EXPONENTIAL INSTABILITY FOR A CLASS OF DISPERSING BILLIARDS

LUCHEZAR STOYANOV

Abstract. The billiard in the exterior of a finite disjoint union K of strictly convex bodies in R^d with smooth boundaries is considered. The existence of global constants 0 < δ < 1 and C > 0 is established such that if two billiard trajectories have n successive reflections from the same convex components of K, then the distance between their jth reflection points is less than C(δ^j + δ^n�^j ) for a sequence of integers j with uniform density in 1, 2, . . . , n. Consequently, the billiard ball map (though not continuous in general) is expansive. As applications, an asymptotic of the number of prime closed billiard trajectories is proved which generalizes a result of T. Morita [Mor], and it is shown that the topological entropy of the billiard flow does not exceed^{log(s}�^{1)}_a , where s is the number of convex components of K and a is the minimal distance between different convex components of K.

1. Introduction

Let K be a compact subset of R^d, d ≥ 2 of the form

K = K_1 ∪ K_2 ∪ . . . ∪ K_s, (1) where K_i are compact strictly convex disjoint bodies in R^d with smooth boundaries Γ_i = ∂K_i. We assume that s ≥ 3. Let Q = R^d \ K. Denote D = diam(K) and a = min_{i≠j} dist(K_i, K_j ). Clearly 0 < a < D. The outer unit normal to ∂K at q ∈ ∂K will be denoted by n(q).

Let M be the unit tangent bundle over Q. We will identify M with Q × S^{d−1} and write the points of M in the form x = (q, v), where q ∈ Q and v ∈ S^{d−1}. The natural projection π : M −→ Q is given by π(q, v) = q. Then ∂M = π^{−1}(∂Q) is the boundary of the manifold M. Let S_t be the billiard flow on M (see [CFS]). Given x = (q, v) ∈ M, the trajectory γ(x) = {S_t(x) : t ≥ 0}, is the usual billiard curve described by the motion of a point mass issued from q in direction v. Inside Q the mass moves with constant velocity, while reaching the boundary it bounces off according to the usual law of geometrical optic ”the angle of incidence equals the angle of reflection”. The billiard flow S_t obtained in this way is a special case of the so called dispersing (Sinai) billiard (cf. [Si1], [Si2], [DS]). Dispersing

1991 Mathematics Subject Classification. Primary 58F15; Secondary 58F20. Key words and phrases. dispersing billiard, expansivity, topological entropy. Research supported by Australian Research Council Grant 412/092 1

billiards, especially in bounded planar or toral domains, have been extensively studied in connection with some important problems in physics (see [Si1], [Si3], [CFS], [DS], [BSC], [Ch], [CvE], [Wo] and the references there). The motivation for the considerations in the present paper come from some problems in scattering theory (cf. for example [I], [Sj], [Burq], [PS]).

The natural phase space of the billiard is M_1 = {x = (q, v) ∈ ∂M : ⟨n(q), v⟩ ≥ 0}. For x = (q, v) ∈ M_1 denote by φ(x) the angle between n(q) and v; then cos φ(x) = ⟨n(q), v⟩. Let x = (q, v) ∈ M_1 be such that the billiard trajectory γ(x) has a common point with ∂Q and let t > 0 be the minimal number for which S_t(x) ∈ ∂M. Define B(x) = S_t(x). Clearly, if B(x) = (p, w), then p ∈ ∂Q is the point at which the ray issued from q in direction v hits ∂Q and w is the reflection of v with respect to the tangent plane T_p(∂Q) to ∂Q at p. Let M^′ be the set of all x ∈ M_1 for which B(x) is defined. The map B : M^′ −→ M_1 is called the billiard ball map.

In order to get a continuous flow, one has to consider the billiard flow on the quotient space M̃ = M/ ∼, where ∼ is the folowing equivalent relation on M: (q, v) ∼ (p, w) iff q = p and either v = w or q = p ∈ Γ and v and w are symmetric with respect to the tangent plane T_q(Γ) to Γ at q. Clearly M̃ = π̃(M_1), where π̃ : M −→ M̃ is the natural projection. The projection of the billiard flow S_t on M is a continuous flow on M̃ which is also called billiard flow. We will use the same notation S_t for it. Also, avoiding the cumbersome notation π̃(x), S_t(π̃(x)), etc., we will write x and S_t(x) instead. It will be clear from the context whether we consider points in M or in M̃.

Throughout ρ̃ will be a metric on M̃ such that ρ̃(π̃(q, v), π̃(p, w)) ≤ max{‖q − p‖, ‖v − w‖} (q, v), (p, w) ∈ M. Clearly such a metric exists. Given x = (q, v) ∈ M, denote by (q_j (x), v_j (x)) the jth reflection point of the forward trajectory {S_t(x) : t ≥ 0}, provided there are at least j reflections, and by t_j (x) be the corresponding time of reflection, that is S_{tj (x)}(x) = (q_j (x), v_j (x)). If x ∈ M_1, then B^j (x) = (q_j (x), v_j (x)). In this case we will assume that q_0(x) = q and v_0(x) = v.

Let κ_0 > 0 be the minimal sectional curvature of Γ = ∂K with respect to the outer unit normal field n(q) of Γ. It follows from the strict convexity of K_j for each j that κ_0 > 0. Finally, introduce the notation

l_0 = [ D^2 a^2 ] + 2 , φ_0 = π 2 (1 − 1 l_0

) , κ = min{κ_0, 2κ_0 cos φ_0, 2 a }, (2)

δ = 1 (1 + aκ)^{1s}�^1

, δ_1 = 1 (1 + aκ)^{1D(s}�^{1)} , C = 24(s − 1)D^2(1 + aκ)^{2s}�^1 a log(1 + aκ) . (3) Our main result in this paper is the following.

Theorem 1.1. Let K be an obstacle of the form (1) and let n ∈ N and x =

(q_0, v_0), x^′ = (q^′_0, v^′_0) ∈ M_1 be such that for each integer j with 0 ≤ j ≤ n the points q_j (x) and q_j (x^′) are well-defined and both belong to Γ_{ij} for some i_j . Then ‖v_j (x) − v_j (x^′)‖ ≤ 12D a (δ^j + δ^{n−j} ) (0 ≤ j ≤ n), (4) and there exists τ with |τ| ≤ ‖q_0 − q^′_0‖ < D such that

ρ̃ (S_t(x), S_{t+τ} (x^′)) ≤ C(δ^t_1 + δ^{T −τ}_1 ) (0 ≤ t ≤ T ), (5) where T = t_n(x). Moreover, there exists another global constant C̃ > 0, independent of x, x^′ and n such that for every i = 0, 1, . . . , n − l_0 + 1 there exists j = i, i + 1, . . . , i + l_0 − 1 with

‖q_j (x) − q_j (x^′)‖ < C̃(δ^j + δ^{n−j} ) and |t_j (x) − t_j (x^′) − τ| ≤ C̃(δ^j_2 + δ^{n−j}_2 ), (6) where δ_2 = δ^a_1 .

The obstacle K is said to satisfy the condition (H) of M.Ikawa if the convex hull of every two convex components of K does not have common points with any other convex component of K. In the special case when the condition (H) is satisfied, a result similar to the above theorem can be easily derived from the papers of M. Ikawa [I] and J. Sjöstrand (see Sect. B in [Sj]).

In the proof of Theorem 1.1 (see Sect. 2 and 3) we essentially use some ideas from Ya. Sinai [Si1], [Si2], M. Ikawa [I] (see also [Burq]) and J. Sjöstrand [Sj]. Using the same tools, in Sect. 6 we prove a similar result which concerns the propagation of a single convex front – a situation which is important for some problems in scattering theory (cf. for example [I], [Burq] and [PS]).

The billiard ball map B defines a dynamical system on the set M_0 of those x ∈ M_1 so that for each m ∈ N both B^m(x) and B^{−m}(x) are defined. Clearly M_0 is a compact subset of ∂M and B : M_0 −→ M_0 is a bijection. It is also clear that in general B is not continuous.

A natural invariant measure for B on M_1 is the Liouville measure dν = cos φdqdv. However in the situation under consideration, M_0 has Lebesgue measure zero in M_1, i.e. in Q × S^{d−1}, so the Liouville measure is of little help when one considers the restriction of B on M_0. In the special case when K is the union of three congruent disks in R^2 centered at the vertices of an equilateral triangle, an invariant measure on M_0 was constructed by Lopes and Markarian [LM] (see also [ChM]).

In some degenerate cases M_0 is finite, and when M_0 is infinite it is probably the union of a finite set and finitely many Cantor sets of Lebesgue measure zero. Though the points of discontinuity of B on M_1 form a set of measure zero, it is not clear whether in general the points of discontinuity of B on M_0 form a relatively small subset of M_0 (say, a subset of first Baire category). So, it is not quite clear how to define the topological entropy of B : M_0 −→ M_0.

On the other hand, the billiard flow S_t is always continuous, so its topological entropy is well-defined. It is reasonable to consider the billiard flow on its largest bounded invariant set

L̃ = {S_t(π̃(x)) : x ∈ M_0, t ∈ R}

(this is actually the non-wandering set of S_t in M̃), and define the topological entropy h of S_t to be the topological entropy h(S_t) = h(S_1) of the flow S_t : L̃ −→ L̃.

There is a natural way of coding the billiard trajectories using the boundary components Γ_i. Let Σ = ∞∏ j=−∞ F_0,

where F_0 = {1, 2, . . . , s} and let σ : Σ −→ Σ be the Bernoulli shift on Σ, i.e. σ({i_j }) = {i^′_j }, where i^′_j = i_{j+1} for each j. Given x ∈ M_0, for every integer j there exists (unique) i_j ∈ {1, 2, . . . , s} such that B^j (x) ∈ Γ_{ij} . Define f(x) = {i_j }. In this way one gets a map f : M_0 −→ Σ such that f ∘ B = σ ∘ f. In particular, Σ_K = f(M_0) is an invariant subset for σ. It follows from Theorem 1.1 that f is invertible, so it provides a coding for the billiard on M_0. Using it, in Sect. 4 we prove the following.

Theorem 1.2. For every obstacle K of the form (1) the topological entropy h of the billiard flow S_t does not exceed^{log(s−1)}_a .

For bounded two-dimensional dispersing billiards such result was obtained by Chernov [Ch] using the estimate of the number of periodic points from [St]. In fact, Chernov [Ch] showed that lim inf^{Pn(B)}_n ≥ h(B), where P_n(B) is the number of periodic points of B with period n and h(B) is the topological entropy of B (in this case it is well-defined). It was also proved in [Ch] that for bounded twodimensional dispersing billiards the periodic points form a dense subset of the phase spece. An interesting (but probably difficult) question is whether the same holds in the situation considered above. Theorem 1.3 below shows that this is so when the condition (H) is satisfied.

Clearly in some cases we may have h = 0. A reasonable conjecture seems to be that h > 0 whenever the set M_0 is infinite. Let us mention that for dispersing billiards in bounded domains Q the entropy h is always positive (cf. Sinai [Si3] and [Ch]). For such billiards it is also known that a symbolic dynamics with an infinite alphabet always exists [BSC] (see also [GO]).

In our situation, in general the map f is not continuous and Σ_K is not compact, so f does not provide a symbolic dynamics for the billiard ball map B. However, in the special case when the condition (H) is satisfied, the billiard flow S_t is an Axiom A flow, Σ_K is compact and f is a homeomorphism, so it does provide symbolic dynamics for B. In fact, in this case it is easily seen that

Σ_K = {{i_j } : i_j ≠ i_{j+1} for all j},

so the restriction σ_K of the Bernoulli shift σ to Σ_K is a topological Markov chain with entropy log(s − 1). Consequently, the billiard flow S_t is naturally isomorphic to a special flow over σ_K which gives an asymptotic for the ditribution of the closed billiard trajectories. For n = 2 the latter was obtained by T. Morita [Mor] using a result of Parry and Pollicott [PP]. In fact, combining Theorem 1.1 above (or the earlier result of Ikawa and Sjöstrand) and a modification of the argument in Sect. 3 of [Mor] (see Sect. 5 below), one gets a generalization of Morita’s result to all dimensions n ≥ 2.

Theorem 1.3. Let K sastisfy the condition (H) and let h be the topological entropy of the billiard flow S_t : L̃ −→ L̃. Then the flow S_t on L̃ is naturally isomorphic to a special flow over σ_K such that the corresponding closed orbits have the same periods. Moreover #{γ : e^{hTγ} ≤ λ}. log λ λ → 1 as λ → ∞, where γ runs over the set of all prime closed trajectories of S_t and T_γ is the period of γ, and^{log(s−1)}_D ≤ h ≤^{log(s−1)}_a .

2. Pseudo-billiard trajectories

Let K be an arbitrary obstacle in R^n of the form (1). Throughout we will assume that 0 ∈ K and will denote by U_0 the open ball with centre 0 and radius 2D. Clearly K ⊂ U_0.

By a pseudo-billiard trajectory we mean a curve of the form γ = ∪^k_{j=0}[q_j , q_{j+1}] such that:

(i) q_0 ≠ q_1, q_k ≠ q_{k+1} and for each j = 1, . . . , k − 1, q_j ∈ Γ_{ij} , where i_j = 1, . . . , s and i_{j+1} ≠ i_j for each j;

(ii) for each j = 1, . . . , k either q_j lies on the segment [q_{j−1}, q_{j+1}] (then q_j will be called an intersection point or a tangent point for the trajectory) or [q_{j−1}, q_j ] and [q_j , q_{j+1}] satisfy the law of reflection at q_j with respect to Γ_{ij} (in which case q_j will be called a reflection point for the trajectory).

It is clear from this definition that in general a pseudo-billiard trajectory may intersect the interior of K (see Fig. 1). As we will see below, in some cases it is more convenient to consider certain pseudo-billiard trajectories instead of the corresponding proper billiard trajectories in the exterior Q of K.

We begin with the following simple but rather important lemma.

Lemma 2.1. Let l_0 and φ_0 be defined by (2). Then for every pseudo-billiard trajectory q_0, q_1, . . . , q_{l0+1} there exists j = 1, 2, . . . , l_0 such that q_j is a reflection point for the trajectory and φ_j < φ_0, where φ_j is the angle between the segment [q_j , q_{j+1}] and n(q_j ).

Proof. Given an arbitrary pseudo-billiard trajectory q_0, q_1, . . . , q_{l0+1}, assume that φ_j ≥ φ_0 for all j = 1, . . . , l_0. Then, according to (2), ψ_j =^π_2 −φ_j ≤^π_{2[D2/a2]} . Denote e_j = q_{j+1} − q_j ; then ‖e_j ‖ ≤ a for each j = 1, . . . , l_0. Since for 1 ≤ i < j ≤ l_0 the angle between e_i and e_j does not exceed

ψ_i + ψ_{i+1} + . . . + ψ_{j−1} < (j − i) π 2[D^2/a^2] ≤ π 2 , it follows that ⟨e_i, e_j ⟩ > 0. Therefore

D^2 ≥ ‖q_{l0} − q_1‖^2 = ‖ l0−1∑

j=1 e_j ‖^2 ≥ l0−1∑

j=1 ‖e_j ‖^2 ≥ (l_0 − 1)a^2.

This yields l_0 ≤^{D2}_{a2} + 1 < [_{D2} a2 ] + 2 which is a contradiction with (2). �

Let n ≥ s. An n-tuple α = (i_1, i_2, . . . , i_n) (7) will be called a configuration of length n if i_j = 1, . . . , s for each j and i_j ≠ i_{j+1} for j < n.

Let (7) be a fixed configuration. Consider the open sets U_α = {q ∈ U_0 : a < dist(q, K_{i1} )} , V_α = {p ∈ R^d : a < dist(p, K_{in} )}.

For (q, p) ∈ U_α × V_α define

F_α(q; q̂; p) = ‖q − q_1‖ + n−1∑ i=1 ‖q_i − q_{i+1}‖ + ‖q_n − p‖ for q̂ = (q_1, . . . , q_n) ∈ K̂ = K_{i1} × . . . × K_{in} . Thus, one gets a map F_α : U_α × K_{i1} × . . . × K_{in} × V_α −→ R. For a fixed (q, p) ∈ U_α×V_α there exists q̂ ∈ K̂ such that F_α(q, q̂, p) = min_{q̃∈K̂} F_α(q, q̃, p). In general q̂ is not unique but the pseudo-billiard trajectory

γ^{(α)}(q, p) = [q, q_1] ∪ (_{n−1} ⋃ i=1 [q_i, q_{i+1}] ) ∪ [q_n, p] (8) is uniquelly determined. This follows for example from the argument in Sect. 3 of [St]. Set q_0(q, p) = q , q_{n+1}(q, p) = p, and proceeding by induction on j, denote by q_j (q, p) the point on the segment γ^{(α)}(q, p) ∩ K_{ij} which is closest to q_{j−1}(q, p) (see Fig. 1).

Figure 1 Define v_j (q, p) = q_{j+1}(q, p) − q_j (q, p) ‖q_{j+1}(q, p) − q_j (q, p)‖ ∈ S^{d−1}. It is easily seen that for each 1 ≤ j ≤ n, either one of the segments [q_{j−1}(q, p), q_j (q, p)] and [q_j (q, p), q_{j+1}(q, p)] intersects the interior of K_{ij} , in which case q_j (q, p) will be called an intersection point of γ^{(α)}(q, p), or these two segments satisfy the law of reflection at q_j (q, p) with respect to Γ_{ij} = ∂K_{ij} . In the latter case q_j (q, p) will be called a reflection point of γ^{(α)}(q, p). Clearly a reflection point may be a point of transversal reflection or a tangent point.

It is easy to derive from this definition that each q_j (q, p) is a continuous function of (q, p) ∈ U_α × V_α, and if γ(q, p) is not tangent to K_{ij} at q_j (q, p), then q_j (q, p) is differentiable with respect to q and p in a neighbourhood of (q, p).

Let ξ^{(α)}_t (q, p) be the shift of q along the trajectory γ^{(α)}(q, p) after time t. Denote by ω^{(α)}_t (q, p) ∈ S^{d−1} the direction of γ^{(α)}(q, p) at ξ^{(α)}_t (q, p). At reflection points ξ^{(α)}_t (q, p), one has to identify pairs of directions symmetric with respect to the corresponding tangent plane. In others words, as for the billiard flow S_t, one has to consider S^{(α)}_t (q, p) = (ξ^{(α)}_t (q, p), ω^{(α)}_t (q, p)) as a point in M̃. Clearly S^{(α)}_t (q, p) is well-defined for 0 ≤ t ≤ T^{(α)}(q, p), where T^{(α)}(q, p) is the length of the trajectory γ^{(α)}(q, p). For t > T^{(α)}(q, p) we define ω^{(α)}_t (q, p) = v_m(q, p) and ξ^{(α)}_t (q, p) = p + (t − T^{(α)}(q, p))v_m(q, p), while for t < 0 we set ω^{(α)}_t (q, p) = −v + 2⟨v, n(q)⟩n(q) and ξ^{(α)}_t (q, p) = q + tv. Given p ∈ V_α and q, q^′ ∈ U_α, set

t_p(q, q^′) = T^{(α)}(q^′, p) − T^{(α)}(q, p).

The following estimates and some of the arguments in their proofs are the main ingredients for the proof of Theorem 1.1.

Lemma 2.2. Let m ∈ N, α be a configuration of the form (7) and let (q_0, p_0) ∈ U_α × V_α be such that for each j = 1, . . . , m, q_j (q_0, p_0) is not a tangent point of γ^{(α)}(q_0, p_0) to Γ_{ij} . Then ‖∂_qξ^{(α)}_{t+tp(q0,q)}(q, p_0)_{|q=q0} ‖ < C_1δ^t , ‖∂_pξ^{(α)}_t (q_0, p)_{|p=p0} ‖ < C_1δ^{T −t} (9) for 0 ≤ t ≤ T , where T = T^{(α)}(q_0, p_0) and C_1 is given by

C_1 =

8D(s − 1)(1 + aκ)^{1s}�^1 a log(1 + aκ) . (10)

To prove Lemma 2.2, we first obtain a local estimate about^{‖vj (q0,p0)−vj (q0,p)‖}_{‖q0−q‖} . Clearly this will provide an estimate for ‖∂_qv_j (q_0, p_0)‖. In the same way one obtains an estimate for ‖∂_pv_j (q_0, p_0)‖. Let 0 = τ_0(q, p) < τ_1(q, p) < . . . < τ_n(q, p) < τ_{n+1}(q, p) = T^{(α)}(q, p) be such that ξ^{(α)}_{τj} (q, p) = q_j (q, p) for each j = 0, 1, . . . , n, n + 1.

Fix for a moment (q_0, p_0) ∈ U_α × V_α such that the trajectory γ^{(α)}(q_0, p_0) does not contain points tangent to Γ. For b > 0, denote by U_b the ball with center q_0 and radius b and by V_b the ball with center p_0 and radius b. Take b <^a_4 so small that for each (q, p) ∈ U_b × V_b the trajectory γ(q, p) has no tangencies to Γ. We may as well assume that b is so small that for each (q, p) ∈ U_α × V_α we have

τ_{j−1}(q_0, p_0) < τ_j (q, p) < τ_{j+1}(q_0, p_0) (j = 1, . . . , n).

(11)

Given j = 1, . . . , n, denote by φ_j (q, p) the (smallest positive) angle between the vector q_{j+1}(q, p) − q_j (q, p) and the unit normal n(q_j (q, p)) to Γ at q_j (q, p). Let j_1 < j_2 < . . . < j_k be the sequence of all j = 1, . . . , n with φ_j (q_0, p_0) < φ_0. It follows from Lemma 2.1 that j_{l+1} − j_l ≤ l_0 (1 ≤ l ≤ k), therefore k ≥ n l_0 . (12)

In what follows we also assume that b > 0 is chosen so small that φ_{jl} (q, p) < φ_0 for all (q, p) ∈ U_b × V_b , l = 1, . . . , k. (13)

Denote by X a sphere with center q_0 and radius r ≤^a_2 ; then the sectional curvature of X is^1_r ≥^2_a . Denote by X^′ the set of those q ∈ X so that there exists p ∈ V_b for which the first segment [q_0, q_1(q_0, p)] of γ^{(α)}(q_0, p) intersects X at q. Then X^′ is an open subset of X and n_X (q) =^{q−q0}_{‖q−q0‖} is the outer normal field to X^′. Set X^′_t = {ξ^{(α)}_t (q_0, p) : p ∈ V_b}, and for t ∈ [r, T ], denote by κ_t(p) the minimal sectional curvature of X^′_t at ξ^{(α)}_t (q_0, p). When S^{(α)}_t (q_0, p) is a reflection point of γ^{(α)}(q_0, p), denote

κ^+_t (p) = lim_t0_{↓t} κ_t(p) , κ^−_t (p) = lim_t0_{↑t} κ_t(p).

Lemma 2.3. We have κ_t(p) ≥ κ 1 + l_0Dκ

(14)

for all p ∈ V_b and t ∈ [r, T ].

Proof. Fix p ∈ V_b and denote t_l = τ_{jl} (q_0, p). Since j_{l+1} − j_l ≤ l_0, we have t_{l+1} ≤ t_l + l_0D for all l = 1, . . . , k − 1.

Let r ≤ t < t_1(q_0, p). Then κ_t(p) =^κ

0_{1+tκ} 0 , where κ^′ =^1_r is the sectional curvature of X^′. Since for every z > 0, the function x →^x_{1+zx} is increasing on [0, ∞), κ^′ ≥^2_a ≥ κ and t ≤ l_0D imply κ_t(p) ≥^κ_{1+tκ} ≥^κ_{1+l0Dκ} .

Assume 1 < j_1. Then t_2 ≤ l_0D and κ^+_{t1} ≥ κ^−_{t1} ≥^κ_{1+t1κ} (cf. Proposition A.1 in the Appendix) imply that for t ∈ [t_1, t_2) we have κ_t(p) ≥ κ^+_{t1} 1 + (t − t_1)κ^+_{t1} ≥ κ 1+t1κ 1 + (t − t_1)^κ_{1+t1κ} = κ 1 + tκ ≥ κ 1 + l_0Dκ . Proceeding in this way, one shows that (14) holds for all t ∈ [r, t_1). Next, Proposition A.1, (13) and (2) yield κ^+_{t1} (p) ≥ 2κ_0 cos φ_{j1} (q_0, p) ≥ 2κ_0 cos φ_0 ≥ κ. Now, repeating the above argument, one gets that (14) holds for all t ∈ [t_1, t_2], etc. Using a simple induction, it follows that (14) holds for all t ∈ [r, T ]. �

Lemma 2.4. (Ikawa [I], Lemma 3.7) Let X and Y be the boundaries of two disjoint compact strictly convex bodies in R^n. Suppose X and Y are smooth and denote by n_X the unit outer normal field to X. Given η ∈ X, let η(t) (t ≥ 0) be the shift of η along the billiard trajectory in the exterior of Y issued from (η, n_X (η)). Suppose η, ζ ∈ X are such that the trajectories {η(t) : t ≥ 0} and {ζ(t) : t ≥ 0} hit transversally Y at η(t_1) and ζ(t_2), respectively, and t_1 ≤ t_2. Then ‖η^{(i)}(t_2) − ζ(t_2)‖ ≤ ‖η(t_2) − ζ(t_2)‖, where η^{(i)}(t_2) = η + t_2n_X (η).

Figure 2 We also need the following lemma the first part of which is a local version of Lemma 3.6 of Ikawa [I]. The proof is simple and we omit it.

Lemma 2.5. Let Y be a smooth convex surface in R^d with unit normal field n_Y (p), let p_0 ∈ Y and let κ^′ > 0 be such that the minimal sectional curvature of Y at p is greater than κ^′ for each p ∈ Y .

(a) There exists an open neighbourhood W of p_0 in Y such that whenever q, p ∈ W we have ‖(q + tn_Y (q)) − (p + tn_Y (p))‖ ≥ (1 + tκ^′)‖q − p‖. (b) If the neighbourhood W of p_0 is sufficiently small, then for all q, p ∈ W and t ≥ 0 we have ‖q − p‖ ≤ ‖(q + tn_Y (q)) − p‖. The following is the main part in the proof of the central Lemma 2.2.

Lemma 2.6. (a) For δ given by (3) we have

‖v_i(q_0, p) − v_i(q_0, p_0)‖ < 12 a δ^{n−i}‖p_0 − p‖ , 0 ≤ i ≤ n. (15) for each p ∈ V_b . Moreover, if i = j_l for some l = 1, . . . , k, then we have

‖q_i(q_0, p) − q_i(q_0, p_0)‖ < 3 cos φ_0 δ^{n−i}‖p_0 − p‖. (16)

(b) For every p ∈ V_b we have |T (q_0, p_0) − T (q_0, p)| ≤ ‖p_0 − p‖, (17) and |τ_j (q_0, p_0) − τ_j (q_0, p)| ≤ ‖q_j (q_0, p_0) − q_j (q_0, p)‖ ≤ D

(18) for each j = 1, . . . , n.

(c) Let δ_1 be defined by (3). Then ρ̃ ( S^{(α)}_t (q_0, p_0), S^{(α)}_t (q_0, p) ) ≤ C_1δ^{T −t}_1 ‖p_0 − p‖ , 0 ≤ t, p ∈ V_b, (19)

where T = T^{(α)}(q_0, p_0) and C_1 is given by (10).

Proof. Denote δ_0 =^1_{1+aκ} , and notice that for δ given by (3) we have δ = δ^{1s}�^1_0 .

Let l_1 ≤ l_2 ≤ . . . ≤ l_m be the sequence of all indices l = 0, 1, . . . , n such that q_l(q_0, p_0) is a reflection point of γ^{(α)}(q_0, p_0). For convenience set l_0 = 0 and l_{m+1} = n. Clearly, if n ≥ 1, then l_{i+1} − l_i ≤ s − 1 for each i, so i ≤ l_i ≤ (s − 1)i for each i ≥ 1. In particular n ≥ (m + 1)(s − 1).

Given 1 ≤ j ≤ m, denote η_j = q_{lj} (q_0, p_0), η^{(r)}_j = ξ^{(α)}_{τlj (q0,p)}(q_0, p_0) and ζ_j = q_{lj} (q_0, p) if τ_{lj} (q_0, p_0) ≤ τ_{lj} (q_0, p) and η_j = q_{lj} (q_0, p), η^{(r)}_j = ξ^{(α)}_{τlj (q0,p0)}(q_0, p) and ζ_j = q_{lj} (q_0, p_0) otherwise. Let η^{(i)}_j be the point symmetric to η^{(r)}_j with respect to the tangent plane T_{ηj} (∂K).

Let us prove (b) first. Let 1 ≤ j ≤ m. We may assume τ_{lj} (q_0, p_0) ≤ τ_{lj} (q_0, p); the other case is similar. Let t = τ_{lj} (q_0, p_0), t^′ = τ_{lj} (q_0, p) − t. Then the points q_{lj} (q_0, p_0) = ξ^{(α)}_t (q_0, p_0) and q^′ = ξ^{(α)}_t (q_0, p) lie on the (strictly) convex surface Y = {ξ^{(α)}_t (q_0, p^′) : p^′ ∈ V_b} and q_{lj} (q_0, p) = q^′ + t^′n_Y (q^′), where n_Y (q^′) is the outer unit normal to Y at q^′. This clearly implies t^′ ≤ ‖q_{lj} (q_0, p_0) − q_{lj} (q_0, p)‖, which proves (18).

To prove (17), we may assume that T = T^{(α)}(q_0, p_0) ≤ T^{(α)}(q_0, p); the other case is similar. Then t = T^{(α)}(q_0, p) − T ≥ 0. Consider the strictly convex surface Y = {ξ^{(α)}_T (q_0, p^′) : p^′ ∈ V_b}. Clearly p_0 ∈ Y and p^{′′} = ξ^{(α)}_T (q_0, p) ∈ Y , while p^′ = p^{′′} + tn_Y (p^{′′}). The convexity of Y now implies ‖p_0 − p‖ ≥ ‖p^{′′} − p^′‖ = t. Thus |T − T^{(α)}(q_0, p)| = t ≥ ‖p_0 − p‖, which proves (17).

Next, we are going to prove (a). First notice that Lemma 2.4 yields ‖η^{(r)}_1 −ζ_1‖ ≥ ‖η^{(i)}_1 − ζ_1‖ ≥^a_{2r} ‖q_0 − q‖. Let 1 ≤ j < n. Applying Lemmas 2.4 and 2.5 (see Fig. 3 for one possible configuration), one gets ‖η^{(r)}_{j+1} − ζ_{j+1}‖ ≥ ‖η^{(i)}_{j+1} − ζ_{j+1}‖ ≥ (1 + aκ)‖η^{(r)}_j − ζ_j ‖. Finally, for l = n, using Lemma 2.5 (b) and (a), we have ‖p_0 − p‖ ≥ (1 + aκ)‖η^{(r)}_m − ζ_m‖. (20)

A simple induction shows now that ‖p_0 −p‖ ≥ (1+aκ)^{m−j} ‖η^{(r)}_j −ζ_j ‖ for 1 ≤ j < m. This yields ‖η^{(r)}_j − ζ_j ‖ ≤ δ^{m−j}_0 ‖p_0 − p‖. (21)

Consequently, for j < m, ‖η^{(i)}_{j+1} − ζ_{j+1}‖ ≤ ‖η^{(r)}_{j+1} − ζ_{j+1}‖ ≤ δ^{m−j−1}_0 ‖p_0 − p‖. (22)

Without loss of generality we may assume that ζ_j and η_{j+1} are on the same trajectory (the case on Fig. 3; the other case is similar). Denote L = ‖η^{(i)}_{j+1} − ζ_j ‖. Then L = ‖ζ_{j+1} − η^{(r)}_j ‖ by construction and so one of the vectors v_{lj} (q_0, p_0) and v_{lj} (q_0, p) coincides with^1_L (η^{(i)}_{j+1} − ζ_j ) and the other one with^1_L (ζ_{j+1} − η^{(r)}_j ).

Now combining (21) and (22) gives ‖v_{lj} (q_0, p_0)−v_{lj} (q_0, p)‖ ≤ 1 L ‖(η^{(i)}_{j+1}−ζ_j )−(ζ_{j+1}−η^{(r)}_j )‖ ≤ 1 L ( ‖η^{(r)}_j − ζ_j ‖ + ‖η^{(i)}_{j+1} − ζ_{j+1}‖ )

≤ 1 a δ^{m−j}_0 ‖p_0 − p‖ + 1 a δ^{m−j−1} 0 ‖p_0 − p‖ < 4 a δ^{m−j}_0 ‖p_0 − p‖. Hence the inequality

‖v_{lj} (q_0, p_0) − v_{lj} (q_0, p)‖ < 4 a δ^{m−j}_0 ‖p_0 − p‖ (23)

holds for any j < m. It also holds for j = m; this follows trivially from (20).

Figure 3 To prove (15), consider an arbitrary i = 0, 1, . . . , n. The case m = 0 is trivial, so we will assume that m ≥ 1. There exists j = 0, 1 . . . , m with l_j ≤ i < l_{j+1}. Then n − i ≤ l_{m+1} − l_j ≤ (m + 1 − j)(s − 1). ¿From this, (23) and (3) one gets

‖v_i(q_0, p_0) − v_i(q_0, p)‖ = ‖v_{lj} (q_0, p_0) − v_{lj} (q_0, p)‖ < 4 a δ^{m−j}_0 ‖p_0 − p‖ < 4 aδ_0 δ^n �i_s�_1 0 ‖p_0 − p‖ = 12 a δ^{n−i}‖p_0 − p‖, which proves (15).

Figure 4 Finally, let l = r_i for some i = 1, . . . , k. Then φ_l < φ_0 and also l = l_j for some j = 1, . . . , m. Consider the triangle η_j ζ_j η^{(r)}_j (see Fig. 4). We have ψ ≥^π_2 − φ_0. Clearly if ψ >^π_2 , then by (21) ‖η_j − ζ_j ‖ < ‖η^{(r)}_j − ζ_j ‖ < δ^{m−j}_0 ‖p_0 − p‖. Let ψ ≤^π_2 . Then, using (21) again, we get

‖q_l(q_0, p_0) − q_l(q_0, p_0)‖ = ‖η_j − ζ_j ‖ = sin ψ^′ sin ψ ‖η^{(r)}_j − ζ_j ‖ ≤ 1 cos φ_0 δ^{m−j}_0 ‖p_0 − p‖. As above, n − l = n − l_j ≤ (m + 1 − j)(s − 1), therefore

‖q_l(q_0, p_0) − q_l(q_0, p_0)‖ ≤ 1 δ_0 cos φ_0 δ^n �l_s�_1 0 ‖p_0 − p‖ ≤ 3 cos φ_0 δ^{n−l}‖p_0 − p‖, which proves (16).

It remains to prove (c). Given t ∈ (0, T ], take r with 0 < r < min{t,^a_2 } and, as before, denote by X the sphere with centre q_0 and radius r. Then the inequalities in (a) hold. There exists j = 0, 1, . . . , m such that t^′ = τ_{lj} ≤ t < t^{′′} = τ_{lj+1} . (24)

Set l = l_j . Without loss of generality we may assume that η_j = q_l(q_0, p_0) and ζ_j = q_l(q_0, p); the other case is considered similarly. With this assumption, (11) implies t^′ ≤ τ_l(q_0, p) < t^{′′}. Then there exists p^′ ∈ [p_0, p] such that τ_{lj} (q_), p^′) = t.

Figure 5 First, suppose that j < n. Set t̃ = t − t^′, v^′ = v_{lj}�_1 (q_0, p_0), η^′ = η_j + t̃v^′, w = v_{lj} (q_0, p), w^{′′} = v_{lj} (q_0, p_0), η^{′′} = η_j + t̃w^{′′}, ζ^′ = q_{lj} (q_0, p^′), w^′ = v_{lj} (q_0, p^′) (see Fig. 5). Using (22) and (24) for the pairs p_0, p^′ and p^′, p, we get

‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ ≤ ‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p^′)‖ + ‖ξ^{(α)}_t (q_0, p^′) − ξ^{(α)}_t (q_0, p)‖ = ‖η^′ − ζ^′‖ + ‖ζ^′ − η^{′′}‖ ≤ δ^{m−j}_0 ‖p_0 − p^′‖ + δ^{m−j}_0 ‖p^′ − p‖ = δ^{m−j}_0 ‖p_0 − p‖. Therefore

ρ̃(S^{(α)}_t (q_0, p_0), S^{(α)}_t (q_0, p)) ≤ ρ̃(S^{(α)}_t (q_0, p_0), S^{(α)}_t (q_0, p^′)) + ρ̃(S^{(α)}_t (q_0, p^′), S^{(α)}_t (q_0, p)) = ρ̃((η^′, v^′), (ζ^′, v^{′′})) + ρ̃((ζ^′, w^′), (η^{′′}, w^{′′})) ≤ 4 a δ^{m−j}_0 ‖p_0 − p^′‖ + 4 a δ^{m−j}_0 ‖p^′ − p‖ = 4 a δ^{m−j}_0 ‖p_0 − p‖. Notice that a ≤ t_{l+1}−t_l ≤ D. As in the proof of (a) above we have n−l = l_{m+1}−l_j ≤ (m + 1 − j)(s − 1). Moreover t_l ≤ t ≤ t_{l+1} implies t + (n − l)D > T , so n − l >^{T −t}_D . Therefore m + 1 − j >^{n−l}_{s−1} >^{T −t}_{(s−1)D} , which implies ρ̃(S^{(α)}_t (q_0, p_0), S^{(α)}_t (q_0, p)) < 4 aδ0 δ T �t_{(s}�_{1)D} 0 ‖p_0 − p‖ <^{12}_a δ^{T −t}_1 ‖p_0 − p‖. This proves (19) in the case when j < m. Finally, consider the case when j = m, i.e. t ≥ τ_{lm} (q_0, p_0). Let l = l_m. If t ≤ τ_l(q_0, p), then (19) follows trivially from the above argument. So, we will assume that t ≥ max{τ_l(q_0, p_0), τ_l(q_0, p)}. Notice that in this case (23) implies ‖ω^{(α)}_t (q_0, p_0) − ω^{(α)}_t ((q_0, p)‖ = ‖v_m(q_0, p_0) − v_m(q_0, p)‖ <^4_a ‖p_0 − p‖. So, in order to prove (19), it remains to show that

‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ < C_1δ^{T −t}_1 ‖p_0 − p‖.

(25)

Again without loss of generality one may assume that η_m = q_l(q_0, p_0) and ζ_m = q_l(q_0, p). Then for t^′ = t − τ_l(q_0, p) we have ξ^{(α)}_t (q_0, p_0) = η_m + t^′v_l(q_0, p_0) and ξ^{(α)}_t (q_0, p) = ζ_m + t^′v_l(q_0, p), and clearly ‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ ≤ ‖p_0 − p‖ holds for t ≤ T^′ = min{T, T^{(α)}(q_0, p)}. In this case we have T − t ≤ 2D, so 3δ^{T −t}_1 ≥ 3δ^{2D}_1 =^3_{(1+aκ) 2s}�_1 ≥^3_{1+aκ} ≥ 1. Therefore (cf. (10))

‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ ≤ ‖p_0 − p‖ ≤ 3δ^{T −t}_1 ‖p_0 − p‖ < C_1δ^{T −t}_1 ‖p_0 − p‖. Let t > T^′. Consider the points p^′ = ξ^{(α)}_T 0 (q_0, p_0) and p^{′′} = ξ^{(α)}_T 0 (q_0, p_0). For v^′ = v_l(q_0, p_0) and v^{′′} = v_l(q_0, p), according to (23) we have ‖v^′ − v^{′′}‖ <^4_a ‖p_0 − p‖. Then ‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ = ‖(p^′ + (t − T^′)v^′) − (p^{′′} + (t − T^′)v^{′′})‖ ≤ ‖p^′ − p^{′′}‖ + (t − T^′)‖v^′ − v^{′′}‖ ≤ ‖p_0 − p‖ + (t − T^′) 4 a ‖p_0 − p‖ = ( 1 + 4(t − T^′) a ) ‖p_0 − p‖. Using the fact that δ^{−1}_1 = (1+aκ)^{1D(s}�^{1)} , one easily checks that λ(u) =^{4D(s−1)}_{a log(1+aκ)} δ^{−u}_1 − 4u a − 1 ≥ 0 for all u ≥ 0. Thus, 1 +^{4u}_a ≤ C_2δ^{−u} for all u ≥ 0, where

C_2 = 4D(s − 1) a log(1 + aκ) . Consequently, ‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ < C_2δ^T 0_{−t1} ‖p_0 − p‖ for all t ≥ T^′. Since T^′ ≤ T − D, it follows that (cf. (10) again) ‖ξ^{(α)}_t (q_0, p_0) − ξ^{(α)}_t (q_0, p)‖ < C_2δ^{T −t−D}_1 ‖p_0 − p‖ = C_2(1 + aκ)^{1s}�^1 δ^{T −t}_1 ‖p_0 − p‖ ≤ C_1δ^{T −t}_1 ‖p_0 − p‖. This proves (25) which implies (19). �

Recall that for q, q^′ ∈ U_α and p ∈ V_α, t_p(q, q^′) = T^{(α)}(q, p) − T^{(α)}(q^′, p). This clearly implies t_p(q, q^′) + t_p(q^′, q^{′′}) = t_p(q, q^{′′}).

Corollary 2.7. (a) For each q ∈ U_b we have ‖v_i(q_0, p_0) − v_i(q, p_0)‖ <^{12}_a δ^i_1‖q_0 − q‖ for 1 ≤ i ≤ n, and if i = j_l for some l = 1, . . . , k, then ‖q_i(q_0, p_0) − q_i(q, p_0)‖ < 3 cos φ_0 δ^i_1‖p_0 − p‖. (b) For every q ∈ U_b we have |T (q_0, p_0) − T (q, p_0)| ≤ ‖q_0 − q‖, and |τ_j (q_0, p_0) − τ_j (q, p_0)| ≤ ‖q_j (q_0, p_0) − q_j (q, p_0)‖ ≤ D for j = 1, . . . , n. (c) Let δ_1 be defined by (3). Then for every q ∈ U_b we have

ρ̃(S^{(α)}_t (q_0, p_0), S^{(α)}_{t+τ} (q, p_0)) ≤ C_1δ^t_1‖q_0 − q‖ , 0 ≤ t ≤ T,

(26) where T = T^{(α)}(q_0, p_0), τ = t_{p0} (q_0, q) and C_1 is given by (10).

Proof. Parts (a) and (b) follow immediately from the corresponding parts of Lemma 2.6, changing the roles of q and p and replacing the configuration α by −α = (i_n, i_{n−1}, . . . , i_2, i_1). (c) Notice that T = T^{(−α)}(p_0, q_0). Changing the roles of q and p and using Lemma 2.6 (c) with α replaced by −α, one gets ρ̃(S^{(−α)}_t (p_0, q_0), S^{(−α)}_t (p_0, q)) ≤ C_1δ^{T −t}_1 ‖q_0 − q‖ for all t ≥ 0 and q ∈ U_b. Fix q ∈ U_b for a moment and denote q^′ = S^{(−α)}_T (p_0, q). Notice that S^{(−α)}_t (p_0, q_0) = S^{(α)}_{T −t}(q_0, p_0), while S^{(−α)}_t (p_0, q) = S^{(α)}_{T −t+τ} (q, p_0). Therefore ρ̃(S^{(α)}_{T −t}(q_0, p_0), S^{(α)}_{T −t+τ} (q, p_0)) ≤ C_1δ^{T −t}_1 ‖q_0 − q‖ for all t ≥ 0, and so ρ̃(S^{(α)}_t (q_0, p_0), S^{(α)}_{t+τ} (q, p_0)) ≤ C_1δ^t_1‖q_0 − q‖ for 0 ≤ t ≤ T .

Proof of Lemma 2.2. The second inequality in (9) follows from (19), while the first follows from (26). �

3. Exponential instability of the billiard

Our objective in this section is to prove Theorem 1.1.

Given x = (q, v) ∈ M^′, let (q_j (x), v_j (x)) = B^j (x), provided B^j (x) is defined. Denote by t_j (x) the corresponding times of reflection, that is S_{tj (x)}(x) = B^j (x).

Let x = (q_0, v_0) ∈ M_1, x^′ = (q^′_0, v^′_0) ∈ M_1 and n ∈ N be as in Theorem 1.1. Then for each j = 0, 1, . . . , n there exists i_j ∈ {1, 2, . . . , s} with q_j (x), q_j (x^′) ∈ Γ_{ij} . Define α by (7). Since q_0 = q_0(x), q^′_0 = q_0(x^′) ∈ Γ_{i0} , it is clear that both q_0 and q^′_0 belong to the set U_α (cf. Sect. 2). In fact the whole segment [q_0, q^′_0] is in U_α. Also, the points p_0 = q_n(x) , p^′_0 = q_n(x^′) are in Γ_{in} , so [p_0, p^′_0] ⊂ V_α.

It follows from the assumptions about x and x^′ that S^{(α)}_t (q_0, p_0) = S_t(x) for 0 ≤ t ≤ T^{(α)}(q_0, p_0) = t_n(x) and S^{(α)}_t (q^′_0, p^′_0) = S_t(x^′) for 0 ≤ t ≤ T^{(α)}(q^′_0, p^′_0) = t_n(x^′). Moreover

‖q_0 − q^′_0‖ ≤ diam(K_{i0} ) < D , ‖p_0 − p^′_0‖ ≤ diam(K_{in} ) < D.

Given q ∈ U_α, p ∈ V_α, denote by Σ_q (resp. Σ_p) the set of those p ∈ V_α (resp. q ∈ U_α) such that γ^{(α)}(q, p) is tangent to Γ at q_j (q, p) for at least one j = 1, . . . , m. Clearly Σ_q is closed in V_α. Using the strict convexity of the components of ∂K and some arguments from ch.3 in [PS], it can be easily shown that Σ_q is always contained in a finite disjoint union of submanifolds of V_α of dimension d − 1. In particular Σ_q has Lebesgue measure zero in V_α. Moreover, for arbitrary points p, p^′ ∈ V_α, Thom’s transversality theorem (cf. for example ch. 2 in [GG]) shows that almost all (with respect to the C^∞ Whitney topology) smooth curves p(r), 0 ≤ r ≤ 1, with p(0) = p and p(1) = p^′ are transversal to Σ_q and therefore have only finitely many common points with Σ_q . The sets Σ_p have similar properties.

Given p, p^′ ∈ V_α, denote by L(p, p^′) the infimum of the lengths of smooth curves p(r), 0 ≤ r ≤ 1, in V_α such that p(0) = p and p(1) = p^′. In the same way one defines L(q, q^′) for q, q^′ ∈ U_α. It follows easily from the definitions of U_α and V_α that in general L(q, q^′) < 11D , L(p, p^′) < 11D (q, q^′ ∈ U_α; p, p^′ ∈ V_α).

Since [q_0, q^′_0] ⊂ U_α and [p_0, p^′_0] ⊂ V_α, we have

L(q_0, q^′_0) = ‖q_0 − q^′_0‖ , L(p_0, p^′_0) = ‖p_0 − p^′_0‖.

Lemma 3.1. For all q, q^′ ∈ U_α and p, p^′ ∈ V_α we have |T^{(α)}(q, p) − T^{(α)}(q, p^′)| ≤ L(p, p^′) , |T^{(α)}(q, p) − T^{(α)}(q^′, p)| ≤ L(q, q^′), and therefore |T^{(α)}(q, p) − T^{(α)}(q^′, p^′)| ≤ L(p, p^′) + L(q, q^′).

Proof. Consider a smooth curve p(r), 0 ≤ r ≤ 1, in V_α with p(0) = p and p(1) = p^′ such that F = {r ∈ [0, 1] : p(r) ∈ Σ_q } is finite. It then follows from Lemma 2.6 (b) that the function I = [0, 1] \ F ∋ r → T^{(α)}(q, p(r)) is differentiable and ‖^d_{dr} T^{(α)}(q, p(r))‖ ≤ ‖p^′(r)‖ for each r ∈ I. Since T^{(α)}(q, p(r)) is continuous on [0, 1], it follows that |T^{(α)}(q, p) − T^{(α)}(q, p^′)| ≤ ∫_1 0 ‖ d dr T^{(α)}(q, p(r))‖dr ≤ ∫_1 0 ‖p^′(r)‖dr. This holds for every curve p(r) connecting p and p^′ and transversal to Σ_q , therefore |T^{(α)}(q, p) − T^{(α)}(q, p^′)| ≤ L(p, p^′). In the same way one shows that |T^{(α)}(q, p)−T^{(α)}(q^′, p)| ≤ L(q, q^′). Consequently |T^{(α)}(q, p) − T^{(α)}(q^′, p^′)| ≤ |T^{(α)}(q, p) − T^{(α)}(q, p^′)| + |T^{(α)}(q, p^′) − T^{(α)}(q^′, p^′)| ≤ L(p, p^′) + L(q, q^′), which completes the proof of the assertion.

Lemma 3.2. Let q, q^′ ∈ U_α and p, p^′ ∈ V_α be arbitrary points and let τ = t_p0(q, q^′). Then ‖v_i(q, p) − v_i(q^′, p^′)‖ ≤ 12 a (δ^{n−i}L(p, p^′) + δ^iL(q, q^′)) (0 ≤ i ≤ n), (27) and ρ̃ ( S^{(α)}_t (q, p), S^{(α)}_{t+τ} (q^′, p^′) ) ≤ C_1 ( L(p, p^′) δ^{L(p,p} 0_) 1 δ^{T −t}_1 + L(q, q^′) δ^{L(q,q} 0_) 1 δ^t_1 ) (28)

for all 0 ≤ t ≤ T − L(p, p^′) − L(q, q^′), where T = T^{(α)}(q, p).

Proof. Consider an arbitrary curve p(r), 0 ≤ r ≤ 1, in V_α with p(0) = p, p(1) = p^′ which is transversal to Σ_q . Then F = {r ∈ [0, 1] : p(r) ∈ Σ_q } is finite. For r ∈ I = [0, 1] \ F it follows from Lemma 2.6 (a) that ‖ d dr v_i(q, p(r))‖ ≤ 12 a δ^{n−i}‖p^′(r)‖. Therefore ‖v_i(q, p) − v_i(q, p^′)‖ ≤

∫_1 0 ‖^d_{dr} v_i(q, p(r))‖dr ≤^{12}_a δ^{n−i} ∫_1 0 ‖p^′(r)‖dr, which yields ‖v_i(q, p) − v_i(q, p^′)‖ ≤ 12 a δ^{n−i}L(p, p^′) (0 ≤ i ≤ n). (29)

Let again r ∈ I = [0, 1] \ F . Denote

T^′ = inf{T^{(α)}(q, p(r)) : 0 ≤ r ≤ 1}.

It then follows from Lemma 3.1 that 0 ≤ T − T^′ ≤ L(p, p^′).

Let 0 ≤ t ≤ T^′ and let (r^′, r^{′′}) be an open interval contained in I. Fix for a moment an arbitrarily small ϵ > 0. For every r ∈ (r^′, r^{′′}) there exists b = b(r) > 0 so that (19) holds with q_0 = q and p_0 = p(r). Hence there exists a finite sequence r^′ < r_0 < r_1 < . . . < r_k < r^{′′} such that ‖r^′ − r_0‖ < ϵ, ‖r^{′′} − r_k ‖ < ϵ, | | | | | k−1∑ i=0 ‖p(r_{i+1}) − p(r_i)‖ − ∫_r00 r0 ‖p^′(r)‖dr | | | | | < ϵ (30)

and ρ̃ ( S^{(α)}_t (q, p(r_i)), S^{(α)}_t (q, p(r_{i+1}) ) < C_1δ^T 0_{−t1} ‖p(r_i) − p(r_{i+1})‖ for each i =

0, 1, . . . , k−1. Set l_i = ∑_{i−1} j=0 ‖p(r_j )−p(r_{j+1})‖. Then ρ̃ ( S^{(α)}_t (q, p(r_0)), S^{(α)}_t (q, p(r_k) ) ≤ ∑_{k−1} i=0 ρ̃ ( S^{(α)}_t (q, p(r_i)), S^{(α)}_t (q, p(r_{i+1})) ) ≤ C_1δ^T 0_{−t1} ∑_{k−1i=0} ‖p(r_j ) − p(r_{j+1})‖. Com-

bining this with (30) gives ρ̃ ( S^{(α)}_t (q, p(r_0)), S^{(α)}_t (q, p(r_k ) ) ≤ C_1δ^T 0_{−t} (∫ r00_r 0 ‖p^′(r)‖dr − ϵ ) , and letting ϵ → 0, one gets ρ̃ ( S^{(α)}_t (q, p(r^′)), S^{(α)}_t (q, p(r^{′′})) ) ≤ C_1δ^T 0_{−t1} ∫_r00 r0 ‖p^′(r)‖dr. Summing up over all connected components (r^′, r^{′′}) of I, one obtains ρ̃ ( S^{(α)}_t (q, p), S^{(α)}_t (q, p^′) ) ≤ C_1δ^T 0_{−t1} ∫^1 0 ‖p^′(r)‖dr for all t ≥ 0. From this and δ^T 0_{−t} ≤ δ^{−L(p,p} 0_) δ^{T −t} it follows that ρ̃ ( S^{(α)}_t (q, p), S^{(α)}_t (q, p^′) ) ≤ C_1δ^{−L(p,p} 0_) 1 δ^{T −t}_1 L(p, p^′) , t ≥ 0. (31)

Next, fix a curve q(r), 0 ≤ r ≤ 1, in U_α which is transversal to Σ_p and such that q(0) = q, q(1) = q^′. Then E = {r ∈ [0, 1] : q(r) ∈ Σ_p} is finite and J = [0, 1] \ E is open in [0, 1].

As above, this time using Corollary 2.7 (a), one gets ‖v_i(q, p^′) − v_i(q, p^′)‖ ≤ 12 a δ^i ∫_1 0 ‖q^′(r)‖dr, for all i = 0, 1, . . . , m which yields ‖v_i(q, p^′) − v_i(q^′, p^′)‖ ≤^{12}_a δ^iL(q, q^′) for 0 ≤ i ≤ m. This and (29) clearly imply (27).

We are now going to get an estimate for ρ̃(S^{(α)}_t (q, p^′), S^{(α)}_{t+τ} (q^′, p^′)) similar to (31). This is a bit more subtle than (31).

It follows from Lemma 3.1 that for

T^{′′} = inf{T^{(α)}(q(r), p^′) : 0 ≤ r ≤ 1} we have T ≥ T^{′′} ≥ T^{(α)}(q, p^′) − L(q, q^′) ≥ T − L(p, p^′) − L(q, q^′). Let 0 ≤ t ≤ T^{′′} and let (r^′, r^{′′}) be an open interval contained in I. Fix for a moment an arbitrarily small ϵ > 0. For every r ∈ (r^′, r^{′′}) there exists b = b(r) > 0 so that (26) holds with q_0 = q(r) and p_0 = p^′. Hence there exists a finite sequence r^′ < r_0 < r_1 < . . . < r_k < r^{′′} such that ‖r^′ − r_0‖ < ϵ, ‖r^{′′} − r_k‖ < ϵ, | | | | | k−1∑ i=0 ‖q(r_{i+1}) − q(r_i)‖ − ∫_r00 r0 ‖q^′(r)‖dr | | | | | < ϵ (32) and ρ̃ ( S^{(α)}_t (q(r_i), p^′), S^{(α)}_{t+tp}0_{(q(ri ),q(ri+1))}(q(r_{i+1}), p^′) ) < C_1δ^t_1‖q(r_i) − q(r_{i+1})‖

(33)

for each i = 0, 1, . . . , k − 1. Introduce the notation

s_i = t_p0(q(r_0), q(r_i)) , s^′_i = t_p0(q(r_i), q(r_{i+1})) , l_i = i−1∑ j=0 ‖q(r_j ) − q(r_{j+1})‖. Clearly |s_i| ≤ ‖q(r_0) − q(r_i)‖ ≤ l_i for all i.

We will prove by induction on i that ρ̃ ( S^{(α)}_t (q(r_0), p^′), S^{(α)}_{t+si} (q(r_i), p^′) ) < C_1δ^{−li}�^1_1 δ^t_1l_i.

(34)

It follows from (33) that (34) holds for i = 1. Assume that (34) holds for some i with 1 ≤ i ≤ k − 1. Using (33) with t replaced by t + s_i and the fact that s_i + s^′_i = s_{i+1}, we get ρ̃ ( S^{(α)}_{t+si} (q(r_0), p^′), S^{(α)}_{t+si+1} (q(r_{i+1}), p^′) ) ≤ C_1δ^{t+si}_1 ‖q(r_i) − q(r_{i+1})‖

≤ C_1δ^{si}_1 δ^t_1‖q(r_i) − q(r_{i+1})‖ ≤ C_1δ^{−li}_1 δ^t_1‖q(r_i) − q(r_{i+1})‖.

This and (34) for i imply ρ̃ ( S^{(α)}_t (q(r_0), p^′), S^{(α)}_{t+si+1} (q(r_{i+1}), p^′) ) ≤ ρ̃ ( S^{(α)}_t (q(r_0), p^′), S^{(α)}_{t+si} (q(r_i), p^′) )

+ρ̃ ( S^{(α)}_{t+si} (q(r_0), p^′), S^{(α)}_{t+si+1} (q(r_{i+1}), p^′) )

≤ C_1δ^{−li}�^1_1 δ^t_1 i−1∑ j=0 ‖q(r_j ) − q(r_{j+1})‖ + C_1δ^{−li}_1 δ^t‖q_i − q_{i+1}‖ ≤ C_1δ^{−li}_1 l_{i+1}.

This proves (34) for i + 1. Thus, (34) holds for all i = 1, . . . , k. From (34) with i = n and (32) it follows that ρ̃ ( S^{(α)}_t (q(r_0), p^′), S^{(α)}_{t+sk} (q(r_n), p^′) ) < C_1δ^{−lk}�^1_1 δ^tl_k <

C_1δ^{−(}

∫_r00 r0^{‖q}0^{(r)‖dr+ϵ)} 1 δ^t (∫_r00 r0 ‖q^′(r)‖dr + ϵ ) . Now letting ϵ → 0, we get

ρ̃ ( S^{(α)}_t (q(r^′), p^′), S^{(α)}_{t+tp}0_{(q(r}0_{),q(r}00_{))}(q(r^{′′}), p^′) ) ≤ C_1δ^− ∫_r00 r0^{‖q}0^{(r)‖dr} 1 δ^t_1

∫_r00 r0 ‖q^′(r)‖dr. Finally, applying the latter to each of the finitely many connected components (r^′, r^{′′}) of I and summing up, one obtains ρ̃ ( S^{(α)}_t (q, p^′), S^{(α)}_{t+tp}0_{(q,q}0_)(q^′, p^′) ) ≤ C_1δ^− ∫_1 0 ‖q0_{(r)‖dr} 1 δ^t_1

∫_1 0 ‖q^′(r)‖dr. This clearly yields ρ̃ ( S^{(α)}_t (q, p^′), S^{(α)}_{t+tp}0_{(q,q}0_)(q^′, p^′) ) ≤ C_1δ^{−L(q,q} 0_) 1 L(q, q^′)δ^t_1 (35)

for all t with 0 ≤ t ≤ T^{′′}.

Let 0 ≤ t ≤ T − L(p, p^′) − L(q, q^′). Then 0 ≤ t ≤ T^{′′}, and so (35) and (31) imply ρ̃ ( S^{(α)}_t (q, p), S^{(α)}_{t+τ} (q^′, p^′) ) ≤ ρ̃ ( S^{(α)}_t (q, p), S^{(α)}_t (q, p^′) ) +ρ̃ ( S^{(α)}_t (q, p^′), S^{(α)}_{t+tp}0_{(q,q}0_)(q^′, p^′) )

≤ C_1δ^{−L(p,p} 0_) 1 δ^{T −t}_1 L(p, p^′) + C_1δ^{−L(q,q} 0_) 1 L(q, q^′)δ^t_1. This proves the lemma. �

We go on with the proof of Theorem 1.1. Using (27) with q = q_0, q^′ = q^′_0, p = p_0, p^′ = p^′_0, and the fact that L(q_0, q^′_0) = ‖q_0 − q^′_0‖ < D and L(p_0, p^′_0) = ‖p_0 − p^′_0‖ < D, one immediately gets (4).

To prove (5), define τ = t_p0(q_0, q^′_0). Then clearly |τ| ≤ ‖q_0 − q^′_0‖ < D. Notice that π(S_t(x)) = ξ^{(α)}_t (x) for 0 ≤ t ≤ T and π(S_{t+τ} (x^′)) = ξ^{(α)}_{t+τ} (x^′) for 0 ≤ t + τ ≤ T^{(α)}(q^′_0, p^′_0). Since T^{(α)}(q^′_0, p^′_0) − τ = T^{(α)}(q_0, p^′_0) ≤ T − D, it follows that π(S_{t+τ} (x^′)) = ξ^{(α)}_{t+τ} (x^′) holds for D ≤ t ≤ T − D.

Let D ≤ t ≤ T − 2D. Then t ≤ T − L(q_0, q^′_0) − L(p_0, p^′_0) and so (28) holds. This and the previous remark imply

ρ̃ (S_t(x), S_{t+τ} (x^′)) ≤

C_1D δ^D_1

(δ^{T −t}_1 + δ^t_1).

(36)

Next, assume that 0 ≤ t ≤ D. Then, using (36) with t = D, we get

ρ̃ (S_t(x), S_{t+τ} (x^′)) ≤ ρ̃ (S_t(x), S_D (x))+ρ̃ (S_D(x), S_{D+τ} (x^′))+ρ̃ (S_{D+τ} (x^′), S_{t+τ} (x^′)) ≤ 2D + C_1D δ^D_1

(δ^{T −D}_1 + δ^D_1 ) < 2D + 2C_1D < 3DC_1 = 3DC_1 δ^D_1 δ^D_1 < 3DC_1 δ^D_1

(δ^{T −t}_1 + δ^t_1).

In the same way, for T − 2D ≤ t ≤ T one obtains

ρ̃(S_t(x), S_{t+τ} (x^′)) ≤ ρ̃ (S_t(x), S_D (x))+ρ̃ (S_D(x), S_{D+τ} (x^′))+ρ̃ (S_{D+τ} (x^′), S_{t+τ} (x^′)) ≤ 2D+ C_1D δ^D_1

(δ^{2D}_1 +δ^{T −2D}_1 ) < 2D+2C_1Dδ^D_1 < 3DC_1δ^D_1 = 3DC_1 δ^D_1 δ^{2D}_1 < 3DC_1 δ^D_1

(δ^{T −t}_1 +δ^t_1).

Hence for each t ∈ [0, T ] we have ρ̃ (S_t(x), S_{t+τ} (x^′)) ≤^{3DC1}_{δD1} (δ^{T −t}_1 + δ^t_1). Since the constant C determined by (3) satisfies C =^{3DC1}_{δD1} , (5) follows.

It remains to prove (6). Given i, it follows from Lemma 2.1 that there exists j = i, i + 1, . . . , i + l_0 − 1 with φ_j (x) < φ_0, where φ_j (x) is the angle between the vector v_{j+1}(x) − v_j (x) and the unit normal n(q_j (x)). Fix j with this property. The strict convexity of the components of K implies the existence of a global constant A > 0 such that if ξ, ξ^′ ∈ Γ_i for some i = 1, . . . , s, then ‖ξ − ξ^′‖ ≤ A‖n(ξ) − n(ξ^′)‖. (37) Set ϵ = 12D a min{δ^{j−1} + δ^{n−j+1}, δ^j + δ^{n−j} }. It is sufficient to consider the case ϵ <^1_2 cos φ_0. Denote v = v_j (x) − v_{j−1}(x), w = v_{j+1}(x) − v_j (x), ξ = q_j (x), v^′ = v_j (x^′) − v_{j−1}(x^′), w^′ = v_{j+1}(x^′) − v_j (x^′), ξ^′ = q_j (x^′). Then ‖v − v^′‖ < ϵ and ‖w − w^′‖ < ϵ. Notice that ‖w − v‖ = ⟨w − v, n(ξ)⟩ = 2 cos φ_j (x) ≥ cos φ_0. Therefore ‖n(ξ) − n(ξ^′)‖ = ‖ w − v ‖w − v‖ − w^′ − v^′ ‖w^′ − v^′‖ ‖ ≤ ‖ (w − v) − (w^′ − v^′) ‖w − v‖ ‖

+‖w^′ − v^′‖ | | | 1 ‖w − v‖ − 1 ‖w^′ − v^′‖ | | | ≤ 2ϵ 2 cos φ_0 + 2ϵ 2 cos φ_0(2 cos φ_0 − ϵ) < 3ϵ cos^2 φ_0 . This and (37) imply ‖q_j (x) − q_j (x^′)‖ = ‖ξ − ξ^′‖ ≤ 3Aϵ cos^2 φ_0 ≤ 36AD a cos^2 φ_0 ( δ^j + δ^{n−j} ) , which proves the first inequality in (6).

To prove the second inequality in (6), we may assume that t_j (x) ≥ t_j (x^′) + τ; the other case is similar. Set η = π(S_{tj (x)+τ} (x^′)), and use (5) with t = t_j (x). This gives ‖ξ − η‖ = ‖π(S_{tj (x)}(x)) − π(S_{tj (x)+τ} (x^′))‖ ≤ C ( δ^{tj (x)}_1 + δ^{T −tj (x)} 1 ) ≤ C(δ^{ja}_1 + δ^{(n−j)a}_1 ) = C(δ^j_2 + δ^{n−j}_2 ), where δ_2 = δ^a_1 = δ^{aD} . Since cos φ_j (x^′) = 1 2 ‖w^′ − v^′‖ > cos φ_j (x) − ϵ > cos φ_0 −^1_2 cos φ_0 =^1_2 cos φ_0, we have ‖η − ξ^′‖ ≤ ‖ξ − η‖ sin(^π_2 − φ_j (x^′)) = ‖ξ − η‖ cos φ_j (x^′) ≤ 2C cos φ_0

(δ^j_2 + δ^{n−j}_2 ).

On the other hand, in this case we clearly have |t_j (x) − t_j (x^′) − τ| = ‖η − ξ^′‖, so this proves the second inequality in (6). �

4. Estimate of the entropy In this section Theorem 1.2 is proved. In what follows we use the Bowen- Dinaburg definition of topological entropy (see for example Sect. 7.2 in [W]).

Consider the Bernoulli shift σ : Σ −→ Σ and the map f : M_0 −→ Σ_K ⊂ Σ defined in Sect. 1. Here Σ_K = f(M_0) is an invariant subset for the Bernoulli shift σ but Σ_K is not necessarily closed in Σ. Define the metric ω_0 on F_0 = {1, 2, . . . s} by ω_0(i, i^′) = 0 if i = i^′ and 1 otherwise. Then ω({i_j }, {i^′_j }) = ∞∑ j=−∞ δ^{|j|+1}_1 ω_0(i_j , i^′_j )

defines a metric on Σ which generates the Tichonov (product) topology on Σ. Here δ_1 is the constant defined by (3). It follows easily from Theorem 1.1 that g = f^{−1} : Σ_K −→ M_0 is a continuous map. However in general it is not Lipshitz.

Consider the topological Markov chain σ_A : Σ_A −→ Σ_A determined by the matrix A = {a_{ij} }^s_{i,j=1}, a_{ij} = 0 if i = j and 1 otherwise. That is,

Σ_A = {{b_i} ∈ Σ : a_{bibi+1} = 1 for all i},

(38)

and σ_A is the restriction of σ to Σ_A. It is known (cf. Theorem 7.13 in [W] for example) that h(σ_A) = log λ, λ being the maximal eigenvalue of the matrix A. In our case the maximal eigenvalue of A is s − 1, so h(σ_A) = log(s − 1).

It follows from the definition of Σ_K that it is contained in Σ_A, so Σ_K ⊂ Σ_A. Consequently, h(σ, Σ_K ) = h(σ, Σ_K ) ≤ h(σ_A) = log(s − 1).

Let ϵ = δ^k_1 for some k ∈ N. We assume that k is so big that 2Cϵ < a. Here δ_1 and C are the constants defined by (3).

Set ϵ^′ = 2Cϵ^a + ϵ. Consider an arbitrary n ∈ N and choose a subset E of Σ_K of minimal cardinality which is (n + 1, ϵ) spanning for σ on Σ_K , i.e. |E| = r_{n+1}(ϵ, Σ_K , σ). Define m = [_{(n+k)D} ϵ ] + 1. Then clearly^1_m <^ϵ_{(n+k)D} . For each y ∈ g(E) set E^′_y = {S j_m (B^{−k}(y)) : 0 ≤ j ≤ m}, and let E^′ = ∪_{y∈g(E)}E^′_y. Clearly |E^′| ≤ |E| ( (n + k)D ϵ + 2 ) = r_{n+1}(ϵ, Σ_K , σ) ( (n + k)D ϵ + 2 ) . (39)

Let m_n = [na] + 1. We claim that E^′ is (m_n, ϵ^′)-spanning for S_1 on L̃. Indeed, consider an arbitrary z ∈ L̃. Then there exists x = (q, v) ∈ M_0 such that z = π̃(q + t^′v, v) for some t^′ ≥ 0. For x there exists y ∈ M_0 such that g(y) ∈ E and ω(σ^j (f(x)), σ^j (f(y))) < ϵ = δ^k_1 , j = 0, 1, . . . , n. This implies i_l = i^′_l for all l = −k, −k + 1, . . . , −1, 0, 1, . . . , k + n, where f(x) = (i_l) and f(y) = (i^′_l). Applying Theorem 1.1 to x̂ = B^{−k}(x) and ŷ = B^{−k}(y), we get that there exists τ with |τ| ≤ D such that

ρ̃(S_t(x̂), S_{t+τ} (ŷ)) ≤ C(δ^t_1 + δ^{T −t}_1 ) (0 ≤ t ≤ T ),

where T = t_{n+2k+1}(x̂). For t = t_k(x̂) we have S_t(x̂) = x and therefore

ρ̃(x, S_{tk (x̂)+τ} (ŷ)) < C(δ^{T −tk (x̂)}_1 + δ^{tk (x̂)}_1 .

Take j_0 such that^{j0}_m ≤ t_k(x̂) + τ <^{j0+1}_m . Then z = S j_{0r} (ŷ) ∈ E^′. For 0 ≤ t ≤ na we have

ρ̃(S_t(x), S_t(z)) = ρ̃(S_{t+tk (x̂)}(x̂), S_{t+} j_{0m} (ŷ))

≤ ρ̃(S_{t+tk (x̂)}(x̂), S_{t+tk (x̂)+τ} (ŷ)) + ρ̃(S_{t+tk (x̂)+τ} (ŷ), S_{t+} j_{0m} (ŷ)) < C ( δ^{T −tk (x̂)−t} 1 + δ^{t+tk (x̂)}_1 ) + | | |(t + j_0 m ) − (t + t_k(x̂) + τ) | | | < C ( δ^{tm+k (x)−t} 1 + δ^{tk (x̂)}_1 ) + 1 m . Here we have taken into account that T − t_k(x̂) = t_{n+2k+1}(x̂) − t_k(x̂) = t_{n+k+1}(x). Since t_k(x̂) ≥ ka and t_{n+k+1}(x) − t ≥ (n + k + 1)a − [na] > ka for 0 ≤ t ≤ na, it follows from the above estimates that ρ̃(S_t(x), S_t(z)) < 2Cδ^{ka}_1 +^1_m < ϵ^′ for 0 ≤ t ≤ na. Thus, for all integers j = 0, 1, . . . , [na] we have ρ̃(S_j (x), S_j (z)) < ϵ^′. This means that E^′ is (m_n, ϵ^′)-spanning for the map S_1 on L̃, and according to (39), r_{mn} (ϵ^′, L̃, S_1) ≤ |E^′| ≤ r_{n+1}(ϵ, Σ_K , σ) ( (n + k)D ϵ + 2 ) . Since^{mn}_n → a as n → ∞, it now follows that ar(ϵ^′, L̃, S_1) ≤ r(ϵ, Σ_K , σ), which implies ah(S_1) ≤ h(σ, Σ_K ) ≤ log(s − 1). Therefore h(S_1) ≤^1_a log(s − 1) which proves the theorem. �

5. Billiards without singularities

Throughout we assume that K is of the form (1) and satisfies the condition (H). Let ρ be the metric on M ⊂ R^n × R^n defined by ρ((q, v), (p, w)) = max{‖q − p‖, ‖v − w‖}. Under the condition (H) one can add the following to the statement of Theorem 1.1.

Theorem 5.1. Let K have the form (1) and satisfy the condition (H). Then there exists a global constant C_2 > 0 with the following property. If n ∈ N and x = (q_0, v_0), x^′ = (q^′_0, v^′_0) ∈ M_1 are such that for each integer j with 1 ≤ j ≤ n the points q_j (x) and q_j (x^′) are well-defined and both belong to Γ_{ij} for some i_j , then

ρ(B^j (x), B^j (x^′)) < C_2(δ^j_1 + δ^{n−j}_1 ) (0 ≤ j ≤ n − 1)

(40)

and there exists τ with |τ| ≤ ‖q_0 − q^′_0‖ < D such that

|t_j (x) − t_j (x^′) − τ| ≤ C_2(δ^j_2 + δ^{n−j}_2 ),

(41)

where δ_2 = δ^a_1 and δ_1 is defined by (3).

The inequality (40) in the above theorem follows from [I] (see also [Burq]) and [Sj]. Here we derive both (40) and (41) from Theorem 1.1.

Proof. It follows from the condition (H) that there exists ψ_0 ∈ (0,^π_2 ) such that for any three successive reflection points q_1, q_2, q_3 of a billiard trajectory in Q the angle between the vectors q_3 − q_2 and n(q_2) is less than or equal to ψ_0. Using this and (4), it follows from the last argument in Sect. 3 that there exists a constant C_2 > 0 such that both (40) and (41) hold. �

In what follows we use the notation from the beginning of Sect. 4 and assume that K satisfies the condition (H). Then the map f : M_0 −→ Σ_K is clearly continuous. Thus, Σ_K is compact and f is a homeomorphism between M_0 and Σ_K . In fact, it follows from Theorem 5.1 that g = f^{−1} : Σ_K −→ M_0 is a Lipshitz map. We claim that

Σ_K = Σ_A,

(42)

Σ_A being given by (38). Clearly Σ_K ⊂ Σ_A. Let ξ = {i_j } be a periodic element of Σ_A. It then follows from Sect. 2 of [St] that there exists a periodic point x ∈ M_0 of the billiard ball map B such that f(x) = ξ. Hence ξ ∈ Σ_K . Since the periodic elements of Σ_A are dense in Σ_A and both Σ_K and Σ_A are compact, (42) follows.

Proof of Theorem 1.3. The above remark shows that f : M_0 −→ Σ_K = Σ_A is a homeomorphism which conjugates the billiard ball map B : M_0 −→ M_0 and the topological Markov chain σ_K : Σ_K −→ Σ_K . Consider the map λ : Σ_K −→ R, defined by λ(ξ) = t_1(g(ξ)) = ‖q_1(g(ξ)) − q_0(g(ξ))‖, and let

Σ^λ_K = {(ξ, t) ∈ Σ_K × R : 0 ≤ t ≤ λ(ξ)}.

Then the map Λ : Σ^λ_K −→ L , Λ(ξ, t) = S_t(g(ξ)), is a homeomorphism which defines a conjugacy between the special flow over σ_K on Σ^λ_K and the billiard flow S_t : L −→ L. Let h be the topological entropy of S_t, i.e. h = h(S_1). It follows from Theorem 1.2 that h ≤^1_a log(s−1). Since B : M_0 −→ M_0 and σ_K : Σ_K −→ Σ_K are conjugate, we have h(B) = h(σ_K ) = log(s − 1). Now applying a straightforward modification of the argument in Sect. 4, one gets^1_D log(s − 1) ≤ h. We omit the details.

It remains to establish the asymptotic #{γ : e^{hTγ} ≤ λ}.^{log λ}_λ → 1 as λ → ∞. As mentioned in [Mor] (see Remark 3.1 there), this follows from Parry and Pollicott [PP] and the following lemma.

Lemma 5.2. There do not exist c > 0 and functions μ : Σ_K −→ R and m : Σ_K −→ Z such that λ = μ ∘ σ_K − μ + cm. (43)

Proof of Lemma 5.2. Suppose there exist c > 0 and functions μ and m which satisfy (43). This implies that every periodic billiard trajectory in Q has a period (length) of the form ck, k being an integer. Using an appropriate dilation in R^d, we may assume that c = 1. This means that every periodic billiard trajectory in Q has integer length. We are now going to show that this is impossible when s ≥ 3.

In what follows we consider configurations

α = (i_0, i_1, . . . , i_{n−1}, i_n = i_0)

(44)

such that i_j ∈ {1, 2, 3} for all j. Clearly for every α of the form (44) there exists a unique x = x(α) ∈ M_0 with π(x) ∈ Γ_{i0} such that B^n(x) = x and B^j (x) ∈ Γ_{ij} for all j = 0, 1, . . . , n. Let q_1 ∈ Γ_1, q_2 ∈ Γ_2 be such that [q_1, q_2] is orthogonal to Γ_1 at q_1 and to Γ_2 at q_2, i.e. d_0 = ‖q_1 − q_2‖ = dist(K_1, K_2). By assumption, we have d_0 ∈ N. Given k ∈ N, define

α_k = (1, 2, 1, 2, . . . , 1, 2

2k terms , 3, 1),

and let

q^{(k)}_1 ∈ Γ_1, q^{(k)}_2 ∈ Γ_2, . . . , q^{(k)}_{4k−1} ∈ Γ_1, q^{(k)}_{4k} ∈ Γ_2, q^{(k)}_{4k+1} ∈ Γ_3, q^{(k)}_{4k+2} ∈ Γ_1

be the successive reflection points of the corresponding billiard trajectory. Denote by T_k the length of this trajectory. Cutting the last two terms of α_k, one gets the configuration β_k = (1, 2, 1, 2, . . . , 1, 2

2k terms ). Clearly the billiard trajectories

q^{(k)}_1 , q^{(k)}_2 , . . . , q^{(k)}_{4k−1}, q^{(k)}_{4k} and q_1, q_2, . . . , q_1, q_2

2k terms both follow the configuration β_k. It then follows from Theorem 5.1 that

‖q^{(k)}_{2k−1} − q_1‖ < Cδ^{2k} , ‖q^{(k)}_{2k} − q_2‖ < Cδ^{2k} , ‖q^{(k)}_{2k+3} − q_1‖ < Cδ^{2k−4}.

(45) for some global constant C > 0 independent of k.

Next, consider the folowing periodic configuration which is a cyclic permutation of α_{k−1}: α^′_{k−1} = (1, 2, 1, 2, . . . , 1, 2 2k−2 terms , 3, 1, 2, 1, 2, . . . , 1, 2 2k−2 terms , 1). Clearly the successive reflection points of the corresponding periodic billiard trajectory are q^{(k−1)} 2k−1 , q (k−1) 2k , . . . , q^{(k−1)}_{4k−5} , q^{(k−1)}_{4k−4} , q^{(k−1)}_{4k−3} , q^{(k−1)}_1 , q_2(k − 1), . . . , q^{(k−1)}_{2k−3} , q^{(k−1)}_{2k−2} , q^{(k−1)}_{2k−1} ,

and the length of this trajectory is T_{k−1}. Another billiard trajectory which follows the same configuration α^′_{k−1} is

q^{(k)}_{2k+3}, q^{(k)}_{2k+4}, . . . , q^{(k)}_{4k−1}, q^{(k)}_{4k} , q^{(k)}_{4k+1}, q^{(k)}_1 , q^{(k)}_2 , . . . , q^{(k)}_{2k−3}, q^{(k)}_{2k−2}, q^{(k)}_{2k−1}.

Denote the lenght of the latter by T^′_{k−1}. It then follows from Theorem 5.1 that |T_{k−1} − T^′_{k−1}| ≤ ‖q^{(k−1)}_{2k−1} − q^{(k)}_{2k+3}‖ + ‖q^{(k−1)}_{2k−1} − q^{(k)}_{2k−1}‖. Using the latter and (45) for k and k − 1, one gets |T_{k−1} − T^′_{k−1}| < 4Cδ^{2k−4}. In fact, T_{k−1} is the total minimum of the length function corresponding to the periodic configuration α^′_{k−1} (cf. Sect. 3 in [St]), so T_{k−1} < T^′_{k−1}. Thus, T_{k−1} < T^′_{k−1} < T_{k−1} + 4Cδ^{2k−4}. (46)

On the other hand, we have T_k = T^′_{k−1} + ‖q^{(k)}_{2k−1} − q^{(k)}_{2k} ‖ + ‖q^{(k)}_{2k} − q^{(k)}_{2k+1}‖, and (45) and (46) imply T_{k−1} + 4d_0 < T_k < T_{k−1} + 4d_0 + 4Cδ^{2k−4}. Since d_0, T_{k−1} and T_k are integers by assumption, the above is clearly impossible for large k – contradiction. This proves the assertion. �

6. Propagation of a single convex wavefront

Let again K be an obstacle of the form (1) and let L be a convex domain in R^d with smooth boundary ∂L such that L ∩ K_1 = ∅ and ∂L divides R^d into two connected subsets. This implies that the orthogonal projection H : R^d \ L −→ ∂L is well-defined and smooth. Notice that L ∩ K may be non-empty. Define

a^′ = min{dist(L, K_1), a} , D^′ = diam(K ∪ L^′),

where L^′ is the orthogonal projection of K_1 on L, and determine l^′_0, φ^′_0, κ^′, etc. as in (2) and (3) replacing a and D by a^′ and D^′, respectively.

The following theorem provides information about the propagation of the wave front issued from the surface ∂L in direction of the unit outward normal field n_L to ∂L. Given q ∈ ∂L \ K, consider the billiard trajectory γ(q, n_L(q)) in M = Q × S^{d−1} isuued from x = (q, n_l(q)). As before, we shall denote by q_j (x) the successive reflection points of γ(x), and by v_j (x) and t_j (x) the corresponding velocities and times of reflection. Here j = 1, 2, . . . . For later convenience set q_0(x) = q, v_0 = n_l(q) and t_0(x) = 0.

Theorem 6.1. Let K and L be as above. Let n ∈ N and q, q^′ ∈ ∂L be such that for x = (q, n_L(q)) and y = (q^′, n_L(q^′) we have q_1(x), q_2(y) ∈ Γ_1 and for each integer j with 2 ≤ j ≤ n + 1 the points q_j (x) and q_j (y) are well-defined and both belong to Γ_{ij} for some i_j . Then ‖v_i(x) − v_i(y)‖ ≤ 12D^′ a^′ δ^{′n−i} (0 ≤ i ≤ n) (47) and ρ̃(S_t(x), S_t(y)) ≤ C^′δ^{′T −t} (0 ≤ t ≤ T ), (48)

where T = t_n(x). Moreover, for every i = 0, 1, . . . , n − l_0 there exists j = i, i + 1, . . . , i + l_0 − 1 such that ‖q_j (x) − q_j (y)‖ < C^′δ^{′n−j}_1 and |t_j (x) − t_j (y)| ≤ C^′δ^{′n−j}_1 , (49)

where δ^′_1 = δ^{′ 1D}0 . If K satisfies the condition (H), then C^′ > 0 can be taken such that (49) hold for each j = 0, 1, . . . , m.

Proof. We use modifications of parts of the arguments from Sect. 2 and 3. First, determine the configuration α by (7), where i_1 = 1 and i_2, . . . , i_n are as in Theorem 6.1. Define the set V_α as in Sect. 2, replacing a by a^′, and consider the function G_α : L × K_{i1} × . . . × K_{in} × V_α −→ R defined by G_α(q̂, p) = n−1∑ i=0 ‖q_i − q_{i+1}‖ + ‖q_n − p‖, where q̂ = (q_0, q_1, . . . , q_n). Given p ∈ V_α, there exists q̂ ∈ L × K_{i1} × . . . × K_{in} such that G_α(q̂, p) is minimal. Again, q̂ is not unique, but q_0 is unique, q_0 ∈ ∂L and the pseudo-billiard trajectory γ^{(α)}(q_0, p) (see (8)) is uniquelly determined. Now define q_0(p) = q_0 and determine the points q_j (p) inductively so that q_j (p) is the closest point of the segment γ^{(α)}(q_0, p) ∩ K_{ij} to q_{j−1}(p). Using the notation from Sect. 2, define v_j (p) = v_j (q_0(p), p), S^{(α)}_t (p) = S^{(α)}_t (q_0(p), p), ξ^{(α)}_t (p) = ξ^{(α)}_t (q_0(p), p), etc. Now for X = ∂L one proves the estimates (15), (16), (17), (18) and (19) with q_0 = q_0(p) using exactly the same argument.

Next, we use the arguments from the first parts of the proofs of Lemmas 3.1 and 3.2 with p = q_{n+1}(x), p^′ = q_{n+1}(y) to get ‖v_i(x) − v_i(y)‖ ≤ 12 a^′ δ^{′n−i}‖q_{n+1}(x) − q_{n+1}(y)‖ ≤ 12D^′ a^′ δ^{′n−i} for all i = 0, 1, . . . , n. This proves (47). In the same way one gets ρ̃ ( S^{(α)}_t (p), S^{(α)}_t (p^′) ) ≤ C_1δ^{−D} 0_1 δ^{T −t}_1 ‖q_{n+1}(x) − q_{n+1}(y)‖ ≤ C_1D^′ δ^D0_1 δ^{T −t}_1 , which proves (48). Finally, the inequalities (49) can be derived in the same way as in the proof of the corresponding part of Theorem 1.1. We omit the details. �

Appendix. Curvature of convex wavefronts

Let X and Y be smooth hypersurfaces in R^d endowed with smooth unit normal fields n_X (x) and n_Y (y), respectively. We assume that both X and Y are convex with respect to the given normal fields.

In what follows we use the notation l(q, v) = {q + tv : t ≥ 0}, where q, v ∈ R^d, v ≠ 0.

Let q_0 ∈ X be such that the ray l(q_0, n_X (q_0)) hits transversally Y at some point p_0. Set t_0 = ‖p_0 − q_0‖. Consider an arbitrary smooth parametrization q = q(u), u ∈ U of X near q_0. Here U is some open subset of R^{d−1}. Let q_0 = q(u_0).

For every u ∈ U close to u_0, the ray l(q(u), n_X (u)) hits transversally Y at some point p(u). Denote by f(u) the reflected direction of n_X (u) at p(u), i.e. f(u) = n_X (u)−2⟨n_X (u), n_Y (u)⟩n_Y (u), where n_X (u) = n_X (q(u)), n_Y (u) = n_Y (p(u)). Then for the angle φ(u) between f(u) and n_Y (u) we have cos φ(u) = ⟨f(u), n_Y (u)⟩.

Let γ(u) be the (billiard) trajectory formed by the segment [q(u), p(u)] and the ray l(p(u), n_X (u)). For t ≥ 0, denote by S_t(u) the shift of q(u) along γ(u) after time t. Set X_t = {S_t(u) : u ∈ U}. Clearly for t < t_0 and t > t_0, X_t is a smooth (local) hypersurface. Denote by κ(t) the minimal sectional curvature of X_t at the point S_t(u_0) and set κ_−(t_0) = lim_{t↗t0} κ(t) κ_+(t_0) = lim_{t↘t0} κ(t). Finally, let k_0 be the minimal sectional curvature of Y at p_0 and let φ_0 = φ(u_0).

The following fact is a folklore. We prove it for the sake of completeness.

Proposition A.1. κ_+(t_0) ≥ κ_−(t_0) + 2 cos φ_0k_0.

Proof. Fix for a moment t^′ and t^{′′} with 0 ≤ t^′ < t_0 < t^{′′} and set q^′(u) = S_t0(u), q^{′′}(u) = S_t00(u), X^′ = X_t0 and X^{′′} = X_t00.

Given a = (a_1, . . . , a_{d−1}) ∈ R^{d−1}, consider the vectors v^′ = ∑_{d−1} i=1 a_i^{∂q} 0 ∂u_i (u0) ∈ T_q0_{(u0)}X^′ , v^{′′} = ∑_{d−1} i=1 a_i^{∂q} 00 ∂u_i (u0) ∈ Tq00(u0)X ′′, w = ∑_{d−1} i=1 a_i^{∂p}_{∂ui} (u_0) ∈ T_{p(u0)}Y. We are going to express the sectional curvatures of X^′, X^{′′} and Y at the points q^′(u_0), q^{′′}(u_0) and p(u_0) with respect to the sections determined by q^′, q^{′′} and w, respectively.

Let I^′ and II^′ be the first and the second fundamental forms of X^′ at q^′(u_0). Then I^′(v^′) = ∑_{d−1} i,j=1 v ′ iv^′_j g^′_{ij} (u_0) and II^′(v^′) = ∑_{d−1} i,j=1 v ′ iv^′_j b^′_{ij} (u_0), where g^′_{ij} (u) = ⟨_{∂q}0 ∂u_i (u), ∂q0 ∂u_j (u) ⟩ b^′_{ij} (u) = ⟨ n_X (u),^{∂2q} 0 ∂u_i u_j (u) ⟩ . The corresponding quantities for X^{′′} will be denoted by I^{′′}, II^{′′}, g^{′′}_{ij} , b^{′′}_{ij} and those for Y by I^{(Y )}, II^{(Y )}, g^{(Y )}_{ij} and b^{(Y )}_{ij} .

We have p(u) = q^′(u) + (t(u) − t^′)n_X (u) and q^{′′}(u) = p(u) + (t^{′′} − t(u))f(u). ¿From these equalities one derives with some standard computations (see Sect. 10.1 in [PS] for more details) that I^{′′}(v^{′′}) = I^{(Y )}(w) − ⟨n_Y (u), w⟩^2 + O(t^{′′} − t_0) and II^{′′}(q^{′′}) = 2 cos φ_0II^{(Y )}(w) + II^′(v^′) − O(t_0 − t^′) + O(t^{′′} − t_0). On the other hand, I^{(Y )}(w) = I^′(v^′) + ⟨n_X (u_0), w⟩^2 + O(t_0 − t^′). Combining the last three equalities gives − II^{′′}(v^{′′}) I^{′′}(v^{′′}) = −2 cos φ_0II^{(Y )}(w) − II^′(q^′) I^{(Y )}(w) − ⟨n_Y (u_0), w⟩^2 + O(t^{′′} − t_0)

+ O(t_0 − t^′) + O(t^{′′} − t_0)

≥ 2 cos φ_0 ( − II^{(Y )}(w) I^{(Y )}(w) + O(t^{′′} − t_0) ) − II^′(v^′) I^′(v^′) + O(t_0 − t^′) + O(t^{′′} − t_0) +O(t_0 − t^′) + O(t^{′′} − t_0).

Now letting t^′ ↗ t_0 and t^{′′} ↘ t_0, we get − II^{′′}(v^{′′}) I^{′′}(v^{′′}) ≥ −2 cos φ_0

II^{(Y )}(w) I^{(Y )}(w) − II^′(v^′) I^′(v^′)

≥ 2 cos φ_0k_0 + κ_−(t_0).

This holds for every v^{′′} ∈ T_q00_{(u0)}X^{′′}, so the assertion follows. �

References

[BSC] L. Bunimovich, Ya. Sinai, N. Chernov, Markov partitions for two dimensional billiards.

Russian Math. Surveys 45 (1990), 105-152.

[Burq] N. Burq, Controle de l’équation des plaques en présence d’obstacles strictement convexes, Bull. Soc. Math. France, Suppl., Mémoire 55 (1994).

[Ch] N. Chernov, Topological entropy and periodic points of two-dimensional billiards, Funct.

Analysis and Appl. 25 (1991), 39-45.

[ChM] N. Chernov, R. Markarian, Smooth hyperbolic repellers of Anosov type, Preprint, 1995. [CFS] I. Cornfeld, S. Fomin, Ya. Sinai, Ergodic Theory, Springer, Berlin,1982. [CvE] P. Cvitanovich, Eckhardt, Periodic quantitization of chaotic systems, Phys. Rev. Letters 63 (1989), 823-826.

[DS] Dynamical Systems II, Encyclopedia of Mathematical Sciences, vol. 2. Ya.Sinai (Ed.)

Springer, Berlin, 1987.

[GO] G. Gallavotti, D. Ornstein, Billiards and Bernoulli schemes, Commun. Math. Phys. 38 (1974), 83-101.

[GG] M. Golubitskii, V. Guillemin, Stable Mappings and Their Singularities, Springer, Berlin, 1973.

[I] M. Ikawa, Decay of solutions of the wave equation in the exterior of several strictly convex bodies, Ann. Inst. Fourier 38 (1988), 113-146.

[LM] A. Lopes, R. Markarian, Open billiards: invariant and conditionally invariant probabilities on Cantor sets, SIAM Journal, to appear.

[Mor] T. Morita, The symbolic representation of billiards without boundary condition, Trans.

Amer. Math. Soc. 325 (1991), 819-828.

[PP] W. Parry W, M. Pollicott, An analogue of the prime number theorem for closed orbits of Axiom A flows, Ann. of Math. 118 (1983), 573-591.

[PS] Petkov V., Stoyanov L.: Geometry of Reflecting Rays and Inverse Spectral Problems. Chichester: John Wiley & Sons 1992 [Si1] Ya. Sinai, Dynamical systems with elastic reflections, Russian Math. Surveys 25 (1970), 137-190.

[Si2] Ya. Sinai, Development of Krylov’s ideas, An addendum to the book: N.S.Krylov ”Works on the foundations of statistical physics”, Princeton Univ. Press, Princeton 1979, pp. 239-281 [Si3] Ya. Sinai, Hyperbolic billiards, Proc. ICM-90 Kyoto, 1990.

[Sj] J. Sjöstrand, Geometric bounds on the density of resonances for semiclassical problems, Duke Math. J. 60 (1990), 1-57.

[St] L. Stoyanov, An estimate from above of the number of periodic orbits for semi-dispersed billiards, Commun. Math. Phys. 124 (1989), 217-227.

[W] P. Walters, An Introduction to Ergodic Theory, Springer, Berlin, 1982. [Wo] M. Wojtkowski, Principles for the design of billiards with nonvanishing Lyapunov exponent, Commun. Math. Phys. 105 (1986), 391-414.

Department of Mathematics, The University of Western Australia, Nedlands, Perth 6009, Western Australia E-mail address: stoyanov@maths.uwa.edu.au