see e.g. Corollary 2.3.17 in [BR1]. We call L the Liouvillean of the system. It is a simple exercise to show that if M is abelian, then L reduces to the familiar Koopman operator. In [JP2] we proved (Theorem 4.2):

Theorem 4.1 A quantum dynamical system (M, S^β, τ ) returns to equilibrium if and only if w − lim_{|t|→∞} e^{−itL} = P_Ω, where P_Ω is the orthogonal projection of H along the cyclic vector Ω. In particular, if the Liouvillean has absolutely continuous spectrum except for a simple eigenvalue 0, then the system returns to equilibrium.

Tomita-Takesaki’s theory relates the Liouvillean of the system to its modular structure. Since the vector Ω is cyclic and separating for π(M), the basic construction of modular theory applies (see e.g. [BR1], Section 2.5). Let Δ and J be the modular operator and modular conjugation associated to the pair (π(M), Ω). The Liouvillean L is related to the modular operator Δ by the formula Δ = e^{−βL}.

The modular conjugation plays a critical role in the perturbation theory of the Liouvillean [A1].

Since the reservoir is given in the cyclic representation, it follows from (2.3) and (2.4) that its Liouvillean is L_B ≡ H_B. The explicit construction of the triple (H_B, Ω_B, H_B) is given in [AW], see also [JP1], [JP2], [BR2]. From this construction it follows that L_B has purely absolutely continuous spectrum filling the real axis, except for a simple eigenvalue 0. Thus, the isolated free reservoir is an ergodic system. We denote by J_B the modular conjugation of the pair (M_B, Ω_B).

The cyclic representation (H_s, π_s, Ω_s) of the spin system associated to the Gibbs state S^β_s can be explicitly constructed (for the details, see [JP2], or the Section V.1.4 in [H]). Let

H_s ≡ M_2, with the inner product (Φ, Ψ) = Tr(Φ^∗Ψ), π_s(X) : Φ → XΦ, Ω_s ≡ 1 √ Z^βs e^{−βHs/2}. The modular conjugation of the pair (π_s(M_2), Ω_s) is J_s : Φ → Φ^∗, and the Liouvillean of the spin system is L_s : Φ → [H_s, Φ].

In the absence of the interaction, the state S^β_0 = S^β_s ⊗ S^β_B is a unique (τ_0, β)-KMS state on M. The corresponding cyclic representation is given by (H, π, Ω^β_0 ), where H = H_s ⊗ H_B, π(X ⊗ W_B(f)) = π_s(X) ⊗ W_B(f), Ω^β_0 = Ω^β_s ⊗ Ω_B.

In the absence of the interaction, the Liouvillean of the combined system is L_0 = L_s ⊗ I + I ⊗ L_B.

In [JP2] we have computed the Liouvillean of the interacting system by invoking Araki’s perturbation theory of W^∗-dynamical systems [A1], see also [BR2], Theorem 5.4.4, and [A2]. We quote the final result (Theorem 6.1 in [JP2]).

Theorem 4.2 Let (H, π, Ω^β_0 ) be the cyclic representation of the non-interacting spin-boson system (M, S^β_0 , τ_0). For any λ ∈ R there is a cyclic and separating vector Ω^β_λ ∈ H such that S^β_λ (A) ≡ (Ω^β_λ, π(A)Ω^β_λ), is the unique (τ_λ, β)-KMS state on M. The Liouvillean of the interacting spin-boson system is given by

L_λ = L_0 + λL_I ,

where L_I = π_s(Q) ⊗ φ_B(α) − J_sπ_s(Q)J_s ⊗ J_Bφ_B(α)J_B.

Remark. The Liouvillean can be written in a completely explicit form, see Section 6 in [JP2].

The basic idea of our approach is to deduce thermodynamic properties of the combined system spin + reservoir from the spectral properties of L_λ. The resulting picture can be roughly summarized as follows. The spectrum of L_0 is

σ_{ac}(L_0) = R, σ_{sc}(L_0) = ∅, σ_{pp}(L_0) = {−2, 0, 2}, where ±2 are simple eigenvalues while 0 is two-fold degenerate eigenvalue. These eigenvalues are embedded in the continuous spectrum. After the perturbation term is “switched on”, all these eigenvalues turn into complex resonances except for 0 which remains a simple eigenvalue. Thus, for small non-zero λ the spectrum of L_λ is absolutely continuous except for a simple eigenvalue zero. Theorem 4.1 then implies that the spin-boson system has the property of return to equilibrium. The complex resonances of L_λ determine the transport equation of thermal relaxation. In particular, the Fermi’s Golden Rule for the complete set of resonances yields the Bloch equations, while the Fermi’s Golden Rule for the degenerate eigenvalue 0 yields Pauli’s equation.

To prove these results we have developed, in [JP1], a field-theoretic version of the spectral deformation technique. The general strategy of this argument is well-known [AC], [BC], [S]. One tries to construct a one-parameter group of unitary operators U(θ) : H → H, such that the operators L_λ(θ) = U(θ)L_λU(−θ), can be extended to an analytic family for θ and λ complex. The construction should be such that for complex θ the essential spectrum of L_λ(θ) moves away from the real axis, unveiling the resonances which can then be computed by the usual Rayleigh-Schrödinger expansion. The formula

(Φ, (L_λ − z)^{−1}Ψ) = (U(θ)Φ, (L_λ(θ) − z)^{−1}U(θ)Ψ),

relates these resonances to the poles of the analytic continuation of matrix elements of the resolvent into the unphysical Riemann sheet. The construction of U(θ) and other details of this analysis are technically involved. They are presented in [JP1], [JP2]. We quote the final result, Theorem 6.2 in [JP2]. Recall that Γ^β_±, Π^β_± are given by (3.13)-(3.14).

Theorem 4.3 Suppose that Hypotheses (H1)-(H2) are satisfied. Then there exists a dense subspace E ⊂ H and, for each η ∈]0, δ[, a constant Λ(η) > 0 such that for λ ∈] − Λ(η), Λ(η)[ and Φ, Ψ ∈ E, the functions

z → (Φ, (L_λ − z)^{−1}Ψ), (4.17)

have a meromorphic continuation from the upper half-plane onto the region O ≡ {z : Im(z) > −η}. The poles of matrix elements (4.17) in O are independent of Φ and Ψ. They are identical to the eigenvalues of a quasi-energy operator Σ_λ on H_s. This operator is analytic for |λ| < Λ(η), with a power expansion of the form

Σ_λ = L_s + ∞∑ n=1 λ^{2n}Σ^{(2n)}. (4.18)

The matrix Σ^{(2)} can be explicitly computed. Denoting by P_E the eigenprojections of L_s, we have P_EΣ^{(2)} = Σ^{(2)}P_E , and

P_{±2}Σ^{(2)}P_{±2} = (±Π^β − iΓ^β), (4.19)

for simple eigenvalues, and

P_0Σ^{(2)}P_0 = ( −2iΓ^β_+ 2iΓ_+e^{−β} 2iΓ_−e^β −2Γ^β_+ ) , (4.20)

for the degenerate one.

Remark. The formula for the matrix (4.20) in [JP2] (Relation 6.7) has a typographical error - the factors e^{±β} in the off-diagonal elements are interchanged.

Hypothesis (H3) ensures that zero is the only real eigenvalue of Σ^{(2)}. An immediate consequence is that if (H1)-(H3) hold, then for λ ≠ 0 sufficiently small the spectrum of L_λ is purely absolutely continuous except for the simple eigenvalue 0. Thus, invoking Theorem 4.1 we derive Theorem 2.4.

We remark that, in principle, all terms in the expansion (4.18) can be computed. The formulas from which these terms are generated are given in the proof of Proposition 4.7 in [JP1]. These formulas are cumbersome and we will not reproduce them here.

It should be clear by now that Σ^{(2)} and K^# are closely related. The road from resonances to master equations starts with the following set of observations (see also the proof of Theorem 4.2 in [JP2]). Since Ω^β_λ is a separating vector for π(M), π(M)^′Ω^β_λ is dense in H. One can further show that there is a ∗ sub-algebra Z ⊂ π(M)^′ such that ZΩ^β_λ is dense and ZΩ^β_λ ⊂ E, see Relation (6.9) in [JP1]. The set N_0 of vector states associated to ZΩ^β_λ is total (in the norm topology) in the set of all normal states over M. Let S be a state associated to a normalized vector Ψ = CΩ^β_λ, C ∈ Z. We then have

S(τ^t_λ(A)) = (Ψ, e^{itLλ} π(A)e^{−itLλ} Ψ) (4.21)

= (π(A^∗)Ω^β_λ, e^{−itLλ} C^∗CΩ^β_λ) (4.22)

Furthermore, one can show that if π(A) ∈ JZJ then π(A^∗)Ω^β_λ ∈ E. In particular, this will be true for A = X ⊗ I, X ∈ M_2. By construction, C^∗CΩ^β_λ ∈ E as well. We now invoke the dynamical consequence of Theorem 4.3 (Theorem 2.5 in [JP1] and Theorem 6.3 in [JP2]):

Theorem 4.4 Suppose that Hypothesis (H1)-(H2) hold, and let E be as in Theorem 4.3. Then for each η ∈]0, δ[ there is a constant Λ(η) > 0 with the following property: For |λ| < Λ(η) there are two maps W^±_λ : E → H_s such that for any Φ, Ψ ∈ E, one has (W^−_λ Φ, W^+_λ Ψ) = (Φ, Ψ) and

(Φ, e^{−itLλ} Ψ) = (W^−_λ Φ, e^{−itΣλ} W^+_λ Ψ) + O(e^{−ηt})

as t → +∞.

Remark. We will comment on the case t → −∞ shortly. Combining Relations (4.21)-(4.22) and Theorem 4.4, we derive that for the dense set of states N_0 and the dense set of observables M_0 ≡ π^{−1}(JZJ) the following fundamental relation holds:

S(τ^t_λ(A)) = ( W^−_λ π(X^∗)Ω^β_λ, e^{−itΣλ} W^+_λ C^∗CΩ^β_λ ) + O(e^{−ηt}). (4.23)

Note that Theorem 2.5. follows immediately from (4.23). We proceed to simplify the quantity ( W^−_λ π(X^∗)Ω^β_λ, e^{−itΣλ} W^+_λ C^∗CΩ^β_λ ) . From the construction of W^±_λ we know that W^±_λ = 1 + O(λ^2) in the strong topology. Similarly, from the construction of Ω^β_λ we know that Ω^β_λ = Ω^β_0 + O(λ). Finally, any vector Ψ ∈ H_s can be written as C_sΩ^β_s for some C_s ∈ π_s(M_2)^′. Thus, if the initial state S is of the form ζ ⊗ S^β_B, we have the following estimate:

S(τ^t_λ(X ⊗ I)) = (Ω^β_s , π_s(X)e^{−itΣλ} C^∗_s C_sΩ^β_s ) + O(λ) for some C_s which depends on ζ. Since Ω^β_s is a separating vector for π_s(M_2), M_2 ∋ Y → π_s(Y )Ω^β_s ∈ H_s, is an isomorphism. Thus, the relation e^{itΣ�λ} π_s(Y )Ω^β_s = π_s(γ̂^t_λ(Y ))Ω^β_s , Y ∈ M_2, (4.24) defines a semi-group of automorphisms γ̂^t_λ of M_2. Defining γ^t_λ(Y ) = (γ̂^t_λ(Y^∗))^∗, (4.25) we can write

(Ω^β_s , π_s(X)e^{−itΣλ} C^∗_s C_sΩ^β_s ) = (π_s(γ̂^t_λ(X^∗))Ω^β_s , C^∗_s C_sΩ^β_s ) = (C_sΩ^β_s , π_s(γ^t_λ(X))C_sΩ^β_s ) = Tr(ζγ^t_λ(X)).

Let γ^{t∗}_λ : M_{2∗} → M_{2∗} be the dual semi-group to γ^t_λ, and let K_λ be its generator, γ^{t∗}_λ (ζ) = e^{tKλ} ζ. (4.26) Since Σ_λ is analytic for small λ, it is a simple exercise to show that K_λ is also analytic: K_λ = L_s + ∞∑ n=1 λ^{2n}K^{(2n)}. (4.27) Any term in the expansion (4.27) can be computed from the corresponding term of the series (4.18). The calculations are easier in the tensor product realizations H_s = C^2 ⊗ C^2, π_s(X) = X ⊗ I, Ω^β_s = 1 Z^βs ( e^{β/2}χ_− ⊗ χ_− + e^{−β/2}χ_+ ⊗ χ_+ ) .

Following the steps (4.24)-(4.26) (with iΣ^{(2)∗} in (4.24) instead of e^{itΣ�}λ ) one computes K^{(2)} from (4.19)-(4.20). As expected,

K^{(2)} = K^#.

We summarize these results in

Theorem 4.5 Suppose that Hypotheses (H1)-(H2) hold and that the initial state is of the form ρ = ζ ⊗ |Ω_B⟩ ⟨Ω_B|. If K_λ is given by (4.26), then for any X ∈ M_2 lim_{λ→0} sup_{t>0} |Tr(ρτ^t_λ(X ⊗ I)) − Tr ( e^{tKλ} ζX ) | = 0. (4.28)

In particular, we recover Davies’ result,

lim_{λ→0} Tr(ρτ^{−t̄/λ2}_0 ∘ τ^{t̄/λ2}_λ (X ⊗ I)) = Tr(e^{t̄K#} ζX).

The Relations (4.23) and (4.28) improve Davies’ result. They provide sharper estimates and a generator K_λ defined to all orders in λ. This generator is completely determined by the resonances of the Liouvillean. The Markovian generator K^# arises as the first non-trivial contribution to the expansion of K_λ in powers of λ. These results also clarify the ambiguities concerning the choice of the Markovian generator which are inherent in the traditional theory of master equations [SD]. Finally, they give a complete justification for regarding the equation dζ(t) dt = K_λζ(t), as the exact transport equation of thermal relaxation.

We would like to add, however, that our central technical condition (H2) is more stringent then Davies condition (3.9). The master equation technique is more robust, and applies to the situation as zero-temperature or positive mass models, for which our technique fails.

We finish with a few remarks concerning a choice of the time-direction. Theorem 2.4 asserts that the combined system relaxes to equilibrium as t →

±∞. We have derived the transport equation when t → ∞, but a similar argument applies when t → −∞. Then we study the analytic continuation of the matrix resolvent elements (4.17) from the lower half-plane onto the region O ≡ {z : Im(z) < η}, for η ∈]0, δ[. The poles of the matrix elements are again independent of Φ, Ψ ∈ E, and are identical to the eigenvalues of a quasi-energy operator Σ^−_λ with a power expansion

Σ^−_λ = L_s + ∞∑ n=1 λ^{2n}Σ^{(2n)}_− .

The matrix Σ^{(2)}_− can be explicitly computed (in fact Σ^{(2)}_− = Σ^{(2)∗}), and one derives equations analogous to (4.23) and (4.28) arguing as before.

References

[A1] Araki H., Relative Hamiltonian for faithful normal states of a von Neumann algebra. Pub. R.I.M.S. Kyoto Univ. 9 (1973), 165.

[A2] Araki H., Positive cone, Radon-Nikodym theorems, relative Hamiltonian and the Gibbs condition in statistical mechanics. An application of the Tomita-Takesaki theory, in C^∗-Algebras and Their Applications to Statistical Mechanics and Quantum Field Theory, D. Kastler, ed., Editrice Composition, Bologna (1975).

[AW] Araki H., Woods E.J., Representation of the canonical commutation relations describing a non relativistic infinite free Bose gas. J. Math. Phys. 4 (1963), 637.

[AC] Aguilar, J., Combes J.M., A class of analytic perturbations for onebody Schrödinger Hamiltonians. Commun. Math. Phys. 22 (1971), 269

[BC] Balslev E., Combes J.M., Spectral properties of many-body Schrödinger operators with dilation analytic interactions. Commun. Math. Phys. 22 (1971), 280.

[BL] Bloch F., Phys. Rev. 70 (1946), 460.

[BLW] Bloch F., Wangsness R.K., Phys. Rev. 89 (1953), 728. [BR1] Bratteli O., Robinson D., Operator Algebras and Quantum Statistical Mechanics I. Springer-Verlag, New-York 1979.

[BR2] Bratteli O., Robinson D., Operator Algebras and Quantum Statistical Mechanics II. Springer-Verlag, New-York 1981.

[D1] Davies E. B., Markovian master equations. Commun. Math. Phys.

39 (1974), 91.

[D2] Davies E. B., Markovian master equations. II. Math. Ann. 219 (1976), 147.

[D3] Davies E. B., Quantum Theory of Open Systems. Academic Press, London 1976.

[FNV] Fannes M., Nachtergaele B., Verbeure A., The equilibrium states of the spin-boson model. Commun. Math. Phys. 114 (1988), 537.

[H] Haag R., Local Quantum Physics, Springer-Verlag, Berlin 1993. [HA] Haake F., Statistical treatment of open systems by generalized master equations. Springer tracts in modern physics 66.

[JP1] Jakšić V., Pillet C.-A., On a model for quantum friction II. Fermi’s golden rule and dynamics at positive temperature. Commun. Math. Phys. 176 (1996), 619.

[JP2] Jakšić V., Pillet C.-A., On a model for quantum friction III. Ergodic properties of the spin-boson system. To appear in Commun. Math. Phys.

[JP3] Jakšić V., Pillet C.-A., On a model for quantum friction IV. Matter and radiation at positive temperature. In preparation.

[KTH] Kubo R., Toda M., Hashitsume N., Statistical Physics II. Nonequilibrium Statistical Mechanics. Springer-Verlag, Berlin, 1985.

[LCD] Legget A.J., Chakravarty S., Dorsey A.T., Fisher M.P.A., Garg A., Zwerger W., Dynamics of the dissipative two-state system. Rev. Mod. Phys. 59, (1987), 1.

[M] Montrol E.W., Nonequilibrium Statistical Mechanics. Lectures in Theor. Phys. 3, 221.

[N] Nakajima S., On quantum theory of transport phenomena. Prog.

Theor. Phys. 20, 948.

[P1] Pauli W., Festschrift zum 60. Gerburtstage A. Sommerfeld, S.30.

Leipzig, Hirzel 1928.

[P2] Pauli W., Pauli Lectures on Physics: Volume 4. Statistical Mechanics. Edited by C.P. Enz. Cambridge, The MIT Press (1973).

[PR] Prigogine I., Resibois P., On the kinetics of the approach to equilibrium. Physica 27, 629.

[PU] Pulé J.V., The Bloch Equations. Commun. Math. Phys. 38, (1974), 241.

[RO1] Robinson D.W., C^∗-algebras and quantum statistical mechanics, in C^∗-Algebras and Their Applications to Statistical Mechanics and

Quantum Field Theory, D. Kastler, ed., Editrice Composition, Bologna (1975).

[RO2] Robinson D.W., Return to equilibrium. Commun. Math. Phys. 31, (1973), 171.

[SD] Spohn H., Dümcke R., The proper form of the generator in the weak coupling limit. Z. Physik B 34, (1979), 419.

[SI] Simon B., Resonances in N-body quantum systems with dilation analytic potentials and the foundations of time-dependent perturbation theory. Ann. Math. 97 (1973), 247.

[VH1] Van Hove L., Quantum-mechanical perturbations giving rise to a statistical transport equation. Physica 21, 517.

[VH2] Van Hove L., The approach to equilibrium in quantum statistics.

Physica 23, 441.

[VH3] Van Hove L., Master equation and approach to equilibrium for quantum systems. In Fundamental problems in statistical mechanics, compiled by E.G.D. Cohen, North-Holland, Amsterdam, 1962.

[Z1] Zwanzig R., Statistical mechanics of irreversibility. Lectures in Theor.

Phys 3, 106.

[Z2] Zwanzig R., On the identity of three generalized master equations.

Physica 30, 1109.