Turbulence Noise

Gregory L. Eyink Department of Mathematics, University of Arizona Building No. 89, Tuscon, AZ, 85721

Abstract We show that the large-eddy motions in turbulent fluid flow obey a modified hydrodynamic equation with a stochastic turbulent stress whose distribution is a causal functional of the large-scale velocity field itself. We do so by means of an exact procedure of “statistical filtering” of the Navier-Stokes equations, which formally solves the closure problem, and we discuss relations of our analysis with the “decimation theory” of Kraichnan. We show that the statistical filtering procedure can be formulated using field-theoretic pathintegral methods within the Martin-Siggia-Rose formalism for classical statistical dynamics. We also establish within the MSR formalism a “least-effective-action principle” for mean turbulent velocity profiles, which generalizes Onsager’s principle of least dissipation. This minimum principle is a consequence of a simple realizability inequality and therefore holds also in any realizable closure. Symanzik’s theorem in field-theory—which characterizes the static effective action as the minimum expected value of the quantum Hamiltonian over all state vectors with prescribed expectations of fields—is extended to MSR theory with non- Hermitian Hamiltonian. This allows stationary mean velocity profiles and other turbulence statistics to be calculated variationally by a Rayleigh-Ritz procedure. Finally, we develop approximations of the exact Langevin equations for large eddies, e.g. a random-coupling DIA model, which yield new stochastic LES models. These are compared with stochastic subgrid modelling schemes proposed by Rose, Chasnov, Leith, and others, and various applications are discussed.

Key words: Navier-Stokes, turbulence noise, LES, generalized Langevin equations, variational principles PACS numbers: 47.27.Sd, 03.40.Gc, 47.25.Cg, 64.60.Ak

1 Introduction

The analogy of turbulent motion with the hydrodynamics of molecular fluids has played a central role in attempts to understand and to model the dynamics of large, turbulent eddies. In ordinary Newtonian hydrodynamics, at least in the low Mach number, incompressible regime, the local fluid velocity obeys an equation of the form

∂_tv + ∇ · (vv + τ^s) = −∇p, (1.1)

in which p is the (kinematic) pressure, required to enforce the incompressibility constraint ∇ · v = 0, and τ^s is the viscous stress tensor τ^s = −ν_0[(∇v) + (∇v)^⊤]. (1.2)

The so-called molecular viscosity ν_0 represents the residual, dissipative effects of the “graininess” of matter at the fluid level. Likewise, in the case of turbulent motion, the “large-scale velocity” v_ℓ, which may be conveniently defined by a smooth filtering

v_ℓ(r) ≡ ∫ d^dr^′ G_ℓ(r − r^′)v(r^′), (1.3)

obeys an equation of the form

∂_tv_ℓ + ∇ · (v_ℓv_ℓ + τ_ℓ) = −∇p_ℓ, (1.4)

in which p_ℓ is the filtered pressure field and τ_ℓ is a tensor representing the turbulent stress of the eliminated small-scale eddies < ℓ. If the Reynolds number of the fluid is high and ℓ is chosen in the long “inertial range” of scales, then the molecular viscosity is believed to play a negligible role in the evolution of the large eddies > ℓ. Instead the primary effect is believed to be due to the smaller scale turbulence, which is modelled, by analogy with the molecular fluids, as

τ_ℓ = −ν_ℓ[(∇v_ℓ) + (∇v_ℓ)^⊤], (1.5)

in which ν_ℓ is now a so-called eddy viscosity. This representation of the effect of small-scales as a simple damping is, however, not nearly so accurate as in the molecular case, where there is generally a large separation of scales between the atomic and fluid degrees of freedom. In contrast, in the case of turbulence, there is no such scale-separation and the eddy-viscosity representation is flawed, leading to a variety of viscoelastic, nonlinear effects [1, 2].

Here we shall be concerned with another over-simplification of the eddy-viscosity representation. In fact, even in the case of molecular fluids there is an additional influence of the microscopic degrees of freedom, which is a stochastic effect due to the chaotic molecular motions. Because of such effects, Landau and Lifshitz [3] proposed in 1959 that there should be also in the Navier-Stokes fluid equation Eq.(1) a random stress τ^r, as

∂_tv + ∇ · (vv + τ^s + τ^r) = −∇p. (1.6)

Since the molecular degrees of the fluid are, by mixing properties of the dynamics, locally in a state of thermal equilibrium, the random stress field τ^r(r, t) should have statistics which are those of the universal Gibbs states. Motivated by such considerations, Landau and Lifshitz hypothesized that τ^r for the fluid at temperature T should be a Gaussian random field with zero mean and covariance ⟨τ^r_{ij}(x, t)τ^r_{kl}(y, s)⟩ = (2k_BT ν_0/ρ)(δ_{ik}δ_{jl} + δ_{il}δ_{jk})δ^d(x − y)δ(t − s), (1.7) where the delta-functions arise from the fast decay of correlations in the Gibbs states. This “fluctuation-dissipation relation” (FDR) relating the strength of the noisy stresses and the molecular viscosity makes clear that the two contributions to the momentum flux have the same origin in the microscopic degrees-of-freedom. Generally speaking, the molecular noise gives a negligible effect on the gross fluid motions, but it does have observable consequences for fluctuation behavior seen, for example, in light-scattering experiments.

By the same analogy with molecular fluids which motivated the eddy-viscosity model Eq.(1.5), one therefore should expect that the stress tensor in the equation of motion of large turbulent eddies will consist of both a systematic (or, deterministic) and a fluctuating part:

∂_tv_ℓ + ∇ · (v_ℓv_ℓ + τ^s_ℓ + τ^r_ℓ ) = −∇p_ℓ. (1.8)

In fact, an exact formula for the turbulent stress can be deduced from the filtering procedure, as τ_ℓ = (vv)_ℓ − v_ℓv_ℓ. (1.9)

This representation of the stress is as a function of the full velocity field v, that is, of the small-scale (or, sub-grid) component v^′_ℓ, defined as

v^′_ℓ(r) ≡ v(r) − v_ℓ(r). (1.10)

as well as of the large-scale velocity v_ℓ itself. Therefore, one should expect that, when only the large-scale field v_ℓ is specified, the stress τ_ℓ will not be fully determined but that, in fact, a distribution of values will occur with some given frequency depending upon the precise values of the small-scale velocity v^′_ℓ. Unlike the case of laminar fluids where molecular noise represents only a small perturbation to deterministic motion, in turbulent flow the fluctuations are large and the importance of the random component of the stress, or eddy noise, is likely to be fully as significant as the systematic part. On the other hand, if the statistics of the small-scale component v^′_ℓ are universal, as usually believed, then the distribution law of the fluctuating stress ought to be fixed by the Kolmogorov “universal equilibrium state” when ℓ is chosen in the inertial-interval. Nothing so simple as the FDR in Eq.(1.7) fixing the molecular noise can be expected, again due to lack of scale-separation, but it ought to be possible to construct a generally applicable model of the statistical distribution.

The recognition of the probable importance of “eddy noise” in fully-developed turbulence does not originate with this work but was pointed out already in the first cited paper of Kraichnan [1] and in the contemporary work of Rose [4]. More recently, a number of stochastic large-eddy models have been proposed to account for such effects [5, 6, 7, 8]. Our purpose here is to set up a general formalism for statistical filtering of the Navier-Stokes turbulence dynamics, leading to exact “fluctuating hydrodynamic equations” for the large eddies of the form proposed. We should point out that in the present method no finite “stirring forces” are added, as in the so-called “RNG” method of Yakhot and Orszag [9]. Instead, the “eddy noise” we study must be dynamically generated by the chaotic fluid motion of the small-scale eddies. In fact, we believe that a careful analysis of the existence and properties of this turbulent noise must be made before any modelling is attempted, for otherwise serious confusions in the physics will result. This work develops the framework for such an analysis. Our procedure is most similar to that used by Rose [4], but no iteration schemes motivated by renormalization group ideas will be employed (since we have not found them to present any significant advantages). Although our stochastic equations are exact results for the Navier-Stokes dynamics, they are rather formal and not directly useful for practical modelling. However, subsequent approximations based upon standard ideas (random-coupling model, multiple-scale expansion and/or Markovianization, functional reversion techniques, etc.) yield simplified forms which are suitable for numerical solution by computer.

The precise contents of this work are as follows: in the following Section 2 we shall set up the “statistical filtering” scheme leading to stochastic equations for the large turbulent eddies and discuss its statistical-dynamical foundations. We compare there as well the relations of this method with Kraichnan’s “decimation theory” [10]. His theory leads also to generalized Langevin equations by a procedure of elimination or “weeding” of modes that are then modelled by Langevin forces subject to realizability constraints. Afterward we develop from first principles the Martin-Siggia-Rose (MSR) field theory formulation of classical statistical dynamics [11], emphasizing the non-perturbative and exact basis of the approach. The MSR formalism is shown to yield an elegant and efficient formulation of the statistical filtering scheme. In the next Section 3 we discuss a rather different—but closely related—subject of variational principles for mean velocity profiles based upon the MSR effective action. It is shown that a principle of “least effective-action” characterizes the mean velocity as a consequence of a simple realizability inequality and thereby generalizes the famous least-dissipation principle of Onsager [12] for most probable states in nonequilibrium thermodynamics. The least-action principle is made the basis to calculate mean turbulent profiles and other turbulence statistics by variational strategies rather than by the solution of effective equations of motion. Finally, in the last Section 4 we briefy describe approximations of the exact large-eddy equations, more practical for LES, and we compare these models with those which have been introduced previously [5, 6, 7, 8]. We also briefly discuss applications of such equations to the problem of atmospheric predictability, where eddy noise can play a significant role in LES, and to simulation of inhomogeneous turbulence in a complex geometry.

2 The Statistical Filtering Method and MSR Field Theory

(2.1) Formulation of Statistical Filtering

Let us first recall the usual (deterministic) filtering method, of which an interesting recent account can be found in the paper of Germano [14] (see also our paper [13]). It was already briefly reviewed in the Introduction. The basic idea of the method is to convolute the turbulent velocity field with a smooth “filter function” G_ℓ(r) = ℓ^{−d}G(r/ℓ), as in Eq.(1.3) there, in order to define a “large-scale” velocity v_ℓ. It is then possible to derive an infinite hierarchy of equations for “generalized central moments,” of which the turbulent stress τ_ℓ in Eq.(1.9) is the 2nd order example. The lowest equation in the hierarchy is precisely the Eq.(1.4) in the Introduction. If the hierarchy is truncated at this order, then one encounters the “closure problem” that τ_ℓ is not a functional of v_ℓ alone but also of v^′_ℓ and a similar problem occurs at every higher-order truncation of the hierarchy as well. In the current large-eddy simulation

(LES) literature, second-order modelling is not attempted and only the lowest equation in the hierarchy is retained. Hence a model representation of τ_ℓ must be sought as a (causal) functional of v_ℓ in order to obtain an autonomous equation for this field. We shall show that a “stochastic filtering” method solves the closure problem in principle (but not in practice) by yielding an exact representation of τ_ℓ as

τ_ℓ[v_ℓ] = τ^s_ℓ[v_ℓ] + τ^r_ℓ [v_ℓ], (2.1)

in which τ^s_ℓ[v_ℓ] is a “systematic stress,” some causal functional of v_ℓ, and τ^r_ℓ [v_ℓ] is a Langevin force, or “random stress,” whose distribution given the past history of v_ℓ is specified. We shall refer to this exact Langevin dynamical equation as the “stochastic large-eddy equation” (SLE). Although the functional τ^s_ℓ[v_ℓ] and the distribution of τ^r_ℓ [v_ℓ] are calculable in principle from formulae given below, in practice the exact expressions cannot be evaluated and approximation schemes must be employed. This is the subject of the last Section 4.

Just as for the deterministic filtering procedure, a rather wide class of choices for filter function G may be made. The main requirement is that the Fourier transform ^G(k) must decay sufficiently rapidly as k → +∞, so that the convolution reallys represents an “elimination” of high-wavenumber modes. The most common choices are the Gaussian filter, usually defined in the LES literature as G(x) = ( 6 π )d/2 exp [ − 6|x|^2 π ] , (2.2) the tophat filter G(x) =

1 if max_i |x_i| <^1_2 0 otherwise,

(2.3)

and the sharp Fourier cutoff filter, which is most easily defined by its Fourier transform, as:

^G(k) =

1 if max_i |k_i| < π 0 otherwise.

(2.4)

In physical space the latter gives G(x) = 2^d d∏ i=1 sin πx_i x_i . (2.5)

However, as discussed at length in our work [13], the sharp Fourier filter gives rise to pathological features in the deterministic method and these can be seen to appear as well in the stochastic formulation. Therefore, we will always consider a “graded” filter obeying the modest condition, Eq.(31) in [13], which allows us to avoid the bad features of the sharp Fourier cutoff.

The first steps in the “statistical filtering” method are the same as those in the usual deterministic scheme. The “large-scale (LS) velocity”

v_ℓ(r) = (G_ℓ ∗ v)(r), (2.6)

and “small-scale (SS) velocity” v^′_ℓ(r) = (H_ℓ ∗ v)(r), (2.7) are introduced by convolution with low-pass filter G_ℓ and high-pass filter H_ℓ satisfying ^G(k) + ^H(k) = 1. (2.8)

The latter guarantees that v = v_ℓ + v^′_ℓ. If the filters are applied to the dynamical equations themselves, then there result coupled equations:

∂_tv_ℓ + ∇ · (v_ℓv_ℓ + τ_ℓ) = −∇p_ℓ + ν_0 △ v_ℓ, (2.9)

which we call the “large-eddy equation” (LE), and

∂_tv^′_ℓ + ∇ · (v_ℓv^′_ℓ + v^′_ℓv_ℓ + v^′_ℓv^′_ℓ − τ_ℓ) = −∇p^′_ℓ + ν_0 △ v^′_ℓ, (2.10)

which we call the “small-eddy equation” (SE). Here τ_ℓ is the “turbulent stress-tensor,” which is given by an explicit quadratic function of the total velocity, τ_ℓ = T_ℓ(v, v),

T_ℓ(v, v) = (vv)_ℓ − v_ℓv_ℓ. (2.11)

A useful decomposition of this function was made by Germano [15], according to the following straightforward procedure. One substitutes v = v_ℓ + v^′_ℓ into T_ℓ to obtain:

T_ℓ(v, v) = L_ℓ(v, v) + C_ℓ(v, v) + R_ℓ(v, v), (2.12) where L_ℓ(v, v) ≡ T_ℓ(v_ℓ, v_ℓ), (2.13) is the so-called Leonard stress,

C_ℓ(v, v) ≡ T_ℓ(v_ℓ, v^′_ℓ) + T_ℓ(v^′_ℓ, v_ℓ), (2.14)

is the cross stress, and R_ℓ(v, v) ≡ T_ℓ(v^′_ℓ, v^′_ℓ), (2.15) is denoted as Reynolds stress. Note this is a modification of the traditional decomposition of Leonard [16]. It is clear that the LE and SE are coupled equations for the fields v_ℓ and v^′_ℓ.

The fundamental new step in “statistical filtering” is to add to the SE a weak random force f^′_ℓ:

∂_tv^′_ℓ + ∇ · (v_ℓv^′_ℓ + v^′_ℓv_ℓ + v^′_ℓv^′_ℓ − τ_ℓ) = −∇p^′_ℓ + ν_0 △ v^′_ℓ + f^′_ℓ, (2.16) where f^′_ℓ has zero mean and spectral support at wavenumbers greater than ∼ 2π/ℓ. For convenience, we choose f^′_ℓ Gaussian. A possible choice of the covariance is

⟨f^′_ℓ(rt)f^′_ℓ(r^′t^′)⟩ = 2ε_0H_ℓ(r − r^′)δ(t − t^′). (2.17)

The parameter ε_0, when multiplied by the density ρ of the fluid, has units of energy per time. The role of this force is simply to add some random perturbations to the otherwise deterministic SE and thus ρε_0 should be very small compared to the total energy transfer per time to the small-scale motions. In fact, ε_0 will momentarily be taken to zero. First, we formally solve the SE part of the dynamics with the large-scale velocity field considered fixed.^1 The solution may be written as v^′_ℓ(rt) = V^′_ℓ[rt; v_ℓ, f^′_ℓ], (2.18) in which V^′[r, t; v_ℓ, f^′_ℓ] is a causal functional of time-histories of v_ℓ and f^′_ℓ, i.e a functional depending only upon their values for times < t. It is clear how to construct such a functional

1This is similar to Kraichnan’s “clamping method” in Section 8 of [10].

approximately using a numerical integration routine on a spacetime grid. This solution is now formally introduced back into LE by substituting there

τ_ℓ = T_ℓ(v_ℓ + V^′_ℓ, v_ℓ + V^′_ℓ). (2.19)

As a result v^′_ℓ is formally eliminated from that equation, which is closed in terms of the largescale velocity v_ℓ, along with the random force f^′_ℓ acting at small scales. We therefore refer to this as the “closed large-eddy equation”. It is clear that the v_ℓ obtained by filtering the solution of the full equation (with an appropriate random force) must also be a solution of the “closed LE.” The latter inherits important properties from the original Navier-Stokes dynamics such as energy conservation, which can be stated as the constancy of E(t) = 1 2 ∫ dr ( v_ℓ(r, t) + V^′_ℓ[r, t; v] ) ·^(v_ℓ(r, t) + V^′_ℓ[r, t; v]^) (2.20) for f^′_ℓ → 0 and ν_0 → 0, that is, in the inviscid, unforced limit.

The next step is to take the limit ε_0 → 0 in the closed equation. We conjecture that in this limit the stress τ_ℓ will not become deterministic but that, instead, it will remain a random functional of v_ℓ.^2 This may naturally be called the stochastic large-eddy hypothesis. It is motivated by the known chaotic behavior of the Navier-Stokes dynamics, which should enhance the tiny random accelerations in the small scales to the degree that their effects do not vanish as their amplitude is taken to zero. If ℓ is chosen to lie within the inertial interval in a turbulent flow, then the statistics of τ_ℓ ought to be determined by the “universal equilibrium state” postulated by Kolmogorov for the small-scales of a turbulent flow. We refer to the closed equation in that limit as the stochastic large-eddy equation(SLE) and we write it out here explicitly, ∂_tv_ℓ + ∇ · (v_ℓv_ℓ + τ_ℓ[v]) = −∇p_ℓ + ν_0 △ v_ℓ, (2.21) where, as the notation indicates, the stress τ_ℓ is now a functional of v_ℓ, but a random one depending upon the realization of the noise. The random force f^′_ℓ is simply used as a mechanism

2The limit here must be considered in a “weak” sense, i.e. for distributions on histories in path space.

to select the correct small-scale statistics in the limit as ε_0 → 0. Such a weak-noise limit has been exploited in dynamical systems theory to select the “physical” stationary measure. The characterization of the “physical measure” as the stochastically stable one is known in many cases to agree with other reasonable characterizations based upon “smoothness” properties, when the dynamics has sufficiently strong ergodic properties: see the article of Ruelle [17] and Section IV.H of the review of Eckmann and Ruelle [18]. The previous hypothesis extends this idea to evolving states in which the small-scale modes are presumed, because of their faster dynamics, to achieve a “local equilibrium” relative to the instantaneous value of the large-scale modes. Because there is no sharp separation of space and time scales in fluid turbulence, one can only hope for a universal law of the fluctuating turbulent stress τ_ℓ if the filtering length ℓ is taken well within the inertial interval.

¿From a more physical perspective, one can consider the random force to represent the molecular noise Eq.(1.7). Just as the molecular viscosity is believed to play no direct role in the dynamics of the large-scale turbulence, so that the limit ν_0 → 0 is well-defined, likewise the molecular noise is believed to play no essential role in that limit except to select the correct measure. This idea was already proposed some time ago by Ruelle [19]. In the language of field-theory, the bare, molecular noise will be replaced by a “renormalized” eddy noise. This is due to the same physics by means of which molecular viscosity is replaced by an effective or “renormalized” eddy viscosity. The field-theoretic point of view will be exploited later on to come up with approximation schemes and calculational methods for “statistical filtering.”

Stochastic descriptions similar to the SLE have been postulated by Hohenberg and Shraiman [20] in the context of general spatiotemporally chaotic systems and, specifically, for the Kuramoto- Sivashinsky equation. In the latter example there is an important conjecture of Yakhot [21] that the chaotic behavior generated by small-scale instabilities will produce an “effective dynamics” of the large-scales which is just the noisy Burgers equation. See also [22, 23]. Our method generalizes and systematizes this earlier work, which was based upon weak-coupling perturbation expansions (without a small parameter!). As we shall see shortly, the “stochastic filtering” we have formulated non-perturbatively may also be carried out in weak-coupling expansions and then contains the earlier results. In fact, even for weak-coupling our systematic technique obtains terms missed in the earlier work.

The ideas proposed here have also some similarities with the “decimation theory” of Kraichnan [10], but they are really essentially distinct. Kraichnan proposed a general strategy for economical computation of many-mode systems by a procedure in which modes that are redundant due to underlying statistical symmetries are eliminated and replaced by suitable Langevin forces. The latter are constructed to enforce certain statistical constraints imposed by the exact dynamics. In this way efficient numerical approximations might be obtained and, by adding more and more constraints from the true dynamics, convergence of the approximations to the true values might even be found. The two methods have in common the elimination of modes with “generalized Langevin equations” as the output. However, the “statistical filtering” we have formulated is exact and without any approximation whatsoever. Of course, the output SLE are, at this stage, completely formal and useless as a tool for numerical computations. Approximations must be developed for any practical application. Nevertheless, the idea is not at its basis an attempt to develop statistical approximations, as is decimation, but is rather an attempt to characterize a physical statistical law. This is seen most clearly by comparing the two procedures for “chaotic” vs. “integrable” systems. Decimation theory might be successfully applied to both cases, yielding generalized Langevin models as statistical approximations of the true dynamics. In fact, Kraichnan’s first example of his decimation method [10] was for the three-mode dynamical model ∂_tx = A_xyz, ∂_ty = A_yxz ∂_tz = A_zxy, (2.22) with A_x + A_y + A_z = 0. This dynamics has two quadratic integrals and is thus integrable by quadratures in terms of elliptic functions, as discussed long ago by Lorenz [24]. On the contrary, if the “stochastic filtering” were applied to an integrable system, such as the above three-mode model or Burgers’ equation, then the SLE for the explicit modes would degenerate, or become deterministic, in the vanishing noise limit ε_0 → 0. The chaotic properties of the dynamics are necessary to create a true statistical law as described by the SLE equations.

After these somewhat philosophical remarks, we return to the formal development. It is useful to separate the turbulent stress τ_ℓ into a “systematic” part τ^s_ℓ and a “random” part τ^r_ℓ ,

τ_ℓ[x; v_ℓ] = τ^s_ℓ[x; v_ℓ] + τ^r_ℓ [x; v_ℓ]. (2.23)

(We represent here the space-time point as x = (r, t). ) Any such division is essentially arbitrary and can be made according to various schemes. The one we have found most convenient is as follows: consider the functional V^′_ℓ[x; v_ℓ, f^′_ℓ] obtained by solving the SE for fixed past histories of v_ℓ and f^′_ℓ. Substituted into the expression for T_ℓ, this can then be averaged over the ensemble of random forces f^′_ℓ treating v_ℓ as a deterministic quantity (or, equivalently, as an independent random variable). Denoting this average as ⟨·|v_ℓ⟩,^3 we then set

τ^s_ℓ[x; v_ℓ] = ⟨T_ℓ[x; v_ℓ, ·]|v_ℓ⟩, (2.26)

which no longer depends upon f^′_ℓ, and

τ^r_ℓ [x; v_ℓ, f^′_ℓ] = T_ℓ[x; v_ℓ, f^′_ℓ] − τ^s[x; v_ℓ]. (2.27)

3Note that for any functional F of the large-scale velocity alone ⟨F [vℓ]G[vℓ, f^′_ℓ]|vℓ⟩ = F [vℓ]⟨G[vℓ, f^′_ℓ]|vℓ⟩. (2.24) Hence, the average ⟨·|vℓ⟩ has the appearance of a “conditional average” with large-scale velocity fixed, as its notation also suggests. However, this is not true and rather misleading. The solution vℓ of the SLE for a prescribed past history of random forces f^′_ℓ will develop a functional dependence upon them, so that

⟨F [vℓ]G[vℓ, f^′_ℓ]⟩ ≠ F [vℓ]⟨G[vℓ, f^′_ℓ]⟩, (2.25)

when ⟨·⟩ denotes the ordinary average over the ensemble of forces f^′_ℓ. It would be possible to consider a true conditional average over f^′_ℓ with the solutions vℓ fixed, but such a conditioning would change the statistics of the forces f^′_ℓ from their a priori Gaussian statistics prescribed by Eq.(2.17). Therefore, the property Eq.(2.24) is really a consequence just of the definition of the linear operation ⟨·|vℓ⟩ applied to arbitrary functionals F [vℓ, f^′_ℓ] of the variables vℓ and f^′_ℓ. Its usefulness will appear in the context of the MSR formalism developed later.

Note also that the “conditional mean” of the SS field,

v^′[x; v] ≡ ⟨V^′[x; v]|v⟩, (2.28)

will not vanish in general, since the past history of the LS field will set up a SS flow. Therefore, it is natural to separate this mean contribution from the SS field, by making the definition

W^′[x; v] ≡ V^′[x; v] − v^′[x; v]. (2.29)

We can now define a net “systematic field,”

v[x; v] ≡ v(x) + v^′[x; v] (2.30)

as a deterministic functional of the LS field, whereas W^′[v] represents the random part.

As a final remark, let us note that it is possible in principle to “defilter” the solutions of the SLE if f^′_ℓ = H_ℓ ∗ f, (2.31) where f is a random force whose spectral support is disjoint from the support of ^G_ℓ(k). In that case, there is a solution of the full Navier-Stokes equation with the force f which, when filtered by G_ℓ, is a solution of the SLE given above. When the filter functions are graded this is not true for the explicit choice of f^′_ℓ suggested in Eq.(2.17) above. The latter corresponds to filtering with H_ℓ the spacetime white-noise force f whose covariance is

⟨f(rt)f(r^′t^′)⟩ = 2ε_0δ^3(r − r^′)δ(t − t^′). (2.32)

Since ^G_ℓ and ^H_ℓ must have overlapping supports for graded filters and the spatially white-noise force f has a flat wavenumber spectrum, a corresponding term f_ℓ = G_ℓ ∗ f must then appear in the LE. However, since one does not believe that the results in the limit ε_0 → 0 will depend too essentially upon the precise form of the force, we expect the same results by using the “nondefilterable” force Eq.(2.17) as a “defilterable” one. The possibility of using different types of forcing in the limit ε_0 → 0 limit, with hopefully equivalent results, will be exploited further later on.

(2.2) Martin-Siggia-Rose Formalism for Statistical Dynamics

We review here the field-theory method of MSR [11]. Its fundamental motivation, without technicalities, is the observation that it is difficult to characterize the probability distribution describing a stationary ensemble of turbulent flows. In that case, it may be more profitable to work instead with the ensemble of histories of the Navier-Stokes dynamics. This can be specified more concretely and, in many respects, provides an effective substitute for the stationary measure.

To explain the formal principles, we consider first the example of a randomly forced Navier- Stokes fluid. In this case, the statistical problem to be solved is given by the dynamical equation

∂_tv + P(∇)(v · ∇)v = ν_0 △ v + f, (2.33)

where P(∇) is a solenoidal projection required to maintain the incompressibility condition (replacing a pressure term) and f is a random solenoidal force with a Gaussian distribution and covariance ⟨f_i(x, t)f_j(x^′, t^′)⟩ = P_{ij}(∇_x)F (x − x^′)δ(t − t^′). (2.34) As we shall discuss later, the stochastic nature of the force f is not really necessary to our discussion, or any restriction of the method. The statistical problem posed by Eq.(2.33) may also be considerably generalized by employing other classes of random forces besides those Gaussian and white-noise in time. The models with random forcing subsume the problems with random initial data, since those may be represented by an impulsive random force

f(rt) = v_0(r)δ(t − t_0) (2.35)

imposed at the initial instant t_0 on a quiescent fluid, with the initial datum v_0 chosen from some selected random ensemble. Although we do not need to assume that ⟨f(rt)⟩ = 0, it is more convenient to assume this and to add, if desired, an explicit mean force f̄(rt) to the righthand side of Eq.(2.33). In such cases v̄(rt) ≡ ⟨v(rt)⟩ (2.36) will not be zero. If the forcing spectrum ^F (k) is supported only in a small interval near k_0 = 1/L, then Eqs.(2.33),(2.34) are a relatively realistic model of homogeneous and isotropic turbulence, where the force is just a convenient way of injecting energy at large scales, i.e. stirring the fluid at length-scale L.

Rather than following the somewhat mysterious operator formulation originally developed by MSR [11] (see also Phythian [25, 26]), we shall briefly describe the path-integral formulation of Janssen [27] and DeDominicis [28]. The simple idea is to write a path-integral representation for the generating functional Z[η, η̂] of correlation and response functions by incorporating the dynamics through a delta functional in its representation by an integral over an exponential. The objects playing the role of “momentum” p in the functional integral analogue of δ(x) = 1 2π ∫ dp e^{ipx}, are the fields v̂(rt), whose joint correlations with v’s turn out to be the response functions. The expression for the generating functional is just Z[η, η̂] = ∫ Df exp [ − 1 2 ⟨f, F^{−1}f⟩ ]

× ∫ DvDv̂ exp [ i ∫ d^dr ∫ dtv̂(rt) ((∂_t − ν_0△_r)v(rt) +P(∇_r)(v(rt) · ∇_r)v(rt) − f̄(rt) ) −i⟨v̂, f⟩ − i ∫ d^drdt (η(rt) · v(rt) + η̂(rt) · v̂(rt)) ] J[v], (2.37)

where J[v] is a Jacobian factor which appears in the transformation

δ[v − V(f)] = δ[(∂_t − ν_0△)v − f̄ + P(∇)(v · ∇)v − f]J[v], (2.38)

and V(f) is the exact solution of the dynamical equation Eq.(2.33) with specified force f.

We note that a discretization of the dynamics in time will always be implicitly assumed in this work to give meaning to such formulae as those above, even where we use continuum notation as a convenient shorthand. Along with this, a space-regularization by means of a spatial grid or a Fourier-Galerkin truncation will be employed. Among various choices of timediscretization, we could use the explicit Euler scheme,

(v_i − v_{i−1})/τ = K(v_{i−1}) + f_i, (2.39) or an implicit numerical scheme, such as:

(v_i − v_{i−1})/τ = K( v_i + v_{i−1} 2 ) + f_i. (2.40)

It is easy to check that the form of the Jacobian J[v] and the resulting path-integral expression

depend upon the discretization adopted. In fact, there is a substantial literature on this point

[29, 30, 31, 32]. If the force in our equation Eq.(2.33) were multiplied by some state-dependent

coefficient B(v), then it is known that the symmetrical time-splitting as in the implicit rule

Eq.(2.40) must be used in the noise coefficient in order to yield the continuum equation in

Stratonovich form [33]. For a stochastic Langevin equation the Stratonovich interpretation is

usually implicitly assumed since it guarantees validity of the familiar rules of calculus. On the

other hand, the explicit or “non-anticipating” scheme leads to the Ito form. We calculate here

the Jacobian only for these two schemes. Beginning with the symmetrical time-splitting, we

note if V_i(v_{i−1}, f_i) is the solution of the discretized nonlinear equation Eq.(2.40) for v_i in terms

of v_{i−1} and f_i, it follows from ∏ i δ ( (v_i − v_{i−1})/τ − K( v_i + v_{i−1} 2 ) − f_i )

= ∏ i δ (v_i − V_i(v_{i−1}, f_i)) | | | 1 τ − 1 2 δK δv_i ( v_i + v_{i−1} 2 )| | | −1

≈ ∏ i δ (v_i − V_i(v_{i−1}, f_i)) 1 τ exp [ 1 2 τ · δK δv_i ( v_i + v_{i−1} 2 )] , (2.41)

that the Jacobian factor is

J[v] = exp [ − 1 2 ∫ d^drdt tr δK(rt; v) δv(rt) ] . (2.42)

On the other hand, it is clear by the same method that J[v] ≡ 1 for the Ito discretization. We

should remark that for situations where the nonlinear part of the dynamics satisfies a Liouville

theorem, the Jacobian in fact is only a field-independent factor and may always be neglected.

It was shown long ago by T. D. Lee [34] that the Fourier-Galerkin truncation of the Navier-

Stokes dynamics falls in this category. We shall rederive this result in Appendix II, where it is

shown more generally that the “effective dynamics” generated by elimination of the small-scale modes satisfies such a Liouville property. It thus turns out that in all the cases we consider the nonlinear dynamics satisfies the Liouville theorem and we are justified in ignoring the Jacobian factor.

Performing finally the Gaussian integration over force f by completion of squares, we obtain Z[η, η̂] = ∫ DvDv̂ exp (iS[v, v̂] − i⟨v, η⟩ − i⟨v̂, η̂⟩) , (2.43) a path-integral over histories with the “action”

S[v, v̂] = ∫ d^dr ∫ dtv̂(rt) ((∂_t − ν_0△_r)v(rt) +P(∇_r)(v(rt) · ∇_r)v(rt) − f̄(rt) ) + i 2 ∫ d^drdt ∫ d^dr^′dt^′v̂_i(rt)F_{ij}(rt, r^′t^′)v̂_j(r^′t^′). (2.44)

This expression may be used to calculate arbitrary multitime correlations of the velocity field by functional differentiation with respect to η(rt). The source η̂(rt), on the other hand, appears in the action exactly as an external force in the Eq.(2.33), so that the derivatives δ^p+1Z[η,η̂] δη_i(rt)δη̂_j1 (r1t1)···δη̂_{jp} (rptp) are the higher-order average response functions.

It is not difficult to extend the formalism to non-Gaussian or “colored” random forces and to forces multiplicative in the random velocity v. Indeed, one can consider any “generalized Langevin dynamics” ∂_tv(x) = K[x; v] + f^′[x; v]. (2.45) Here x = (r, t) is a space-time point and K[x; v] is an arbitrary functional of v which is“nonanticipating” or “causal,” i.e. that depends only upon the “past” values of v(x^′) with t^′ < t. Also, f^′[x; v] is a zero-mean random force which may be “history-dependent,” so that its generating functional ∫ Df^′[v] e^{−i⟨v̂,f ′[v]⟩} = exp ∑ p≥2 (−i)^p p! ∫ d^{d+1}x_1 · · · ∫ d^{d+1}x_pD^{(p)}_{i1···ip} [x_1, ..., x_p; v]v̂_{i1} (x_1) · · · v̂_{ip} (x_p) , (2.46) contains cumulants D^{(p)}[v] which are causal functionals of v. This force is state-independent only if the cumulants D^{(p)} are constants (independent of v) and Gaussian only if D^{(p)} = 0 for all p ≥ 3. Then, by the same argument as given above, this generalized Langevin dynamics has an equivalent field-theory formulation in terms of an action^4

S[v, v̂] = ∫ d^{d+1}xv̂(x) (∂_tv(x) − K[x; v]) + i 2 ∫ d^{d+1}x tr ( δK(x; v) δv(x) )

+ ∑ p≥2 (−i)^{p+1} p! ∫ d^{d+1}x_1 · · · ∫ d^{d+1}x_pD^{(p)}_{i1···ip} [x_1, ..., x_p; v]v̂_{i1} (x_1) · · · v̂_{ip} (x_p).(2.47)

If this action is used in the formula Eq.(2.43), then a generating functional is obtained for all of the correlation and response functions of a general Langevin dynamics. In fact, the MSR fieldtheory formalism is not limited only to situations where the production mechanism or energy injection is by a stochastic force. Just as discussed above in the context of “stochastic filtering,” it is natural in the completely deterministic cases to add to the dynamics a weak stochastic force, which is then taken to zero after computation of averages. From the point of view of the previous manipulations, the addition of a spacetime white-noise force with covariance ∼ ε_0 contributes a term −^{ε0}_2 ∫ d^{d+1}x |v̂(x)|^2 to the exponent, which makes the functional integral over v̂ absolutely convergent.

Our analysis to this point has been formally exact and non-perturbative, even mathematically rigorous if we consider a discretization of the dynamics on a spacetime grid. However, for the dynamical problem of Eq.(2.33) there is a naive perturbation expansion in the nonlinearity studied by Wyld [35] and Kraichnan [36]. See also [37] and Appendix I for a brief review. Its basic elements are the “bare” response function G^{(0)}, correlation function U^{(0)}, and average field v̄^{(0)}. It is not obvious that this expansion will be quantitatively useful in the case of high Reynolds number turbulence, but it does help to build up some intuition about the physical meaning of the formal analysis and to give the point of departure of various approximation methods. Clearly, the “bare expansion” degenerates in the vanishing noise limit ε_0 → 0. In fact, U^{(0)} → 0 in that case. Since any closed loop of response lines vanishes by causality, all

4It is known that this is not the correct continuum form of the action even for a general diffusion process with multiplicative noise: see Section 4 of [29]. We emphasize again that it is crucial to interpret all such formulae for the discretized dynamics.

that remains are the “tree graphs” for v terminating in v̄^{(0)}’s, which represent the perturbative solution of the deterministic Navier-Stokes equation with a body-force. However, a nontrivial statistical limit may still be obtained by making a reversion of “bare” propagators and vertices for “dressed” or “renormalized” ones prior to taking ε_0 → 0. Such a reversion can be accomplished by non-perturbative functional Legendre transform techniques, as in the work of MSR [11], or by perturbative series reversion as in [38]. (2.3) Statistical Filtering in the MSR Formalism

We shall now explain the MSR approach to “statistical filtering” of the Navier-Stokes dynamics. It was earlier described without a detailed account in our paper [39] which discussed the foundations of the renormalization group (RG) method in turbulence.^5 The first step is to add independent random forces f and f^′ to the LE and SE, respectively:

∂_tv + ∇ · (v v + τ ) = −∇p + ν_0 △ v + f, (2.48) and ∂_tv^′ + ∇ · (vv^′ + v^′v + v^′v^′ − τ ) = −∇p^′ + ν_0 △ v^′ + f^′. (2.49) (Here and afterward we omit the subscript ℓ for simplicity.) If we used the sharp Fourier filter and any homogeneous random force in the full Navier-Stokes equation, then the associated LE and SE would automatically contain such independent random forces. However, with graded filters, the independence property would not be true. Hence, we introduce the independent

5It appeared in that context because the definition of the RG operation always uses an elimination of highwavenumber degrees of freedom, or filtering, as one of its parts. However, RG supplements this with a rescaling of the remaining “large-scale” variables by a “renormalization factor” Z(ℓ) in such a way as to get a limit as the filtering length ℓ → +∞. Essentially this strategy is a generalization of probabilistic “central limit theorem” ideas to a functional context. Furthermore, rather than performing the filtering and subsequent rescaling in one step, RG proceeds iteratively, filtering out some fraction of scales (say,^1_2 of them) at each step and rescaling the remaining ones. This allows the evolution in scale to be visualized as a “dynamical flow” in a space of theories, in which complex behavior can build up in the “long-time” limit. None of these RG strategies will be applied here, since we have not found them to be useful for justifying turbulence model equations.

random forces after filtering. The amplitudes of both forces will be taken to zero. In fact, the

introduction of the force in the LE equation is really not necessary, but introduced just as a

mathematical device to regularize the path integrals. Then the same method used previously

may be employed based upon the formula ∏ i δ ( (v_i − v_{i−1})/τ − K( v_i + v_{i−1} 2 , v^′_i + v^′_{i−1} 2 ) − f_i )

×δ ( (v^′_i − v^′_{i−1})/τ − K^′( v_i + v_{i−1} 2 , v^′_i + v^′_{i−1} 2 ) − f^′_i )

≈ ∏ i δ ( v_i − V_i(v_{i−1}, f_i, v^′_{i−1}, f^′_i ) ) δ ( v^′_i − V^′_i(v_{i−1}, f_i, v^′_{i−1}, f^′_i ) )

× exp [ 1 2 τ · δK δv_i ( v_i + v_{i−1} 2 , v^′_i + v^′_{i−1} 2 ) + 1 2 τ · δK^′ δv^′_i ( v_i + v_{i−1} 2 , v^′_i + v^′_{i−1} 2 )] , (2.50)

where K and K^′ represent the dynamical terms in the Eqs.(2.48),(2.49). It is shown in Appendix

II that, just as for the full NS equation, there is a Liouville theorem for the nonlinear terms of

the coupled LE and SE. Thus, the the Jacobian factor may be neglected. The final result is a

path-integral representation of the distribution over histories with the following action function

S[v, v̂, v^′, v̂^′] = ⟨v̂, (∂_t − ν_0△)v + P(∇)∇ · (v v + τ )⟩ + i 2 ⟨v̂, F · v̂⟩+ ⟨v̂^′, (∂_t − ν_0△)v^′ + P(∇)∇ · (vv^′ + v^′v + v^′v^′ − τ )⟩ + i 2 ⟨v̂^′, F^′ · v̂^′⟩,(2.51)

and integration measure DvDv̂Dv^′Dv̂^′ = ∏ x dv(x)dv̂(x)dv^′(x)dv̂^′(x). This measure only ex-

ists as a formal expression, unless we consider the discretized dynamics on a spacetime grid.

The “stochastic filtering” is then carried out in the MSR formalism by simply integrating

out the SS fields v^′, v̂^′ to give an “effective action” S_{eff} [v, v̂] for the LS fields. In fact, we shall

show that performing this integration gives an MSR action of the form which we previously

derived starting from a “generalized Langevin equation”:

S_{eff} [v, v̂] = ⟨v̂, (∂_tv − K_{eff} [v])⟩ + ∑ p≥2 (−i)^{p+1} p! D^{(p)}_{eff} [v](1 · · · p)v̂(1) · · · v̂(p). (2.52)

We shall show that the systematic part of the dynamics obeys a Liouville theorem, so that the functional trace vanishes which would appear from the evaluation of a Jacobian: Tr ( δK_{eff} [v] δv ) = 0. (2.53)

Therefore, it will be established that the LS velocity field obeys an “effective dynamics” in the generalized Langevin form:

∂_tv(x) = K_{eff} [x; v] + f_{eff} [x; v]. (2.54) Furthermore, the derivation will show that the terms in Eq.(2.54) are given explicitly as

K_{eff} [x; v] = −P(∇)∇· (v v + τ^s[x; v]) , (2.55)

in which τ^s[x; v] is a symmetric tensor and causal functional of v, and, likewise,

f_{eff} [x; v] = −P(∇)∇·τ^r[x; v], (2.56)

where τ^r[x; v] is a random symmetric tensor field with a distribution dependent only on the past history of v. From these results the exact representation of τ [v] in Eq.(2.1) is obtained.

We begin by making the following decomposition of the full MSR action for the original problem Eq.(2.33) into three separate terms:

S[v, v̂, v^′, v̂^′] = ⟨v̂, (∂_t − ν_0△)v + P(∇)∇ · (v v)⟩ + i 2 ⟨v̂, F · v̂⟩ +⟨v̂^′, (∂_t − ν_0△)v^′ + P(∇)∇ · (vv^′ + v^′v + v^′v^′ − T(v + v^′, v + v^′))⟩ + i 2 ⟨v̂^′, F^′ · v̂^′⟩ +⟨v̂, P(∇)∇ · T(v + v^′, v + v^′)⟩. (2.57)

The principle of the decomposition is this: the first part contains all the terms involving only LS fields; the second and third parts contain all of the SS fields including their couplings to the LS fields; of the latter two, only the third contains v̂, the LS response field. We could, if we wished, include the contribution from the Leonard stress L(v, v) to the third part instead with the first part, but it is a little easier to keep all of the contributions to turbulent stress together. Now, if the integration over SS fields is performed, then the terms in the first part come out of the integral. The second line is the MSR action of the SS field v^′ “conditioned” on a given history v of the LS field,

S[v^′, v̂^′|v] = ⟨v̂^′, (∂_t − ν_0△)v^′ + P(∇)∇ · (vv^′ + v^′v + v^′v^′ − T(v + v^′, v + v^′))⟩ + i 2 ⟨v̂^′, F^′ · v̂^′⟩.

(2.58) We can also introduce a random spacetime field

A(x; v, v^′) = −P(∇_x)∇_x · T(v + v^′, v + v^′), (2.59)

which, for a given solution of the conditional SS dynamics, represents the “acceleration history” on LS fields from the interaction with and by SS’s. Note that it is a function of v(·, t) = v(·, t) + v^′(·, t)— not a functional of the entire past history. Then, the LS “effective action” is given exactly as

S_{eff} [v, v̂] = ⟨v̂, (∂_t − ν_0△)v + P(∇)∇ · (v v)⟩ + i 2 ⟨v̂, F · v̂⟩ +Δ_{eff} [v, v̂], (2.60)

in which Δ_{eff} is represented by the path-integral

exp(iΔ_{eff} [v, v̂]) = ∫ Dv^′Dv̂^′ exp ( iS[v^′, v̂^′|v] − i⟨v̂, A(v)⟩ ) . (2.61)

Assuming that Δ_{eff} [v, v̂] is functionally analytic in v̂, we may write out its Taylor series expansion Δ_{eff} [v, v̂] = ∑ p≥1 (−i)^{p+1} p! D^{(p)}_{eff} [v](1 · · · p)v̂(1) · · · v̂(p). (2.62) In terms of the diagrammatic expansion discussed in the previous subsection the graphical interpretation of the perturbation terms contributing to D^{(p)}_{eff} (1, ..., p) is that it consists of all connected vacuum graphs of the field theory with vertices generated by the nonlinear terms in S[v^′, v̂^′|v] and only SS propagators, and with exactly the insertions v̂(1), ..., v̂(p) and arbitrary insertions of v. If we then take

K_{eff} [x; v] ≡ ν_0 △_x v(x) − P(∇_x)∇_x · [v(x)v(x)] + D^{(1)}_{eff} [x; v], (2.63) we obtain a total “effective action” of the LS fields exactly in the form of Eq.(2.47). We must only show that the K_{eff} has the Liouville property Eq.(2.53) when ν_0 = 0.

We show that K_{eff} satisfies the Liouville theorem (for ν_0 = 0) to all orders in the diagrammatic perturbation series. We should note that the existence of the Liouville theorem is a necessary result for consistency of two facts: (i) that the effective LS dynamics is given by a generalized Langevin equation (GLE) and (ii) that no v̂-independent term appears in the expansion of Δ_{eff} (which would correspond to a p = 0 term in its series expansion in v̂). The perturbative demonstration of (ii) is based on causality. Indeed, consider any graph with no v̂-insertions and only v-insertions. Starting at any vertex and following the unique path along response lines, one must eventually arrive back at a vertex previously visited, because there are only a finite number of vertices and there is no “outlet” to an external v̂. However, any graph with a closed loop of retarded response lines vanishes, QED. This argument and the previously established representation of LS dynamics by a GLE implies the Liouville theorem. It can also be verified directly, as we show in Appendix II. Thus we have now verified that the elimination procedure in the MSR path-integral yields a “generalized Langevin equation” for the LS modes.

To make connection with our previous derivation, let us consider how the elimination step is accomplished formally. Integrating over v̂^′ recovers the representation exp(iΔ_{eff} [v, v̂]) = ∫ Dv^′ ∫ DP [f^′]δ [ ∂_tv^′ + P(∇)∇ · [vv^′ + v^′v + v^′v^′ − T(v, v)] − ν_0 △ v^′ − f^′ ] × exp ( −i⟨v̂, A(v)⟩ ) . (2.64) Given the LS history v, the SE equation may be integrated forward from the initial time to give the SS field as a solution v^′(x) = V^′[x; v, f^′], (2.65) where the dependence on both v and f^′ is causal, exactly as before. We may now perform the integration over v^′, noting again that the Jacobian factor is constant and can be absorbed into the integration measure, giving: exp(iΔ_{eff} [v, v̂]) = ∫ DP [f^′] exp ( −i⟨v̂, A(v + V^′[v, f^′])⟩ ) . (2.66)

Notice that the functionals D^{(p)}_{eff} introduced above by the Taylor series expansion of Δ_{eff} in v̂ are exactly the pth cumulants of the random variable A[x; v, f^′] distributed with respect to P [f^′] with v considered fixed. If we represent this average with ⟨·|v⟩ as before, then we may separate the turbulent stress T into the “systematic part”

τ^s[x; v] = ⟨T[x; v, ·]|v⟩, (2.67)

and “random part”

τ^r[x; v] = T[x; v, ·] − τ^s[x; v], (2.68)

with zero “conditional mean.” This gives the LS effective dynamics in exactly the form earlier claimed as in Eqs.(2.54)-(2.56). For example, D^{(1)}_{eff} [x; v] = −P(∇_x)∇_x · τ^s[x; v] (2.69) while f^′[x; v] = −P(∇_x)∇_x · τ^r[x; v]. (2.70) Our choice of division into “random” and “systematic” terms was made precisely because of its natural appearance in the MSR method. The fact that the functionals D^{(p)}_{eff} are the cumulants of an actual random field A has an importance which cannot be over-emphasized. For example, it implies that an infinite number of realizability inequalities for the D^{(p)}_{eff} ’s are satisfied, of which the lowest-order is D^{(2)}_{eff} ≥ 0. (2.71) The inequality here is to be interpreted as positive-definiteness in the operator-sense.

Our analysis has been so far exact (and even, for a numerical discretization, rigorous.) However, to get some intuition about the physical terms which arise from our “statistical filtering” it is useful to consider the perturbation series evaluation of Δ_{eff} . It is then convenient to set v = v + v^′[v], as in Eq.(2.30), and make the following change of variables in the pathintegral formula, v̂ → v̂, v̂^′ → ŵ^′, v^′ → v^′[v] + w^′, . This leads to the new MSR action S[v, v̂] = ⟨v̂, (∂_t − ν_0△)v + P(∇)∇ · (vv)⟩ + i 2 ⟨v̂, F · v̂⟩

+⟨ŵ^′, (∂_t − ν_0△)w^′ + P(∇)∇ · ( v^′w^′ + w^′v^′ + w^′w^′ − T(v + w^′, v + w^′) ) + i 2 ⟨ŵ^′, F^′ · ŵ^′⟩ +⟨v̂, P(∇)∇ · T(v + w^′, v + w^′)⟩, (2.72)

The Feynman rules are changed for the calculation of the functions D^{(p)}_{eff} by the simple modification that insertions of v occur rather than of v. The generalized Langevin equation is then also given in an altered form, as

∂_tv + P(∇)∇ · (vv + T[v]) = 0. (2.73)

As before, the separation of T into systematic and random parts may be made.

To second order in the formal coupling parameter, four terms arise in Δ_{eff} , which were already noted in [39] (and independently in [8]). They are:

which gives the linear damping on v due to the eliminated high-wavenumber modes,

and

which represent the generated noise terms, and which is the lowest order cubic nonlinearity ∼ v^3 in the effective LS dynamics. Except for the “multiplicative” noise term (the third), these contributions were already noted in 1977 by Rose in the problem of passive scalar diffusion. In that case, the fluctuating equation was the conservation of scalar concentration ϕ, or, ∂_tϕ + ∇ · j = 0, and all of the terms were observed to give contributions (systematic or random) to the concentration flux j. Rose referred to the first as “eddy diffusivity” (here, “eddy viscosity”) and the second as “eddy noise.” He referred to the last term as “eddy-mediated diffusion” (here, diffusion of momentum rather than of scalar concentration), which is a nonlocal transport effect due to the “disappearance” of the conserved substance into the subgrid modes and its subsequent “re-emergence” into the resolved modes in another location at a later time. For inhomogeneous flow there is an additional fifth term generated at first-order in the coupling, which is represented by the graph

It is independent of the systematic velocity field and represents a “turbulent body-stress,” or pressure tensor due to the small-scale turbulent fluctuations.

It should be observed that higher-order contributions besides these five terms cannot be considered negligible. We see no good theoretical argument that Yakhot’s conjecture about large-scale equivalence of KS and noisy Burgers should be exactly correct. RG methods do not support “irrelevance” of additional contributions to the dynamics at asymptotically large scales. As we have discussed in detail in [39], additional terms such as the new cubic nonlinearity (4th diagram above) are marginal by power-counting for any RG that respects Galilei covariance. Hence, that term ought to remain at large length-scales in the KS dynamics.^6 However, we

6Note we have shown also in [39] that those terms may be legitimately neglected using an “improved” RG method, but that revised method only works in the weak-coupling regime for small ϵ. It is not helpful in the case of 1D noisy Burgers, which involves a strong-coupling fixed point.

agree with the essence of Yakhot’s conjecture that the large-scale dynamics should be stochastic and similar to noisy Burgers.

Another defect of perturbation theory has already been mentioned (end of Section (2.2)), namely, that the noise terms all vanish when ε_0 → 0 if bare propagators are used. This can be seen to occur in the work of Yakhot, for his noise term, Eq.(12) in [21], goes to zero in the limit D(k) → 0 as his initial data become deterministic (see his Eq.(8)). Line-reverted or high-order vertex-reverted expansions seem to be potentially useful here. In fact, V. S. L’vov et al. [40 ] have attempted to use such a “self-consistent expansion” to establish scaling predictions of Yakhot’s conjecture. However, their “proof” still uses a weak-coupling expansion without justification where the interaction is large. Furthermore, it does not seem that any of these perturbative methods are sophisticated enough to distinguish between “chaotic” and “integrable” dynamics. The perturbative argument of [40 ] uses no more than the gross form of the nonlinearity and could be used also to “prove” equivalence of deterministic and noisy Burgers! Clearly, KS and Burgers as deterministic equations should behave very differently under “stochastic filtering,” since only the former should remain noisy, with some universal law of fluctuations, in the limit ε_0 → 0, whereas the noise in the latter will depend upon the imposed random forces and presumably vanish entirely as they are taken to zero.

A concern with any approximation scheme attempted is the realizability constraints on the noise cumulants D^{(p)}. Notice from our exact expressions that all realizability inequalities for the D^{(p)} will obtain in the limit ε_0 → 0, although they may conceivably degenerate (i.e. all D^{(p)} → 0.) One way to ensure such constraints are satisfied is, as Kraichnan has emphasized [36], by constructing model realizations for the approximations. In the last Section 3 we shall describe how a direct-interaction approximation may be considered in which only the terms for the 1-loop graphs above are legitimately retained in the SLE dynamics and which represents the exact SLE dynamics of a certain “random-coupling model.” In that case, the propagator lines are the full propagators determined from the solution of a self-consistent “DIA-equation” for the SS mode statistics, into which are coupled the mean-values of the LS modes.

3 Principle of Least Effective-Action

(3.1) Derivation and Comparison with the Onsager Principle

The formulation by MSR [11] of classical statistical dynamics as a formal quantum field theory allows one to carry over many techniques from that field. In particular, there is a minimum principle for vacuum expectations of field operators in Euclidean quantum field theory, which is due to K. Symanzik (see the Appendix of [41].) This principle involves the “effective action” of the field-theory, a concept which has its roots in the early work of Heisenberg and Euler [42] and J. Schwinger [43] in QED. However, it turns out that the equivalent principle for nonequilibrium statistical dynamics was introduced even earlier in the famous 1931 work of L. Onsager on the reciprocal relations [12] (see Section 5 of both his papers.) This idea was further developed in a later paper of Onsager with his student S. Machlup [44]. In the situation they considered the random force corresponded to molecular noise obeying the fluctuation-dissipation relation and the action function had the physical meaning of a “dissipation function.” Therefore, the action principle corresponded to a “principle of least dissipation.” Although originally developed only for linear transport processes, the principle can be extended to the nonlinear regime [45, 46]. Furthermore, as pointed out by R. Graham ([45], Section 7), the principle is then seen to be precisely the analogue of the “least effective action principle” of Euclidean field-theory.

We shall give here a self-contained discussion of the least-action principle, following closely the accounts in [41, 45]. It will be seen that the principle has very general basis and that, in fact, its origin is the same as that of the familiar equilibrium variational principles of maximum entropy, minimum free-energy, etc. The main requirement for its validity in a global sense is finite exponential moments of the statistical distribution. That is, it is required that ∫ DP (v) e^{⟨f,v⟩} < ∞, (3.1) where f is a real-vector valued test function. We have in mind here that the distribution is over spacetime histories of a turbulent velocity field, but P could really be any probability measure whatsoever. We will see that a considerably weaker condition than finite exponential moments is sufficient for the principle to be valid in just a local sense. However, if Eq.(3.1) holds, then we may define W [f] ≡ log [∫ DP (v) e^{⟨f,v⟩} ] , (3.2) which is a cumulant-generating functional of the distribution P. It is a consequence of the positivity of the distribution and the Hölder inequality that ∫ DP (v) e^{⟨λf1+(1−λ)f2,v⟩} ≤ (∫ DP (v) e^{⟨f1,v⟩} )λ (∫ DP (v) e^{⟨f2,v⟩} )1−λ , (3.3)

for 0 < λ < 1, or W [λf_1 + (1 − λ)f_2] ≤ λW [f_1] + (1 − λ)W [f_2]. (3.4) In other words, W [f] is a globally convex functional of its argument. Observe that this is a result just of a simple realizability inequality for the distribution.

However, it is easy to see that δW [f] δf_i(rt) = v_i[rt; f], (3.5)

where the latter is the expectation of the velocity-field in the distribution weighted by the exponential factor. Therefore, the corresponding conjugate convex functional is

Γ[v] = sup_f (⟨f, v⟩ − W [f]). (3.6)

This is the definition of the effective action. Observe that it satisfies δΓ[v] δv_i(rt) = f_i[r, t; v], (3.7)

where f[v] is the inverse functional to v[f]. Since Γ[v] is also globally convex under the assumption Eq.(3.1), it follows that it has an absolute minimum (possibly nonunique if Γ is not strictly convex). However, since v = ⟨v⟩, the ordinary expectation of the velocity field^7, is just equal

7Observe that our notation here differs from that of the other chapters, where v represented a large-scale velocity obtained by filtering.

to v = v[0] corresponding to f = 0, it follows that δΓ[v] δv_i(rt) = 0. (3.8)

That is, v is the stationary point of Γ[v], which is the point at which Γ attains its absolute minimum. That the mean velocity field is characterized as the point at which Γ achieves its minimum is just the precise statement of the principle of least effective action.

Even without the assumption Eq.(3.1) of finiteness of all exponential moments a local version of the principle may be formulated, assuming that W [f] exists in some small neighborhood of f = 0 and finiteness of second moments.In that case, δ^2W [f] δf_i(rt)δf_i(r^′t^′)

= U_{ij}[rt, rt; f] (3.9)

where U[f] is the 2nd-order velocity cumulant in the exponentially weighted distribution

U_{ij}[rt, r^′t^′; f] = ⟨v_i(rt)v_j(r^′t^′)⟩_f − ⟨v_i(rt)⟩_f ⟨v_j(r^′t^′)⟩_f . (3.10)

Again, it is a simple realizability condition that U ≥ 0, as an operator defined by the kernel in Eq.(3.10). The conjugate Γ may still be defined locally by values at the stationary point of the quantity in parentheses in Eq.(3.6). Then Eq.(3.7) still holds and further δ^2Γ[v] δv_i(rt)δv_i(r^′t^′)

= (U^{−1})_{ij}[rt, rt; f[v]]. (3.11)

By positivity of the latter kernel, it follows that the stationary point v of Γ[v] is at least a local minimum.

The comparison with the Onsager principle may be found in [45, 46]. As noted, that principle applies to thermal or molecular noise, governed by a fluctuation-dissipation relation. Since this noise is very weak, the corresponding path-integral formula for W [f] may be evaluated by steepest descent. The resulting action is just the “classical” one, given by the Onsager- Machlup langrangian functional [44]. In other words, there is no “renormalization” of the action in this case. On the contrary, in turbulence there should be, as we have discussed, a strong renormalization of the noise and the effective action will differ from the “bare” MSR action appearing in the path-integral. This makes it far more challenging to calculate the effective action for turbulence noise than for molecular noise. However, turbulence is for the same reason a far more promising area of application of the principle. Molecular noise seems too weak in general to have important influence in nonequilibrium pattern formation and the “least dissipation principle” has few important applications in that area. On the other hand, turbulent fluctuations are large and must play a leading role in determining mean turbulent velocity profiles in such inhomogeneous situations as channel flow, flow past an obstacle, etc. Therefore, the least-action principle should be relevant in those cases.

This principle may be extended to statistics higher-order than mean quantities, if some stronger moment conditions are satisfied. This was noted by Cornwall et al. [47] in the context of relativistic field-theory. For example, if the following moment condition is satisfied ∫ DP (v) e^{⟨f,v⟩+ 12 ⟨F,v⊗v⟩} < ∞, (3.12)

with ⟨F, v ⊗ v⟩ = ∫ drdt ∫ dr^′dt^′ F_{ij}(rt, r^′t^′)v_i(rt)v_j (r^′t^′), (3.13) then a generalized generating function may be defined as

W [f, F] ≡ log [∫ DP (v) e^{⟨f,v⟩+ 12 ⟨F,v⊗v⟩} ] . (3.14)

The Hölder inequality still implies for 0 < λ < 1 that

W [λf_1 + (1 − λ)f_2, λF_1 + (1 − λ)F_2] ≤ λW [f_1, F_1] + (1 − λ)W [f_2, F_2]. (3.15)

In other words, W [f, F] is a globally convex functional of both arguments. Furthermore, δW [f, F] δf_i(rt) = v_i[rt; f, F] (3.16) and δW [f, F] δF_{ij} (rt, r^′t^′) = 1 2 (v_i[rt; f, F]v_j[r^′t^′; f, F] + U_{ij}[rt, r^′t^′; f, F]). (3.17)

Hence, a conjugate convex functional Γ[v, U] may be introduced as Γ[v, U] = sup_{f,F} ( ⟨f, v⟩ + 1 2 ⟨F, v ⊗ v + U⟩ − W [f, F] ) . (3.18) It satisfies δΓ[v, U] δv_i(rt) = f_i[r, t; v, U] + ∫ dr^′dt^′ F_{ij}(rt, r^′t^′)v_j(r^′t^′), (3.19) and δΓ[v, U] δU_{ij}(rt) = 1 2 F_{ij}[rt, r^′t^′; v, U]. (3.20) Thus, the average v and cumulant U for the f = F = 0 ensemble are just the minimum points of the generalized action: δΓ[v, U] δv_i(rt) = δΓ[v, U] δU_{ij}(rt) = 0. (3.21) This principle characterizes by a minimum principle also second order statistics such as the Reynolds stress τ_{ij}(rt) = U_{ij}(rt, rt) and the turbulent intensity K(rt) =^1_2 U_{ii}(rt, rt). It is easy to see how to formulate also restricted versions of the previous construction just for these quantities, or, in the other direction, to extend the principle to statistics of 3rd and higher order.

We therefore see now that—in principle—all turbulence statistics will be characterized as the minimizers of an appropriate action functional. Needless to say, this is practically useless without a means to calculate the action. Fortunately, there exist in quantum field theory methods of doing so. One of the methods is the semiclassical loop expansion. However, this depends upon the existence of a small parameter (Planck’s constant h^− in the quantum mechanics context) and there is no such small parameter in turbulence. However, there is another method in field theory which is nonperturbative that is based upon a theorem of Symanzik [41]. The latter provides a variational characterization of the static effective action, more commonly referred to as the effective potential. This is obtained from the full action by defining, for any time-independent c-number field ϕ(r), the time-extended field ϕ_T (r, t) by ϕ_T (r, t) ≡ ϕ(r) if |t| ≤ T/2 0 otherwise.

(3.22)

Then the “effective potential” V [ϕ] is defined as the infinite-time limit

V [ϕ] = lim_{T →+∞}

Γ[ϕ_T ] T . (3.23)

The effective potential is appropriate to determine expected field configurations in the timeinvariant ground state of the theory. What Symanzik proved [41] is that this quantity may be characterized as the expected value of the quantum Hamiltonian operator Ĥ over all Hilbert space vectors Ψ with fixed field expectation ϕ(r). That is,

V [ϕ] = inf{⟨Ψ, ĤΨ⟩ : ⟨Ψ, Ψ⟩ = 1, ⟨Ψ, Φ̂(r)Ψ⟩ = ϕ(r)}. (3.24)

Symanzik’s theorem corresponds to a constrained version of the well-known variational principle for the ground state energy in quantum mechanics, according to which

E_{ground state} = inf{⟨Ψ, ĤΨ⟩ : ⟨Ψ, Ψ⟩ = 1}. (3.25)

The practical significance of this result is that it can be used to formulate Rayleigh-Ritz variational calculations of the effective potential. This strategy has been employed in [47] to calculate V [ϕ] by choosing a family of trial states {Ψ_λ} and then varying the parameters λ to optimize the guess. This yields an approximate result both for V and also for the ground state wavefunction Ω. The important feature of such variational methods is that they are systematically improvable, even convergent to the true answer, by suitably enlarging the class of trial states.

We shall show in the following sections that Symanzik’s theorem, as well as various generalizations of it to the full, time-dependent action and to action functionals for higher-order statistics, can all be extended to the MSR context. Furthermore, this will allow us to elaborate Rayleigh-Ritz methods applicable to turbulence. The standard statements and proofs are not automatically valid in MSR field theory because of the peculiar feature—noted by MSR themselves—that their formal quantum theory is one with a “non-Hermitian Hamiltonian.” However, we shall see that a simple modification suffices to make the results all valid there.

(3.2) Operator Formulation of MSR Field Theory

As already noted, the original paper of MSR [11] developed the field-theory method by simply postulating an appropriate set of commutation relations between the usual variables and a new “response operator.” A more concrete study was then made by Phythian [25, 26], who constructed canonical representations of the MSR commutation relations. It was also observed by him that the operator approach seems to be limited to the case of Markov dynamics. We shall describe here briefly the operator formulation, following a similar approach as Phythian (but with a few differences).

To this end, let us consider again the case of a generalized Langevin equation

∂_tx_n = K_n[x] + f^′_n[x]. (3.26)

where K[x] is an arbitrary causal functional of histories x(t) and f^′[x] is a zero-mean random force with generating functional ∫ Df^′[x] e^{−i⟨p,f ′[x]⟩} = exp ∑ m≥2 (−i)^m m! ∫ p_{i1} · · · p_{im} D^{(m)}_{i1···im} [x] , (3.27) where the cumulants D^{(m)}[x] are again causal functionals of x. Then, by the same argument as given previously, this generalized Langevin dynamics has an equivalent field-theory formulation in terms of an action

S[x, p] = ∫ dt p_n(t) (ẋ_n(t) − K_n[t; x]) + i 2 ∫ dt δK_n[t; x] δx_n(t) + ∑ m≥2 (−i)^{m+1} m! ∫ dt p_{i1} (t) · · · p_{im} (t)D^{(m)}_{i1···im} [t; x] (3.28) Note that S[x, p] = ∫ (p_n · ẋ_n − H[x, p]), (3.29) where H[x, p] = p_nK_n[x] − ∑ m≥2 (−i)^{m+1} m! p_{i1} · · · p_{im} D^{(m)}_{i1···im} [x]. (3.30)

For simplicity, we consider now and hereafter the case where a Liouville theorem is satisfied (or

else Ito rule is used.) The Euler-Lagrange equations of motion of this action are

ẋ_n(t) − K_n[t; x] + ∑ m≥2 (−i)^{m+1} (m − 1)!

p_{i1} (t) · · · p_{im−1} (t)D^{(m)}_{ni1···im−1} [t; x] = 0, (3.31) and −ṗ_n(t) − ∫ dt^′ p_m(t^′) δK_m δx_n(t) [t^′; x] + ∑ m≥2 (−i)^{m+1} m! ∫ dt^′ p_{i1} (t^′) · · · p_{im} (t^′) δD^{(m)}_{i1···im} δx_n(t) [t^′; x] = 0.

(3.32)

Now assume that

K[t; x] = K(x(t)), D^{(m)}[t; x] = D^{(m)}(x(t)), (3.33)

that is, these quantities depend only upon the instantaneous values of the state variables. This

restricts one to the case of Markov dynamics, as previously noted by Phythian. In that case it

is possible to restate the problem as a formal quantum theory with Hamiltonian operator

Ĥ = P̂_nK_n[X̂] − ∑ m≥2 (−i)^{m+1} m! P̂_{i1} · · · P̂_{im} D^{(m)}_{i1···im} [X̂], (3.34)

where the usual canonical commutation relations hold between X̂_n, P̂_m:

[X̂_n, P̂_m] = iδ_{n,m}. (3.35)

The equations of motion then follow in operator form as Heisenberg equations

i∂_tÔ = [Ô, Ĥ], (3.36) or ∂_tX̂_n = K_n(X̂) − ∑ m≥2 (−i)^{m+1} (m − 1)! P̂_{i1} · · · P̂_{im−1} D^{(m)}_{ni1···im−1} (X̂), (3.37) and ∂_tP̂_n = −P̂_m ∂K_m ∂x_n [X̂] + ∑ m≥2 (−i)^{m+1} m! P̂_{i1} · · · P̂_{im} ∂D (m) i1···im ∂x_n (X̂). (3.38)

Observe that Ĥ is not formally self-adjoint: it is just the “non-Hermitian Hamiltonian” of MSR. Actually, MSR considered instead operator equations of motion ∂_tÔ = [Ô, L̂] with the trivially related operator L̂ = −iĤ. For a general Markov process this is just L̂ = − ∂ ∂x_n [K_n(x)·] + ∑ m≥2 (−1)^m m! ∂^m ∂x_{i1} · · · ∂x_{im} [ D^{(m)}_{i1···im} (x)· ] (3.39)

in the canonical representation. It coincides with the well-known Kramers-Moyal expansion of the Markov evolution operator [48]. In particular, for the specific case of a diffusion process L̂ = − ∂ ∂x_n [K_n(x)·] + 1 2 ∂^2 ∂x_l∂x_m [D_{lm}(x)·] (3.40)

and coincides with the Fokker-Planck operator [48], in which K is the drift vector and D the diffusion tensor.

In the operator formulation, the statistical correlation and response functions are represented as vacuum expectation values of the time-ordered products of the operators X̂ and P̂. The latter are usually called “Greens functions” in field-theory. However, since Ĥ is non- Hermitian, the “right vacuum state” Ĥ|Ω^+⟩ = 0, (3.41)

and “left vacuum state” Ĥ^∗|Ω^−⟩ = 0 (3.42)

are distinct. In fact, ⟨x|Ω^+⟩ = ρ(x), (3.43) where ρ is the density of the stationary measure of the process and

⟨x|Ω^−⟩ ≡ 1. (3.44)

If time-dependent “Heisenberg picture” operators are introduced as Ô(t) ≡ e^{itĤ}Ôe^{−itĤ} , (3.45) then it is easy to see that

⟨x_{i1} (t_1) · · · x_{in} (t_n)⟩ = ⟨Ω^−|T [ X̂_{i1} (t_1) · · · X̂_{in} (t_n) ] |Ω^+⟩, (3.46)

in which the LHS is the n-point statistical correlation function of the process and the RHS is the vacuum expectation of the time-ordered (increasing right to left) coordinate operators X̂_i(t). Furthermore, the time-ordered vacuum expectations of the momentum operators P̂_i(t) along with the coordinate operators give the linear and higher-order mean response functions. The linear response function is defined as usual by G_{nm}(t − t^′) = ⟨ δx_n(t) δf_m(t^′) ⟩, (3.47)

where f_n(t) is an external, deterministic force coupled additively into the Langevin dynamics. We shall just show here that indeed G_{nm}(t) = −i⟨Ω^−|T [ X̂_n(t)P̂_m(0) ] |Ω^+⟩ (3.48)

and we leave the consideration of higher-order response functions to the reader. First we observe that due to P̂_m|Ω^−⟩ = 0, (3.49)

any Greens function whose latest time-variable is a momentum operator must vanish. Hence, the RHS of Eq.(3.48) vanishes for t < 0 just as does the causal response function on the LHS. Furthermore, by means of the canonical commutation relations

−iX̂_n(t)P̂_m(0) = i[P̂_m(0), X̂_n(t)] − iP̂_m(0)X̂_n(t) = ∂X̂_n(t) ∂x_m(0)

− iP̂_m(0) · X̂_n(t). (3.50)

Thus, for t > 0 −i⟨Ω^−|T [ X̂_n(t)P̂_m(0) ] |Ω^+⟩ = ⟨ ∂x_n(t) ∂x_m(0)

⟩. (3.51) Now making a small perturbation x(0) → x(0) + ϵ in the initial data is the same as making a small perturbation f(t) → ϵ · δ(t) in the external force. By the definition of functional differentiation it follows that ∂x_n(t) ∂x_m(0) = δx_n(t) δf_m(0)

, (3.52) the usual instantaneous response function Ĝ_{nm}(t, 0). The stated identity Eq.(3.48) immediately follows.

(3.3) Symanzik-Type Theorems for MSR

We can now state and prove the version of Symanzik’s theorem which holds in MSR field theory. It requires a very simple modification associated to the non-self-adjoint character of the formal Hamiltonian. More precisely, we have

Theorem 1 The effective potential

V [x] = lim_{T →+∞} 1 T Γ[x_T ], (3.53)

for a stationary Markov process is the value at the extremum point of the functional

V [Ψ^+, Ψ^−] = −⟨Ψ^−|L̂|Ψ^+⟩ (3.54)

varying over all pairs of state vectors Ψ^+, Ψ^− subject to the constraints

⟨Ψ^−|Ψ^+⟩ = 1 (3.55) and ⟨Ψ^−|X̂|Ψ^+⟩ = x. (3.56)

Whereas the original version of the theorem required just one trial state, now there must be two independent trial states.

Nevertheless, the proof is similar to the original one of Symanzik [41]. Observe first that the generating functional W [h] introduced earlier may be represented in the operator formulation by W [h] = log⟨Ω^−|T exp (∫ T 0 dt L̂_h(t) ) |Ω^+⟩, (3.57) where L̂_h(t) = L̂ + h(t)·X̂. (3.58)

No time-dependence is required for the coordinate operators because the exponential factors automatically introduce the correct Heisenberg picture operators after differentiating and setting h to zero. We note then that for a static field h in the limit T → +∞,

exp(W [h_T ]) = ⟨Ω^−| exp ( T · L̂_h ) |Ω^+⟩ ≈ ⟨Ω^−|Ω^+[h]⟩⟨Ω^−[h]|Ω^+⟩ × exp(T · λ[h]), (3.59)

where λ[h] is the eigenvalue of the “perturbed operator”

L̂_h = L̂ + h·X̂ (3.60)

with the largest real part and Ω^+[h], Ω^−[h] are the associated right and left “ground state” eigenvectors:

L̂_h|Ω^+[h]⟩ = λ[h]|Ω^+[h]⟩, (3.61) and L̂^∗_h|Ω^−[h]⟩ = λ^∗[h]|Ω^−[h]⟩. (3.62)

Furthermore, we can see that ∂W [h_T ] ∂h_n = T · x_n[h] + o(T ), (3.63)

with x_n[h] = ⟨Ω^−[h]|X̂_n|Ω^+[h]⟩. (3.64)

This can be obtained from the formula

exp(W [h_T ])

∂W [h_T ] ∂h_n = ⟨Ω^−| ∂ ∂h_n exp ( T · L̂_h ) |Ω^+⟩ = ⟨Ω^−|Ω^+[h]⟩⟨Ω^−[h]|Ω^+⟩⟨Ω^−[h]| ∂ ∂h_n exp ( T · L̂_h ) |Ω^+[h]⟩ +O ( e^{−T ·Δλ} ) , (3.65) where Δλ is the spectral gap between the real parts of the “ground state” eigenvalue and the next highest eigenvalue. We also use the well-known fact that, for any one-parameter family of operators L̂(h) depending smoothly on a parameter h, ∂ ∂h exp(L̂(h)) = exp(L̂(h))φ(−AdL̂(h)) [ ∂L̂(h) ∂h ] , (3.66)

where AdL̂ denotes the “adjoint super-operator” defined by commutator,

(AdL̂)[Ô] = [L̂, Ô], (3.67)

and φ(z) is the entire function

φ(z) = (e^z − 1)/z = 1 + 1 2! z + 1 3! z^2 · · · . (3.68)

See [49]. Since ⟨Ω^−[h]|[L̂_h, Ô]|Ω^+[h]⟩ = 0, (3.69) for any operator Ô, only the first term survives in the expansion of φ when substituted into the first term of formula Eq.(3.65). This yields Eq.(3.63).

Now let us consider the variational problem. If we incorporate the constraints by suitable Lagrange multipliers, then the variational equation is just δ [ −⟨Ψ^−|L̂|Ψ^+⟩ − h·⟨Ψ^−|X̂|Ψ^+⟩ + λ⟨Ψ^−|Ψ^+⟩ ] = 0, (3.70) or ⟨δΨ^−|L̂_h − λ|Ψ^+⟩ + ⟨Ψ^−|L̂_h − λ|δΨ^+⟩ = 0. (3.71) In other words, there are infinitely many stationary points of the functional V [Ψ^+, Ψ^−] subject to the constraints. They consist precisely of pairs (Ψ^+_α [h], Ψ^−_α [h]) of eigenvectors of L̂_h, L̂_h|Ψ^+_α [h]⟩ = λ_α[h]|Ψ^+_α [h]⟩, (3.72)

and L̂^∗_h|Ψ^−_α [h]⟩ = λ^∗_α[h]|Ψ^−_α [h]⟩, (3.73) corresponding to different branches of eigenvalues λ_α[h], α = 0, 1, 2, ... To be precise, we should consider the stationary point corresponding to the branch with largest real part for each h, that is, the pair of “ground state” eigenvectors (Ω^+[h], Ω^−[h]) introduced above. Applying the left eigenvector to the eigen-equation of the right vector and using the constraints gives

⟨Ω^−[h]|L̂|Ω^+[h]⟩ + h·x[h] = λ[h], (3.74)

and thus

−⟨Ω^−[h]|L̂|Ω^+[h]⟩ = h·x[h] − λ[h] = 1 T [ ⟨h_T , δW δh [h_T ]⟩ − W [h_T ] ] + o(1), = 1 T Γ[x_T ] + o(1). (3.75)

The first quantity is independent of T, so that we see taking the limit T → +∞ that

−⟨Ω^−[h]|L̂|Ω^+[h]⟩ = V [x], (3.76)

as was claimed.

We have given only a formal proof of the theorem without a careful statement of the conditions, which would certainly involve spectral properties of the “Liouville operator” L̂, etc. For deterministic dynamics the existence of a spectral gap in (properly speaking) the Perron- Frobenius operator has been established only for a few special cases, such as the work of Pollicot and Ruelle on Axiom A systems. See [50]. The assumption of a spectral gap is probably stronger than required and a fast polynomial decay, rather than exponential, should suffice. We just make one remark here on the mathematical aspects, which is that trial states Ψ^+, Ψ^− clearly must be taken from different spaces. In fact, Ψ^+ varies over the space L^1, of integrable functions of coordinates, while Ψ^− varies over the space L^∞ of bounded functions. Since L^∞ is the Banach space dual to L^1, the Dirac “bra-ket” notation, ⟨·|·⟩ above, must be interpreted as the canonical dual space action of L^∞ vectors on L^1 vectors. Later on we will formulate another more symmetrical version of the result in which both Ψ^+, Ψ^− vary over L^2.

The theorem can also be generalized in two important ways. First, there is an analogous variational characterization of the full, time-dependent effective action Γ[x]. Let us state the result formally as

Theorem 2 The effective action Γ[x] for a stationary Markov process is the value at the extremum point of the functional

Γ[Ψ^+, Ψ^−] = ∫ +∞ −∞ dt ⟨Ψ^−(t), (∂_t − L̂)Ψ^+(t)⟩, (3.77)

when that is independently varied over all pairs of time-dependent state vectors subject to the constraints for each time t:

⟨Ψ^−(t), Ψ^+(t)⟩ = 1 (3.78) and ⟨Ψ^−(t), X̂Ψ^+(t)⟩ = x(t), (3.79) and also to the boundary conditions lim t→∓∞ |Ψ^±(t)⟩ = |Ω^±⟩. (3.80)

We shall not give here the proof of this theorem because it is essentially the same as the proof of a corresponding result in quantum field theory due to Jackiw and Kerman [51]. They have shown similarly that the effective action Γ[ϕ] of field-theory is the stationary point of the functional Γ[Ψ^+, Ψ^−] = ∫ +∞ −∞ dt ⟨Ψ^−(t), (ih^−∂_t − Ĥ)Ψ^+(t)⟩, (3.81) varied over pairs (Ψ^−(t), Ψ^+(t)) with constraints

⟨Ψ^−(t), Ψ^+(t)⟩ = 1 (3.82) and ⟨Ψ^−(t), Φ̂(r)Ψ^+(t)⟩ = ϕ(r, t). (3.83)

Just as the Symanzik theorem is a constrained version of the familiar quantum variational principle for energy eigenvalues and eigenvectors, the Jackiw-Kerman theorem can be seen as a constrained version of Dirac’s [52] variational formulation of the Schrödinger equation (a quantum analogue of Hamilton’s principle). According to that principle, the solutions of the Schrödinger equation ih^−∂_tΨ^±(t) = ĤΨ^±(t), (3.84) are obtained as the stationary points of Γ[Ψ^+, Ψ^−] subject to independent variations of the two wavevectors. In addition to providing a basis for time-dependent Rayleigh-Ritz calculations, the Jackiw-Kerman-type theorem establishes the existence of a Lagrangian functional for the effective action.

A second generalization of Symanzik’s theorem has been made by Cornwall, Jackiw, and Tomboulis (CJT)[47] to the static effective action for higher-order statistics. For example, if Γ[ϕ, G] is the quantum analogue of Γ[v, U] defined previously, then CJT defined a static version appropriate to discuss those 2nd-order statistics in the time-invariant ground state. Their definition corresponds to substituting into Γ[ϕ, G] time-invariant versions ϕ(r) and G(r, t−t^′; r^′, 0), with this G then eliminated in terms of the equal-time correlation G(r, r^′) = G(r, 0; r^′, 0) in a way discussed in detail in [47]. After this, the result was divided by length of the total time interval T and the limit T → +∞ taken. Then, CJT showed that the resulting quantity V [ϕ, G] is also given by the following variational prescription:

V [ϕ, G] = ⟨Ψ, ĤΨ⟩ (3.85)

at the minimum point subject to constraints

⟨Ψ, Ψ⟩ = 1, ⟨Ψ, Φ̂(r)Ψ⟩ = ϕ(r), (3.86)

as before and also ⟨Ψ, Φ̂(r)Φ̂(r^′)Ψ⟩ = ϕ(r)ϕ(r^′) + G(r, r^′). (3.87)

This is the straightforward generalization of Symanzik’s original result. It can also be generalized to MSR field theory in a way which should be now obvious. We will refrain here from giving the precise statement and, instead, turn to the practical implementation of the results.

(3.4) Formulation of Rayleigh-Ritz Variational Methods

We will just outline here a simple variational method of Rayleigh-Ritz type to approximate the effective action and, thereby, the ensemble means. To initiate the method a trial weight must be chosen, w(x) ≥ 0, ∫ dx w(x) = 1, (3.88) as a plausible a priori guess for the density ρ(x) of stationary measure. This weight will contain a number of parameters which can be optimized by means of the variational principle in Theorem 1. The most straightforward implementation uses expansions in orthogonal polynomials with respect to the trial weight, ∫ P_n(x)P_m(x) w(x) dx = δ_{n,m}, (3.89) which are assumed to form a complete set in the weighted L^2-space associated to w. General convergence properties of these polynomials are discussed by Kraichnan in [53] and Section 2 of [10]. In the present application, the pair of state vectors to be varied are expanded to some finite order N as Ψ^+ = w · N−1∑ n=0 c^+_n P_n, (3.90) and Ψ^− = N−1∑ n=0 c^−_n P_n. (3.91) Then, incorporating constraints by Lagrange multipliers, the variational equation becomes δ N−1∑ n,m=0 c^−_n c^+_m(L_{nm} + h·X_{nm}) − λ N−1∑ n=0 c^−_n c^+_n

= 0, (3.92)

where for all n, m = 0, 1, 2, .... L_{nm} = ⟨P_n, L̂(wP_m)⟩, X_{nm} = ⟨P_n, X̂(wP_m)⟩. (3.93) The variation may be instituted in two stages. Varying first with respect to the expansion coefficients c^+, c^−, the N-rank eigenvalue equations are obtained N−1∑ m=0 (L_{nm} + h·X_{nm})c^+_m = λc^+_n , (3.94) for n = 0, 1, ..., N − 1, and_{N−1} ∑ n=0 (L_{nm} + h·X_{nm})c^−_n = λc^−_m (3.95) for m = 0, 1, ..., N − 1. Then calculate, for each h, the eigenvalue of largest real part and the associated eigenvectors. With x fixed, the value of h is determined, yielding values λ_N (x), c^±_N (x). The intermediate approximation of rank N to the effective potential V_N (x) is

V_N (x) = − N−1∑ n,m=0 c^−_{N,n}(x)c^+_{N,m}(x)L_{nm}. (3.96)

However, this potential may next be optimized with respect to the remaining parameters in the weight function itself, giving the final approximation.

A natural way to implement this procedure in calculating mean turbulent velocity profiles would be to make a Gaussian ansatz for the velocity fluctuations. The mean velocities in the Gaussian trial weight would be taken as the variational parameters whereas the velocity covariance could be fixed by hypothesis. The covariance could be determined, for example, from a model energy spectrum which is k^{−5/3} in the inertial range. In this way, the physics of the K41 theory could be incorporated into the trial state. The orthogonal polynomials with such a Gaussian trial weight are just appropriate multidimensional Hermite polynomials, or polynomials “Wick-ordered” with respect to the model covariance. The procedure outlined above would produce a set of variational equations for the mean velocity field at every stage of expansion of state vectors into Hermite polynomials up to the Nth order. This scheme is essentially a first-order closure method for mean quantities by postulating 2nd-order statistics but with the advantage that it may be systematically improved by increasing N. Alternatively, 2nd-order closures could be implemented variationally as well in which the entire velocity covariance (or some partial 2nd-order statistics such as a local value of the Kolmogorov constant, or the local turbulence intensity, etc.) would be allowed to range over some trial set and then varied to optimize the guess. Clearly, similar methods could also be used in time-dependent problems, such as turbulence growth under a mean constant shear, or freely-decaying turbulence, etc. based upon the variational characterization of the full time-dependent effective action.

We do not present any such realistic applications at this point. We shall only examine here a couple of very simple, exactly soluble stochastic models, in order to allow easy comparison of the variational method with reality. First, let us consider the standard Ornstein-Uhlenbeck process (cf. [48]) associated to the linear Langevin equation

∂_tx = −γ(x − x_0) + √ Dη, (3.97)

with ⟨η(t)η(t^′)⟩ = 2δ(t − t^′), and Fokker-Planck operator L̂ = γ ∂ ∂x ((x − x_0)·) + D

∂^2 ∂x^2 . (3.98)

As is well-known, the stationary density is just a Gaussian ρ(x) = 1 √ 2πσ^2 exp[−(x − x_0)^2/2σ^2], (3.99)

with σ^2 = D/γ. In particular, the mean position is x̄ = x_0. However, suppose we ignore this fact and instead use a reasonable guess of the 2nd-order statistics to try to obtain the mean value variationally. A natural choice of trial weight in this case is also Gaussian w(x) = 1 √ 2πσ^2 exp[−(x − a)^2/2σ^2], (3.100)

with arbitrary center a. Furthermore, let us make the simple ansatz that

Ψ^+(x) = w(x) · c^+_0 , (3.101) and Ψ^−(x) = 1 + c^−_1 (x − a). (3.102) Thus, we use a “mixed-order” Hermite expansion in which the series for Ψ^+ is taken only to 0th-order but that for Ψ^− is carried to 1st-order. It is then easy to calculate that

⟨Ψ^−, L̂Ψ^+⟩ = −γ(a − x_0) · c^−_1 c^+_0 , (3.103)

that ⟨Ψ^−, Ψ^+⟩ = c^+_0 , (3.104) and that ⟨Ψ^−, X̂Ψ^+⟩ = a · c^+_0 + σ^2 · c^−_1 c^+_0 . (3.105) Imposing the constraints ⟨Ψ^−, Ψ^+⟩ = 1 and ⟨Ψ^−, X̂Ψ^+⟩ = x, it is easy to determine that

c^+_0 = 1 c^−_1 = x − a σ^2

, (3.106)

so that ⟨Ψ^−, L̂Ψ^+⟩ = − γ^2 D (a − x_0)(x − a). (3.107) Taking V (x) = −⟨Ψ^−, L̂Ψ^+⟩ and varying with respect to a, the value a =^{x+x0}_2 is obtained. Substituting this stationary point value, the final estimate is obtained:

V_{approx}(x) = γ^2 4D (x − x_0)^2. (3.108)

Clearly, the minimum is just x_0, so that the method has produced the correct mean value. Of course, this example is very simple and getting the exact mean value at first try is not expected in general. Notice that the same approximation may be obtained from the “classical” action for the process, Γ_{OM} [x] = 1 4D ∫ +∞ −∞ dt [ẋ + γ(x − x_0)]^2, (3.109) i.e. the Onsager-Machlup action. For a general diffusion process this is only the exact effective action in the zero-noise limit D → 0, and otherwise it will be just a “leading” term in a diagrammatic loop-expansion. It is therefore similar to the “Hartree-Fock approximation” used in [47]. However, since Γ_{OM} [x_T ] T = γ^2 4D (x − x_0)^2 (3.110) identically at each finite T, the previous result for V is recovered.

It may be worthwhile giving just one more simple example, to see whether the method can succeed when the exact statistics are non-Gaussian. To that end, we take an exactly soluble 1-dimensional gradient dynamics

∂_tx = −φ^′(x) + √ Dη, (3.111) with potential φ(x) = λ 4! (x − x_0)^4. (3.112)

As is well-known, the Fokker-Planck operator is now L̂ = λ 6 ∂ ∂x ( (x − x_0)^3· ) + D ∂^2 ∂x^2 . (3.113)

and the stationary density is just given by

ρ(x) ∝ exp [ − λ · (x − x_0)^4 4! · D ] . (3.114)

Although the fluctuations are non-Gaussian, the mean is still given simply as x̄ = x_0. Let

us use the same Gaussian trial guess as above for w and the same ansatz for Ψ^+, Ψ^− as in

Eqs.(3.101),(3.102). Then Eqs.(3.104) and (3.105) are unchanged, while

−⟨Ψ^−, L̂Ψ^+⟩ = λ ( (a − x_0) · 1 2 σ^2 + 1 6 (a − x_0)^3 ) c^−_1 c^+_0 , = λ σ^2 ( (a − x_0) · 1 2 σ^2 + 1 6 (a − x_0)^3 ) (x − a), (3.115)

imposing the constraints. The approximate effective potential V can be obtained by substituting

the value a at the stationary point, which is determined by the variational equation ∂V_a(x)/∂a =

0, or [ 1 2 σ^2 + 1 2 (a − x_0)^2 ] (x − a) = [ (a − x_0) · 1 2 σ^2 + 1 6 (a − x_0)^3 ] . (3.116)

It is possible to solve this cubic polynomial equation for a, but it is easier to determine the ap-

proximate mean value without doing so explicitly. In fact, using Eq.(3.116), it is straightforward

to see that

V_{approx}(x) = λ σ^2 ( 1 2 σ^2 + 1 2 (a − x_0)^2 ) (x − a)^2 ≥ 0. (3.117)

Thus, the minimum V_{approx} = 0 is achieved if and only if x = a. Substituting back into the

cubic Eq.(3.116), it is found that 1 6 (a − x_0)^3 + σ^2 2 (a − x_0) = 0 (3.118) at the minimum. This equation has only one real-valued solution a = x_0. Hence, we conclude that x̄ = x_0, (3.119) which is again the exact value. Notice that the variance σ^2 of the Gaussian trial state never needed to be specified in this argument. In fact, the Gaussian ansatz gives a rather poor representation of the fluctuations for any choice of σ^2, but all choices lead here to the same mean value.

Let us make a few remarks on the convergence properties of the systematic expansion procedure described previously in the limit as N → +∞. Although we give here no rigorous proofs, it is clear that it should give a convergent scheme if some reasonable properties are satisfied by the dynamics and the trial weight. A natural condition is that the operator L̂_w defined by the following formal similarity transformation L̂_w ≡ 1√ w L̂√w, (3.120)

be a (generally unbounded) operator on L^2 such that { √ wP_n : n = 0, 1, 2, ...} ⊂ dom(L̂_w) ⋂ dom(L̂^∗_w), (3.121)

and that the perturbed operators L̂_w + h·X̂ have a complete set of biorthogonal left and right eigenvectors Ψ^±_{w,α}[h], α = 0, 1, 2, ... in L^2. Notice that if we take Ω^±_w[h] to be the “ground state” vectors (α = 0) with largest real part, then Ω^+_w[0] = ρ/ √ w and Ω^−_w[0] = √ w.^8 In particular, the first implies the usual condition for orthogonal expansion methods that ∫ dx ρ^2(x) w(x)

< ∞. (3.122)

The importance of the similarity transformation is that it removes the asymmetry of the problem, replacing the two different spaces of trial vectors, L^1 and L^∞, by the single Hilbert space

8It follows from this that, for w = ρ, the two ground states at h = 0 of the transformed operator coincide: Ω^±_ρ = √ ρ. However, this is probably not helpful, since one must expect the left and right ground states to split under the perturbation h�X̂.

L^2. The variational method may then be reformulated equivalently in terms of the functional

V_w[Ψ^+, Ψ^−] = −⟨Ψ^−, L̂_wΨ^+⟩, (3.123)

varied subject to the same constraints as before but now with both Ψ^± ∈ L^2. It is clear that the Rayleigh-Ritz method outlined above is equivalent to one for the present principle if the trial states are taken as Ψ^±(x) = √ w N−1∑ n=0 c^±_n P_n(x). (3.124) This reformulation is necessary to justify the procedure, since the trial states in Eqs.(3.90),(3.91) do not belong to the proper spaces L^1, L^∞. It also allows some proofs of convergence of the Nthorder approximation V_N pointwise to the true effective potential V, under suitable hypotheses. Note that we consider here convergence with a fixed choice of trial weight w, although one would expect convergence to be improved by optimizing the weight at each stage.

Let us just close this section by comparing the variational method we have proposed with some previous ones. Kraichnan (see Section 4.3 of [54], also [55]) and Qian [56] have devised variational schemes, which involve satisfying equations of motion in mean-square sense. Instead, we use only the linear “Liouville operator” of the dynamics. More essentially, the scheme advocated by Kraichnan was intended as a scheme to approximate the entire statistical distribution, whereas the principle discussed here is constructed to obtain just mean-values or other low-order statistics. The calculations of Qian [56] do show that the 5/3-spectrum and a reasonable value of the Kolmogorov constant can be obtained by a single-time variational calculation. There may be a connection of our ideas with those of Castaing [57]. The action-principle we have established here differs from the “optimum theory” of Busse [58], in that it characterizes variationally the true ensemble-averages. Instead, Busse derived variational bounds for turbulent transport properties and he has proposed that the extremalizing vector fields achieving these bounds will be “similar” to the ensemble-averaged turbulent fields. However, in general, they will be distinct. Detailed comparison of the virtues and failings of these different principles must await future work.

4 Stochastic LES Models and Their Applications

(4.1) A Subgrid Random Coupling Model and Comparison With Other Models A number of stochastic LES models have already been proposed and implemented for turbulence simulation [5, 6, 7, 8]. In principle, they might be regarded as simplified approximations of the exact SLE derived here. However, there are certain differences.

The model of Chasnov [6] was derived by applying the sharp Fourier cutoff filter to the momentum equation of the “generalized Langevin equation” model^9 for the EDQNM closure equations. As we have discussed elsewhere [13], the use of the sharp Fourier filter is unwise and introduces non-universal features in the “subgrid stresses” which are due to large-scale convection. A more basic difficulty with constructing LES models in this way was noted a long time ago by Kraichnan and Herring [59] (p.162). The self-consistent Langevin models were introduced to establish realizability for the closures and, while they are expected to approximate well the low-order statistics of the turbulence dynamics (e.g. mean energy spectra and transfer), they cannot be expected to provide faithful approximations for individual realizations. In particular, Herring and Kraichnan noted that the models “scramble the dynamics in a way that makes it implausible that the model could reproduce the build-up of complicated correlations among large numbers of wavevector modes which occurs in solutions of Navier-Stokes equations.” This is a particularly serious concern if the LES model is to be used to study the coherent structures which evolve spontaneously in the turbulent flow, since production of these structures will be inhibited and their lifetimes reduced.

Another type of model was introduced by Leith [5] and applied in a somewhat modified form to simulation of a turbulent boundary layer by Mason and Thompson [7]. Those authors modelled the random accelerations given in our Eq.(2.59) by an application of the same energy-

9Properly speaking, these equations differ in type from what we have called “generalized Langevin equations” because they have the property that noise and damping terms are determined from the past statistics of an infinite ensemble of realizations of the dynamics. A better term to describe this type of stochastic equation would be “self-consistent Langevin equation”.

balance ideas used in deriving the Smagorinsky model and by Kolmogorov-style dimensional reasoning. More precisely, a heuristic dimensional argument was given that the rate of energy backscatter from turbulent eddies of size ℓ_e to the resolved scale at the filter length ℓ_f is of the form C_B ( ℓe ℓ_f )5 ε. Here ε is the local value of energy dissipation, which was estimated by assuming local energy balance of subgrid flux (from a Smagorinsky stress model) with dissipation and backscatter: νS^2 = ε + C_B ( ℓ_e ℓ_f )5 ε. (4.1) The backscatter was then implemented in the scheme by generating a field of independent random vectors ϕ = (ϕ_x, ϕ_y, ϕ_z) of zero mean at each point of the spacetime grid. This random vector field was used to generate a “vector potential” whose curl gave the random acceleration. The random vector ϕ was filtered on the scale ℓ_f to obtain the components of the potential and rescaled appropriately to give the estimated contribution to backscatter rate in root mean square sense. Compared with the exact Eq.(2.59), this model acceleration field has one clearly unnatural feature, that it is given as the curl of a vector A = ∇×ϕ rather than the divergence of a symmetric stress tensor A = −∇·τ^r plus the associated contribution to pressure. Mason and Thompson argued that only the divergence-free part of the random acceleration needed to be considered. However, the random backscatter contribution to pressure could make an important contribution, e.g. to isotropization of the small scales, and their procedure makes the pressure term unrealistically a deterministic quantity (i.e. a function just of resolved fields). Another difference compared to the exact expression in Eq.(2.59) is that the model acceleration in this scheme is completely uncorrelated in space-time, whereas the exact expression allows long-range correlations in space and memory of past history in time. Note that a heuristic “multifractal model” suggests the presence of such correlation effects in energy dissipation [60].

A model which contains some of these effects can be constructed by applying Kraichnan’s “random coupling” method [36] in conjunction with the exact stochastic filtering scheme.^{10}

10However, these models will have the same deficiency as [6] in omitting coherent subgrid structures.

We shall not give full details here but just outline some of the ideas in the simple context of coupled random oscillators. The dynamical variables are now complex numbers z, z^′ governed by ż(t) + ibz(t) + icz^′(t) = f(t), (4.2) and ż′(t) + ic^∗z(t) + ib^′z^′(t) = f^′(t), (4.3) Here b^′, b are real-valued random frequencies with independent distributions of zero means and variances B = ⟨(b)^2⟩, B^′ = ⟨(b^′)^2⟩, also c is a random complex coupling coefficient with mean ⟨c⟩ and variance C = ⟨|c|^2⟩ − |⟨c⟩|^2, and f, f^′ are external random forces with means ⟨f⟩, ⟨f^′⟩ and covariances ⟨(f(t) − ⟨f(t)⟩)(f (t^′) − ⟨f(t^′)⟩)^∗⟩ = F (t, t^′) ⟨(f^′(t) − ⟨f^′(t)⟩)(f^′(t^′) − ⟨f^′(t^′)⟩)^∗⟩ = F^′(t, t^′). (4.4) This system can be considered a caricature of a passive scalar, in which the z variables mimic the scalar concentration, b, c mimic the convecting velocity with prescribed statistics, and f’s represent scalar sources. A pair of oscillators are considered to represent the division into “large-scale” modes z and “small-scale” modes z^′. Because the dynamics is linear, it is trivial to implement the stochastic filtering with Z^′[t; z, f^′] = ∫ t t0 ds e^{−ib′(t−s)}[−ic^∗z(s) + f^′(s)]. (4.5) Substituted back into the “LE”, Eq.(4.2), this yields the exact stochastic equation for z. Note that in this example, which is clearly an “integrable” case, the exact SLE dynamics becomes deterministic as B^′, C, and F^′ all vanish. In that case, the filtering just produces the new term K[t, z] = −|⟨c⟩|^2 ∫ t t0 ds z(s) · z(t) (4.6) in the effective dynamics.

To make a closure for the general case, we may apply Kraichnan’s random coupling scheme. We introduce as in [36] N independent copies z_{[n]}, z^′_{[n]} of the above system,n = 0, 1, ..., N −1, and rewrite them coupled together in “collective variables” introduced by a discrete Z(N)-Fourier transform: z_α = 1 √ N N−1∑ n=0 e^{2πiαn/N} z_{[n]} z^′_α = 1 √ N N−1∑ n=0 e^{2πiαn/N} z^′_{[n]}. (4.7) Into the coupled equations are then introduced random interaction phases θ_{α,β,γ}, θ^′_{α,β,γ} but only into the terms involving the SS modes (alone or coupled to the LS modes). The dynamics of the LS modes are left unaltered. For obvious reasons, we refer to this new system as the “subgrid random coupling model.” The result upon transferring back to the “individual variables” z_{[n]}, z^′_{[n]} and taking N → +∞ is that the individuals become again uncorrelated in the limit and that each has LS modes now governed by a stochastic effective dynamics of the form ∂_tz(t) + ibz(t) + ∫ t t0 ds Σ(t, s)z(s) = f(t) + ϕ(t), (4.8) in which Σ is a kernel representing additional damping and ϕ is a new random force with mean ⟨ϕ(t)⟩ and covariance ⟨(ϕ(t) − ⟨ϕ(t)⟩)(ϕ(t^′) − ⟨ϕ(t^′)⟩)^∗⟩ = Φ(t, t^′). (4.9) These additional terms represent the effects of the eliminated SS modes and can be characterized by the statistics of those modes. Precisely,

Σ(t, s) = C · G^′(t, s) (4.10) and Φ(t, s) = C · ( Z^′(t, s) + ⟨z^′(t)⟩⟨z^′(s)⟩^∗ ) , (4.11) and ⟨ϕ(t)⟩ = −i⟨c⟩⟨z^′(t)⟩. (4.12) In addition to the mean ⟨z^′(t)⟩ these involve G^′(t, s) = ⟨ δz^′(t) δf^′(s) ⟩, (4.13) the average response function of the SS modes, and Z^′(t, s) = ⟨(z^′(t) − ⟨z^′(t)⟩)(z^′(s) − ⟨z^′(s)⟩)^∗⟩, (4.14) the SS correlation function. Note that the new terms in the SLE dynamics Eq.(4.8) are precisely those appearing at the 1-loop level in the line-reverted expansion (corresponding to the first and second diagrams in Section 2.3). All other contributions from the SS modes are eliminated by averaging over the random phases in the coupling interactions in the large-N limit.

The SS statistics are then determined by a set of self-consistent equations, which we call “subgrid DIA equations.” They involve the SS statistics as well as the corresponding statistical quantities ⟨z(t)⟩, G(t, s), Z(t, s) of the LS modes. Precisely, the equations are ∂_t⟨z^′(t)⟩ + i⟨c⟩^∗⟨z(t)⟩ + ∫ t t0 ds Σ^′(t, s)⟨z^′(s)⟩ = ⟨f^′(t)⟩, (4.15) and ∂_tG^′(t, t^′) + ∫ t t^′ ds Σ^′(t, s)G^′(s, t^′) = δ(t − t^′), (4.16) and ∂_tZ^′(t, t^′) + ∫ t t0 ds Σ^′(t, s)Z^′(s, t^′) = ∫ t′ t0 ds [ F^′(t, s) + Φ^′(t, s) ] G^′(t^′, s)^∗. (4.17) In these equations the new quantities are

Σ^′(t, s) = B^′ · G^′(t, s) + C · G(t, s), (4.18) and Φ^′(t, s) = B^′ · [ Z^′(t, s) + ⟨z^′(t)⟩⟨z^′(s)⟩^∗ ] + C · [ Z(t, s) + ⟨z(t)⟩⟨z(s)⟩^∗ ] . (4.19) These subgrid DIA equations may be obtained from a set of exact Schwinger-Dyson integral equations for the SS dynamics “conditioned” on a fixed past history of the LS modes. Because of averaging over random phases and the limit N → +∞, they depend only upon the low-order statistics of the LS modes and only the 1-loop terms in the “self-energies” Σ^′ and Φ^′ survive. It may be verified that the combined system of SLE dynamics and subgrid DIA equations satisfy necessary consistency properties, such as conservation in the mean ∂_t⟨|z(t)|^2⟩ + ∂_t [ Z^′(t, t) + |⟨z^′(t)⟩|^2 ] = 0 (4.20)

for ⟨f⟩, F = 0, which follow from the existence of a model representation.

This approximation to the exact SLE dynamics clearly does retain some memory effects of the SS modes depending upon the past history of the mean statistics of the LS modes. A similar “subgrid random coupling model” can be constructed for the nonlinear Navier-Stokes equation, but it is far more complicated and will not be written here in detail. In this case there is a serious defect of the DIA approximation to the exact SLE equations, which is the failure of random Galilei invariance (RGI). This problem is exactly the same as that in ordinary DIA, discussed at length by Kraichnan in [2, 10, 38]. The failure of RGI gives rise to qualitatively bad approximations to the damping, noise, etc. calculated from the DIA equations, or, more generally, from any truncation of the perturbation series in the “line-reverted” form. These defects can be cured by using Lagrangian reformulations of the line-reverted expansions [38] but only at the price of losing the model representation. Probably the exact “subgrid DIA” equations for Navier-Stokes are too complicated anyway to be of practical use in simulations and further approximations must be made along the lines leading to EDQNM-type closures.

There is one feature of the “subgrid DIA” equations for the coupled random oscillator system which should be mentioned. In the limit as B^′, C, F^′ → 0 these equations degenerate, so that G^′(t, t^′) → θ(t − t^′), Z^′(t, t^′) → 0, and the mean obeys the simple equation ∂_t⟨z^′(t)⟩ + i⟨c⟩^∗⟨z(t)⟩ = ⟨f^′(t)⟩. (4.21) These results correctly account for the fact that the exact SS dynamics becomes deterministic in that limit. Likewise, when C → 0, the covariance Φ → 0 and the force ϕ(t) generated by the SS modes becomes deterministic. Therefore, no spurious stochasticity is generated in the LS dynamics by the DIA approximation. However, this is possibly an artefact of the linearity of the problem. In the case of nonlinear dynamics, there is no obvious distinction between the subgrid DIA equations for an “integrable” case such as Burgers and a “chaotic” case such as Kuramoto-Shivashinsky in the limit ε_0 → 0, where external noise is removed. However, it may be that a qualitative distinction emerges from their detailed solution. The issue may be formulated as follows: with small randomness ∼ ε_0 in the initial data of the SS modes, the KS equation should generate an O(1) effective noise for the LS modes in a time proportional to a local “mixing time” of the dynamics, with a coefficient which is only weakly dependent on ε_0 (e.g. logarithmically). However, the Burgers equation will presumably generate an O(1) effective noise for the LS modes from randomness ∼ ε_0 in the initial data of the SS modes in a time which goes rapidly to infinity in the limit as ε_0 → 0. It would be interesting to know whether the DIA approximation to the exact SLE equations is sophisticated enough to make this distinction between “chaotic” and “integrable” dynamics. (4.2) Atmospheric Predictability and Complex Flows

Let us just conclude this work by a brief mention of some situations of physical interest where “turbulent eddy noise” may play a significant role. It was already argued by Mason and Thompson [7] that stochastic backscatter is necessary to correct errors in the mean velocity profiles of the turbulent boundary layer produced by a deterministic LES model of Smagorinsky type. Similarly, the importance of turbulent fluctuations generally in determining the means lead us to believe that the least-action principle may have some use in calculating those mean statistics. Mason and Thompson also found in their study significant qualitative differences between individual realizations in LES with and without stochastic backscatter. For example, with backscatter the velocity fields were much “rougher” or “irregular.” Thus, eddy noise may also have important effects on the character of large-scale structures that evolve in the flow.

Another obvious area of interest is the role of eddy noise in the predictability problem for weather forecasting and climate change. An early study of this issue within the TFM closure was made by Leith and Kraichnan [61]. It is clear that deterministic LES models of atmospheric flow make a spurious prediction that LS velocities are completely predictable—in principle—given exact information on just the initial LS fields. A stochastic LES model with eddy noise from the unresolved SS fields corrects this obvious defect. It is of interest how such effects of turbulence noise interact with the “deterministic chaos” view on the predictability problem [62]. Since even deterministic LES models show generally “sensitive dependence” to initial perturbations, adding eddy noise may not produce any qualitative differences. However, a quantitative difference, even by a factor of two or so, would have significant impact on forecasting ability. These issues are currently investigated in the meteorological literature: see [63] for a review. Improved physical understanding of the characteristics of turbulence noise would be valuable for this inquiry.

Appendix I: The Kraichnan-Wyld Perturbation Theory

The perturbation expansion for the Navier-Stokes equation Eq.(2.33) can be developed by writing an exact integral solution, as:

v(rt) = v^{(0)}(rt) + ∫ t −∞ dt^′ ∫ d^dr^′ G^{(0)}(rt, r^′t^′)P(∇_r′ )(v(r^′t^′) · ∇_r′ )v(r^′t^′), (4.22)

where G^{(0)} is the bare response function

G^{(0)}(rt, r^′t^′) = (∂_t − ν△)^{−1}(rt, r^′t^′), (4.23)

and v^{(0)} is the solution of the linearized problem

v^{(0)}(rt) = ∫ t −∞ dt^′ ∫ d^dr^′ G^{(0)}(rt, r^′t^′)f(r^′t^′). (4.24)

An exact integral solution can also be obtained for the full response tensor, ^Gij(rt, r′t′) ≡ δvi(rt) δf_j(r^′t^′)

, (4.25)

by taking the functional derivative of both sides of Eq.(4.22) with respect to f(r^′t^′), yielding ^Gij(rt, r′t′) = G(0) ij (rt, r^′t^′) + ∫ t −∞ dt^{′′} ∫ d^dr^{′′} G^{(0)}(rt, r^{′′}t^{′′})P_{il}(∇_r′′ ) × [ ^Gkj(r′′t′′, r′t′)(∇r_{′′} )kvl(r′′t′′) + (v(r′t′) · ∇r_{′′} ) ^Glj(r′′t′′, r′t′) ] . (4.26)

Now, iterating the two expressions, Eq.(4.22) and Eq.(4.26), one obtains expansions of the exact v and ^G as power series in v^{(0)} and G^{(0)}. One may substitute the series into the ensemble averages for the covariance

U_{ij}(rt, r^′t^′) = ⟨v_i(rt)v_j (r^′t^′)⟩ − ⟨v_i(rt)⟩⟨v_j (r^′t^′)⟩, (4.27)

average response tensor G_{ij}(rt, r^′t^′) = ⟨ ^G_{ij}(rt, r^′t^′)⟩, (4.28) and mean field v̄(rt) (Eq.(2.36) above). In the case of Gaussian force f, the averages over products of the v^{(0)}’s may be resolved into products of v̄^{(0)}’s and bare correlation functions

U^{(0)}_{ij} (rt, r^′t^′) = ⟨v^{(0)}_i (rt)v^{(0)}_j (r^′t^′)⟩ − ⟨v^{(0)}_i (rt)⟩⟨v^{(0)}_j (r^′t^′)⟩, (4.29)

by the use of Wick’s theorem. In this way, series expansions for v̄, U, and G may be developed in terms of the corresponding bare quantities.

A graphical interpretation of this iteration procedure was introduced in [35, 36], in which the basic elements are the “propagators,” which are the bare response and correlation function, along with the mean field and the bare interaction vertex γ_{3;ijk}(rt, r^′t^′, r^{′′}t^{′′}) = − 1 2 (P_{ij}(∇_r)(∇_r)_k + P_{ik}(∇_r)(∇_r)_j) ×δ^d(r − r^′)δ(t − t^′)δ^d(r − r^{′′})δ(t − t^{′′}). (4.30)

Diagrammatically one represents the bare field as:

v^{(0)}_i ≡ (4.31)

the average bare response function as

G^{(0)}_{ij} ≡ (4.32)

and the bare vertex as γ_{3;ijk} ≡ . (4.33)

In terms of these graphical expressions, one generates the series for v by first writing down all tree graphs whose “limbs” are given by G^{(0)}’s and whose “top branches” are given by v^{(0)}’s. To form the series for v̄ one eliminates all the v^{(0)}’s in the single trees for v, either by replacing them singly by v̄^{(0)}’s or joining them in pairs to yield U^{(0)}’s, which are represented as v̄^{(0)}_i ≡ (4.34) and U^{(0)}_{ij} ≡ (4.35) The averaging elimination procedure performed on all pairs of trees (joined by at least one U^{(0)}) gives the series for U. Finally, the series for G is obtained if one first replaces one “top branch” in single trees by a G^{(0)} and then performs the averaging elimination of the v^{(0)}’s. A convenient compendium of some of the topological properties of graphs in the resulting diagrammatic perturbation series is contained in [37].

The same perturbation expansion can be obtained as a Feynman diagram expansion for the MSR field-theory. It is convenient to introduce a doublet field Φ_σ, σ = ±, following [11], as:

Φ(rt) =

Φ_+(rt) Φ_−(rt) = v(rt) iv̂(rt)

. (4.36)

Then the path-integral expression for the generating functional Z[η] = Z[−iη_+, η_−], η = (η_+, η_−)^⊤, is just Z[η] = ∫ DΦ exp [ − 1 2 Γ^{(0)}_2 (12)Φ(1)Φ(2) +γ_1(1)Φ(1) + 1 3! γ_3(123)Φ(1)Φ(2)Φ(3) + η(1)Φ(1) ] , (4.37) where we have employed a compact notation (σ_1i_1r_1t_1) ≡ 1 along with a summation convention on repeated indices. Here, γ_1 = (0, f̄ )^⊤. Γ^{(0)}_2 is the “wave operator” given by the 2 × 2 matrix in doublet space

Γ^{(0)}_{2;ij}(rt, r^′t^′) =

0 −(∂_t + ν_0△_r)δ_{ij} δ^d(r − r^′)δ(t − t^′) (∂_t − ν_0△_r)δ_{ij}δ^d(r − r^′)δ(t − t^′) −F_{ij}(rt, r^′t^′) , (4.38) and γ_3(123) is a completely symmetric vertex which is equal to the γ_3 already defined in Eq.(4.30) when the doublet indices are (− + +), (+ − +), or (+ + −) and zero otherwise. Of course, it must be the case—and it is easy to check directly—that Γ^{(0)}_2 = (G^{(0)}_2 )^{−1}, where G^{(0)}_2 is the “bare” matrix correlation function G^{(0)}_{2;σσ}′ = ⟨Φ^{(0)}_σ Φ^{(0)}_σ′ ⟩ − ⟨Φ^{(0)}_σ ⟩⟨Φ^{(0)}_σ′ ⟩ which has three non-vanishing entries

G^{(0)}_2 (irt, jr^′t^′) =

U^{(0)}_{ij} (rt, r^′t^′) G^{(0)}_{ij} (rt, r^′t^′) Ḡ^{(0)}_{ij} (rt, r′t′) 0

, (4.39)

with Ḡ^{(0)}_{ij} (rt, r^′t^′) = G^{(0)}_{ji} (r^′t^′, rt) a “(bare) anti-response function” and with G^{(0)} and U^{(0)} already defined in Eqs.(4.23) and (4.29). Appendix II: Proof of the Liouville Property

It is helpful to begin by giving a proof of Lee’s result [34], that the Liouville theorem is valid for the cutoff Euler dynamics associated to the “dynamical field”

K^E(x) = −P(∇_x)∇_x · τ^E(x), (4.40)

with

τ^E(x) = v(x)v(x). (4.41)

All of the velocity fields are now defined with a highwavenumber cutoff

v(x, t) = ∑ k∈K ^v(k, t)eik·x, (4.42) associated to some bounded domain of wavevectors K, e.g. the sphere K = {k : |k| < K} or the square box K = {k : max^d_{i=1} |k_i| < K}. Note that P(∇) includes the projection back onto the K-modes. In our proof it is helpful to use the “cut-off delta function”

δ^d(x) = ∑ k∈K e^{ik}·^x, (4.43)

which was discussed in Section 2 of [64]. As far as integration with respect to other cutoff functions, it has the same properties as the ordinary delta-function. Our proof will make use of symmetry properties which are assumed to hold for the cutoff domain K, particularly,

K = −K (4.44)

and invariance under a discrete rotation group mapping any coordinate direction into another. Of course, these are satisfied by either of the explicit choices above, as well as other reasonable choices.

It is then easy to calculate, using incompressibility, that ∂_{xi} δτ^E_{ij} (x) δv_k(y) = (∂_{xi} δ^{d+1})(x − y)[δ_{ik}v_j(x) + δ_{jk}v_i(x)] + δ^{d+1}(x − y)∂_{xk} v_j(x). (4.45)

Then, again using incompressibility, tr ( δK^E(x) δv(y) ) = 2(d − 1)(v(x) · ∇_x)δ^{d+1}(x − y) + P(∇_x)δ^{d+1}(x − y) : (∇_xv)(x) (4.46)

is obtained. Note that the factor (d − 1) arises from the trace of the solenoidal projection. However, it is observed that ∇_xδ^d(0) =^∑_{k∈K} k = 0 (4.47) by reflection symmetry of the cutoff domain K in Fourier space. Likewise,

P(∇_x)_{ij}δ(0) = Cδ_{ij} (4.48)

if the reflection and discrete rotation symmetries hold. This gives finally that Tr ( δK^E δv ) ≡ ∫ d^{d+1}x tr ( δK^E(x) δv(x) ) = 0. 2 (4.49)

It follows immediately from this that a corresponding result holds for the coupled LE and SE obtained by filtering the Navier-Stokes equation tr ( δK^E(x) δv(x) ) = tr ( δK^{E′}(x) δv^′(y) ) = 0. (4.50)

Note that the LE and SE equations are regarded as a system for autonomous variables v and v^′. Consider the first case. Since

K^E_i [x; v, v^′] = ∫ d^dy G(x − y)K^E_i [y; v + v^′], (4.51) it follows that in the equation corresponding to Eq.(4.46), v is replaced everywhere by v + v^′

and δ^{d+1}(x) is replaced by G(x)δ(t): tr ( δK^E(x) δv(y) ) = 2(d − 1)[(v(x) + v^′(x)) · ∇_x]G(x − y)δ(t − s)

+P(∇_x)G(x − y)δ(t − s) : [(∇_xv)(x) + (∇_xv^′)(x)]. (4.52)

If one assumes that Ĝ has the necessary symmetries—invariance under reflections and at least

discrete rotation invariance—then ∇G(0) = 0 and P_{ij}(∇)G(0) = C · δ_{ij}. These facts imply

that the first part of Eq.(4.50) holds. The demonstration of the second part is the same, simply

replacing G by H.

We now show that the Liouville theorem for the SS contribution to K_{eff} , Tr ( δD^{(1)}_{eff} δv ) = 0, (4.53)

follows from a causality argument. In fact, note that in the term δD^{(1)}_{eff} [x; v]/δv(y) (or in the

similar functional derivative of τ^s[x; v]) there must be a line of response functions leading from

the y-vertex to the x-vertex. Otherwise, starting with the y-vertex one must encounter a closed

loop of response lines according to our argument in Section 2.2, and the graph will vanish.

However, this implies that δτ^s_{lk}[x; v] δv_j(y) | | | | t=s = δ^d(x − y)B_{jkl}[y; v], (4.54)

since the response functions at equal time arguments are spatial delta-functions. In that case,

it follows from Eq.(2.69) in Section 2.2 that

D^{(1)}_{eff,i}[x; v] δv_j (y) | | | | | t=s = −P_{il}(∇_x)(∇_x)_k δτ^s_{lk}[x; v] δv_j(y) | | | | t=s = − P_{il}(∇_x)(∇_x)_kδ^d(x − y) · B_{jkl}[y; v] | | | t=s . (4.55)

Therefore,

D^{(1)}_{eff,i}[x; v] δv_j (x) = −P_{il}(∇)(∇)_kδ^d(0) · B_{jkl}[x; v]

= 0, (4.56)

by our previous formula Eq.(4.47) from reflection symmetry. This gives at once the Liouville theorem (Eq.(3.80).)

This result may seem paradoxical in view of the well-known term in the effective dynamics associated to the “eddy-viscosity.” Such a term has the same form as the usual viscous dynamics in Navier-Stokes (from molecular viscosity) and apparently violates the Liouville theorem! However, it should be clear that this violation results from various approximate evaluations of the exact expressions for the eddy-damping. In fact, the 1-loop perturbation diagram for the eddy-damping term—from which eddy-viscosity contributions are ordinarily derived—is easily seen to satisfy the Liouville theorem according to the argument given here. Note that a distinction must be made between “dissipative dynamics”, which in the current usage of dynamical systems means those without a Liouville theorem, and “non-conservative dynamics,” designating those for which conservation laws, such as energy conservation, are violated. There is no question that the eddy-damping term violates energy conservation of the LS modes and that its principal effect at low wavenumbers is to drain energy from those modes.

Acknowledgements. This work has grown out of discussions with a large number of scientists over a period of years, including D. Carati, U. Frisch, N. Goldenfeld, R. H. Kraichnan, J. Krug, J. L. Lebowitz, P. C. Hohenberg, Y. Oono, R. Maier, U. Piomelli, H. Rose, Z.-S. She, H. Spohn, D. Stein, V. Yakhot, and X. Zeng. I am grateful to all for their insights and information.

References

[1] R. H. Kraichnan, “Eddy viscosity in two and three dimensions,” J. Atmos. Sci. 33 1521 (1976).

[2] R. H. Kraichnan, “Eddy viscosity and diffusivity: exact formulas and approximations ,” Complex Systems 1 805 (1987).

[3] L. D. Landau and E. M. Lifshitz, Fluid Mechanics. (Pergamon Press, New York, 1959), Chapter 17.

[4] H. A. Rose, “Eddy diffusivity, eddy noise, and sub-grid scale modelling,” J. Fluid. Mech.

81 719 (1977).

[5] C. E. Leith, “Stochastic backscatter in a subgrid-scale model: plane shear mixing layer,” Phys. Fluids. A 2 297 (1990).

[6] J. R. Chasnov, “Simulation of the Kolmogorov inertial subrange using an improved subgrid model,” Phys. Fluids A 3 (1991).

[7] P. J. Mason and D. J. Thomson, “Stochastic backscatter in large-eddy simulations of boundary layers,” J. Fluid Mech. 242 51 (1992).

[8] D. Carati, “Iterative filtering of the forced Navier-Stokes equation,” preprint (1994).

[9] V. Yakhot and S. A. Orszag, “Renormalization group analysis of turbulence, I. basic theory,” J. Sci. Comp. 1 3 (1986).

[10] R. H. Kraichnan, “Decimated amplitude equations in turbulence dynamics,” in: Theoretical Approaches to Turbulence, ed. D. L. Dwoyer, M. Y. Hussaini, and R. G. Voigt (Springer, New York, 1985).

[11] P. C. Martin, E. D. Siggia, and H. A. Rose, “Statistical dynamics of classical systems,” Phys. Rev. A 8 423 (1973).

[12] L. Onsager, “Reciprocal relations in irreversible processes. I,II,” Phys. Rev. 37 405 (1931);

38 2265 (1931).

[13] G. L. Eyink, “Large-eddy simulation and the ‘multifractal model’ of turbulence: a priori estimates on subgrid flux and locality of energy transfer,” submitted to Phys. Fluids (1994).

[14] M. Germano, “Turbulence: the filtering approach,” J. Fluid. Mech. 238 325 (1992). [15] M. Germano, “A proposal for a redefinition of the turbulent stresses in the filtered Navier- Stokes equations,” Phys. Fluids 29 2323 (1986).

[16] A. Leonard, “On the energy cascade in large-eddy simulations of turbulent flows,” Adv.

Geophys. 18A 237 (1974).

[17] D. Ruelle, “Measures describing a turbulent flow,” Ann. N. Y. Acad. Sci. 357 1 (1980). [18] J.-P. Eckmann and D. Ruelle, “Ergodic theory of chaos and strange attractors,” Rev. Mod.

Phys. 57 617 (1985).

[19] D. Ruelle, “Microscopic fluctuations and turbulence,” Phys. Lett. A 72 81 (1979). [20] P. C. Hohenberg and B. Shraiman, “Chaotic behavior of an extended system,” Physica D 37 109 (1989).

[21] V. Yakhot, “Large-scale properties of unstable systems governed by the Kuramoto- Sivashinsky equation,” Phys. Rev. A 24 642 (1983).

[22] S. Zaleski, “A stochastic model for the large scale dynamics of some fluctuating interfaces,” Physica D 34 427 (1989).

[23] K. Sneppen et al., “Dynamic scaling and crossover analysis for the Kuramoto-Sivashinsky equation,” Phys. Rev. A 46 R7351 (1992).

[24] E. Lorenz, “Maximum simplification of the dynamic equations,” Tellus 12 243 (1960).

[25] R. Phythian, “The operator formalism of classical statistical dynamics,” J. Phys. A 8 1423 (1975).

[26] R. Phythian, “Further application of the Martin, Siggia, Rose formalism,” J. Phys. A 9 269 (1976).

[27] H. K. Janssen, “On a Lagrangean for classical field dynamics and renormalization group calculations of dynamical critical properties,” Z. Phys. B 23 377 (1976).

[28] C. DeDominicis, “Techniques de renormalisation de la théorie des champs et dynamique des phénomenès critiques,”J. Phys. (Paris) C 1 247 (1976).

[29] R. Graham, “Path integral formulation of general diffusion processes,” Z. Phys. B 26 281 (1977).

[30] R. Graham, “Short-time propagators in Riemannian geometries,” in: Statphys 13, Proceedings of the 13th IUPAP Conference on Statistical Physics, Haifa, 1977.

[31] U. Weiss, “Operator ordering schemes and covariant path integrals of quantum and stochastic processes in curved space,” Z. Phys. B 30 429 (1978).

[32] C. Wissel, “Manifolds of equivalent path integral solutions of the Fokker-Planck equations,” Z. Physik B 35 185 (1979).

[33] L. Arnold, Stochastic Differential Equations: Theory and Applications. (Wiley, New York, 1974).

[34] T. D. Lee, “On some statistical properties of the hydrodynamical and magnetohydrodynamical fields,” Q. Appl. Math. 10 69 (1952).

[35] H. W. Wyld, “Formulation of the theory of turbulence in an incompressible fluid,” Ann.

Phys. (N. Y.) 14 143 (1961).

[36] R. H. Kraichnan, “Dynamics of nonlinear stochastic systems,” J. Math. Phys. 2 124 (1961).

[37] V. E. Zakharov and V. S. L’vov, “Statistical description of nonlinear wave fields,” Izv.

Vyss. Uch. Zav., Radiofiz. 18 1470 (1975).

[38] R. H. Kraichnan, “Eulerian and Lagrangian renormalization in turbulence theory,” J. Fluid Mech. 83 349 (1977).

[39] G. L. Eyink, “The renormalization group method in statistical hydrodynamics,” Phys.

Fluids 6 3063 (1994).

[40 ] V. S. L’vov et al., “Proof of scale invariant solutions in the Kardar-Parisi-Zhang and Kuramoto-Sivashinsky equations in 1 + 1 dimensions: analytical and numerical results,” Nonlinearity 6 25 (1993).

[41] K. Symanzik, “Renormalizable models with simple symmetry breaking,” Commun. Math.

Phys. 16 48 (1970).

[42] W. Heisenberg and H. Euler, “Folgerungen aus der Diracshen Theorie des Positrons,” Z.

Physik 98 714 (1936).

[43] J. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82 664 (1951). [44] L. Onsager and S. Machlup, “Fluctuations and irreversible processes,” Phys. Rev. 91 1505 (1953).

[45] R. Graham, “Path-integral methods in nonequilibrium thermodynamics and statistics,” in:

Stochastic Processes in Nonequilibrium Systems. Sitges School, June 1978, eds. L. Garrido, P. Seglar, and P. J. Shepherd. Lecture Notes in Physics, vol. 84. (Springer-Verlag, Berlin, 1978).

[46] G. L. Eyink, “Dissipation and large thermodynamic fluctuations,” J. Stat. Phys. 61 533 (1990).

[47] J. M. Cornwall, R. Jackiw, and E. Tomboulis, “Effective action for composite operators,” Phys. Rev. D 10 2428 (1974).

[48] H. Risken, The Fokker-Planck Equation. (Springer-Verlag, Berlin, 1984). [49] M. Hausner and J. T. Schwartz, Lie Groups and Their Lie Algebras. (New York, Gordon and Breach, 1968).

[50] D. Ruelle, “Locating resonances for Axiom A dynamical systems,” J. Stat. Phys. 44 281 (1986).

[51] R. Jackiw and A. Kerman, “Time-dependent variational principle and effective action,” Phys. Lett. A 71 158 (1979).

[52] P. A. M. Dirac, “Note on exchange phenomena in the Thomas atom,” Proc. Camb. Philo.

Soc. 26 (1930) 376.

[53] R. H. Kraichnan, “Convergents to turbulence functions,” J. Fluid Mech. 41 189 (1970). [54] R. H. Kraichnan, “Irreversible statistical mechanics of incompressible hydromagnetic turbulence,” Phys. Rev. 109 1407 (1958).

[55] R. H. Kraichnan, “Variational method in turbulence theory,” Phys. Rev. Lett. 42 1263 (1979).

[56] J. Qian, “Variational approach to the closure problem of turbulence theory,” Phys. Fluids 26 2098 (1983).

[57] B. Castaing, “Conséquences d’un principe d’extremum en turbulence,” J. de Phys. (Paris) 50 147 (1989).

[58] F. H. Busse, “The optimum theory of turbulence,” Adv. Appl. Math. 18 77 (1978). [59] J. R. Herring and R. H. Kraichnan, “Comparison of some approximations for isotropic turbulence,” in: Statistical Models and Turbulence, ed. M. Rosenblatt and C. Van Atta (Springer, New York, 1972).

[60] C. Meneveau and A. Chhabra, “Two-point statistics of multifractal measures,” Physica A 164 564 (1990).

[61] C. E. Leith and R. H. Kraichnan, “Predictability of turbulent flows,” J. Atmos. Sci. 29 1041 (1972).

[62] E. N. Lorenz, “Deterministic non-periodic flow,” J. Atmos. Sci. 20 130 (1963). [63] R. A. Pielke et al. “Several unresolved issues in numerical modelling of geophysical flows,” submitted to Atmosphere-Oceans.

[64] D. N. Zubarev and V. G. Morozov, “Statistical mechanics of nonlinear hydrodynamic fluctuations,” Physica 120A 411 (1983).