Stochastic stability of weakly coupled lattice maps^�

C. Maes^y A. Van Moffaert^z Instituut voor Theoretische Fysica KULeuven Celestijnenlaan 200 D, 3001 Leuven

Abstract

We consider a stochastic perturbation of weakly coupled expanding circle maps. We construct the dynamics and its natural invariant measure via a polymer expansion and show the stochastic stability of the system.

PACS: 05.20.-y, 05.70.Ln, AMS: 82C05, 82C22

1 Introduction

Coupled map lattices are similar to cellular automata except that the single

component state space is continuous. So instead of having e.g. {0, 1}-valued

∗EC grant CHRX-CT93-0411.

†Onderzoeksleider NFWO. Email: christian.maes@kuleuven.ac.be ‡Aspirant NFWO. Email: annelies.vanmoffaert@kuleuven.ac.be

components in binary cellular automata we will use the circle S^1 as single site state space for the coupled map lattices in this paper. This is also one of the reasons why it is sometimes said that coupled map lattices are intermediate between cellular automata and systems of coupled partial differential equations. We refer to [?] for a description of the range of motivations and applications in the study of coupled map lattices. The point of view we take here is that coupled map lattices provide examples of spatially extended dynamical systems for which we can investigate the thermodynamic limit of concepts such as sensitivity to initial conditions, SRB-measures,... well explored for finite dimensional dynamical systems.

Just as in cellular automata, coupled map lattices are discrete time, parallel and deterministic dynamics in which some local interaction is superimposed on the otherwise independent evolution of the individual components. However, the individual evolution may sometimes have very nice though non-trivial (temporal) ergodic properties. [?, ?] and [?] investigated in what sense, for a weak coupling or interaction, the infinite volume system behaves similar to the one-component system, i.e. they proved that for a certain class of “sufficiently nice” single component dynamics and under certain conditions on the imposed coupling, some strong ergodic properties such as mixing are preserved in the thermodynamic limit. These results are sometimes quoted as showing space-time chaos. This terminology may however be slightly misleading in the sense that all the results are about spatio-temporal ergodic properties and it needs to be emphasized that there is yet no rigorous understanding of how to describe a corresponding Lyapounov spectrum or of how this is related to sensitive dependence on initial conditions, i.e. chaotic behavior, for the macroscopic system.

Also this paper is not going to address these last questions but we will discuss another micro-macro transport problem. Another feature of certain “nice” single component maps is that they are stable under stochastic perturbations [?]. Hence the subject of the paper: does this property of stochastic stability extend to the infinite system as well?

Another way of presenting this problem is to refer to the notion of SRBmeasures [?]. These are physically relevant states that are asymptotically obtained when starting from random initial data. It is known that (e.g. for so called Axiom A systems) these measures coincide with the zero-noise limit of their stochastic perturbation. So in the attempt to make sense of infinite dimensional SRB-measures, it is natural to also discuss that question. In order to answer it we rederive (in a more direct and simpler way) the results of [?] and [?] and we show that our construction is stable against stochastic perturbations.

In the next section, we introduce the model and we give our main results. Section 3 is devoted to the proof and the last section adds some remarks.

2 Model and Results

To each site i ∈^d of the d-dimensional regular lattice is assigned a variable x(i) ∈ S^1 on the unit circle. We write Ω_Λ = (S^1)^Λ to denote the state space for the variables x(i), i ∈ Λ, in volume Λ ⊂^d. Also, Ω d = Ω. In what follows Λ is always a finite cube centered around the origin with side length 2l + 1, and Λ ↑^d implies taking a sequence of such volumes with l ↑ ∞. For arbitrary spatio-temporal boundary conditions we consider a discrete time finite volume (Λ) parallel dynamics. This dynamics is stochastic but all our results will be valid uniformly in the noise-level δ > 0 as δ ↓ 0, to be specified below. Our main result is indeed that the limits l ↑ ∞ (thermodynamic limit), time ↑ ∞ (asymptotic or stationary regime) and δ ↓ 0 (deterministic limit) can be mutually interchanged for a class of sufficiently nice dynamics.

The dynamics is specified by a local and translation-invariant synchronous up-dating mechanism x_n → x_{n+1}(i) (2.1) for i ∈ Λ, n = 0, 1, 2, . . . In (2.1) x_{n+1}(i) depends only on x_n(i) and the x_n(j), j ∼ i, for j nearest neighbor to i and we a priori choose all the values for the x_n(i), i ∈ Λ^c =^d \ Λ, n = 0, 1, 2, . . .; say x_n(i) = α_n(i) for some fixed but arbitrary α ∈ ΩIN. Futhermore, (2.1) consists of two steps: (a stochastic perturbation of) a free evolution and a (deterministic) interaction step. In particular, (2.1) is of the form x_{n+1}(i) = T^{Λ,α,ϵ}_{i,n} ( S^δ_{ωn} (x_n) ) (2.2) with free evolution S^δ_{ωn} : Ω → Ω :

S^δ_{ωn} (x)(j) = ω_n(j)S (x(j)) (2.3) for ( ω_n(j); n = 0, 1, 2, . . . ; j ∈^d ) a collection of independent and identically distributed random variables with values in the set S^1_δ = { z ∈ S^1 : |z − 1| ≤ δ } , δ > 0 (2.4) For the uncoupled, single site evolution S we put ourselves in the framework of [?] and require that

1. S is a real analytic function on the unit circle and 2. S is expanding i.e. ∃γ > 1 : |S^′(z)| ≥ γ (2.5) The random variable ω ∈ S^1_δ will be written as ω = exp(2πıϕ), ı = √ −1, and the angle ϕ has a C^∞-density H^δ with supp H^δ ⊂ [−δ, δ] H^δ(ϕ) = 1 δ H( ϕ δ ) (2.6) On the level of the angles the free evolution (2.3) is a stochastic perturbation by convolution, see Section 3 of [?]. The corresponding Markov operator is P^δf (exp(2πıψ)) = 1 δ ∫ 1 0 dϕ H ( ψ − ϕ δ ) P f (exp(2πıϕ)) (2.7) where P is the Perron-Frobenius operator corresponding to the map S: formally, P f(z) = ∫ S1 dz^′f(z^′)δ(z − Sz^′) (2.8) P and P^δ are compact operators on the space H_ρ of bounded analytic functions with domain of analyticity A_ρ A_ρ = {z ∈ C : 1 − ρ < |z| < 1 + ρ} (2.9) for some ρ : 0 < ρ < 1. H_ρ is a Banach space for the supremum norm ‖f‖ = sup_{z∈Aρ} |f(z)| (2.10) We will use the following results [?] which hold uniformly in δ for δ ↓ 0:

1. There is a unique density h^δ ∈ H_{ρ0} that satisfies P^δh^δ = h^δ (2.11)

2. P^δ is compact and can be decomposed as P^δ = Q^δ + R^δ (2.12) where Q^δ is the 1-dimensional projection operator on h^δ, |‖(R^δ)^n|‖ ≤ Cη^n (2.13) for some η < 1, C < ∞ and Q^δR^δ = R^δQ^δ = 0 (2.14)

3. for every ρ ≤ ρ_0, P is continuous on H_ρ and improves the domain of analyticity P : H_ρ → H_{γρ} (2.15) where γ > 1 is the expansion coefficient of S.

We will frequently abuse the notation by considering P^δ or P acting on the “lifted” functions. E.g. (2.7) can be written as

P^δf(ψ) = ∫ 1 0 dϕ H^δ(ψ − ϕ)P f(ϕ) (2.16)

Finally, the interaction T^{ϵ,Λ,α}_{i,n} in (2.2) is taken of the form

T^{ϵ,Λ,α}_{i,n} (x) = x(i) exp[2πıϵg(x(i), {y_n(j)}_{j∼i})] (2.17)

where g ∈ H^{2d+1}_ρ and y_n(j) = x(j) if j ∈ Λ, y_n(j) = α_n(j) otherwise. The parameter ϵ ≥ 0 is “small” and quantifies the strength of the coupling. Note that, for simplicity, we restrict ourselves to a nearest-neighbor interaction. This is not at all essential but is done to avoid additional notations and less interesting technical complications.

Main Result 1. There is ϵ_0 > 0 so that for all ϵ ≤ ϵ_0 there is a unique invariant probability measure μ^{ϵ,δ}_{Λ,α} on (S^1)^Λ = Ω_Λ for the dynamics described above which is absolutely continuous with a density ζ^{ϵ,δ,α}_Λ ∈ H^Λ_ρ . The

Lebesgue-measure converges exponentially fast under the dynamics to μ^{ϵ,δ}_{Λ,α} (t ↑ ∞, weak convergence) with a rate λ = λ(ϵ_0, δ, Λ, α) > 0 which is bounded away from zero uniformly in δ ↓ 0, Λ ↑^d and α ∈ ΩIN.

2. The thermodynamic limit μ^{ϵ,δ}_{Λ,α} → μ^{ϵ,δ} ( weak convergence, Λ ↑^d ) exists and is obtained exponentially fast with a rate m = m(ϵ_0, δ, α) > 0 bounded away from zero uniformly in δ ↓ 0 and α ∈ ΩIN. The infinite volume measure μ^{ϵ,δ} is (a high-temperature Gibbs measure) locally absolutely continuous with respect to the Lebesgue measure.

The mathematical formulation of these results will be stated in the next section as Theorems 3.1 and 3.2.

3 Main Theorems and Proofs

For simplicity we will state our results for the case when the boundary conditions α are fixed in time (α_n(i) = α(i), n = 0, 1, . . .). Our finite volume dynamics is then an Ω_Λ-valued time-homogeneous Markov chain x_n with transition probabilities p_Λ(dy|x) = ∏ i∈Λ h^δ (y(i), (T x)(i)) dy(i) (3.1) where (T x)(i) = T^{Λ,α,ϵ}_i x and h^δ(z, z^′) = 1 δ H ( ϕ − ψ δ ) (3.2) for z = exp(2πıϕ), Sz^′ = exp(2πıψ).

We start the dynamics at time n = 0 with a probability measure on Ω_Λ with density ν ∈ H^Λ_ρ = ⊗_{i∈Λ}H_ρ. The expectation with respect to this Markov chain is denoted by IE^Λ_ν [.].

The corresponding Markov operator P^δ_Λ is defined by ( P^δ_Λν ) (x) = ∫ ΩΛ dy ν(y) ∏ i∈Λ h^δ(x(i), T_iy) (3.3)

where we abbreviated (T y)(i) = T_iy and again ν ∈ H^Λ_ρ . This operator expresses the evolution of the densities in time. Given the initial density ν at time n = 0, the density at time n = 1 will be

ν_1 = P^δ_Λν (3.4)

or more generally, for n = 1, 2, . . . ν_n = P^δ_Λν_{n−1} and

IE^Λ_ν (f(x_n)) = ∫ ΩΛ f(x)P^δ_Λν_{n−1}(x)dx (3.5)

Theorem 3.1 For every local function f ∈ H^F_ρ there is c(f) < ∞ so that | | |IE^Λ_ν (f(x_n)) − ∫ Ω_F f(x)ζ_{Λ,F} (x)dx | | | ≤ c(f)e^{−λn} (3.6)

with λ > 0 uniformly in Λ ↑^d and δ ↓ 0 and the boundary conditions α ∈ Ω. The invariant density ζ_Λ = P^δ_Λζ_Λ ∈ H^Λ_ρ has restriction ζ_{Λ,F} ∈ H^F_ρ to the set F as expressed via the expansion (??).

Theorem 3.2 For every local function f ∈ H^F_ρ there is c(f) < ∞ so that | | | ∫ ΩΛ f(x)ζ_{Λ,F} (x)dx − ∫ ΩΛ f(x)ζ d_{,F} (x)dx | | | ≤ c(f)e^{−ml} (3.7)

where ζ_{Λ,F} (x) is as in Theorem 3.1 for ζ d_{,F} (x) given by the expansion (??) with Λ replaced by^d, with rate m > 0 uniformly in the boundary conditions α ∈ Ω and δ ↓ 0.

3.1 The time-one expansion

Before we discuss the operator (3.3)-(3.5), we decompose the updating-kernel as h^δ (x(i), T_iy) = h^δ(x(i)) + r^δ(x(i), y(i)) + β^δ_i (x(i), y) (3.8) where h^δ ∈ H_{ρ0} is the unique solution to (2.11) P^δh^δ = h^δ and β^δ_i (x(i), y) = h^δ(x(i), T_iy) − h^δ(x(i), y(i)). The first two terms in (3.8) correspond to the decomposition (2.12) P^δ = Q^δ + R^δ We now substitute (3.8) into (3.3) and expand the product over i ∈ Λ. For better organization we can graphically represent the terms we get on two spatial layers (^d ×^d corresponding to times n − 1 and n). We therefore introduce two types of monomers connecting points (i, n − 1) with (j, n) (i, j ∈ Λ):

• a line from (i, n − 1) to (i, n) corresponds to the term r^δ(x_n(i), x_{n−1}(i)) (or r^δ(x(i), y(i)) in (3.8) ).

• a triangle with base points {(i, n − 1), (j, n − 1) j ∼ i} and apex (i, n) corresponds to the term β^δ_i (x_n(i), x_{n−1}) (or β^δ_i (x(i), y) in (3.8) ).

We call such a connected collection of “triangles” and “lines” a polymer (of time-length 1). Connection is by overlapping points. Two polymers are disjoint if they have no points in common. Such a polymer γ is completely determined if we specify the set

A(γ) = {i ∈ Λ : (i, n) is an apex in γ } (3.9)

and the set L(γ) of its line-end points,

L(γ) = {i ∈ Λ : (i, n) is a line-end point of γ } (3.10)

Moreover, to every γ there corresponds a set

γ^− = {i ∈ Λ : (i, n − 1) ∈ γ} (3.11)

For example, such γ and γ^′ are disjoint if γ^− ∩ γ^{′−} is empty. Finally, there is the set γ^+ = {i ∈ Λ : (i, n) ∈ γ} (3.12) of endpoints. Of course, |γ^+| = |A(γ)| + |L(γ)|.

Lemma 3.1 The operator

W (γ)f(x) = ∫ Ω_{γ−} dyf(y) ∏ i∈A(γ) β^δ_i (x(i), y) ∏ i∈L(γ) r^δ(x(i), y(i)) (3.13)

is defined from H^{γ−}_ρ to H^{γ+}_ρ with norm

|‖W (γ)|‖ ≤ Cϵ̃^{|A(γ)|}η^{|L(γ)|} (3.14)

(with ϵ̃ → 0 as ϵ → 0) uniformly in δ ↓ 0 and the boundary conditions α (implicit in the β^δ_i ).

Proof of Lemma 1: We first treat the case where L(γ) is empty in (3.13). We use the identity

β^δ_i (x(i), y) = h^δ(x(i), T_iy) − h^δ(x(i), y(i)) = ∫ ϵ 0 dϵ_i ∂ ∂ϵ_i h^δ(x(i), T^{ϵi}_i y) (3.15)

where T^{ϵi}_i y = T^{ϵi,Λ,α}_i y, to write for x ∈ Ω_{Aγ} , y ∈ Ω_γ−_{\Aγ} ,

W (γ, y)f(x) ≡ ∫ Ω_{Aγ} ∏ i∈Aγ dv(i)f(v, y) ∏ i∈Aγ β^δ_i (x(i); v, y) = ∫ Ω_{Aγ} dz ∏ A(γ) h^δ(x(i), z(i)) ∫ [0,ϵ]^{Aγ} ∏ A(γ) dϵ_i ∂ ∂ϵ_i Φ^{ϵ,y}_γ f(z) (3.16)

where Φ^{ϵ,y}_γ f(z) = ∫ Ω_{Aγ} dvf(v, y) ∏ i∈A(γ) δ(z_i − T^{ϵi}_i (v, y)) (3.17) is the Perron-Frobenius operator corresponding to the interaction step. The extra-dependence of W (γ, y) and Φ^{ϵ,y}_γ on y is because in (3.16)-(3.17) we keep fixed the variables y(j), j ∈ γ^− \ A_γ . In particular, f(v, y) = f(x) for x(i) = v(i), i ∈ A_γ, = y(i), i ∈ γ^− \ A_γ . ¿From (2.17) we know that

|T^{ϵ,Λ,α}_i (x) − x(i)| ≤ C_1ϵ (3.18)

and |DT^{ϵ,Λ,α}_i (x)_{ij} − δ_{ij}| ≤ C_2ϵ (3.19) This implies that T^{ϵ,Λ,α}_i is invertible provided ϵ is small enough and ( T^{ϵ,Λ,α}_i )−1 ∈ H^Λ_{ρ−a} (3.20)

for a > C_3ϵ. Now define the operator

T_γ = ⊗_{i∈Aγ} T^{ϵi,Aγ ,(y,α)} i

where we put boundary conditions y on γ^− \ A_γ and α on Λ^c. Then T_γ is a diffeomorfism from A^{Aγ}_ρ onto a set in A^{Aγ}_{ρ−a} and

Φ^{ϵ,y}_γ : H^{Aγ}_ρ → H^{Aγ}_{ρ−a} (3.21)

is a holomorphic family of operators. The inequalities (3.18) and (3.19) imply that ‖ det D (T_γ )^{−1} ‖ ≤ exp(Cϵ|A_γ|) (3.22) for some C, 0 < C < ∞. Then from a Cauchy estimate | | | | | ∫ [0,ϵ]^{Aγ} ∏ i dϵ_i ∂ ∂ϵ_i Φ^{ϵ,y}_γ f(z) | | | | | ≤ ϵ^{|A(γ)|}C^{|A(γ)|} = ϵ̃^{|A(γ)|} (3.23)

where ϵ̃ → 0 if ϵ → 0. Hence |‖W (γ, y)|‖ ≤ Cϵ̃^{|A(γ)|} (3.24) and W (γ, y)f can be seen as a function of the y(j), j ∈ γ^− \ A_γ : W (γ, ·)f ∈ H^{γ−\Aγ} ρ ⊗ H^{Aγ}_ρ . The general case (3.13) follows from integrating W (γ)f(x) = ∫ Ω_{γ−\Aγ} dy (W (γ, y)f) (x(i), i ∈ A_γ ) ∏ i∈L(γ) r^δ(x(i), y(i)) (3.25)

which gives rise to the bound (3.14).

To finish the proof, we argue that applying W (γ) doesn’t change the

domain of analyticity, i.e. W (γ) : H^{γ−}_ρ → H^{γ+}_ρ Since Φ^{ϵ,y}_γ f(z) ∈ H^{Aγ}_{ρ−a} for every ϵ and y, also G^{y,ϵ}(z) ≡ ∫ [0,ϵ]^{Aγ} ∏ i dϵ_i ∂ ∂ϵ_i Φ^{ϵ,y}_γ f(z) (3.26)

will be in H^{Aγ}_{ρ−a}. Then W (γ, y)f(x) = ∫ dz ∏ i∈Aγ h^δ(x(i), z(i))G^{y,ϵ}(z) = P^δ_{Aγ} G^{y,ϵ}(x) ∈ H^{Aγ}_{γ(ρ−a)}

Thus W (γ, ·) : H^{γ−}_ρ → H^{γ−\Aγ}_ρ ⊗ H^{Aγ}_{γ(ρ−a)} ⊂ H^{γ−}_ρ for ϵ(a) small enough to have γ(ρ − a) ≥ ρ. In the total expression

W (γ)f(x) = ∫ Ω_{γ−\Aγ} dy (W (γ, y)f) (x(i), i ∈ A_γ ) ∏ i∈L(γ) r^δ(x(i), y(i)) (3.27)

the integral over y(i), i ∈ L(γ) corresponds to the operator R^δ which improves the domain of analyticity ( R^δ = P^δ−Q^δ ⇒ R^δ : H_ρ → H_{min(γρ,ρ0)} ρ < γρ; ρ ≤ ρ_0). Therefore W (γ) : H^{γ−}_ρ → H^{γ+}_ρ

In this formalism, the complete expression for P^δ_Λ as a polymerexpansion reads ( P^δ_Λν ) (x) = ∑ Γ ( ⊗_{γ∈Γ}W (γ) ⊗ Q^{Λ\Γ−}_{Λ\Γ}+ ) ν (x) (3.28) The sum runs over all sets Γ of disjoint polymers γ in Λ and

Q^A_B : H^A_ρ → H^B_ρ

(Q^A_Bf)(x) = ∫ Ω_A dyf(y) ( ⊗_{i∈B}h^δ ) (x) (3.29) In a next step we will iterate this operation to get a clusterexpansion for ( P^δ_Λ )n . This is possible because P^δ_Λ respects the domain of analyticity.

3.2 Polymer expansion

The decomposition (3.8) can be made at every timestep. We can thus write ( P^δ_Λ )n ν(x) = ∫ ΩΛ dy_0 . . . ∫ ΩΛ dy_{n−1} ν(y_0) n∏ t=1 ∏ i∈Λ [ h^δ(y_t(i)) + r^δ(y_t(i), y_{t−1}(i)) + β_i(y_t(i), y_{t−1}) ] (3.30) where y_n = x ∈ Ω_Λ. We now introduce polymers that are extended not only in space (Λ) but also in time. Just as before, a polymer is a connected collection of “triangles” and “lines”. Connection is again by overlapping points and two polymers are disjoint if they have no (space-time) points in common. With “length” we will refer to the time direction while “width” stands for the spatial size. A disjoint collection of polymers in Λ × {0, . . . , n} is denoted by Γ_n. For a polymer γ we define t^− = min{k ∈ : (i, k) ∈ γ for some i ∈ Λ} t^+ = max{k ∈ : (i, k) ∈ γ for some i ∈ Λ} The definitions (3.11) and (3.12) are then generalized as γ^− = {i ∈ Λ : (i, t^−) ∈ γ} γ^+ = {i ∈ Λ : (i, t^+) ∈ γ} while (3.9), (3.10) become A(γ) = {(i, n) ∈ Λ × : (i, n) is an apex in γ}