Sharp Estimates in Ruelle Theorems for Matrix Transfer Operators

J. Campbell^� Y. Latushkin^y April 25, 1997

Abstract A matrix coefficient transfer operator (LΦ)(x) = ∑ ϕ(y)Φ(y), y ∈ f^{−1}(x) on the space of C^r-sections of an m-dimensional vector bundle over n-dimensional compact manifold is considered. The spectral radius of L is estimated by exp sup{h_ν + λ_ν : ν ∈ M} and the essential spectral radius by

exp sup{h_ν + λ_ν − r · χ_ν : ν ∈ M}.

Here M is the set of ergodic f-invariant measures, and for ν ∈ M, h_ν is the measure-theoretic entropy of f, λ_ν is the largest Lyapunov exponent of the cocycle over f generated by ϕ, and χ_ν is the smallest Lyapunov exponent of the differential of f.

Keywords. Transfer operator, Lyapunov exponents, multiplicative ergodic theorem, weighted translation operators AMS(MOS) subject classification. 58F20, 58F11, 58F15.

�Department of Mathematical Sciences, University of Memphis, Memphis, TN 38152, e-mail: campbelj@hermes.msci.memst.edu.

yDepartment of Mathematics, University of Missouri-Columbia, Columbia, MO 65211, e-mail: mathyl@mizzou1.missouri.edu. Supported by the NSF grant DMS-9400518.

1 Introduction

In the present paper we employ a technique from [24] to study spectral properties of a matrix coefficient transfer operator L, the Ruelle operator. The operator L acts on the space C^r = C^r_E(X), r = 0, 1, . . . of smooth sections of an m-dimensional real vector bundle E over an n-dimensional compact manifold X by the rule

(LΦ)(x) = ∑ y∈f^−1(x) ϕ(y)Φ(y), Φ ∈ C^r, x ∈ X, (1) where f : X → X is a smooth covering and ϕ is a smooth bundle map, ϕ(x) : E_x → E_{f(x)} ≃ R^m , with det ϕ(x) > 0, x ∈ X.

We sharpen the following results by D. Ruelle from his celebrated paper [31]. A map f is called expanding if d(f(x), f(y)) ≥ θd(x, y) whenever d(x, y) < ε, for a positive ε and some θ > 1. Let M be the set of ergodic f-invariant Borel probability measures on X, h_ν be the entropy of f with respect to ν ∈ M, and ‖ϕ(x)‖ be the operator norm. Ruelle Theorem 1 Assume f is expanding. The spectral radius of L on C^r, r = 0, 1, . . . is less than or equal to

exp sup_{ν∈M}{h_ν + ∫ X log ‖ϕ(x)‖ dν}. (2) Ruelle Theorem 2 Assume f is expanding. The essential spectral radius of L on C^r, r = 0, 1, . . . is less than or equal to

exp sup_{ν∈M}{h_ν + ∫ X log ‖ϕ(x)‖ dν − r · log θ}. To formulate our results, let λ_ν denote the largest Lyapunov-Oseledec exponent of the cocycle ϕ_k(x) = ϕ(f^{k−1}x) · . . . · ϕ(x) over f and χ_ν denote the smallest Lyapunov- Oseledec exponent of the differential Df^k(x), k ∈ N, given for each ν ∈ M by the multiplicative ergodic theorem [27].

Theorem 1 Assume f is any smooth covering. The spectral radius of L on C^r, r = 0, 1, . . . is less than or equal to exp sup_{ν∈M}{h_ν + λ_ν}.

Theorem 2 Assume f is any smooth covering. The essential spectral radius of L on C^r, r = 0, 1, . . . is less than or equal to exp sup_{ν∈M}{h_ν + λ_ν − r · χ_ν }.

Theorem 3 Assume f is expanding. The spectral radius of L on C^0 is equal to exp sup_{ν∈M}{h_ν + λ_ν}.

Theorem 4 Assume f is expanding. The approximate point spectrum of L on C^0 contains the annulus { z ∈ C : exp sup_{ν∈M} λ_ν ≤ |z| ≤ exp sup_{ν∈M}{h_ν + λ_ν} } . (3)

The spectral theory for the Ruelle operator L is very well developed in the scalar case m = 1. We refer the interested reader to the books [33] and [28], an excellent review [6], papers [7, 8, 9, 13, 16, 18, 29, 32] and the references therein. For invertible f the operator L becomes a so-called weighted translation operator T defined as follows:

(T Φ)(x) = ϕ(f^{−1}x)Φ(f^{−1}x), Φ ∈ C^r, f is invertible. (4)

The spectral properties of the weighted translation operators on C^0 for m ≥ 1 are wellunderstood, see [1, 2, 3, 19, 24] and references there. These operators were intensively used to study the hyperbolic dynamical systems starting from the paper by J. Mather [26], see [3, 24] and also [22, 23] for infinite-dimensional bundles. It is known, for instance, that the spectrum of T on C^0 for m ≥ 1 is rotationally invariant provided f has a dense set of aperiodic points [1, 3]. Also [24, 25], the spectral radius of T on C^0 is equal to exp sup_{ν∈M} λ_ν. In the present paper we use some methods from the theory of the weighted translation operators to study the Ruelle operator L.

We make the following remarks concerning Theorems 1–4.

1. The estimates in Theorems 1–2 are clearly sharper than in Ruelle Theorems 1– 2. In general, λ_ν ≤ ∫ X log ‖ ϕ ‖ dν with strict inequality possible, and χ_ν ≥ log θ for any ν ∈ M. Also, the estimate in Theorem 2 is local, unlike the estimate in Ruelle

Theorem 2. In particular, for the scalar case m = 1 the essential spectral radius of L on C^r is less than or equal to

exp sup_{ν∈M}{h_ν + ∫ X log ϕ dν − r · χ_ν}. 2. Theorem 3 shows that the estimate in Theorem 1 cannot be improved. Theorem 1 can be derived from Ruelle Theorem 1 and Remark 3.4 in [31], as follows. By Ruelle Theorem 1 the n-th root of the spectral radius of L^n is at most

exp( 1 n P (log ‖ ϕ_n ‖)).

Letting n → ∞, 1 n P (log ‖ ϕ_n ‖) = 1 n sup_ν {h_ν(f^n) + ∫ X log ‖ ϕ_n ‖ dν} converges to sup_ν {h_ν (f) + λ_ν}, by the Oseledec multiplicative ergodic theorem. This argument was suggested to the authors by A. Katok, and, of course, depends upon the Ruelle estimate, while our proof is derived independently.

3. For the multiplicative matrix-valued cocycles ϕ_k, m > 1 the construction

sup{h_ν + λ_ν : ν ∈ M}, with λ_ν = lim_{k→∞} k^{−1} log ‖ϕ_k(x)‖, ν − a.a. x ∈ X

is a natural replacement for the pressure (see, e.g., [35])

P (f, log ϕ) = sup{h_ν + ∫ X log ϕ(x)dν : ν ∈ M} for the scalar case m = 1.

4. In Theorems 3–4, instead of an expanding map on a manifold, one can assume that (X, f) is a topologically mixing one-sided subshift of finite type.

5. For the scalar case m = 1 and expanding f the spectrum of L on C^0 is a disc centered at the origin ([10, 30]). We do not know under which conditions for m > 1 the spectrum of L on C^0 is also the disc with the radius given in Theorem 3. Theorem 4 is a result in this direction.

We conclude the Introduction with an informal discussion of the ideas of the proofs of Theorems 1–4. To avoid technicalities, we assume X ⊂ R^n , E = X × R^m and r = 0 or r = 1. The detailed proofs of Theorems 1 and 3 are given in Section 2, Theorem 4 in Section 3, and Theorem 2 in Section 4.

The main idea in the proof of Theorem 1, as in [24, Theorem 4.5], is to use the following scalarization of the cocycle ϕ_k (cf. the proof of the multiplicative ergodic theorem in [14]). Define^∼X = X × S^{m−1}, S^{m−1} ≡ {v ∈ R^m : ‖v‖Rm = 1} and ∼ f :^∼X →^∼X and^∼ϕ :^∼X → R as follows: ∼ f : (x, v) → ( f(x), ϕ(x)v ‖ϕ(x)v‖ ) ,^∼ϕ (x, v) = ‖ϕ(x)v‖, (x, v) ∈^∼X . (5) Note that in C^0,

(L^kΦ)(x) = ∑ y∈f^{−k}(x) ϕ_k(y)Φ(y), ‖L^k‖ ≤ max_{x∈X} ∑ y∈f^{−k}(x) ‖ϕ_k(y)‖. (6) Using (5), one proves that the logarithm of the spectral radius of L in C^0 is dominated by the pressure P (^∼f , log^∼ϕ ), and a short argument with projections of f̃-invariant measures from^∼X to X gives Theorem 1 for r = 0. For r = 1 an estimate similar to (6) holds, and the proof goes through as before.

To prove Theorem 3, as in [24, Theorem 4.5], we follow the original proof of the multiplicative ergodic theorem [27] and triangularize the cocycle ϕ_k. Let SO(m) denote the set of orthogonal (m × m)-matrices with the unit determinant. Define X = X × SO(m) and f : X → X and ϕ : X → R as follows: f : (x, V ) → (f(x), Ṽ (x, V )), ϕ(x, V ) = Ṽ^T (x, V )ϕ(x)V, (x, V ) ∈ X, (7) where “T ” means transposition, and for each (x, V ) ∈ X we denote by Ṽ (x, V ) the matrix in SO(m) such that ϕ(x, V ) is lower triangular with positive diagonal entries. Then ϕ and f define on C^0_X (X × R^m ) a transfer operator L with the spectral radius less or equal then the spectral radius of L on C^0_X (E). Since ϕ in L is triangular, it is possible to apply the scalar (m = 1) result for the spectral radius of transfer operator from, e.g, [10, 33] to estimate the spectral radius of L in terms of f-pressure for the diagonal elements of ϕ. By projecting the f-invariant measures from X to X one derives Theorem 3.

The main idea of the proof of Theorem 2, cf. [19] and [13], is to projectivize the operator L, acting on C^1_X (E), as follows. Define X = {(x, v) : x ∈ X, v ∈ R^n , ‖v‖Rn = 1}, E = X × R^m and F : X → X : (x, v) → ( f(x), Df(x) ‖Df(x)‖ ) , ψ(x, v) = ϕ(x) ‖Df(x)v‖ , (8) where Df is differential of f. Introduce an operator D : C^1_X (E) → C^0_X (E) by the rule (DΦ)(x, v) = DΦ(x)v, and consider on C^0_X (E) the transfer operator K, induced by F and ψ as follows: (KΨ)(x, v) = ∑ (y,u)∈F^−1(x,v) ψ(y, u)Ψ(y, u), Ψ ∈ C^0_X (E).

A short calculation shows that DLΦ = KDΦ + RΦ, Φ ∈ C^1_X (E) where R : C^1_X (E) → C^0_X (E) is a compact operator that contains terms with no derivative of Φ. General facts on the stability of Fredholm spectrum under compact perturbations imply that the essential spectral radius of L on C^1_X (E) is dominated by the spectral radius of K on C^0_X (E). Now we can apply Theorem 1 to K to prove the estimate in Theorem 2.

We note that the operator D and the identity DL = KD + R were used, in fact, in [13] for m = n = 1. In the case n = 1 the operator D is just the differentiation. We remark that for the weighted translation operator T , the same idea as in [13] was used in [2, 4, 20] to describe the spectrum of T on C^r. Using the same approach, the spectrum of the weighted translation operator T on C^r was described for m = 1, n ≥ 1 in [19].

The idea of the proof of Theorem 4 is related to the principle of localization of almost-eigenfunctions for the weighted translation operator T . This property of the almost-eigenfunctions was noticed first in [26], see also [23], and means that T has almost-eigenfunctions supported in an arbitrarily small neighborhood along an orbit of a point in X. In the proof of Theorem 4 for the operator L, by rescaling, we may assume that 1 = exp sup_{ν∈M}{h_ν + λ_ν} belongs to the approximate point spectrum of L. Then for every N ∈ N there exists a norm-one Φ ∈ C^0 such that ‖L^kΦ‖ is bounded for k = 0, 1, . . . , 2N, and ‖L^N Φ − Φ‖ is small. Take an aperiodic point x_0 ∈ X where ‖(L^N Φ)(x_0)‖ is of order one, a small ball B ∋ x_0, and a “bump”-function β supported in B with β(x_0) = 1. For z from the annulus (3) define

Γ(x) = 2N∑ j=0 z^{N−j} · γ(j) · L^j(β ∘ ϕ^N · Φ)(x), supp Γ ⊂ ∪^{2N}_{j=0}f^{j−N} (B), (9)

where γ : N → [0, 1] is supported on [0, 2N] such that γ(N) = 1 and |γ(j) − γ(j − 1)| is of order 1/N. One checks that ‖zΓ − LΓ‖ = O(1/N)‖Γ‖ for z as in (3), that proves the theorem.

Operator Notation. For an operator A on a Banach space Y we denote: σ(A) = σ(A, Y), the spectrum, σap(A) = σap(A, Y) the approximate point spectrum, σ_F (A) = σ_F (A, Y), the Fredholm spectrum, rsp(A) = rsp(A, Y) the spectral radius, ress(A) = ress(A, Y) the essential spectral radius. Also, B(Y) denotes the algebra of bounded linear operators on a Banach space Y.

Acknowledgments. This paper was started when the authors stayed at Texas A&M University at the workshop on functional analysis in August, 1994. We thank D. Larson for the opportunity to be in the inspiring environment there.

The first author thanks F. Botelho and P. Trow for numerous mathematical discussions, and Caffie Franklin for help and patience with typing and corrections.

The second author thanks C. Chicone for numerous discussions, A. Katok for his illuminating Remark 2 above, and A. Kitover for his help and explanation of his deep paper [19].

2 Spectral Radius

In this section we prove Theorems 1 and 3. These proofs are similar to the proof of Theorem 4.13 from [24], where another type of transfer operator was considered.

To fix notation, let E = (E, X, p) be an m-dimensional vector bundle with the projection p : E → X, fibers E_x ≃ R^m and base X. Here X is an n-dimensional smooth compact manifold with the tangent bundle T X. For fixed r = 0, 1, . . . we assume that operator L is defined as in (1) on C^r_X (E) with a C^r-smooth covering f : X → X and a C^r-smooth bundle automorphism ϕ : E → E, such that ϕ(x) : E_x → E_{f(x)} is linear and det ϕ(x) > 0 for each x ∈ X. The main case in this section is r = 0, the estimate in Theorem 1 for r ≥ 1 goes similarly.

To put Theorems 1 and 3 into a broader picture, we make the following remark.

Remark 1 Consider the scalar case m = 1 first. For the weighted translation operator T in (4) with a homeomorphism f it was proved in [5, 21] that

rsp(T ; C^0) = exp sup{ ∫ X log ϕ(x) dν : ν ∈ M}. For the transfer operator L induced by an expanding endomorphism f it was proved (see, e.g., [10, 30]) that rsp(L; C^0) = exp P (f, log ϕ), where P (f, log ϕ) is the topological pressure, that, by the variational principle, see, e.g., [17, 35], is equal to sup{h_ν + ∫ X log ϕ(x) dν : ν ∈ M}. For the matrix case m > 1 and weighted translation operator (4) it was proved in [24] that rsp(T ; C^0) = exp sup{λ_ν : ν ∈ M}. For the transfer operator L Ruelle Theorem 1 gives the estimate rsp(L; C^0) ≤ exp P (f, log ‖ϕ‖) or as in (2). Therefore, our Theorems 1 and 3 complete the calculations for rsp(L; C^0).

Throughout the paper we will need a part of the multiplicative ergodic theorem (see [27] or [35]) in the following setting. Let f : X → X be continuous and ϕ : E → E be a continuous bundle automorphism. Form the cocycle ϕ_k(x) = ϕ(f^{k−1}(x)) · . . . · ϕ(x) ∈ GL(R^m ), x ∈ X, k ∈ N.

For every f-ergodic Borel probability measure ν ∈ M = M(f) on X there exists a full ν-measure subset X_ν ⊂ X such that for every x ∈ X_ν and every v ∈ E_x the following exact Lyapunov-Oseledec exponent exists: λ(v, ν) = lim_{k→∞} 1 k log ‖ϕ_k(x)v‖. There are m^′ = m^′(ν) ≤ m different exponents λ(v, ν), they do not depend on x ∈ X_ν, and we order them as follows: λ_ν ≡ λ^1_ν > λ^2_ν > . . . > λ^{m′}_ν . Also,

λ_ν = lim_{k→∞} 1 k log ‖ϕ_k(x)‖, x ∈ X_ν. If ϕ(x) is lower triangular with the positive entries g_i(x), i = 1, . . . , m on the main diagonal, then the set of the Lyapunov-Oseledec exponents is just { ∫ X log g_i(x) dν : i = 1, . . . , m, ν ∈ M}. The multiplicative ergodic theorem, of course, holds for the cocycle Df^k(x), where Df is the differential. We will denote the Lyapunov-Oseledec exponents for this cocycle as χ^1_ν > χ^2_ν > . . . > χ^{n′}_ν ≡ χ_ν.

To fix notation, recall the definition of the topological pressure, see, e.g., [35]. A set F ⊂ X is called (k, ϵ)-separated if max_{0≤i≤k−1} d(f^ix, f^iy) > ϵ for each x ≠ y in X. A set G ⊂ X is called (k, ϵ)-spanning if for each y ∈ X there exists x ∈ G such that max_{0≤i≤k−1} d(f^ix, f^iy) ≤ ϵ. For a continuous ρ : X → R, k ∈ N and ϵ > 0 denote: P_k(f, ρ, ϵ) = sup { ∑ x∈F exp (n−1 ∑ i=0 ρ(f^ix) ) : F is a (k, ϵ) − separated set } ,

Q_k(f, ρ, ϵ) = inf ∑ x∈G exp (n−1 ∑ i=0 ρ(f^ix) ) : G is a (k, ϵ) − spanning set . The topological pressure then is

P (f, ρ) = lim_{ϵ→0} lim sup_{k→∞} 1 k log P_k(f, ρ, ϵ) = lim_{ϵ→0} lim sup_{k→∞} 1 k log Q_k(f, ρ, ϵ).

Proof of Theorem 1. For r = 0 we use (5) and (6) to estimate ‖L^k‖_{B(C}0_), k ∈ N as follows:

‖L^k‖_{B(C}0_) ≤ ∑ y∈f^{−k}(x_k) ‖ϕ_k(y)‖ = ∑ y∈f^{−k}(x_k) ‖ϕ_k(y)v_y‖ = ∑ y∈f^{−k}(x_k) ∼ ϕ_k(y, v_y) (10)

for appropriate, by compactness, x_k, where the max in (6) attains, and v_y chosen to satisfy ‖ v_y ‖= 1 and ‖ ϕ_k(y) ‖=‖ ϕ_k(y)v_y ‖. Here the scalar cocycle^∼ϕ_k over^∼f is defined by (5) as follows: ∼ ϕ_k :^∼X → R_+ ,^∼ϕ_k(x, v) =^∼ϕ (^∼f^{k−1}(x, v)) · . . . ·^∼ϕ (x, v), (x, v) ∈^∼X .

Because f is a covering, the last sum in (10) may be estimated using the topological pressure for^∼f as follows. For k ∈ N and

F_k(x) = { (y, v_y) : y ∈ f^{−k}x } ⊆^∼X , for sufficiently small ϵ and each x ∈ X, the set F_k(x) is (k, ϵ)-separated for^∼f since f is a covering in X. Then ∑ y∈f^{−k}(x) ∼ ϕ_k(y, v_y) ≤ P_k(^∼f , log^∼ϕ , ϵ). (11)

Hence, for r = 0,

log rsp(L; C^r) = lim_{k→∞} 1 k log ‖L^k‖ ≤ P (^∼f , log^∼ϕ ). (12)

The same estimate (12) also holds for r = 1, 2, . . .. Indeed, as in the proof of Theorem 3.1 in [31, p. 248], by taking derivatives in (6), one gets from (10)–(11) the inequality ‖L^kΦ‖_Cr ≤ p(k)P_k(^∼f , log^∼ϕ , ϵ)‖Φ‖_Cr for a polynomial p(k), and (12) follows.

Now we use the variational principle [35] and arguments from [24, Theorem 4.7] and [24, Lemma 4.14] to see that

P (^∼f , log^∼ϕ ) = sup μ∈M(^∼f ) { h_μ(^∼f ) + ∫ ∼ X log^∼ϕ dμ } ≤ sup ν∈M(f) {h_ν(f) + λ_ν}. (13)

Indeed, for a measure μ ∈ M(^∼f ) on^∼X its projection ν = projμ on X, ν(e) = μ(e × S), e ⊂ X, belongs to M(f) and satisfies h_μ(^∼f ) = h_ν (f) (see [24, Lemma 4.14]) and ∫_∼ X log^∼ϕ dμ ≤ λ_ν (see [24, Theorem 4.7] or [14]). This completes the proof of Theorem 1.

Proof of Theorem 3. We use the notation in (7). Also, for the bundle E = (E, X, p) let E = (E, X, p) be the bundle E = E × SO(m) over X = X × SO(m) with projection p : (x, V, u) → (x, V ), u ∈ E_x. Consider natural projections π_1 : X → X : (x, V ) → x, π_2 : X → SO(m) : (x, V ) → V. On the space C^0 = C^0_X (E) consider two transfer operators, induced by the map f:

(LΨ)(x, V ) = ∑ (y,U)∈f^−1(x,V ) ϕ(y, U)Ψ(y, U), (14)

and (LΨ)(x, V ) = ∑ (y,U)∈f^−1(x,V ) ϕ ∘ π_1(y, U)Ψ(y, U).

Since ϕ is lower triangular, we will be able to estimate log rsp(L; C^0) from below in terms of the pressure of the diagonal elements of ϕ. To use this to obtain the desired estimate for rsp(L; C^0), we will need the following fact.

Lemma 1 rsp(L; C^0) ≥ rsp(L; C^0) = rsp(L; C^0). (15)

Proof of Lemma 1. By our definitions,

ϕ(x, V ) = [π_2(x, V )]^T · ϕ ∘ π_1(x, V ) · [π_2(x, V )].

If the operator Π_2 is defined on C^0 as (Π_2Ψ)(x, V ) = V ·Ψ(x, V ) then one has Π^{−1}_2 LΠ_2 = L, and the right-hand equality in (15) is proved.

To finish the proof we show that ‖L‖ ≤ ‖L‖. Let ϵ > 0 be given and choose Ψ ∈ C^0 satisfying ‖Ψ‖ ≤ 1 and ‖LΨ‖ ≥ ‖L‖ − ϵ. Then

‖ LΨ ‖= max_{(x,U)} ‖ ∑ (y,W )∈f^−1(x,U) ϕ ∘ Π_1(y, W )Ψ(y, W ) ‖

= ‖ ∑ (y,W )∈f^−1(x0,U0) ϕ ∘ Π_1(y, W ) · Ψ(y, W ) ‖, for fortuitously chosen (x_0, U_0), by compactness. For each y ∈ f^{−1}(x_0), choose W_y to satisfy (y, W_y) ∈ f^{−1}(x_0, U_0) and define Φ(y) = Ψ(y, W_y). Observe that for each y ∈ f^{−1}(x_0), ‖ Φ(y) ‖≤ 1. For each such y, find an open neighborhood B_y so that if y, y^′ are distinct points in f^{−1}(x_0) then B_y ∩ B_y′ = ∅. Using a partition of unity subordinate to the collection {B_y}_{y∈f −1(x0)}, extend Φ to all of X so that Φ ∈ C^0 and ‖ Φ ‖≤ 1. Then ‖L‖ − ϵ ≤ ‖LΨ‖ = ‖ ‖ ‖ ‖ ‖ ∑ y∈f^−1(x0) ϕ(y)Φ(y) ‖ ‖ ‖ ‖ ‖ ≤ ‖LΦ‖_C0 ≤ ‖L‖_{B(C}0_), and the lemma is proved.

Going back to the proof of the theorem, let us set ξ = (x, V ), η = (y, U) and re-write (14) as (LΨ)(ξ) = ∑ η∈f^−1(ξ) ϕ(η)Ψ(η), Ψ ∈ C^0_X (E). (16)

Denote the diagonal entries of ϕ(ξ) as g_j(ξ), 1 ≤ j ≤ m. For each ξ and k, the value of the cocycle ϕ_k(ξ) ≡ ϕ(f^{k−1}(ξ)) · . . . · ϕ(ξ) is a lower triangular matrix with positive diagonal entries. Then

‖ L^k ‖= sup_{‖Ψ‖=1} max_{ξϵX} ‖ ∑ η∈f^−1(ξ) ϕ_k(η)Ψ(η) ‖Rm . For j = 1, . . . , m we may choose Ψ(ξ) = Ψ_j(ξ) ≡ e_j (where e_1, . . . , e_m is the standard basis for R^m ). Then ‖ L^k ‖≥ max_{1≤j≤m} max_{ξ∈X} ‖ ∑ η∈f^{−k}(ξ) ϕ_{k,j}(η) ‖Rm≥ max_{1≤j≤m} max_{ξ∈X} ∑ η∈f^{−k}(ξ) d_j(η, k).

where ϕ_{k,j}(η) is the j-th column of ϕ_k(η), with the j-th entry d_j(η, k) =^{k−1}Π_{i=0} g_j(f^i(η)). As a result, 1 k log ‖L^k‖ ≥ 1 k log max_{ξ∈X} ∑ η∈f^{−k}(ξ) d_j(η, k), j = 1, . . . , m. (17) Fix ϵ > 0. Since f is expanding there exists k_0 ∈ N such that for any k ∈ N and any ξ ∈ X the set G_k(ξ) ≡ { f^{−(k+k0)}(ξ) } is (k, ϵ)-spanning for f. Then, for n = k + k_0 and each j = 1, . . . , m, max_ξ ∑ η∈f^{−k}(ξ) d_j(η, k) ≥ Q_n(f, log g_j, ϵ). We use (17), the definition of the pressure and the variational principle to obtain for each j = 1, . . . , m:

log rsp(L) ≥ log rsp(L) ≥ P (f, log g_j) = sup_{μ∈M(f)} { h_μ(f) + ∫ X log g_j dμ } . (18)

The cocycles ϕ_k(x) and ϕ_k(ξ) are homologous and have the same Lyapunov-Oseledec exponents. Since ϕ_k(ξ) is diagonal, its Lyapunov-Oseledec exponents are ∫ X log g_j dμ, j = 1, . . . , m. As in the last paragraph of the proof of Theorem 4.15 in [24], we conclude that the right-hand side of (18) is greater than or equal to sup_{ν∈M(f)} {h_ν(f) + λ_ν}.

3 Annulus in the Spectrum

In this section we will prove Theorem 4. Our proof is based on the localization property for almost-eigenfunctions of L in C^0, cf. [26] and [23]. Recall, that for an operator A on a Banach space Y the approximate point spectrum σap(A) is the set of z ∈ C such that for every ϵ > 0 there exists an h ∈ Y such that ‖zh − Ah‖ ≤ ϵ‖h‖. There always exists an z ∈ σap(A) with |z| = rsp(A; Y).

We will need the following auxiliary result (cf. Remark 1 above).

Lemma 2

lim_{n→∞} max_{x∈X} ‖ϕ_n(x)‖^{1/n} ≤ exp sup_{ν∈M} λ_ν.

Proof of Lemma 2 goes exactly as in [25, Theorem 3.3]. We briefly indicate the arguments. Define the scalarization^∼f and^∼ϕ as in (5). Then

max_{x∈X} ‖ϕ_n(x)‖^{1/n} = exp max_{(x,v)∈ ∼} X 1 n n−1∑ j=0 log^∼ϕ (^∼f^j(x, v)),

and the last maximum attains at some (x_n, v_n) ∈^∼X . Take on^∼X the Borel probability measures μ_n(h) = 1 n n−1∑ j=0 log h(^∼f^j(x_n, v_n)), h ∈ C^0R(^∼X ), n ∈ N,

and a w^∗-limit point μ of the sequence {μ_n}_{n∈}N. Then

lim_{n→∞} max (x,v)∈^∼X 1 n n−1∑ j=0 log^∼ϕ (^∼f^j(x, v)) = ∫ ∼ X log^∼ϕ (x, v) dμ. Let ν ∈ M(f) be the projection of μ on X. By the Birkhoff-Khinchine ergodic theorem for μ and by the multiplicative ergodic theorem for ν there exists (x, v) ∈^∼X so that for every ϵ > 0 ∫ ∼ X log^∼ϕ (x, v) dμ − ϵ ≤ lim_{n→∞} 1 n n−1∑ j=0 log^∼ϕ (^∼f^j(x, v))

= lim_{n→∞} 1 n log ‖ϕ_n(x)v‖ ≤ λ_ν ≤ sup_{ν∈M} λ_ν, and the lemma follows.

Proof of Theorem 4. Consider the operator L on C^0 = C^0_E(X). Assume f is expanding. Then, by Theorem 3, rspL = exp sup{h_ν + λ_ν : ν ∈ M}. By rescaling, we may assume that 1 = exp sup{h_ν + λ_ν : ν ∈ M}, and 1 ∈ σap(L).

Fix a positive integer N. Since 1 ∈ σap(L), with the appropriate choice of Φ ∈ C^0, one can have (L − I)Φ arbitrary small. Thus, we may find Φ ∈ C^0, depending on N, but with ‖Φ‖_C0 = 1 and satisfying ‖ (L^N − I)Φ ‖ ≤ 1/8; (19) ‖ L^jΦ ‖ ≤ 2, for j = 0, 1, . . . , 2N. (20) (See a proof of this simple fact in [23, Lemma 3.1]). Choose a point x_0 ∈ X so that x_0 is aperiodic for f and ‖ Φ(x_0) ‖Rm≥ 3/4. Recall that f is a covering, and for a small enough neighborhood B of x_0 the set f^{−1}(B) has disjoint components. With this in mind, choose a neighborhood B of x_0, and a bump-function β : B → R satisfying:

i) all components of the set ∪^{2N}_{j=0}f^{j−N} (B) are disjoint;

ii) an appropriate branch of f^{N−j}, j = 0, . . . , 2N maps each of these components on B homeomorphically.

iii) β is continuous, supported on B, 0 ≤ β(x) ≤ 1, and β(x_0) = 1. Then α = β ∘ f^N is supported on f^{−N} (B). Define a damping function γ : R → R by γ(t) = t · (2N − t) N^2

, if t ∈ [0, 2N], and γ(t) = 0 otherwise.

Then 0 ≤ γ ≤ 1 with γ(0) = γ(2N) = 0 and γ(N) = 1. Also, |γ(t + 1) − γ(t)| ≤ 4/N for all t ∈ R. (21) Now fix z in the annulus (3), which, of course, may degenerate to a circle. We define a function Γ ∈ C^0 by Γ(x) = 2N∑ j=0 z^{N−j} · γ(j) · L^j(α · Φ)(x), x ∈ X. (22) Eventually we will show that Γ has large supremum norm (at least 1/2) and that ‖LΓ − zΓ‖ is O(1/N). A calculation shows that zΓ(x) − LΓ(x) = 2N∑ j=1 z^{N−j+1}[γ(j) − γ(j − 1)]L^j(αΦ)(x). (23)

We note that the summands in (23) have disjoint support: suppL^j(αΦ) ⊂ f^{j−N} (B) for j = 0, 1, . . . , 2N.

For any j = 0, 1, . . . , 2N fix x ∈ f^{j−N} (B). Note that α(y) ≠ 0 for y ∈ f^{−j}(x) only provided y ∈ f^{−j}(x) ∩ f^{−N} (B). Fix any y ∈ f^{−j}(x) ∩ f^{−N} (B). Then f^N (y) ∈ f^{N−j}(x) ∩ B. Thus, for each x ∈ f^{j−N} (B) there exists x̃ ∈ B, independent of y, such that f^N (y) = x̃. Hence, α(y) = β(f^N (y)) = β(x̃). As a result, for j = 0, 1, . . . , N one has L^j(αΦ)(x) = β(x̃)(L^jΦ)(x). For j = N +1, . . . , 2N one has ϕ_j(y) = ϕ_{j−N} (x̃)ϕ_N (y), and, as a result, (L^jαΦ)(x) = β(x̃)ϕ_{j−N} (x̃)(L^N Φ)(x̃).

Apply (21) to estimate the norm of (23). We see, that ‖zΓ − LΓ‖_C0 ≤ 4 N M, (24) where M is the maximum of two numbers: max 1≤j≤N max x∈f^{j−N} (B) ‖z^{N−j+1}β(x̃)L^jΦ(x)‖, (25) max N+1≤j≤2N max x∈f^{j−N} (B) ‖z^{N−j+1}β(x̃)ϕ_{j−N} (x̃)L^N Φ(x̃)‖. (26) Since |z| ≤ 1 and max_x |β(x)| ≤ 1, we can use (20) for j = 1, . . . , N to see that (25) is less than or equal to 2. Also, (20) with j = N and Lemma 2 show that (26) is less than or equal to max N+1≤j≤2N 2|z|^{N−j+1} max_{x∈X} ‖ϕ_{j−N} (x)‖ (27) ≤ max N+1≤j≤2N 2|z|^{N−j} · C exp { (j − N) sup_{ν∈M} λ_ν }

with a constant C independent of N. Since |z|^{−1} exp sup λ_ν ≤ 1 by (3), we conclude that (27) is bounded by a constant, independent on N. Thus, M in (24) does not depend on N.

To estimate ‖Γ‖_C0 from below, we recall that x_0 ∈ B. Then, from (23) and (19):

‖Γ‖_C0 ≥ ‖Γ(x_0)‖ = ‖(L^N αΦ)(x_0)‖ = ‖L^N Φ(x_0)‖ ≥ ‖Φ(x_0)‖ − 1 8 ≥ 1 2 . We combine this with (24) to see that z ∈ σap(L).

4 Essential Spectral Radius

In this section we prove Theorem 2 for the essential spectral radius of the transfer operator L acting on C^r_X (E), r = 1, 2, . . .. The idea is to extend X to a wider compact X and f to a map F : X → X . Then, up to a compact operator, we construct an intertwining D of the transfer operator L on smooth sections over X with a transfer operator K on continuous sections over X . This allows us to estimate the essential spectral radius of L via the spectral radius of K. Next, we apply Theorem 1 to estimate the spectral radius of K. To get a better intuition one can think that X ⊂ R^n and E is a trivial bundle X × R^m . More details on global definitions of the operators D and K, involving connections on vector bundles, etc., will be given elsewhere [11].

To fix notation, recall that E = (E, X, p) is an m-dimensional vector bundle with the projection p : E → X, fibers E_x ≃ R^m and base X. Here X is an n-dimensional smooth compact manifold with the tangent bundle T X = (T X, X, π) with the natural projection π : T X → X. Let T^1X = (T^1X, X, π) be the unit tangent bundle with the fibers T^1_x X and projection π : w → x, w = (x, v), v ∈ T^1_x X, x ∈ X. For r = 1, 2, . . . we use bold face to denote r-tuples, e.g., w = (w_1, . . . , w_r), v = (v_1, . . . , v_r), etc.

Fix r = 1, 2, . . . and define the bundle T^1X^{(r)} = (T^1X^{(r)}, X, π) as

T^1X^{(r)} = {w = (w_1, . . . , w_r) ∈ T^1X × . . . × T^1X : w_i ∈ T^1X, i = 1, . . . , r, π(w_1) = . . . = π(w_r)} with the fibers T^1X^{(r)}_x = T^1_x X × . . . × T^1_x X and the projection π : w = (x, v) → x = π(w_i). Here w = (w_1, . . . , w_r), w_i = (x, v_i), and v ∈ T^1X^{(r)}_x , that is v = (v_1, . . . , v_r), v_i ∈ T^1_x X for i = 1, . . . , r. We identify T^1X^{(r)} with the compact manifold X = {(x, v) : x ∈ X, v = (v_1, . . . , v_r), v_i ∈ T^1_x X, i = 1, . . . , r} by the map q : T^1X^{(r)} → X : w → (π(w), v) with w = (x, v), w_i = (x, v_i), i = 1, . . . , r, v ∈ T^1X^{(r)}_x .

Consider the bundle E = {(e, w) ∈ E × T^1X^{(r)} : p(e) = π(w)} over X with projection E → X : (e, w) → q(w) and fibers E_{(x,}v_) ≃ R^m . Locally, E = {(x, v, u) : x ∈ X, v ∈ T^1X^{(r)}_x , u ∈ R^m }. Define a map F : X → X and a bundle automorphism ψ : E → E as follows: F : (x, v) → ( f(x), Df(x)v_1 ‖Df(x)v_1‖ , . . . , Df(x)v_r ‖Df(x)v_r‖ ) , ψ(x, v) = ϕ(x) · r∏ i=1 ‖Df(x)v_i‖^{−1}, where Df(x) is differential of f and v ∈ T^1X^{(r)}_x . These F and ψ generate in the space C^0 = C^0_X (E) of continuous sections of E a transfer operator, K, by the rule (KΨ)(x, v) = ∑ (y,u)∈F^{−1}(x,v) ψ(y, u)Ψ(y, u), (x, v) ∈ X , Ψ ∈ C^0_X (E). (28) Recall, that the space C^r = C^r_X (E) of smooth sections of E is equipped with the usual norm

‖Φ‖_Cr = max_{0≤k≤r} ‖D^kΦ‖_k = max_{0≤k≤r} max_{x∈X} maxv ‖ ( D^kΦ ) (x)(v_1, . . . , v_k)‖Rm, where v = (v_1, . . . , v_k), v_i ∈ T^1_x X, i = 1, . . . , k and the k-th differential D^kΦ(x) is a k-linear operator from the k-fold product T^1_x X × . . . × T^1_x X to R^m , x ∈ X.

Consider an operator D : C^r_X (E) → C^0_X (E) defined as follows:

(DΦ)(x, v) = D^rΦ(x)(v), v = (v_1, . . . , v_r), v_i ∈ T^1_x X, i = 1, . . . , r. Note, that ‖D^rΦ‖_r = ‖DΦ‖_C0 . Clearly, D has dense range and dim Ker D = m. We will need the following lemma. Lemma 3 DLΦ = KDΦ + RΦ, Φ ∈ C^r_X (E), where R is a compact operator from C^r_X (E) to C^0_X (E).

Proof of Lemma 3. Take a smooth finite partition of unity {ρ_i} for X, ∑ i ρ_i(x) = 1, x ∈ X, suppρ_i \ (∪_{j≠i}suppρ_j) ≠ ∅.

By writing Φ = ∑ i ρ_iΦ one can assume that support of Φ in the lemma is arbitrary small, and make local (that is, in coordinates) calculations.

We will proceed for r = 1 first. In this case, using Leibniz and chain rules, one has: (DLΦ)(x, v) = ∑ y∈f^−1(x) ϕ(y)(DΦ)(y)[Df(y)]^{−1}(v) + (RΦ)(x, v), (29)

where (RΦ)(x, v) = ∑ y∈f^−1(x) A(y, x, v)Φ(y), and A(y, x, v) are some (m × m)-matrices.

The second term, RΦ, in (29) does not contain differentiation. As a result, R in the lemma is a compact operator. Indeed, the imbedding Id : C^1_X (E) → C^0_X (E) is compact. Define on C^0_X (E) a bounded operator A as (AΨ)(x, v) = ∑ y A(y, x, v)Ψ(y, v), and a bounded imbedding I : C^0_X (E) → C^0_X (E) as (IΦ)(x, v) ≡ Φ(x). Then R = A ∘ I ∘ Id is compact.

To handle K, take the first term in (29) and re-write it as ∑ y∈f^−1(x) ϕ(y) · ‖[Df(y)]^{−1}(v)‖ · ‖ ‖ ‖ ‖(DΦ)(y) ( [Df(y)]^{−1}(v) ‖[Df(y)]^{−1}(v)‖ )‖ ‖ ‖

= ∑ (y,u)∈F^−1(x,v) ψ(y, u)(DΦ)(y, u) = (KDΦ)(x, v), by the definition of ψ and since (y, u) = [Df(y)]^{−1}(v)/‖[Df(y)]^{−1}(v)‖ for (y, u) ∈ F^{−1}(x, v) by the chain rule and the definition of F .

We omit similar, but tedious calculations for r > 1.

Since the construction of the operators K and D in general case are rather cumbersome, we specialize it for the following particular examples.

Example 1. For r = 1, n = 1, X ≃ [0, 1] and the scalar case m = 1 the operator D is just the differentiation DΦ = Φ^′. Clearly, X = [0, 1] and F = f. Also, (LΦ)^′ = KΦ^′ + ∑ y [ϕ(y)]^′Φ(y), where KΦ^′ = ∑ y ϕ(y) |f^′(y)| Φ^′(y).

Since D is onto and has one-dimensional kernel, it is clear (see remarks before Lemma 4) that the Fredholm spectrum σ_F (L; C^1) = σ(K; C^0). This approach was used in [13] for a description of the essential spectrum σess(L, C^1) in the case m = n = 1. See also [2, 4, 20] for the description of σ(T, C^1) for the weighted translation operator (4) and m = n = 1.

Example 2. For r = 1, n > 1, X ⊂ R^n and m = 1 one has (DΦ)(x, v) = (▽Φ)(x) · v for the gradient ▽ and v ∈ S^{n−1} = {v ∈ R^n : ‖v‖Rn = 1}. We think about v as an (n × 1)-vector and (▽Φ)(x) as a (1 × n)-covector. Also, X = X × S^{n−1} and F (x, v) = (f(x), Jacf(x) · v/‖Jacf(x) · v‖) for the Jacoby matrix Jacf. Take gradient from LΦ to obtain Lemma 3 by collecting terms with no derivatives of Φ as RΦ. For a fixed y ∈ f^{−1}(x) by the chain rule one has ▽[Φ(y)] = (▽Φ)(y) · [Jacf(y)]^{−1} and (KΦ)(x, v) = ∑ y∈f^−1(x) ϕ(y)(▽Φ)(y) · [Jacf(y)]^{−1}v.

We divide and multiply the last term by ‖[Jacf(y)]^{−1}v‖. Also, F^{−1}(x, v) = {(y, u) : x = f(y) and v = Jacf(y)u/‖Jacf(y)u‖}. If ψ(x, v) is defined as ψ(x, v) = ϕ(x)/‖Jacf(x)v‖, then, for (y, u) ∈ F^{−1}(x, v), one has ϕ(y)‖[Jacf(y)]^{−1}v‖ = ψ(y, u) and (KΦ)(x, v) = ∑ (y,u)∈F^−1(x,v) ψ(y, u)(▽Φ)(y) · u. See [19] for an application of this idea to the description of σ(T ; C^1) for the weighted translation operator (4) in the case n > 1 and m = 1.

We need a lemma connecting the essential spectral radius ress(L; C^r_X (E)) and rsp(K; C^0_X (E), for which we use the following elementary facts from operator theory.

Recall (see, e.g., [28]), that the essential spectrum for an operator A on a Banach space Y is the set σess(A) consisting of z ∈ C so that one of the following is true:

(i) Range z − A is not closed;

(ii) z is an accumulation point of the spectrum of A;

(iii) ∪^∞_{i=1} Ker (z − A) is infinite dimensional.

Also (see, e.g., [28]), the Nussbaum formula for the essential spectral radius is given by

ress(A) = lim_{n→∞} inf_{R∈J} ‖A^n − R‖^{1/n}, (30)

where J is the ideal of compact operators in B(Y). An operator A is called Fredholm if its range is closed and both dim KerA and dim CokerA are finite. The Fredholm spectrum σ_F (A) of A is the set of z ∈ C so that z − A is not Fredholm. In other words, the image i(z − A) of z − A under the factor-projection i of B(Y) to the Calkin factor-algebra B(Y)/J is not invertible in this factor-algebra. Since (30) is exactly the formula for the spectral radius of i(A) in B(Y)/J , the Fredholm spectral radius sup{|z| : z ∈ σ_F (A)} is equal to ress(A).

We say that an operator A ∈ B(Y) is a Φ_+-operator if its range is closed and dim KerA is finite. For a Φ_+-operator A the index IndA is given by dim KerA − dim CokerA, and may take value −∞. We will need four simple facts about Φ_+- operators (see, e.g., [12, Section I.11]).

(1). If A is a Φ_+-operator and R is compact, then A + R is a Φ_+-operator. (2). If A is a Φ_+-operator, then A + B is a Φ_+-operator with Ind(A + B) = IndA for every B ∈ B(Y) with small enough ‖B‖.

(3). For any A, B ∈ B(Y), if BA is a Φ_+-operator, then A is a Φ_+-operator. (4). If A is a Φ_+-operator and B is invertible, then BA is a Φ_+-operator. We will need the following lemma.

Lemma 4 For L and K as in Lemma 3 one has:

ress(L; C^r_X(E)) ≤ rsp(K; C^0_X (E)).

Proof of Lemma 4. Take z ∈ σ_F (L; C^r_X(E)) such that |z| = ress(L; C^r_X(E)). Suppose, by contradiction, that |z| > rsp(K; C^0_X (E)). Then z − K is invertible. Since D has closed range and finite dimensional kernel, that is, is a Φ_+-operator, (z − K)D is a Φ_+-operator by (4). Since, by Lemma 3, R is a compact operator, (1) implies that D(z − L) = (z − K)D + R is also a Φ_+-operator. Then z − L is a Φ_+-operator by (3). Since z belongs to the boundary of σess(L), there is a sequence z_n → z such that z_n − L are invertible. In particular, Ind(z_n − L) = 0. Hence, by (2), Ind(z − L) = 0, and z − L is Fredholm, in contradiction to z ∈ σ_F (L; C^r_X (E)). Proof of Theorem 2. By Theorem 1 for K on C^0_X (E) we have the estimate

log rsp(K; C^0_X (E)) ≤ sup_{μ∈M(F )}{h_μ(F ) + Λ_μ},

where Λ_μ is the largest Lyapunov-Oseledec exponent for the cocycle ψ_k(x, v) = ψ(F^{k−1}(x, v)) · . . . · ψ(x, v) = ϕ_k(x) r∏ i=1 ‖Df^k(x)v_i‖^{−1}, v = (v_1, . . . , v_r)

over F . By the multiplicative ergodic theorem for the cocycle ψ_k(x, v) there exists a full μ-measure set X_μ ⊂ X such that

Λ_μ = lim_{k→∞} 1 k log ( ‖ϕ_k(x)‖ r∏ i=1 ‖Df^k(x)v_i‖^{−1} ) for all (x, v) ∈ X_μ. (31)

Denote ν = projμ ∈ M(f), the projection of μ ∈ M(F ) on X. As in [24, Lemma 4.14], h_μ(F ) = h_ν (f), and it remains to estimate Λ_μ.

Use the multiplicative ergodic theorem for the cocycle Df^k(x) over f to take a full ν-measure set X_ν ⊂ X such that for all x ∈ X_ν and all v ∈ T^1_x X there exist limits lim_{k→∞} 1 k log ‖Df^k(x)v‖ ≥ χ_ν , with χ_ν to be the smallest Lyapunov-Oseledec exponent for the cocycle Df^k(x). By the multiplicative ergodic theorem for the cocycle ϕ_k(x) over f we may also assume that λ_ν = lim_{k→∞} 1 k log ‖ϕ_k(x)‖ for all x ∈ Xν with λ_ν to be the largest Lyapunov-Oseledec exponent for the cocycle ϕ_k(x). Fix (x, v) ∈ X_μ so that x ∈ X_ν. Then (31) implies

Λ_μ = lim_{k→∞} 1 k log ‖ϕ_k(x)‖ − r∑ i=1 lim_{k→∞} 1 k log ‖Df^k(x)v_i‖ ≤ λ_ν − r · χ_ν , as required.

References

[1] Abramovich, Yu., E. Arenson, E., and Kitover, A.: Banach C(K)-modules and Operators Preserving Disjointness. Pitman Res. Notes 277, Longman, 1992.

[2] Antonevich, A. B.: Linejnye funkcional’nye uravnenija. Operatornyj podhod. (Linear Functional Equations. Operator Approach), in Russian, Univesitetckoe, Minsk, 1988.

[3] Antonevich, A. B.: Two methods for investigating the invertibility of operators from C^∗-algebras generated by dynamical systems. Math. USSR-Sbornik 52, 1–20 (1985).

[4] Antonevich, A. B.: The spectrum of weighted translation operators on W^l_p(X).

Dokl. Akad. Nauk USSR 264, no. 5, 1033–1035 (1982).

[5] Antonevich, A. B., Lebedev, A.: Spectral properties of weighted translation operators. Izvestja AN USSR, Mathem. 47, 915–941 (1983).

[6] Baladi, V.: Dynamical Zeta Functions. Preprint, to appear in NATO ASI Series C:

Mathematical Sciences, volume entitled ”Real and Complex Dynamical Systems”, Kluwer Academic Publishers.

[7] Baladi, V., Isola, S., Schmitt, B.: Transfer operator for piecewise affine approximations for interval maps. Preprint.

[8] Baladi, V., Jiang, Y., Lanford III, O.: Transfer operator acting on Zygmund functions. Preprint.

[9] Baladi, V., Keller, G.: Zeta functions and transfer operators for piecewise monotone transformations. Commun. Math. Phys. 127, 459–477 (1990).

[10] Bowen, R.: Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Lecture Notes in Mathematics, 470, Springer-Verlag, New York, 1975.

[11] C. Chicone, C., Kitover, A., and Latushkin, Y.: Smooth linear skew-product flows and weighted translation operators on spaces of smooth bundle sections. Preprint in preparation.

[12] Gohberg, I., Fel’dman, I.: Convolution Equations and Projection Methods for their Solution. AMS, Providence, 1974.

[13] Collet, P., Isola, S.: On the essential spectrum of the transfer operator for expanding Markov maps. Commun. Math. Phys. 139, 551–557 (1991).

[14] Furstenberg, H., Kiefer, Y.: Random matrix products and measures on projective spaces. Israel. J. Math. 46, no. 1–2, 12–32 (1983).

[15] Haydn, N.: Meromorphic extension of the zeta function for Axiom A flows. Ergod.

Th. Dynam. Sys. 10, 347–360 (1990).

[16] Hofbauer, F., Keller, G.: Zeta-functions and transfer operators for piecewise linear transformations. J. Reine Angew. Math. 352, 100–113 (1984).

[17] Katok, A., Hasselblatt, B.: Introduction to the Modern Theory of Dynamical Systems. Encycl. Math. Appl., 54, Cambridge Univ. Press, 1995.

[18] Keller, G., Nowicki, T.: Spectral theory, zeta functions and the distribution of periodic points for Collet-Eckmann maps. Commun. Math. Phys. 149, 31–69 (1992).

[19] Kitover, A.: Spectral properties of weighted endomorphisms in commutative Banach algebras. Funct. Theory, Funct. Anal and Appl. 41, 70–77 (1984).

[20] Kitover, A.: Operators on C^1 induced by smooth mappings. Funct. Anal. Appl.

16, 61–62 (1982).

[21] Kitover, A.: The spectrum of weighted automorphisms and Kamowitz-Sheinberg theorem. Funct. Anal. Appl. 13, 70–71 (1979).

[22] Latushkin, Y., Montgomery-Smith, S.: Lyapunov theorems for Banach spaces.

Bull. Amer. Math. Soc. (N.S.) 31, no. 1, 44–49 (1994).

[23] Latushkin, Y., Montgomery-Smith, S., Randolph, T.: Evolutionary semigroups and dichotomy of linear skew-product flows on locally compact spaces with Banach fibers. J. Diff. Eqns., to appear.

[24] Latushkin, Y., Stepin, A.: Weighted translation operators and linear extensions of dynamical systems. Russian Math. Surveys 46:2, 95– 165 (1991).

[25] Latushkin, Y., Stepin, A.: Weighted shift operators, spectral theory of linear extensions and the multiplicative ergodic theorem. Math. USSR Sbornik 70, no. 1, 143–163 (1991).

[26] Mather, J.: Characterization of Anosov diffeomorphisms. Indag. Math. 30, 479– 483 (1968).

[27] Oseledec, V.: A multiplicative ergodic theorem. Lyapunov characteristic numbers for dynamical systems. Amer. Math. Soc. Transl., Trans. Moscow Math. Soc. 19, 197–231 (1968).

[28] Parry, W., Pollicott, M.: Zeta Functions and The Periodic Orbit Structure of Hyperbolic Dynamics, Societe Mathematique de France, Asterisque 187-188, Paris, 1990.

[29] Pollicott, M.: Meromorphic extensions of generalized zeta functions. Invent. Math.

85, 147 – 164 (1986).

[30] Ruelle, D.: Thermodynamic Formalism, Addison-Wesley, 1978.

[31] Ruelle, D.: The thermodynamic formalism for expanding maps. Commun. Math.

Phys. 125, 239–262 (1989).

[32] Ruelle, D.: Spectral properties of a class of operators associated with maps in one dimension. Ergod. Th. Dynam. Sys. 11, 757–767 (1991).

[33] Ruelle, D.: Dynamical Zeta Functions for Piecewise Monotone Maps of the Interval, CRM Monograph Series 4, Centre de Res. Mathematiques, Universite de Montreal, Amer. Math. Soc., 1991.

[34] Young, L. S.: Decay of correlations for certain quadratic maps. Commun. Math.

Phys. 146, 123–138 (1992).

[35] Walters, P.: An Introduction to Ergodic Theory, Grad. Texts in Math. 79, Springer- Verlag, N. Y., 1982.