UNIVERSITÉ DE GENÈVE

SCHOLA GENEVENSIS MDLIX

On a Model for Quantum Friction II Fermi’s Golden Rule and Dynamics at Positive Temperature

V. Jak�siØc 1 and C.-A. Pillet 2 1Institute for Mathematics and its Applications, University of Minnesota, 514 Vincent Hall, 55455ffi0436 Minneapolis, Minnesota, U.S.A. 2DØepartement de Physique ThØeorique, UniversitØe de GenŒeve, CHffi1211 GenŒeve 4, Switzerland

UGVAffiDPT 1994/12ffi874

Abstract. We investigate the dynamics of an Nlevel system linearly coupled to a αeld of massless bosons at positive tempera ture▷ Using complex deformation techniques we develop timedependent perturbation theory and study spectral properties of the total Hamiltonian▷ We also calculate the lifetime of resonances to second order in the coupling▷

1▷ Introduction Let A ⌊⌉ ⊣ ∐⊓⊣\⊔⊓⇕ ⇕⌉⌋⟨⊣\⟩⌋⊣↕ Nlevel system with energy operator HA on the Hilbert space H A = CN ▷ We denote by E 1 < E2 < · · · < EM the eigenvalues of H A listed in increasing order▷ We will colloquially refer to A ⊣∫ ⊣\ ⊣⊔≀⇕ ≀∇ ∫⇕⊣↕↕ ∫†∫⊔⌉⇕↙ E⊑⌉\ ⊔⟨≀⊓}⟨ ⊒⌉ {≀∇⇕⊓↕⊣⊔⌉ ≀⊓∇ ∇⌉∫⊓↕⊔∫ {≀∇ ⊔⟨⌉ Nlevel system A ⇕≀∫⊔ ≀{ ⊔⟨⌉⇕ ⊒⟩↕↕⇔ ⟩\ ∫≀⇕⌉ ∫⌉\∫⌉⇔ ⌉§⊔⌉\⌈ ⊔≀ ∫⟩⊔⊓⊣⊔⟩≀\∫ ⊒⟨⌉∇⌉ HA is inαnite dimensional and H A unbounded � see Remark 4 at the end of Section 2 for more details▷ Let B ⌊⌉ ⊣\ ⟩\⊘\⟩⊔⌉ ⟨⌉⊣⊔ ⌊⊣⊔⟨↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ B ⊒⟩↕↕ ⌊⌉ ⊣\ ⟩\⊘\⟩⊔⌉ {∇⌉⌉ B≀∫⌉ }⊣∫ ⊣⊔ ⟩\⊑⌉∇∫⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ β = 1/kT without BoseEinstein condensate▷ This system is described ↼see e▷g▷ ♭BR♯ ♭D1♯ ♭D2♯ ♭LP♯↽ by a triple {HB , ΩB, HB } ⊒⟨⌉∇⌉ HB is a Hilbert space H B a selfadjoint operator on H B and ΩB a unit vector in H B ▷ Let us denote by ω↼k↽ the energy of a boson with momentum k ∈ R∋↙ T⟨⌉\ ⊔⟨⌉ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⇕≀⇕⌉\⊔⊓⇕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ ⌊≀∫≀\∫ ⊣⊔ ⟩\⊑⌉∇∫⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ β is given by Planckφs law ρ↼k↽ = 1 exp(βω↼k↽↽ − ∞ . The space HB carries a representation of Weylφs algebra ↼CCR↽ WB ↼f↽ = exp(iφB↼f↽↽, ↼1.1↽ where the αeld operators φB ↼f↽ satisfy for ↼1 ⇁ ω−∞/2↽f ∈ L2↼R3↽ the relation ↼ΩB, WB ↼f↽ΩB↽ = exp [ − ‖f‖∈ △ − ∞ ∈ ∫ ∫ |f↼k↽|∈ρ↼k↽d3k ] . ↼1.2↽ The action of HB is determined by the formula exp↼itH B↽ WB↼f↽ exp↼−itHB↽ = WB ↼exp↼itω↽f↽. ↼1.3↽ We are interested in the physically realistic case of massless bosons. ω↼k↽ = |‖|↙ L⌉⊔ ⊓∫ ∫⊓√√≀∫⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∫†∫⊔⌉⇕∫ A ⊣\⌈ B⇔ ⟩∫≀↕⊣⊔⌉⌈ ⊣⊔ ⊔⟩⇕⌉ t = 0, start interacting. One expects the temperature of the small system to change. Since the heat reservoir is an inffnite system its temperature will remain constant, and thermal equilibrium is achieved when both systems reach the same temperature 1/β▷ Roughly speaking this series of papers is devoted to study this approach to thermal equilibrium▷ A representation of CCR satisfying Properties ↼1▷1↽δ↼1▷3↽ is usually constructed using the abstract GNS construction▷ We prefer to work in an explicit representation due to Araki and Woods ♭AW♯▷ This representation is central in our approach▷

The con↑guration space of a single boson is R3 and its energy is ω↼k↽ = |‖| ⇐⊒⌉ ⊒⟩↕↕ ⊣↕⊒⊣†∫ ⊒≀∇‖ ⟩\ ⊔⟨⌉ ⇕≀⇕⌉\⊔⊓⇕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\⇒↙ T⟨⌉ ∫⟩\}↕⌉ √⊣∇⊔⟩⌋↕⌉ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ ⟩∫ L2↼R3↽▷ Let Hb be the symmetric Fock space constructed from L 2↼R3↽ and denote by Ωb its vacuum▷ Let ab↼k↽ and a ∗b↼k↽ be the usual annihilation and creation operators on H b ↼see ♭RS2♯ for deαnitions note that a ∗b↼f↽ = ∫ d3k a∗b ↼k↽f↼k↽ is linear in f while ab↼f↽ = [a∗b↼f↽♯∗ ⟩∫ ⊣\⊔⟩↖↕⟩\⌉⊣∇⇒↙ D⌉⊘\⌉ ⊔⟨⌉ ⌉\⌉∇}† ≀√⌉∇⊣⊔≀∇ ⌊† Hb = ∫ ∫ d3k ω↼k↽ a∗b↼k↽a b↼k↽, and the αeld operators by φb↼f↽ = 1 √ ∈ ⇐ab↼f↽ ⇁ a∗b↼f↽↽. In the ArakiWoods representation the triple {HB, ΩB , HB } ⟩∫ }⟩⊑⌉\ ⌊† HB = Hb ⊗ Hb, ΩB = Ωb ⊗ Ωb, HB = Hb ⊗ I − I ⊗ Hb. The annihilation and creation operators are aB↼f↽ = ab↼↼1 ⇁ ρ↽ 1/2f↽ ⊗ I ⇁ I ⊗ a∗b↼ρ1/2f ↽, a∗B↼f↽ = a∗b↼↼1 ⇁ ρ↽ 1/2f↽ ⊗ I ⇁ I ⊗ ab↼ρ1/2f ↽, and the αeld operators are given by φB ↼f↽ = 1 √ ∈ ⇐aB↼f↽ ⇁ a∗B↼f↽↽.

Notation▷ We write A instead of A ⊗ I or I ⊗ A whenever the meaning is clear within the context▷ When the thermal bath is at zerotemperature the following formalism is used to describe the system A ⇓ B¬ T⟨⌉ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ HA ⊗ Hb and its Hamiltonian is given by ~Hλ = HA ⊗ I ⇁ I ⊗ Hb ⇁ λQ ⊗ φb↼α↽ = HA ⇁ Hb ⇁ λ ~HI . ↼1.4↽ There Q is a selfadjoint operator on HA α ∈ L2↼R3↽ and λ ∈ R↙ I\ ⊔⟨⌉ ∫⌉∐⊓⌉↕ ⊒⌉ ⊒⟩↕↕ ∇⌉{⌉∇ ⊔≀ α as the form factor and λ as the friction constant▷ If ω−∞/2α ∈ L2↼R3↽ then ~HI is inαnitesimally small with respect to ~H0 and the operator~Hλ is essentially selfadjoint on HA ⊗ D↼Hb↽▷ The particular choice of the interaction Hamiltonian ~HI is motivated by the dipole approximation in nonrelativistic QED▷ The extensively studied spinboson Hamiltonian also has the form ↼1▷4↽▷

When the heat bath is at positive temperature, the Hilbert space of the joint system is H = HA ⊗ HB and the generator of the dynamics is formally given by Hλ = HA ⊗ I ⇁ I ⊗ HB ⇁ λQ ⊗ φB↼α↽ = HA ⇁ HB ⇁ λHI , ↼1.5↽ see ♭D1♯ ♭D2♯ ♭PU♯ ♭H♯ and ♭BR♯▷ In Section 3 we will prove that if ω−∞α and ωα both belong to L2↼R3↽ the operator Hλ is essentially selfadjoint on H A ⊗ D↼Hb↽ ⊗ D↼Hb↽▷ However H I is not a relatively bounded perturbation of H 0▷ Note that at zerotemperature ↼β = ∞⇒⇔ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇ Hλ decouples and acts trivially on the second Fock space▷ One then recovers an effective Hamiltonian on H A ⊗ Hb which has the form ↼1▷4↽▷ Thus the zerotemperature model can be realized as a ↼strong resolvent↽ limit of positive temperature models as expected▷ The goal of this paper is to develop timedependent perturbation theory for the model ↼1▷5↽▷ In the remaining part of this section we brieβy outline the physical content of the theory▷ It will be further discussed in the third and fourth paper in the series▷ Timedependent perturbation theory was developed by Dirac in 1920φs ♭DI♯ and further reαned by Weisskopf and Wigner in ♭W♯▷ For the other developments we refer the reader to ♭HEI♯ and ♭SC♯▷ Dirac used the theory to study emission and absorption of light by matter and to derive Einsteinφs AδB law from the αrst principles of quantum mechanics▷ Weisskopf and Wigner gave an improved solution of the equations of perturbation theory computed atomic radiative lifetimes and showed how the theory accounts for the observed width of the spectral lines▷ The Hamiltonian H 0 has the following spectrum. σac↼H0↽ = R, σsc↼H0↽ = ∅, σpp↼H0↽ = {E1, · · · , EM }. ↼1.6↽ To simplify the discussion suppose that the spectrum of HA is simple and denote by ψ1, · · · , ψN its eigenvectors▷ Clearly Ψ j = ψj ⊗ΩB is the eigenfunction of H 0corresponding to the eigenvalue Ej and bj↼t↽ = |⇐Ψj, exp↼−itHλ↽Ψj↽|∈, ↼1.7↽ is the survival probability of the state Ψj▷ The usual Ψtextbookν derivation of radiative lifetimes starts with the relation bj↼t↽ = exp(−Γj↼λ↽t↽. ↼1.8↽ The inverse radiative lifetime Γj↼λ↽ of the state Ψj is related to the width of the spectral lines by the uncertainty relation for time and energy▷ Formal perturbation theory yields Γj ↼λ↽ = λ2Γj ⇁ O↼λ3↽, ↼1.9↽

where the coef↑cient Γj is given by the expression

Γj = N∑ k=1_{k6} =j Γjk, ↼1.10↽

with Γjk = π | |(ψk, Qψj) | | gβ ↼Ej − Ek↽. ↼1.11↽ Here the weight gβ is given in term of the form factor α by the following formula gβ ↼s↽ = s2 |∞ − ⌉§√⇐−βs↽| ∫ ⋃ |α↼|s|k̂↽|∈dσ↼k̂↽, ↼1.12↽ where the integral is over the unit sphere S2 in R3▷ Second order perturbation theory accounts only for processes in which a single quanta of radiation is either emitted or absorbed▷ It follows from Diracφs theory that if Ek < Ej then λ2Γjk is the probability per unit time that an atom will emit a photon of frequency ν = (Ej − Ek↽/2π and make a transition j → k▷ If Ek > Ej then λ2Γjk is the probability per unit time that an atom will absorb a photon of frequency ν = (E k − Ej ↽/2π and make a transition k → j▷ For historical reasons ↼see e▷g▷ ♭H♯ page 52↽ the Γj are often referred to as Fermiφs Golden Rule▷ Note that at zerotemperature Γ jk = 0 if Ej < Ek▷ The coefαcient λ2Γj is the total transition probability per unit time from the level j▷ Let now p j be the probability that the small system is in the pure state |ψ j⟩⟨ψj |↙ I{ ⊔⟨⌉ ∫†∫⊔⌉⇕ A ⇓ B ⟩∫ ⟩\ ⊔⟨⌉∇⇕⊣↕ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕⇔ ⌈⌉⊔⊣⟩↕⌉⌈ ⌊⊣↕⊣\⌋⌉ ∇⌉∐⊓⟩∇⌉∫¬ pj Γj = ∑ k≠j pkΓkj ,

to hold for all j▷ A solution of the above system is pj = exp(−βEj↽ ∑ k exp↼−βE k↽ .

Moreover this solution is unique provided all Γjk are positive ♭D2♯▷ Therefore an atom in thermal equilibrium with the blackbody radiation is in its Gibbs state as expected▷ Timedependent perturbation theory as used in the above formal argument resisted a general mathematical formulation for over forty years▷ Among the partly successful work on the subject the most notable involve the master equation techniques ♭D1♯ ♭D2♯ ♭D3♯ ♭HA♯ and ♭PR♯▷ This method has been discussed in ♭JP♯ and will be further discussed in the latter papers in this series. Concerning the Ψusual˚ derivation of (1.8)¡(1.12), note that Relation (1.8) cannot hold at zero-temperature for all times since the spectrum of~Hλ is bounded from below▷ Even at positive temperature it can hold only as an approximation and to quote ♭SI♯ Ψit is often discussed fact in the physics literature that the usual Ψtextbook derivationν of the timedependent series is internally inconsistent and there is not universal agreement among physicists concerning either the higher order terms in the series or the precise quantity which is being approximatedν▷ The foundations of timedependent perturbation theory for Nbody nonrelativistic quantum systems as well as the precise mathematical deαnition of resonance were given in ♭SI♯▷ We refer the reader to ♭SI♯ and ♭RS3♯ for a list of references concerning earlier work on the subject▷ The notions introduced in ♭SI♯ have a natural extension to nonrelativistic QED▷ The timedependent perturbation series is supposed to describe the fate of the eigenvalues of H0 ↼which are embedded in the continuous spectrum↽ after the perturbation HI is Ψturned onν▷ It is expected that these eigenvalues will Ψdissolveν. There are ε > 0 and η > 0 such that for 0 < |λ| < ε the operator Hλ has no eigenvalues in ♯E j − η, Ej ⇁ η♭▷ Let γ be a contour enclosing the spectrum of Hλ▷ The formula ↼Ψ, exp↼−itHλ↽Ψ) = ∮ γ exp↼−itz↽ ( Ψ, ↼z − Hλ↽−∞Ψ ) dz 2πi , ↼1.13↽ relates the radiative lifetime of the state Ψ to the poles of the function RΨ(z↽ = ( Ψ, ↼z − Hλ↽−∞Ψ ) . ↼1.14↽ Following ♭SI♯ we now formulate the strategy for the analysis of the spectrum in the interval ♯Ej − η, Ej ⇁ η♭ and the rigorous derivation of Relation ↼1▷8↽. If the form factor α is sufαciently regular there exists a dense subspace E ⊂ H⇔ ≀\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⇕⊣⊔∇⟩§ ⌉↕⌉⇕⌉\⊔∫ RΨ(z↽ have a meromorphic continuation from the upper halfplane onto the region O = {z . |z − Ej| < η}↙ I\ O ⊔⟨⌉ {⊓\⌋⊔⟩≀\∫ RΨ are regular, except for a simple pole at a point Ej ↼λ↽ independent of the choice of Ψ ∈ E↙ I{ Γj ↼λ↽ = −∈I⇕⇐Ej↼λ↽↽ > 0 then Hλ has purely absolutely continuous spectrum on ♯E j − η, Ej ⇁ η♭▷ The resonance Ej↼λ↽ is expected to be an analytic function of λ for |λ| < ε▷ Finally the αrst nontrivial coefαcient in the Taylor expansion of Ej↼λ↽ should have an imaginary part given by Equations ↼1▷9↽δ↼1▷12↽▷ One then can attempt to derive a formula for the decay of bj↼t↽ using Relation ↼1▷13↽▷ In αrst approximation one should get Equation ↼1▷8↽▷ For the zerotemperature model with massive bosons this program was carried in part in ♭JP♯ and ♭OY♯▷ However the physically important case of massless bosons was beyond reach except in some special cases ♭A1♯ ♭A2♯▷ The difαculty usually called infrared catastrophe is related to the fact that there are vectors Ψ in the domain of~Hλ which contain inαnitely

many soft photons, i.e., (Ψ, NΨ) = ∞↙ F≀∇ ⇕⊣\† †⌉⊣∇∫ \≀ ⇕⌉⊔⟨≀⌈ ⌋≀⊓↕⌈ ⌊⌉ ⌈⌉∫⟩}\⌉⌈ ⊔≀ ⊣⊑≀⟩⌈ ⊔⟨⟩∫ ⌈⟩{⊘⌋⊓↕⊔†↙ R⌉⌋⌉\⊔↕†⇔ V↙ B⊣⌋⟨⇔ J↙ F∇�≀⟨↕⟩⌋⟨ ⊣\⌈ I↙M↙ S⟩}⊣↕ ∪BFS⊎ ⟨⊣⊑⌉ ⌈⌉⊑⌉↕≀√⌉⌈ ⊣ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⌉⌈ ∇⌉\≀∇⇕⊣↕⟩‡⊣⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⊣⌈⌈∇⌉∫∫ ⊔⟨⟩∫ √∇≀⌊↕⌉⇕↙ W⌉ ∇⌉{⌉∇ ∇⌉⊣⌈⌉∇ ⊔≀ ∪HS⊎ {≀∇ ⊣\ ⌉§√≀∫⟩⊔⟩≀\ ≀{ ⊔⟨⌉⟩∇ ∇⌉∫⊓↕⊔∫↙ I\ ⊔⟨⟩∫ √⊣√⌉∇⇔ ⊔⟨⌉ √∇≀}∇⊣⇕ √∇⌉∫⌉\⊔⌉⌈ ⊣⌊≀⊑⌉ ⟩∫ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔ {≀∇ ⊔⟨⌉ √≀∫⟩⊔⟩⊑⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⇕≀⌈⌉↕ ⌈⌉⊘\⌉⌈ ⌊† E∐⊓⊣⊔⟩≀\ ⇐∞↙▽⇒↙ F⟩\⊣↕↕†⇔ ⊒⌉ \≀⊔⌉ ⊔⟨⊣⊔ {≀∇⇕⊣↕ ∫⌋⊣⊔⊔⌉∇⟩\} ⊔⟨⌉≀∇† ∇⌉↕⊣⊔⌉∫ ⇐∞↙∀⇒∘⇐∞↙∞∈⇒ ⊔≀ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ∇⌉∫⊓↕⊔∫ ∪M⊎↙ I⊔ ⟩∫ ⊔⟨⌉∇⌉{≀∇⌉ ⟩⇕√≀∇⊔⊣\⊔ ⊔≀ ⌈⌉⊑⌉↕≀√ ⊣ ∫⌋⊣⊔⊔⌉∇⟩\} ⊔⟨⌉≀∇† {≀∇ ⊔⟨⌉ ⇕≀⌈⌉↕ ⇐∞↙▽⇒↙ T⟨⌉ ⇕⌉⊔⟨≀⌈ ⌉§√≀∫⌉⌈ ⟨⌉∇⌉ †⟩⌉↕⌈∫ ∫≀⇕⌉ √⊣∇⊔⟩⊣↕ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ ⊔⟨⌉ ∫⌋⊣⊔⊔⌉∇⟩\} √∇≀⌋⌉∫∫⌉∫¬ W⌉ √↕⊣\ ⊔≀ ⌈≀ ⊣ √⌉∇⊔⊓∇⌊⊣⊔⟩⊑⌉ ⊣\⊣↕†∫⟩∫ ≀{ ⊔⟨⌉ ∇⌉∫≀\⊣\⌋⌉ ∫⌋⊣⊔⊔⌉∇⟩\} ⊣\⌈ ⊔≀ ⌋⊣↕⌋⊓↕⊣⊔⌉ ⊔⟨⌉ ⌉\⌉∇}† ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ √⟨≀⊔≀\∫ ⌉⇕⟩⊔⊔⌉⌈ ⊣\⌈ ⊣⌊∫≀∇⌊⌉⌈ ⟩\ ⊔∇⊣\∫⟩⊔⟩≀\∫↙ T⟨⟩∫ ⊒⟩↕↕ ⌊⌉ ⊔⟨⌉ ∫⊓⌊|⌉⌋⊔ ≀{ ⊔⟨⌉ {≀⊓∇⊔⟨ √⊣√⌉∇ ⟩\ ⊔⟨⌉ ∫⌉∇⟩⌉∫ ∪JP∈⊎↙ T⟨⌉ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ↕≀\} ⊔⟩⇕⌉ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⊔⟨⌉ ⟩\⊔⌉∇⊣⌋⊔⟩\} ∫†∫⊔⌉⇕ A ⇓ B⇔ ⊣\⌈ ⟩\ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊔⟨⌉ ∫⊔⊓⌈† ≀{ ⊔⟨⌉ ∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ∫⊔⊣⊔⌉∫⇔ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ {⊓∫⟩≀\ ≀{ ⊣↕}⌉⌊∇⊣⟩⌋ ⊣\⌈ ∫√⌉⌋⊔∇⊣↕ ⇕⌉⊔⟨≀⌈∫↙ T⟨⟩∫ ⊒⟩↕↕ ⌊⌉ ⊔⟨⌉ ⌋≀\⊔⌉\⊔ ≀{ ⊣ ⊔⟨⟩∇⌈ √⊣√⌉∇∪JP∞⊎↙ A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫↙ W⌉ ⊣∇⌉ }∇⊣⊔⌉{⊓↕ ⊔≀ I↙ M↙ S⟩}⊣↕ {≀∇ ∫⊓}}⌉∫⊔⟩\} ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊔≀ ⊓∫⇔ ⊣\⌈ ⊔≀ V↙ B⊣⌋⟨⇔ R↙ S⌉⟩↕⌉∇⇔ I↙ M↙ S⟩}⊣↕ ⊣\⌈ H↙ S√≀⟨\ {≀∇ ⊓∫⌉{⊓↕ ⌈⟩∫⌋⊓∫∫⟩≀\∫↙ P⊣∇⊔ ≀{ ⊔⟨⟩∫ ⊒≀∇‖ ⟨⊣∫ ⌊⌉⌉\ ⌈≀\⌉ ⊒⟨⟩↕⌉ ⊔⟨⌉ ⊘∇∫⊔ ⊣⊓⊔⟨≀∇ ⊒⊣∫ √≀∫⊔↖⌈≀⌋⊔≀∇⊣↕ {⌉↕↕≀⊒ ⊣⊔ U\⟩⊑⌉∇∫⟩⊔† ≀{ T≀∇≀\⊔≀ ⊣\⌈ ⊑⟩∫⟩⊔≀∇ ⊣⊔ U\⟩⊑⌉∇∫⟩⊔† ≀{ K⌉\⊔⊓⌋‖†⇔ U\⟩⊑⌉∇∫⟩⊔≻⌉ ⌈⌉ P⊣∇⟩∫ VII ⊣\⌈ T⌉⌋⟨\⟩∫⌋⟨⌉ U\⟩⊑⌉∇∫⟩⊔�⊣⊔ B⌉∇↕⟩\↙ A⊔ ⊑⊣∇⟩≀⊓∫ ∫⊔⊣}⌉∫ ≀{ ⊔⟨⟩∫ ⊒≀∇‖⇔ C↙↖ A↙ P↙ ⊒⊣∫ ⊑⟩∫⟩⊔⟩\} ⊔⟨⌉ U\⟩⊑⌉∇∫⟩⊔† ≀{ T≀∇≀\⊔≀⇔ ⊣\⌈ ⊔⟨⌉ I\∫⊔⟩⊔⊓⊔⌉ {≀∇ M⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⊣\⌈ ⟩⊔∫ A√√↕⟩⌋⊣⊔⟩≀\∫ ⊣⊔ ⊔⟨⌉ U\⟩⊑⌉∇∫⟩⊔† ≀{ M⟩\\⌉∫≀⊔⊣↙ V↙ J↙ ⟩∫ }∇⊣⊔⌉{⊓↕ ⊔≀ V↙ I⊑∇⟩⟩ ⊣\⌈ J↙ E⌈⊒⊣∇⌈ {≀∇ ⇕⊓⌋⟨ {∇⟩⌉\⌈↕† ∫⊓√√≀∇⊔⇔ ⊣\⌈ ⊔≀ P↙ H⟩∫↕≀√⇔ S↙ ⌈⌉ B⟩≺⌉⊑∇⌉⇔ J↙ P↙ G⊣‡⌉⊣⊓⇔ R↙ S⌉⟩↕⌉∇ ⊣\⌈ V↙ B⊣⌋⟨ {≀∇ ⊔⟨⌉⟩∇ ⟨≀∫√⟩⊔⊣↕⟩⊔†↙ T⟨⌉ ∇⌉∫⌉⊣∇⌋⟨ ≀{ ⊔⟨⌉ ⊘∇∫⊔ ⊣⊓⊔⟨≀∇ ⊒⊣∫ ∫⊓√√≀∇⊔⌉⌈ ⟩\ √⊣∇⊔ ⌊† NSERC ⊓\⌈⌉∇ }∇⊣\⊔ OGP ′′′∃′∞ ⊣\⌈ ⌊† D⌉⊓⊔∫⌋⟨⌉ F≀∇∫⌋⟨⊓\}∫}⌉⇕⌉⟩\∫⌋⟨⊣{⊔ SFB ∈∀∀ D⟩{{⌉∇⌉\⊔⟩⌉↕}⌉≀⇕⌉⊔∇⟩⌉ ⊓\⌈ Q⊓⊣\⊔⌉\√⟨†∫⟩‖↙ T⟨⌉ ∫⌉⌋≀\⌈ ⊣⊓⊔⟨≀∇ ⊒⊣∫ ∫⊓√√≀∇⊔⌉⌈ ⌊† ⊔⟨⌉ F≀\⌈ N⊣⊔⟩≀\⊣↕ S⊓⟩∫∫⌉ ⊓\⌈⌉∇ }∇⊣\⊔ ∈∞∘∋′′̸↙

2. Statement of Results

We will need the following condition on the form factor α▷ ↼H1↽ ↼ω ⇁ ω−∞⇒α ∈ L2↼R3↽▷ We begin with a selfadjointness statement for the generator of the dynamics ↼1▷5↽▷ Proposition 2▷1▷ If Hypothesis ↼H1↽ is satisαed then Hλ is essentially selfadjoint on HA ⊗ D↼Hb↽ ⊗ D↼Hb↽ for any λ ∈ R↙ T≀ ∫⊔⊣⊔⌉ ≀⊓∇ ∇⌉∫⊓↕⊔∫⇔ ⊒⌉ \⌉⌉⌈ ∫≀⇕⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ \≀⊔⊣⊔⟩≀\↙ I{ ▼ ⋌Ⓢ ⌢ ▼⋌≏⋐⋒®⋔ Ⓢ⌜⌢⋑⋒≜ ⋍⋒ ⋓⋒≪≫⋔⋒ ⋐⌟ H2↼δ, ▼∴ ⋔⋋⋒ ▼⌢®⋓⌟ ⋑≏⌢ⓈⓈ ≫⋏ ▼≾∽⌢≏∔⋒⋓ ⋏∔≪⋑⋔⋌≫≪Ⓢ ≫≪ ⋔⋋⋒ Ⓢ⋔®⋌⌜ ⪋⊸δ↽ ≡ {z . |I⇕⇐z↽| < δ}. The Hilbert space H2↼δ, ▼∴ ⋑≫≪Ⓢ⋌Ⓢ⋔Ⓢ ≫⋏ ⌢≏≏ ⋏∔≪⋑⋔⋌≫≪Ⓢ≜ f. ⪋⊸δ↽ → ▼≜ ⋍⋋⋌⋑⋋ ⌢®⋒ ⌢≪⌢≏⌟⋔⋌⋑ ⋌≪ ⪋⊸δ↽ and satisfy ‖f‖∈H2↼δ,H)≡ ∫⊓√ |a|<δ ∫ ∞ −∞ ‖f↼x ⇁ ia↽‖∈H dx < ∞. ↼2.1↽ Given a function f on R3 we deαne a new function~f on R × S∈⌊† ⊔⟨⌉ {≀∇⇕⊓↕⊣ ~f↼s, k̂↽ ≡ { −|s|∞/2f↼|s|k̂↽ if s < 0 s1/2f↼sk̂↽ if s ≥ ′↙ ⇐∈.2↽ With this notation we can now formulate our central technical hypothesis. ↼H2↽ There exists δ > 0 such that ~α ∈ H2↼δ, L2↼S2↽↽ The hypotheses ↼H1↽δ↼H2↽ is satisαed for example by the function α↼k↽ = √ |‖| ⌉§√⇐−|‖|∈⇒↙ W⌉ ⇕⊣† ⊣∫∫⊓⇕⌉⇔ ⊒⟩⊔⟨≀⊓⊔ ↕≀∫∫ ≀{ }⌉\⌉∇⊣↕⟩⊔†⇔ ⊔⟨⊣⊔ δ < 2π/β ↼see Section 3 for details↽▷ Here is our main result▷ Theorem 2▷2▷ Suppose that ↼H1↽δ↼H2↽ are satisαed▷ Then there exist a dense subspace E ⊂ H ⊣\⌈⇔ {≀∇ ⌉⊣⌋⟨ η ∈⊎′, δ♭ a constant Λ(η↽ > 0 such that for λ ∈⊎ − Λ(η↽, Λ(η↽♭ and Φ, Ψ ∈ E⇔ ⊔⟨⌉ {⊓\⌋⊔⟩≀\∫ z → ( Φ, ↼Hλ − z↽−∞Ψ ) , ↼2.3↽ have a meromorphic continuation from the upper halfplane onto the region O ≡ {z . Im↼z↽ > −η}.

The poles of the matrix elements (2.3) in O ⊣∇⌉ ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ Φ and Ψ. They are identical to the eigenvalues of a quasi-energy operator Σλ on HA▷ This operator is analytic for |λ| < Λ(η↽ and has a power series representation of the form Σλ = HA ⇁ ∞∑ n=1 λ2nΣ(2n↽. The αrst nontrivial coefαcient in this expansion satisαes Pj Im↼Σ (2))Pj = Pj Q gβ ↼HA − Ej ↽ QPj, ↼2.4↽ where Pj is the orthogonal projection on the eigenspace of H A corresponding to the eigen value E j and gβ is given in ↼1▷12↽▷

Remark 1▷ For any ψ ∈ H A one has ψ ⊗ Ω B ∈ E↙ R⌉⇕⊣∇‖ ∈↙ F≀∇⇕⊓↕⊣ ⇐∈↙△⇒ ⟩∫ ⊣\ ≀⌊⊑⟩≀⊓∫ }⌉\⌉∇⊣↕⟩‡⊣⊔⟩≀\ ≀{ E∐⊓⊣⊔⟩≀\∫ ⇐∞↙∃⇒∘⇐∞↙∞∞⇒ ⊔≀ ⌈⌉↖ }⌉\⌉∇⊣⊔⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉∫↙ B† ⊘∇∫⊔ ≀∇⌈⌉∇ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊔⟨⌉≀∇†⇔ ⊔⟨⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉∫ ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇ −∈Pj Im↼Σ (2))Pj yield the coefαcients of λ 2 in the expansion of the inverse eigenlifetimes of the eigenstates of energy Ej▷ In particular if E j nondegenerate one easily gets the following corollary▷

Corollary 2▷3▷ Suppose that ↼H1↽δ↼H2↽ are satisαed and let E j be a simple eigenvalue of HA▷ Then for small λ the quasienergy operator Σλ has a unique simple eigenvalue E j ↼λ↽ near Ej ▷ This eigenvalue is analytic and satisαes Ej ↼λ↽ = Ej ⇁ λ2a↼2↽j ⇁ O↼λ4↽, Im↼a↼2↽j ↽ = −Γj/2, where Γj is given by Equations ↼1▷9↽δ↼1▷12↽▷ Theorem 2▷2 and Proposition 4▷1 in ♭CFKS♯ immediately yield the following

Corollary 2▷4▷ Suppose that ↼H1↽δ↼H2↽ are satisαed and that the operators P j Im↼Σ (2))Pj are nonsingular for 1 ≤ j ≤ M▷ Then there exists a constant Λ > 0 such that for λ ∈⊎ − Λ, Λ[ and λ ≠ 0, the operator Hλ has purely absolutely continuous spectrum αlling the real axis▷ We now turn to the dynamical aspects of the system▷

Theorem 2▷5▷ Suppose that ↼H1↽δ↼H2↽ are satisαed▷ Then there exist a dense subspace E ⊂ H ⊣\⌈⇔ {≀∇ ⌉⊣⌋⟨ η ∈⊎′, δ♭ a constant Λ(η↽ > 0 with the following property. For

|λ| < Λ(η↽ there are two maps W±λ . E → HA such that for any Φ, Ψ ∈ E⇔ ≀\⌉ ⟨⊣∫ ⇐W −λ Φ, W ⇁λ Ψ) = (Φ, Ψ) and ( Φ, exp↼−itHλ↽Ψ ) = ( W −λ Φ, exp↼−iΣλt↽W ⇁λ Ψ ) ⟩ O↼exp↼−ηt↽↽, as t → ⇓∞↙ F⟩\⊣↕↕† ↕⌉⊔ ⊔⟨⌉ ∫⊓∇⊑⟩⊑⊣↕ √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ bj↼t↽ be given by Equation ↼1▷7↽▷ Corollary 2▷6▷ Assume that the hypotheses of Corollary 2▷3 and Corollary 2▷4 are satisαed and set Γj ↼λ↽ = −∈I⇕⇐Ej↼λ↽↽▷ Then there exist positive constants Λ, a and C such that for |λ| < Λ, | |bj↼t↽ − ⌉§√⇐−Γj↼λ↽t↽ | | ≤ C λ2 exp↼−aλ2t↽, holds for t > 0▷

Remark 1▷ It follows from our arguments that the constant Λ(η↽ in Theorem 2▷2 behaves like β−∋/2 as β ↑ ∞↙ T⟨⟩∫ {≀∇⌊⟩⌈∫ ⊔⟨⌉ ⊓∫⌉ ⊣ ↕⟩⇕⟩⊔⟩\} ⊣∇}⊓⇕⌉\⊔ ⊔≀ ⊣\⊣↕†‡⌉ ⊔⟨⌉ ‡⌉∇≀↖⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⌋⊣∫⌉↙ R⌉⇕⊣∇‖ ∈↙ H†√≀⊔⟨⌉∫⌉∫ ⇐H∞⇒∘⇐H∈⇒ ⌋≀⊑⌉∇∫ √⟨†∫⟩⌋⊣↕↕† ⟩⇕√≀∇⊔⊣\⊔ ⌉§⊣⇕√↕⌉∫ ⟩\ ⊒⟨⟩⌋⟨ α↼k↽ ∼ √ |‖| {≀∇ ∫⇕⊣↕↕ ‖↙ F∇≀⇕ ⊔⟨⌉ ⌈⟩∫⌋⊓∫∫⟩≀\ ⟩\ S⌉⌋⊔⟩≀\ ∋ ≀\⌉ ⌋⊣\ ⌈⌉⌈⊓⌋⌉ ⊑⊣∇⟩⊣\⊔∫ ≀{ ⇐H∈⇒↙ F≀∇ ⌉§⊣⇕√↕⌉¬ I{ ⊔⟨⌉ ⇕⌉⊣∫⊓∇⊣⌊↕⌉ {⊓\⌋⊔⟩≀\ h. R → C ∫⊣⊔⟩∫⊘⌉∫ |h↼s↽| = 1, and if h↼s↽~α↼s,k̂↽ ∈ H2↼δ, L2↼S2↽↽ then all results hold▷ The conαguration space of the bosons can be any Rd and the fact that ω↼k↽ = |‖| ⟩∫ ≀{ \≀ √⊣∇⊔⟩⌋⊓↕⊣∇ ⟩⇕√≀∇⊔⊣\⌋⌉↙ L⌉⊔ ω↼k↽ = g↼|‖|⇒ ⌊⌉ ⊣ ∇≀⊔⊣⊔⟩≀\⊣↕↕† ⟩\⊑⊣∇⟩⊣\⊔ {⊓\⌋⊔⟩≀\↙ A∫∫⊓⇕⌉ ⊔⟨⊣⊔ g↼0↽ = 0 and that g↼s↽ is a strictly increasing unbounded differentiable function on R⇁▷ Denote by h its inverse▷ If the form factor α is realvalued and if α♯↼s, k̂↽ ≡ s |s|∋/2 h′⇐|s|⇒α↼h↼|s|⇒k̂↽, belongs to H2↼δ, L2↼S2↽↽ for some δ > 0 then all results hold▷ Remark 3▷ All the results hold if the system B ⟩∫ ⊣\ ⟩\⊘\⟩⊔⌉ {∇⌉⌉ F⌉∇⇕⟩ }⊣∫↙ R⌉⇕⊣∇‖ △↙ O⊓∇ ∇⌉∫⊓↕⊔∫ ⟨⊣⊑⌉ ∫⟩⇕√↕⌉ ⌉§⊔⌉\∫⟩≀\∫ ⊔≀ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ ⟩\⊘\⟩⊔⌉ ⌈⟩⇕⌉\∫⟩≀\⊣↕ HA▷ In fact if we assume that ↼i↽ H A is positive▷ ↼ii↽ Q is bounded▷ ↼iii↽ |I⇕ ⇐HAψ, Qψ↽| ≤ C↼ψ, ↼HA⇁1↽ 1/2ψ↽ for some constant C and all ψ ∈ D↼HA↽▷

Then Proposition 2.1 holds with HA replaced by D↼H A↽▷ Theorem 2▷2 and Theorem 2▷5 also hold in this case except that Σ λ is now an analytic family of type A and may have nondiscrete spectrum▷ This means that the matrix elements of the resolvent of H λ may have essential singularities in O↙ H≀⊒⌉⊑⌉∇⇔ {≀∇ ⊣\† ⌊≀⊓\⌈⌉⌈ ∇⌉}⟩≀\ R⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⌋≀\∫⊔⊣\⊔ Λ(η, R⇒ ∫⊓⌋⟨ ⊔⟨⊣⊔ Σλ has purely discrete spectrum in R∩O↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇ C≀∇≀↕↕⊣∇† ∈↙∋ ⟨≀↕⌈∫ ⊔≀≀↙ C≀∇≀↕↕⊣∇† ∈↙△ ⊣↕∫≀ ⟨≀↕⌈∫ ↕≀⌋⊣↕↕†⇔ ⟩↙⌉↙⇔ Hλ has purely absolutely continuous spectrum in R ∩ R {≀∇ |λ| < Λ(R⇒↙ B⊓⊔ ⊒⌉ ⌋⊣\ ⊣∫∫⌉∇⊔ ⊔⟨⊣⊔ Hλ has no singular continuous spectrum for small λ▷ Finally if we make the following assumptions on the spectrum of HA ↼iv↽ The eigenvalues of H A have bounded multiplicity▷ ↼v↽ d 0 ≡ ↕⟩⇕ ⟩\{ j→∞ ⇐Ej⇁1 − Ej↽ > 0▷ Then one can choose the constant Λ(η↽ in Theorem 2▷2 in such a way that Σλ has purely discrete spectrum▷ The reader will αnd a few remarks scattered in the remaining parts of this work to support these claims▷

3▷ Preliminaries The primary purpose of this section is the construction of a new representation of the bath Hilbert space▷ As a αrst application of this representation we will then prove Proposition 2▷1▷ We denote by F (▼∴ ⋔⋋⋒ Ⓢ⌟≎≎⋒⋔®⋌⋑ ⋆≫⋑⫆ Ⓢ⌜⌢⋑⋒ ⋑≫≪Ⓢ⋔®∔⋑⋔⋒⋓ ≫≪ ⋔⋋⋒ ▼⋌≏⋐⋒®⋔ Ⓢ⌜⌢⋑⋒ ▼≲ ⋆≫® ⋔⋋⋒ ⌜®≫≫⋏ ≫⋏ ⋔⋋⋒ ⋏≫≏≏≫⋍⋌≪⋎ ⋍⋒≏≏≾⫆≪≫⋍≪ ⋔⋋⋒≫®⋒≎ ⋍⋒ ®⋒⋏⋒® ⋔⋋⋒ ®⋒⌢⋓⋒® ⋔≫ ⩞▷⪋⊼∡≲ ⪌⋋⋒≫®⋒≎ ⋟≲⪖≲ ⋆≫® ⌢≪⌟ ⋔⋍≫ ▼⋌≏⋐⋒®⋔ Ⓢ⌜⌢⋑⋒Ⓢ ▼⪖⌢≪⋓ ▼⋞≜ ⋔⋋⋒®⋒ ⋒⌞⋌Ⓢ⋔Ⓢ ⌢ ∔≪⋌⋔⌢®⌟ ≎⌢⌜⌜⋌≪⋎ U. F (▼⪖∴ ⊗ F (▼⋞∴ → F (▼⪖⊕ ▼⋞∴, so that for any two unitaries U1 U2 and any two vectors f g one has U ( Γ(U1↽ ⊗ Γ(U2↽ ) U −∞= Γ(U1 ⊕ U2↽, U ( ~√ {iφ↼f↽↽ ⊗ ⌉§√ ⇐iφ↼g↽↽ ) U −∞= exp (iφ↼f ⊕ g↽↽ . Furthermore if Ω is the vacuum on F (▼⪖⊕ ▼⋞∴≜ ⌢≪⋓ Ω1, Ω2 are the vacua on F (▼⪖∴≜ F (▼⋞∴≜ ⋔⋋⋒≪ U↼Ω1 ⊗ Ω2) = Ω. It follows from this theorem that a unitary transformation U. HB → F ( L2↼R3↽ ⊕ L2↼R3↽ ) , ↼3.1↽

exists, so that U exp↼itHB↽U −∞= Γ (exp(itω↽ ⊕ ⌉§√⇐−itω↽↽ , UWB ↼f↽U −∞= exp ( iφ ( { ⟩ ρ↽1/2f ⊕ ρ1/2f̄ )) . ↼3.2↽

We now deαne a unitary map V . L2↼R3↽ ⊕ L2↼R3↽ → L2↼R × S∈, ds ⊗ dσ↽, by the formula ( V ↼f ⊕ g↽ ) {s,k̂↽ ≡ { s g↼|s|k̂↽ if s < 0 s f↼sk̂↽ if s ≥ ′↙ ⇐∋.3↽ It is easy to show that V ( ~√{itω↽ ⊕ ⌉§√⇐−itω↽ ) V −∞= exp(its↽, V ( { ⟩ ρ↽1/2f ⊕ ρ1/2f̄ ) = fβ , ↼3.4↽

where fβ ↼s, k̂↽ ≡ ( s 1 − ⌉§√⇐−βs↽ )/2 ~f ↼s, k̂↽, ↼3.5↽ with~f deαned by Equation ↼2▷2↽▷ Remark▷ If~f ∈ H2↼δ, L2↼S2↽↽ for some δ > 2π/β then fβ ∈ H2↼2π/β − ε, L2↼S2↽↽ for any 0 < ε < 2π/β but fβ ∉ H2↼2π/β ⇁ ε, L2↼S2↽↽ for any ε > 0▷ Thus without loss of generality we may assume in Hypothesis ↼H1↽ that δ < 2π/β▷ Notation▷ In the sequel we will identify the spaces L2↼R × S∈⇒⇔ L2↼R↽ ⊗ L2↼S2↽ and L2↼R, L2↼S2↽↽ denoting all of them by Hs▷ We now come to the central point of the construction▷ With U and V given by Equations ↼3▷1↽ and ↼3▷3↽ we deαne the unitary map ^U = I ⊗ Γ(V ↽U . H → ^H ≡ HA ⊗ F (Hs↽ . From Equations ↼3▷2↽ ↼3▷4↽ one easily infers that the following relations are satisαed ^H0 ≡ HA ⇁ dΓ(s↽ = ^U H0^U −∞, ^HI ≡ Q ⊗ φ↼αβ ↽ = ^UHI ^U −∞. ↼3.6↽

Here αβ is obtained from the original form factor α by the transformations ↼2▷2↽ and ↼3▷5↽▷ Furthermore if we denote by Ω the vacuum in F (Hs↽ then ψ ⊗ Ω = ^U ( ψ ⊗ ΩB ) , holds for any ψ ∈ HA▷ To complete our new picture we shall now construct a selfadjoint generator for the dynamics of the coupled system▷ This is the purpose of the following lemma▷

Lemma 3▷2▷ If λ ∈ R ⊣\⌈ ⇐|s| ⇓ |s| −∞/2↽αβ ∈ Hs then the operator ^Hλ ≡ ^H0 ⇁ λ ^HI , ↼3.7↽ is essentially selfadjoint on any core of dΓ(|s|⇒↙ F≀∇ ⊔⟨⌉ √∇≀≀{⇔ ⊒⌉ \⌉⌉⌈ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊒⌉↕↕↖‖\≀⊒\ ∇⌉∫⊓↕⊔∫ ∪GJ⇔ P∇≀√≀∫⟩⊔⟩≀\ ∞↙∈↙∋⊎⇔ P∇≀√≀∫⟩⊔⟩≀\ ∋↙∋↙ L⌉⊔ μ↼k↽ be a positive measurable function on some measure space M▷ Denote by F the subspace of αnite particle vectors of the Fock space F ( L2↼M↽ ) / ∐{^ ^ N ≡ ⌈Γ(1) the number operator. (i) Assume f ∈ L2↼M↽ then for any Ψ ∈ F ‖aϑ↼f↽Ψ‖ ≤ ‖f‖ ‖⇐N ⇁ I↽1/2Ψ‖, where aϑ↼f↽ represents either a↼f↽ or a∗⇐f↽▷ ↼ii↽ Assume ↼1 ⇁ μ−∞/2↽f ∈ L2↼M↽ then for any Ψ ∈ F ‖aϑ↼f↽Ψ‖ ≤ ‖⇐∞ ⇓ μ−∞/2↽f‖ ‖⇐⌈Γ(μ↽ ⇁ I↽1/2Ψ‖. In particular the αeld operator φ↼f↽ is inαnitesimally small with respect to dΓ(μ↽▷ Proof of Lemma 3▷2▷ We invoke Nelsonφs commutator theorem ↼in the form of Theorem X▷37 in ♭RS2♯↽▷ Let^N = I ⇁ dΓ(|s|⇒↙ W⌉ ⇕⊓∫⊔ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⌋≀\∫⊔⊣\⊔ d > 0 such that the following estimates hold for any Ψ ∈ D↼dΓ(|s|⇒⇒¬ ‖ ^HλΨ‖ ≤ d ‖ ^NΨ‖, |⇐ ^HλΨ, ^NΨ) − ⇐ ^NΨ, ^HλΨ)| ≤ d ‖ ^N1/2Ψ‖∈. ↼3.8↽ Since i♭^N, φ↼αβ↽♯ = φ↼i|s|αβ↽ Inequalities ↼3▷8↽ follow from Proposition 3▷3 and the obvious fact that dΓ(s↽ is bounded with respect to dΓ(|s|⇒↙

Proof of Proposition 2.1. We start by observing that Hypothesis (H1) implies that (|s| ⇓ |s|−∞/2↽αβ ∈ Hs▷ Therefore the conclusion of Lemma 3▷2 holds▷ Let us deαne an auxiliary selfadjoint operator M on H ⌊† ⊔⟨⌉ {≀∇⇕⊓↕⊣ ⌉§√ ⇐iMt↽ ≡ Γ (exp(iωt↽↽ ⊗ Γ (exp(iωt↽↽ . Using the fundamental property of U ↼Theorem 3▷1↽ and Deαnition ↼3▷3↽ of V one shows that M = ^U −∞⌈Γ(|s|⇒ ^U. It follows from Equation ↼3▷6↽ and Lemma 3▷2 that Hλ = ^U −∞^Hλ ^U is essentially selfadjoint on any core of M▷ The fact that HA ⊗ D↼Hb↽ ⊗ D↼Hb↽ is such a core is well known ↼see ♭RS1♯ Theorem VIII▷33↽▷ Remark▷ Setting ^N = I ⇁HA ⇁ dΓ(|s|⇒⇔ ⊔⟨⌉ √∇≀≀{∫ ≀{ L⌉⇕⇕⊣ ∋↙∈ ⊣\⌈ P∇≀√≀∫⟩⊔⟩≀\ ∈↙∞ ⌉§⊔⌉\⌈ ⊔≀ ⊔⟨⌉ ∫⟩⊔⊓⊣⊔⟩≀\ ⊒⟨⌉∇⌉ HA is unbounded provided one makes the following assumptions. ↼i↽ H A ≥ ′↙ ⇐⟩⟩⇒ Q is bounded with respect to H1/2A ▷ ↼iii↽ |I⇕ ⇐HAψ, Qψ↽| ≤ C↼ψ, ↼HA⇁1↽ 1/2ψ↽ for some constant C and all ψ ∈ D↼HA↽▷ Of course one also has to replace H A with D↼HA↽ in Proposition 2▷1 and dΓ(|s|⇒ ⊒⟩⊔⟨ HA ⇁ dΓ(|s|⇒ ⟩\ L⌉⇕⇕⊣ ∋↙∈↙ L⌉⊔ ⊓∫ ∫⊓⇕⇕⊣∇⟩‡⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ≀{ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⟩\ T⟨⌉≀∇⌉⇕ ∋↙△↙ T⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⊓\⟩⊔⊣∇† ⇕⊣√√⟩\}^U. H → ^H⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ ^UHλ ^U −∞= ^Hλ. In the sequel we shall identify H ⊒⟩⊔⟨^H ⊣\⌈ Hλ with ^Hλ and always work in the new representation▷ We would like to add a few comments concerning the above construction▷ The simplest and most widely used complexdeformation technique is based on the AguilarCombes theory and the group of dilation operators. ♭AC♯ ♭BC♯ ♭RS3♯ and ♭SI♯▷ The investigation of the zerotemperature model has been so far based on the second quantization of the dilation group▷ This approach has been used in ♭OY♯ ♭JP♯ as well as in a recent work of Bach Fr�ohlich and Sigal ♭BFS♯▷ In the massless case the infrared problem reβects itself in the fact that the eigenvalues {E j } ⊣∇⌉ \≀⊔ ⊓\⌋≀⊑⌉∇⌉⌈ ⌊† ⊣ ⌈⟩↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\~H0. Regular perturbation theory does not apply directly▷ Since~HI is not a relatively compact perturbation of ~H0 it is difαcult to analyze the spectrum of~Hλ near Ej and to show that the matrix elements ↼1▷14↽ have a meromorphic continuation across the continuous spectrum▷

The resolution of the problem in the positive temperature case is based on the replacement of dilation analyticity with translation analyticity. The latter one originated in the study of resonances of an atom in a homogeneous electric ↑eld (see [AH] and [HE] for an example). The formal connection between the two problems becomes transparent in Equation (3.6). The complex deformation shifts the essential spectrum into the lower half-plane, and uncovers the eigenvalues {Ej}↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ⌈≀⇕⊣⟩\ ≀{ ⊔⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\ ⟩∫ ⇕≀⌈⟩⊘⌉⌈ ⌊† ⊔⟨⌉ ⌈⌉{≀∇⇕⊣⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉ ⌊⊓↕‖ ≀{ ⊔⟨⌉ ⊔⌉⌋⟨\⟩⌋⊣↕ ⊒≀∇‖ ⌊⌉↕≀⊒ ⊒⟩↕↕ ⌋⌉\⊔⌉∇ ⊣∇≀⊓\⌈ ⊔⟨⌉ ∇⌉∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⟩∫ ⌈⟩{⊘⌋⊓↕⊔†↙

△↙ S√⌉⌋⊔∇⊣↕ D⌉{≀∇⇕⊣⊔⟩≀\∫ ⊣\⌈ F⌉∇⇕⟩≃∫ G≀↕⌈⌉\ R⊓↕⌉ T⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ H†√≀⊔⟨⌉∫⌉∫ ⇐H∞⇒∘⇐H∈⇒ ⟨≀↕⌈↙ F≀∇ a ∈ R⇔ ↕⌉⊔ u↼a↽ be the unitary translation group on Hs ( u↼a↽f ) {s↽ = fa↼s↽ ≡ f↼s ⇁ a↽. ↼4.1↽ Denote by U↼a↽ = Γ(u↼a↽↽ the second quantization of u↼a↽▷ One easily shows that U↼a↽φ↼f↽U↼−a↽ = φ↼fa↽, U↼a↽dΓ(s↽U↼−a↽ = dΓ(s↽ ⇁ aN, where N ≡ ⌈Γ(1) is the number operator on F (Hs↽▷ Thus under a second quantized translation the operator H λ transforms according to Hλ↼a↽ ≡ U↼a↽HλU↼−a↽ = HA ⇁ dΓ(s↽ ⇁ λQ ⊗ φ↼α aβ↽ ⇁ aN. Remark that if f ∈ H2↼δ, ▼∴≜ ⊴⌝∔⌢⋔⋌≫≪ ⊸≼≲⪖∴ ⋓⋒⇋≪⋒Ⓢ ⌢ ≎⌢⌜ ⋏®≫≎ ⪋⊸δ↽ to L2↼R↽ ⊗ ▼≲ ⪌⋋⋒ ⇋®Ⓢ⋔ ≏⋒≎≎⌢ ⋌≪ ⋔⋋⋌Ⓢ Ⓢ⋒⋑⋔⋌≫≪ Ⓢ⋔⌢⋔⋒Ⓢ Ⓢ≫≎⋒ ⋐⌢Ⓢ⋌⋑ ⌜®≫⌜⋒®⋔⋌⋒Ⓢ ≫⋏ Ⓢ∔⋑⋋ ⋑≫≎⌜≏⋒⌞ ⋔®⌢≪Ⓢ≏⌢⋔⋌≫≪Ⓢ≲ ⋒≎≎⌢ ≼≲⪖≲ ⋒⋔ ⪕ < δ^′ < δ then the following holds. ↼i↽ If f belongs to H2↼δ, ▼∴ ⋔⋋⋒≪ ⋌⋔Ⓢ ⋓⋒®⋌∽⌢⋔⋌∽⋒ f′ ⌊⌉↕≀\}∫ ⊔≀ H 2↼δ′, ▼∴≲ ⋆∔®⋔⋋⋒®≎≫®⋒≜ ≫≪⋒ ⋋⌢Ⓢ ⋔⋋⋒ ⋐≫∔≪⋓ ‖f ′‖H2↼δ0,H)≤ ∞ δ − δ′ ‖f‖H2↼δ,H). ↼ii↽ If f belongs to H2↼δ, ▼∴ ⋔⋋⋒≪ ⋔⋋⋒ ≎⌢⌜ ⪋⊸δ↽ → L2↼R↽ ⊗ ▼ a → f a is analytic and df a da = f ′a▷

(iii) If a, b ∈ ⪋⊸δ ′⇒ ⊔⟨⌉\⇔ {≀∇ ⊣\† f ∈ H 2↼δ, ▼∴≜ ≫≪⋒ ⋋⌢Ⓢ ⋔⋋⋒ ⋐≫∔≪⋓ ‖f a − f b‖L2↼R↽⊗H ≤ |a − b| δ − δ′ ‖f‖H2↼δ,H).

Proof▷ Unless explicitly mentioned all norms will refer to the space L2↼R↽ ⊗ ▼≲ ⇚⋒ ⇋®Ⓢ⋔ ⌜®≫∽⋒ ⊸⋌∴≲ ⪋⋌≪⋑⋒≜ ⋐⌟ ⋓⋒⇋≪⋌⋔⋌≫≪≜ f ∈ H2↼δ, ▼∴ ⋌≎⌜≏⋌⋒Ⓢ ⋔⋋⌢⋔ ⋔⋋⋒ ⋏∔≪⋑⋔⋌≫≪ f. ⪋⊸δ↽ → ▼ ⋌Ⓢ ⌢≪⌢≏⌟⋔⋌⋑≜ ⋍⋒ ≫≪≏⌟ ⋋⌢∽⋒ ⋔≫ ⌜®≫∽⋒ ⋔⋋⋒ ⋐≫∔≪⋓ ≫≪ ⋔⋋⋒ ⋓⋒®⋌∽⌢⋔⋌∽⋒ f^′↙ D⌉\≀⊔⌉ ⌊† f̂ ∈ L2↼R, dr↽ ⊗ ▼ ⋔⋋⋒ ⋆≫∔®⋌⋒® ⋔®⌢≪Ⓢ⋏≫®≎ ≫⋏ f ∈ L2↼R, ds↽ ⊗ ▼≜ ⋔⋋⋒≪ ⋔⋋⋒ ≪≫®≎ ⊸⋞≲⪖∴ ⋑⌢≪ ⋐⋒ ⋒⌞⌜®⋒ⓈⓈ⋒⋓ ⌢Ⓢ ‖f‖H2↼δ,H)= sup |a|<δ ‖ ‖ ‖~√{ar↽f̂ ‖ ‖ ‖ . Therefore we have ‖f ′‖H2↼δ0,H)= sup |a|<δ^0 ‖ ‖ ‖r exp↼ar↽f̂ ‖ ‖ ‖ ≤ ∫⊓√ r∈R | |r exp (−⇐δ − δ′⇒|r|) | | √√ |a|<δ^0 ‖ ‖~√ ( ar ⇁ ↼δ − δ′⇒|r| )^ f ‖ ‖ , and an explicit calculation leads to the desired inequality. ‖f ′‖H2↼δ0,H)≤ ∞ ⌉⇐δ − δ′⇒ ∫⊓√ |a|<δ ‖ ‖ ‖~√{|ar|⇒f̂ ‖ ‖ ‖ ≤ √ ∈ ⌉ ∞ δ − δ′ ‖f‖H2↼δ,H). Using the same notation we now prove ↼ii↽▷ Assume that |I⇕⇐a↽| < δ′ < δ▷ Then for small h ∈ C⇔ ‖ ‖f a⇁h − f a − hf ′a ‖ ‖ = ‖ ‖~√{iar↽ ↼exp↼ihr↽ − ∞ − ihr↽f̂ ‖ ‖ ≤ ∫⊓√ r∈R | |~√(−I⇕⇐a↽r − δ′|r|) {~√{ihr↽ − ∞ − ihr↽ | | ‖ ‖ ‖~√{δ′|r|⇒f̂ ‖ ‖ ‖ , and another simple calculation gives ‖ ‖f a⇁h − f a − hf ′a ‖ ‖ ≤ ≀⇐h↽ ‖f‖ H2↼δ,H), ↼4.2↽ as h → ′⇔ ⊒⟨⟩⌋⟨ ⟩∫ ⊔⟨⌉ ⌈⌉∫⟩∇⌉⌈ ⌉∫⊔⟩⇕⊣⊔⌉↙ T≀ √∇≀⊑⌉ ⇐⟩⟩⟩⇒ ∇⌉⇕⊣∇‖ ⊔⟨⊣⊔⇔ ⊣∫ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ ⇐⟩⟩⇒⇔ ⊒⌉ ⟨⊣⊑⌉ f a − f b = (b − a↽ ∫ f ′a⇁t↼b−a↽ dt. Therefore ↼i↽ gives ‖ ‖ ‖f a − f b ‖ ‖ ‖ ≤ |b − a| ∫⊓√ ′≤t≤∞ ‖ ‖ ‖f ′ a⇁t↼b−a↽ ‖ ‖ ‖ ≤ |b − a| ‖f ′‖H2↼δ0,H)≤ |b − a| δ − δ′ ‖f‖H2↼δ,H),

as required.

Let now a ∈ ⪋⊸δ↽ be complex and deαne HI ↼a↽ ≡ Q ⊗ ∞ √ ∈ ( a↼αaβ↽ ⇁ a ∗⇐αaβ ↽ ) , Hλ↼a↽ ≡ HA ⇁ dΓ(s↽ ⇁ λH I ↼a↽ ⇁ aN. ↼4.3↽ These operators are well deαned on the dense subspace D = D↼N↽ ∩ D↼dΓ(s↽↽, One easily checks that as an operator on D⇔ Hλ↼a↽ satisαes the relation Hλ↼a↽∗ ⊃ Hλ̄↼ā↽. ↼4.4↽ Therefore Hλ↼a↽ is closable for each ↼λ, a↽ ∈ C × ⪋⊸δ↽▷ We use the same symbol to denote its closure▷ The following proposition summarizes some simple facts about the family of closed operators {H0↼a↽ . a ∈ C}↙ P∇≀√≀∫⟩⊔⟩≀\ △↙∈↙ A∫∫⊓⇕⌉ ⊔⟨⊣⊔ a ∈ C⇔ ⊔⟨⌉\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⟨≀↕⌈∫¬ ⇐⟩⇒ F≀∇ ⊣\† Ψ ∈ D ≀\⌉ ⟨⊣∫ ‖H0↼a↽Ψ‖∈= ‖H0↼Re↼a↽↽Ψ‖∈⇓ |I⇕⇐a↽|∈‖NΨ‖∈. ↼ii↽ If Ima ≠ 0, then H0↼a↽ is a normal operator satisfying D↼H0↼a↽↽ = D, H0↼a↽∗ = H0↼ā↽. ↼iii↽ The spectrum of H0↼a↽ is given by σ↼H0↼a↽↽ = {na ⇁ t . n = 1, 2, · · · ∅ t ∈ R} ∪ σ↼HA↽.

Proof▷ Remark that on the sector N = n the operator H0↼a↽ reduces to the normal operator H↼n↽0 ↼a↽ ≡ HA ⇁ s1 ⇁ · · · ⇓ sn ⇁ na. A simple calculation immediately yields Identity ↼i↽▷ From this identity one easily shows that if Im↼a↽ ≠ 0, D = { Ψ = {Ψ(n↽} ¬ Ψ(n↽ ∈ D↼H↼n↽0 ↼a↽↽, ∑ n‖H↼n↽0 ↼a↽Ψ(n↽‖∈< ∞ } ,

and it follows that H0↼a↽ is a closed normal operator on D↙ T⟨⌉ ↕⊣∫⊔ ⊣∫∫⌉∇⊔⟩≀\ ⟩\ ⇐⟩⟩⇒ ⇔ ⊣\⌈ ⇐⟩⟩⟩⇒ ⌊≀⊔⟨ {≀↕↕≀⊒ {∇≀⇕ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∫⊔⊣⊔⌉⇕⌉\⊔∫ ⊣⌊≀⊓⊔ H↼n↽0 ↼a↽▷ The next result provides us with the necessary control of the interaction HI ↼a↽▷ Lemma 4▷3▷ Let a ∈ ⪋⊸δ↽ and Im↼a↽ ≠ 0. Then the interaction HI ↼a↽ is inαnitesimally small with respect to H0↼a↽▷ Proof▷ By CauchySchwarz inequality ‖Q ⊗ aϑ↼f↽Ψ‖∈≤ ‖Q2Ψ‖ ‖aϑ↼f↽∗aϑ↼f↽Ψ‖. Applying a wellknown trick we obtain for any ε > 0 ‖Q ⊗ aϑ↼f↽Ψ‖ ≤ ∞ ∈ε ‖Q2Ψ‖ ⇓ ε 2 ‖aϑ↼f↽∗aϑ↼f↽Ψ‖. By Proposition 3▷3 we further get ‖Q ⊗ aϑ↼f↽Ψ‖ ≤ ∞ ∈ε ‖Q2Ψ‖ ⇓ ε 2 ‖f‖∈‖⇐N ⇁ 2↽Ψ‖. Finally since Im↼a↽ ≠ 0, the ffrst statement of Proposition 4.2 and Equation (4.3) lead to ‖HI ↼a↽Ψ‖ ≤ ε‖H0↼a↽Ψ‖ ⇓ Cε‖Ψ‖, for appropriate Cε > 0▷ Let us introduce the strips ⪋^±⇐δ↽ = {z . 0 < ±I⇕⇐z↽ < δ}. We are now ready to prove some basic properties of the deformed operator Hλ↼a↽▷ Proposition 4▷4▷ Assume that ↼λ, a↽ ∈ C × ⪋−⇐δ↽ then. ↼i↽ The following identities hold D↼Hλ↼a↽↽ = D, Hλ↼a↽∗ = Hλ↼a↽. ↼ii↽ The spectrum of Hλ↼a↽ satisαes σ↼Hλ↼a↽↽ ⊂ {z . Im↼z↽ ≤ D↼λ, a↽},

where D↼λ, a↽ is given by D↼λ, a↽ ≡ ∞ ∈ ( |R⌉⇐λ↽| δ − |I⇕⇐a↽| |I⇕⇐a↽|∞/2⇁ |I⇕⇐λ↽| |I⇕⇐a↽|−∞/2 ) ‖Q‖∈‖αβ ‖∈H2↼δ↽. Furthermore if Im↼z↽ > D↼λ, a↽ one has the bound ‖ ‖ ‖ ( Hλ↼a↽ − z )−∞‖ ‖ ≤ ∞ I⇕⇐z↽ − D↼λ, a↽ .

↼iii↽ The map ↼λ, a↽ → Hλ↼a↽ from C × ⪋−⇐δ↽ to the closed operators on H⇔ ⟩∫ ⊣\ ⊣\⊣↕†⊔⟩⌋ {⊣⇕⟩↕† ≀{ ⊔†√⌉ A ⟩\ ⌉⊣⌋⟨ ⊑⊣∇⟩⊣⌊↕⌉ ∫⌉√⊣∇⊣⊔⌉↕†↙ R⌉⇕⊣∇‖↙ A ∫⟩⇕⟩↕⊣∇ ∫⊔⊣⊔⌉⇕⌉\⊔ ⟨≀↕⌈∫ {≀∇ ⇐λ, a↽ ∈ C × ⪋≑⊸δ↽▷ To prove Proposition 4▷4 we need the following simple facts ↼see e▷g▷ ♭K♯ Chapter V Section 3▷2↽. If T is a closed operator on a Hilbert space ▼≜ ⋔⋋⋒ ⋑≫≪∽⋒⌞ Ⓢ⋒⋔ Θ(T ↽ = {⇐ϕ, T ϕ↽ . ϕ ∈ D↼T ↽, ‖ϕ‖ = 1}, is called numerical range of T ▷ Let us denote by ▲⊸T ↽ the closure of this set▷ Lemma 4▷5▷ Let T be a closed operator on a Hilbert space ▼≜ Ⓢ∔⋑⋋ ⋔⋋⌢⋔ D↼T ↽ = D↼T∗⇒↙ T⟨⌉\ σ↼T ↽ ⊂ ▲⊸T ↽, and for z ∈ C \ ▲⊸T ↽ one has the bound ‖ ‖ ‖{T − z↽−∞ ‖ ‖ ‖ ≤ ∞ ⌈⟩∫⊔ ⇐z, ▲⊸T ↽↽ . ↼4.5↽

Proof▷ Let ϕ ∈ D↼T ↽ be a unit vector then CauchySchwarz inequality implies ‖⇐T − z↽ϕ‖ ≥ |z − ⇐ϕ, T ϕ↽| . ↼4.6↽ It follows that T − z is onetoone if z ∉ ▲⊸T ↽▷ Arguing similarly we see that ↼T − z↽∗ ⟩∫ ≀\⌉↖⊔≀↖≀\⌉ ⟩{ z ∉ ▲⊸T ∗⇒↙ S⟩\⌋⌉ ▲⊸T ∗⇒ = ▲⊸T ↽ we conclude that T − z has a bounded everywhere deαned inverse for z ∉ ▲⊸T ↽▷ Estimate ↼4▷5↽ follows from Inequality ↼4▷6↽▷

Proof of Proposition 4.4. The ↑rst assertion is a simple consequence of Lemma 4.3. To establish the second assertion, we set ^D↼λ, a↽ ≡ ∫⊓√ I⇕(▲⊸Hλ↼a↽↽). ↼4.7↽ The assertion will follow from Lemma 4▷5 provided we can show that^D↼λ, a↽ ≤ D↼λ, a↽▷ To this end we αrst observe that since real translations are unitary we can choose a = −iμ with 0 < μ < δ▷ Then a simple calculation shows that Im ( Hλ↼a↽ ) = −μN ⇁ γQ ⊗ φ↼g↽, ↼4.8↽ where γg ≡ ∞ ∈i ( λαaβ − λ̄αāβ ) , ‖g‖ = 1. Denote by P the orthogonal projection on g and set P⊥ = 1 − P ▷ By construction we have N = dΓ(P ↽ ⊕ ⌈Γ(P⊥⇒ = a∗⇐g↽a↼g↽ ⊕ N ⊥⇔ ⊣\⌈ ⇐△↙∀⇒ ∫√↕⟩⊔∫ ⟩\⊔≀ ⊣ ⌈⟩∇⌉⌋⊔ ∫⊓⇕ I⇕ ( Hλ↼a↽ ) = −μ {( a∗⇐g↽a↼g↽ − γ μ Q ⊗ φ↼g↽ ) ⊕ N ⊥ } . In the above formula we recognize the sum of a ↼shifted↽ harmonic oscillator and a number operator▷ Completing the square in the αrst term and performing a unitary transformation we can rewrite Im ( Hλ↼a↽ ) = −μ I ⊗ ( N0 ⊕ N ⊥ ) ⟩ γ2 2μ Q2 ⊗ I, where N0 is a simple harmonic oscillator▷ Therefore we have

σ ( ∮⌉ ( Hλ↼a↽ )) = { −μn ⇁ γ2 2μ q2. n = 0, 1, · · · ∅ q ∈ σ↼Q↽ } , which by Deαnition ↼4▷7↽ means ^D↼λ, a↽ ≤ γ 2 2μ ‖Q‖∈. We conclude by estimating γ with the help of Lemma 4▷1▷ To prove the last assertion we αrst claim that for αxed λ ∈ C ⊣\⌈ Ψ ∈ D⇔ ⊔⟨⌉ ⊑⌉⌋⊔≀∇ ⊑⊣↕⊓⌉⌈ {⊓\⌋⊔⟩≀\ a → Hλ↼a↽Ψ is analytic. In fact, with ∂Hλ↼a↽ ∂a ≡ N ⇁ λQ ⊗ ∞ √ ∈ ( a ( α′β ā ) ⟩ a∗ ( α′β a )) ,

Proposition 3.3 (i) implies ‖ ‖ ‖Hλ↼a ⇁ h↽Ψ − Hλ↼a↽Ψ − h ∂Hλ↼a↽ ∂a Ψ ‖ ‖ ‖ = O ( ‖αa⇁hβ − αaβ − hα′aβ ‖ ) . By Lemma 4▷1 ↼ii↽ the right hand side of the last inequality is o↼h↽ proving the claim▷ Since Strong analyticity in λ for αxed a is obvious type A analyticity now follows from the αrst two assertions of the proposition▷

Remark▷ If we replace D ⌊† D↼N↽ ∩ D↼HA ⇁ dΓ(s↽↽ the proof of Proposition 4▷2 extends to unbounded HA▷ The same remark holds for the proof of Lemma 4▷3 and Proposition 4▷4 provided Q is bounded▷ We now further investigate the spectrum of Hλ↼a↽▷ We will denote by P↼η↽ the open halfplane {z . Im↼z↽ > η}↙ T⟨⌉≀∇⌉⇕ △↙↙̸ T⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⌋≀\∫⊔⊣\⊔ Λ > 0 such that for ↼λ, a↽ ∈ C×⪋−⇐δ↽ the following statements hold. ↼i↽ If |λ| < Λ |I⇕⇐a↽|, ↼4.9↽ then the spectrum of the operator Hλ↼a↽ in the halfplane P↼Im↼a↽ ⇁|λ|Λ ) is purely discrete and independent of a▷ ↼ii↽ If |λ| < 1 4 Λ |I⇕⇐a↽|, then the spectral projection Pλ↼a↽ associated to the spectrum of Hλ↼a↽ in P↼Im↼a↽ ⇁|λ|Λ ) is analytic in λ and satisαes the bound ‖Pλ↼a↽ − P0↼a↽‖ < 3λ Λ|I⇕⇐a↽| .

Proof▷ Remark that by Proposition 4▷2 and Lemma 4▷3 the resolvent formula ( Hλ↼a↽ − z )−∞ = ( H0↼a↽ − z )−∞( ⟩ λHI ↼a↽ ( H0↼a↽ − z )−∞)−∞ , ↼4.10↽ holds for small λ as long as z belongs to a cone of the form {z . 0 < c1 < |z| < c2Im↼z↽}↙ W⌉ ≀∇}⊣\⟩‡⌉ ⊔⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ △↙ ̸⟩\ ⊔⊒≀ ∫⊔⌉√∫¬ F⟩∇∫⊔ ⊒⌉ ⊒⟩↕↕ ⌉§⊔⌉\⌈ ⊔⟨⌉ ⌈≀⇕⊣⟩\ ≀{

validity of Formula (4.10) by re↑ning our estimate on the product HI ↼a↽↼H0↼a↽−z↽−∞↙ T⟨⌉\ ⊒⌉ ⊒⟩↕↕ ⟩\⊑≀‖⌉ ⊣\⊣↕†⊔⟩⌋ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊔⟨⌉≀∇† ⊔≀ ⌋≀\⊔∇≀↕ ⊔⟨⌉ ∫√⌉⌋⊔∇⊓⇕↙ A√√↕†⟩\} P∇≀√≀∫⟩⊔⟩≀\ ∋↙∋ ⇐⟩⇒⇔ ⊒⌉ }⌉⊔ ‖ ‖ ‖HI ↼a↽ ( H0↼a↽ − z )−∞‖ ‖ ≤ √ ∈ ‖Q‖ ‖αβ‖H2↼δ↽ ‖ ‖ ‖{N ⇁ 1↽1/2 ( H0↼a↽ − z )−∞‖ ‖ . Since N and H0↼a↽ are commuting normal operators it is rather easy to compute the norm of T = (N ⇁ 1↽1/2↼H0↼a↽ − z↽−∞↙ O\ ⊔⟨⌉ ∫⌉⌋⊔≀∇ N = 0, the operator T reduces to T ↼0↽= ( HA − z )−∞ , and therefore ‖T ↼0↽‖ = 1 dist(z, σ↼HA↽↽ . ↼4.11↽ On the other hand if z = E ⇁ iη and a = ξ − iμ the sector N = n > 0 reduces T to T ↼n↽ = √ n ⇁ 1 ↼HA ⇁ s1 ⇁ · · · ⇓ sn ⇁ nξ − E↽ − i ↼μn ⇁ η↽ . It follows that ‖T ↼n↽‖ = √ n ⇁ 1 |μn ⇁ η| . ↼4.12↽ Since ‖T ‖ = supn≥′ ‖T ↼n↽‖⇔ E∐⊓⊣⊔⟩≀\∫ ⇐△↙∞∞⇒ ⊣\⌈ ⇐△↙∞∈⇒ ↕⌉⊣⌈⇔ ⊣{⊔⌉∇ ⊣\ ⌉↕⌉⇕⌉\⊔⊣∇† ⊣\⊣↕†∫⟩∫⇔ ⊔≀ ⊔⟨⌉ ⌊≀⊓\⌈ ‖T ‖ ≤ √ ∈ ⌈⟩∫⊔⇐z,σ↼H0↼a↽↽↽ if −μ < η < 3μ, 1 2 √ μ↼η−μ↽ if η ≥ ∋μ▷ ↼4.13↽ If we set Λ ≡ ∞ ∈ ‖Q‖ ‖αβ‖H2↼δ↽ , G↼a, ε↽ ≡ { z . Im↼z↽ > Im↼a↽, dist ( z, σ↼H0↼a↽↽ ) > ε } , one easily veriαes that for ε < |I⇕⇐a↽|⇔ ⊔⟨⌉ ⌊≀⊓\⌈ ⇐△↙∞∋⇒ ⟩⇕√↕⟩⌉∫ ∫⊓√ z∈G↼a,ε↽ ‖ ‖ ‖λHI ↼a↽ ( H0↼a↽ − z )−∞‖ ‖ ≤ |λ| Λ ε . ↼4.14↽ Consequently if |λ| < Λ ε the identity ↼4▷10↽ holds on G↼a, ε↽▷ Moreover the following estimate holds for N ≥ ′

∫⊓√ z∈G↼a,ε↽ ‖ ‖ ‖ ‖ ‖ ( z − Hλ↼a↽ )−∞ − N −∞ ∑ j=0 ( z − H0↼a↽ )−∞( λHI ↼a↽ ( z − H0↼a↽ )−∞)j ‖ ‖ ‖ ‖ ‖ ≤ ∞ ε ( λ Λε )N 1 − ( λ Λε ).

It follows that any z in the set P↼Im↼a↽↽ \ σ↼HA↽ = ⋃ ε>0 G↼a, ε↽,

is in the resolvent set of Hλ↼a↽ for small λ▷ Therefore the discrete spectrum of H0↼a↽ is stable and analytic perturbation theory applies▷ The αrst statement of Theorem 4▷6 follows except for the independence of the eigenvalues on the parameter a▷ Fix ↼λ0, a0↽ satisfying ↼4▷9↽▷ Since Hλ0↼a↽ is an analytic family in a its discrete eigenvalues are ↼branches of↽ analytic functions with at most algebraic singularities in a neighborhood of a0▷ On the other hand Hλ0↼a0↽ and Hλ0↼a↽ are unitarily equivalent if a − a0 is real▷ Thus the discrete eigenvalues are independent of a▷ To prove the second statement assume that 2ε < |I⇕⇐a↽| ⊣\⌈ |λ| < Λε▷ Let γ± ⌊⌉ ⊔⟨⌉ ⌋≀\⊔≀⊓∇∫ ⌈⌉⊘\⌉⌈ ⌊† {z . Im↼z↽ = ±I⇕⇐a↽/2}⇔ ⊣\⌈ ∫⌉⊔ γ ≡ γ ⇁ − γ−↙ W⌉ {≀∇⇕⊣↕↕† ⌈⌉⊘\⌉ Pλ↼a↽ = ∮ γ dz 2πi ( z − Hλ↼a↽ )−∞ . ↼4.15↽ We shall prove below that as a weak integral and after extraction of explicit zeroth and αrst order terms the above integral becomes absolutely convergent▷ Therefore Pλ↼a↽ is analytic and by a standard argument is the spectral projection of Hλ↼a↽ corresponding to the part of its spectrum contained in the strip bounded by γ⇁ and γ−↙ I⊔⌉∇⊣⊔⟩\} ⊔⟨⌉ ∇⌉∫≀↕⊑⌉\⊔ ⟩⌈⌉\⊔⟩⊔† ⊒⌉ }⌉⊔ Pλ↼a↽ = P0 ⇁ λΠ(1)(a↽ ⇁ λ2Π(2)λ ↼a↽, ↼4.16↽ where P0 ≡ P0↼a↽ = I ⊗ Ω (Ω, · ⇒, Π(1)(a↽ ≡ ∮ γ dz 2πi ( H0↼a↽ − z )−∞ HI ↼a↽ ( H0↼a↽ − z )−∞ , Π(2)λ ↼a↽ ≡ − ∮ γ dz 2πi ( H0↼a↽ − z )−∞ HI ↼a↽ ( Hλ↼a↽ − z )−∞ HI ↼a↽ ( H0↼a↽ − z )−∞ .

An explicit calculation shows that Π(1)(a↽ can be written as Π(1)(a↽ = 1 i ∫ ∞ −∞ ⌉§√⇐−μ|t|⇒ Ξt dt, ↼4.17↽ where Ξt ≡ { P0exp↼iH0t↽HI ↼a↽ exp↼−iH0t↽ for t < 0 exp↼iH0t↽HI ↼a↽ exp↼−iH0t↽P0 for t > 0▷

Another simple calculation yields ‖Ξt‖ = 2−∋/2Λ−∞. Thus we conclude from Equation ↼4▷17↽ that ‖ ‖ ‖λΠ(1)(a↽ ‖ ‖ ‖ ≤ |λ| Λ μ . ↼4.18↽ To estimate Π(2)λ ↼a↽ we proceed as follows. By CauchySchwarz inequality we have for any Φ, Ψ ∈ H⇔ | | | ( Φ, Π(2)λ ↼a↽Ψ )| | ≤ ∫⊓√ z∈γ ‖ ‖ ‖HI ↼a↽ ( Hλ↼a↽ − z )−∞ HI ↼a↽ ‖ ‖ ‖ ν↼Φ) ν↼Ψ), ↼4.19↽ where ν↼Φ)2 ≡ ∫ γ d|z| ∈π ‖ ‖(H 0↼a↽ − z )−∞ Φ ‖ ‖. By the spectral theorem ↼recall that H0↼a↽ is normal↽ this quantity is easily seen to be bounded by ν↼Φ) ≤ √ μ ‖Φ‖. ↼4.20↽ We now deal with the supremum in Expression ↼4▷19↽▷ We start by the simpler case λ = 0. There we can apply the method which leads to Inequality (4.14). Leaving the details to the

reader, we quote the resulting bound sup z∈γ ‖ ‖ ‖HI ↼a↽ ( H0↼a↽ − z )−∞ HI ↼a↽ ‖ ‖ ‖ ≤ ∈ Λ2μ . ↼4.21↽ Using the resolvent formula ↼4▷10↽ a simple calculation shows that HI ↼a↽ ( Hλ↼a↽ − z )−∞ HI ↼a↽ = ( − λHI ↼a↽ ( H0↼a↽ − z )−∞)−∞ HI ↼a↽ ( H0↼a↽ − z )−∞ HI ↼a↽. Therefore Inequalities ↼4▷14↽ and ↼4▷21↽ yield sup z∈γ ‖ ‖ ‖HI ↼a↽ ( Hλ↼a↽ − z )−∞ HI ↼a↽ ‖ ‖ ‖ ≤ ∈ Λ2μ ( − ( |λ| Λε ))−∞ . Optimizing the last expression over ε and combining it with the estimate ↼4▷20↽ gives the desired bound ‖ ‖ ‖λ2Π(2)λ ↼a↽ ‖ ‖ ‖ ≤ ( |λ| Λμ ) ( − ( |λ| Λμ ))−∞ . ↼4.22↽

Putting together (4.18) and (4.22), we ↑nally get ‖Pλ↼a↽ − P0↼a↽‖ ≤ x ( ⟩ x 1 − ∈x ) , with x ≡ |λ|/Λμ < 1/2 from which the required inequality follows easily▷

Remark▷ In the case of unbounded HA and bounded Q the above argument shows that the spectrum of Hλ↼a↽ decomposes into a αrst part σ0 ⊂ {z . |I⇕⇐z↽| ≤ |λ|/Λ}⇔ ⊣\⌈ ⊣ ∫⌉⌋≀\⌈ √⊣∇⊔ ⟩\ {z . Im↼z↽ ≤ I⇕⇐a↽ ⇁ |λ|/Λ}↙ S⊔⊣⊔⌉⇕⌉\⊔ ⇐⟩⟩⇒ ≀{ T⟨⌉≀∇⌉⇕ △↙ ̸∫⊔⟩↕↕ ⟨≀↕⌈∫ ⟩\ ⊔⟨⟩∫ ⌋⊣∫⌉↙ H≀⊒⌉⊑⌉∇ σ0 need not be purely discrete▷ In general we can only assert that given any bounded region R⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ Λ(a, R⇒ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊔⟨⌉ ∫√⌉⌋⊔∇⊓⇕ ⟩\ σ0 ∩ R ⟩∫ ⌈⟩∫⌋∇⌉⊔⌉ {≀∇ |λ| < Λ(a, R⇒↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⟩{ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∫√⌉⌋⊔∇⊓⇕ ≀{ HA is well separated d0 ≡ ↕⟩⇕ ⟩\{ j→∞ ⇐Ej⇁1 − Ej ↽ > 0, and has bounded multiplicity then one easily shows that σ0 is discrete provided |λ| < Λ min(|I⇕⇐a↽|, d0↽▷ The previous result allows us to apply reduction theory to the discrete spectrum of resonances and to construct the quasienergy operator by transforming Ran↼Pλ↼a↽↽ back to HA with a linear isomorphism S λ↼a↽▷ We follow here the developments of ♭HP♯▷ If |λ| < Λ |I⇕⇐a↽|/4, ↼4.23↽ Theorem 4▷6 implies that ‖Pλ↼a↽ − P0‖ < 1. It immediately follows that the maps P0. Ran↼Pλ↼a↽↽ → HA, Pλ↼a↽ . HA → R⊣\⇐Pλ↼a↽↽, are isomorphisms▷ Consequently setting Tλ ≡ P0Pλ↼a↽P0, ↼4.24↽ one easily checks that the operator Sλ↼a↽ ≡ T −∞/2λ P0Pλ↼a↽, from Ran↼Pλ↼a↽↽ to HA has inverse Sλ↼a↽−∞≡ Pλ↼a↽P0T −∞/2λ .

We use the isomorphism S λ↼a↽ to transport the reduced operator Pλ↼a↽Hλ↼a↽Pλ↼a↽ back in the space HA▷ A simple calculation yields Σλ ≡ Sλ↼a↽Pλ↼a↽Hλ↼a↽Pλ↼a↽Sλ↼a↽−∞= T −∞/2λ MλT −∞/2λ , ↼4.25↽ with Mλ ≡ P0Pλ↼a↽Hλ↼a↽Pλ↼a↽P0. ↼4.26↽ Finally we remark that since U↼a↽P0 = P0U↼a↽ = P0 for any a ∈ C⇔ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇∫ Tλ and Mλ are independent of a as long as Condition ↼4▷23↽ holds▷ The following lemma explores some properties of the quasienergy ↼4▷25↽▷ Proposition 4▷7▷ The quasienergy operator depends analytically on λ for |λ| < Λ |I⇕⇐a↽|/4▷ It has a Taylor series of the form Σλ = HA ⇁ ∞∑ n=1 Σ(2n↽λ2n. The αrst nontrivial coefαcient in this expansion is Σ(2)≡ − ∞ ∈ ∑ j ( Q hβ↼Ej − HA↽ QPj ⇁ Pj Q hβ ↼Ej − HA↽ Q ) ,

where the function hβ ↼z↽ analytic in P↼−δ↽ is given for Im↼z↽ > 0 by the formula

hβ ↼z↽ ≡ ∫ ∫×S∈ |αβ ↼s, k̂↽|∈ s − z ds dσ↼k̂↽.

Proof▷ The analyticity of Tλ follows from its deαnition ↼4▷24↽ and Theorem 4▷6 ↼ii↽▷ By the same result ‖T λ − I‖ < 1 holds for |λ| < Λ |I⇕⇐a↽|/4▷ Therefore T −∞/2 λ is also analytic▷ The Taylor series of T λ is obtained by inserting the Neumann series for the resolvent of Hλ↼a↽ in Equation ↼4▷15↽▷ In this way we obtain Tλ = I ⇁ ∞∑ n=1 T ↼n↽λn, with coefαcients given by T ↼n↽ ≡ ∮ γ dz 2πi ( z − HA )−∞ P0HI ↼a↽ (( z − H0↼a↽ )−∞ HI ↼a↽ )n−∞ P0 ( z − HA )−∞ .

In a completely similar way we can write Mλ = HA ⇁ ∞∑ n=1 M↼n↽λn, with the following coefαcients M↼n↽ ≡ ∮ γ dz 2πi z ( z − HA )−∞ P0HI ↼a↽ (( z − H0↼a↽ )−∞ HI ↼a↽ )n−∞ P0 ( z − HA )−∞ . The fact that odd powers of λ drop out of this expansions is an easy consequence of photon number conservation ↼recall that P0 projects on the zero photon subspace↽▷ By Deαnition ↼4▷25↽ the αrst nontrivial coefαcient in the Taylor series of Σλ is Σ(2)= M↼2↽− ∞ ∈ ( T ↼2↽HA ⇁ HAT ↼2↽ ) . An explicit calculation gives Σ(2)= 1 2 ∮ γ dz 2πi ( K↼z↽ ( z − HA )−∞ ⇓ ( z − HA )−∞ K↼z↽ ) , ↼4.27↽ where K↼z↽ ≡ P0HI ↼a↽ ( z − H0↼a↽ )−∞ HI ↼A↽P0. Remark that the resolvent in K↼z↽ is restricted to the onephoton sector therefore K↼z↽ is analytic in P↼Im↼a↽↽▷ Another explicit calculation shows that for Im↼z↽ > 0 K↼z↽ = − ∞ ∈ Q hβ ↼z − HA↽ Q. Therefore applying the Cauchy integral formula to Equation ↼4▷27↽ gives Σ(2)= − ∞ ∈ ∑ j Q hβ ↼Ej − HA↽ QPj ⇁ Pj Q hβ ↼Ej − HA↽ Q,

as required▷

Remark 1▷ In the case of unbounded HA and bounded Q the quasienergy is an analytic family of type A with domain D↼HA↽▷ In fact one can show that the commutator ♭H A, Tλ♯ is bounded▷ It follows easily that Σ λ − HA is bounded and analytic▷ Remark 2▷ The above argument also yields an expression for the Lamb shifts of the energy level E j ▷

Now that we have got some understanding of the family {Hλ↼a↽ | a ∈ ⪋±⇐δ↽}⇔ ⊒⌉ ∫⟨⊣↕↕ ∇⌉↕⊣⊔⌉ ⟩⊔ ⊔≀ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ≀√⌉∇⊣⊔≀∇ Hλ▷ This is the content of the next result▷ Lemma 4▷8▷ For λ ∈ R ⊣\⌈ I⇕⇐z↽ sufαciently large we have s − ↕⟩⇕ I⇕⇐a↽↑′ ( Hλ↼a↽ − z )−∞ = ( Hλ↼Rea↽ − z )−∞ .

Proof▷ Clearly we may assume Re↼a↽ = 0. Note that, by Proposition 4.4 (ii), the resolvent of Hλ↼a↽ is uniformly bounded as Im↼a↽ ↑ ′ ⊒⟨⌉\ λ ∈ R↙ T⟨⌉∇⌉{≀∇⌉⇔ ⟩⊔ ∫⊓{⊘⌋⌉∫ ⊔≀ ∫⟨≀⊒ ∫⊔∇≀\} ⌋≀\⊑⌉∇}⌉\⌋⌉ ≀\ ⊣ ⌈⌉\∫⌉ ∫⊓⌊∫√⊣⌋⌉↙ W⌉ ⊒⟩↕↕ √∇≀⊑⌉ ⊔⟨⊣⊔ ↕⟩⇕ I⇕⇐a↽↑′ ‖ ‖ ‖ (( Hλ↼a↽ − z )−∞ − ( Hλ − z )−∞) {N ⇁ 1↽−∞ ‖ ‖ ‖ = 0. As usual we denote by F ⊂ F (Hs↽ the subspace of αnite particle vectors▷ We deαne D′ ≡ {( Hλ↼a↽ − z ) Ψ : Ψ ∈ HA ⊗ ⇐F ∩ D↼dΓ(|s|⇒⇒⇒ } , which is a dense subspace by Proposition 4▷4 and the remark which follows it▷ Since HA ⊗ ⇐F ∩ D↼dΓ(|s|⇒⇒⇒ ⟩∫ ⊣ ⌋≀∇⌉ ≀{ ⌈Γ(|s|⇒⇔ ⟩⊔ ⟩∫ ⊣↕∫≀ ⊣ ⌋≀∇⌉ ≀{ Hλ by Lemma 3▷2▷ It follows that for Φ ∈ D′⇔ L↼a↽Φ ≡ ( Hλ↼a↽ − z )−∞ Φ − ( Hλ − z )−∞ Φ = ( Hλ − z )−∞( Hλ − Hλ↼a↽ ) ( Hλ↼a↽ − z )−∞ Φ = ( Hλ − z )−∞ ( λQ ⊗ ∞ √ ∈ ( a↼αβ − αāβ ↽ ⇁ a ∗⇐αβ − αaβ↽ ) − aN ) ( Hλ↼a↽ − z )−∞ Φ. Since D′ ⟩∫ ⌈⌉\∫⌉⇔ ⊔⟨⌉ ⊣⌊≀⊑⌉ {≀∇⇕⊓↕⊣ ⌉§⊔⌉\⌈∫ ⌊† ⌋≀\⊔⟩\⊓⟩⊔† ⊔≀ ⊣∇⌊⟩⊔∇⊣∇† Φ. By Proposition 3.3 (i) and Lemma 4.1 (iii), we further have ‖L↼a↽↼N ⇁ 1↽−∞‖ ≤ |a| I⇕⇐z↽ ( ⟩ √ ∈|λ| ‖Q‖ ‖αβ ‖H2↼δ↽ δ − |I⇕⇐a↽| )‖ ‖ ‖{N ⇁ 1↽ ( Hλ↼a↽ − z )−∞ ⇐N ⇁ 1↽−∞ ‖ ‖ ‖ .

We end the proof by showing that ↼N ⇁ 1↽ ( Hλ↼a↽ − z )−∞ ⇐N ⇁ 1↽−∞⟩∫ ⊓\⟩{≀∇⇕↕† ⌊≀⊓\⌈⌉⌈ ⊣∫ I⇕⇐a↽ ↑ ′↙ I\⌈⌉⌉⌈⇔ ⊣ ∫⟩⇕√↕⌉ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ⇐N ⇁ 1↽ Hλ↼a↽ ↼N ⇁ 1↽−∞= Hλ↼a↽ ⇁ λ Q ⊗ ∞ √ ∈ ( a∗⇐αaβ ↽ − a↼αāβ↽ ) {N ⇁ 1↽−∞, which by Proposition 3▷3 is a uniformly bounded perturbation of Hλ↼a↽▷

Remark. If H A is unbounded and Q bounded we only need to replace HA by D↼H A↽ in the deαnition of D ′⇔ ⊣\⌈ ⊔⟨⌉ ⊣⌊≀⊑⌉ √∇≀≀{ ∫⊔⟩↕↕ ⟨≀↕⌈∫↙ L⌉⊔ E ⊂ F (Hs↽ be the set of entire vectors for the group U↼a↽▷ We recall that E consists of all Ψ ∈ F (Hs↽ such that the vectorvalued function U↼a↽Ψ has an entire analytic extension. Deffne E = HA ⊗ E▷ It follows from the PaleyWiener theorem that E ⟩∫ ⊣ ⌈⌉\∫⌉ ∫⌉⊔ ≀{ ⊑⌉⌋⊔≀∇∫ ⟩\ H↙ P∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ∈↙∈↙ F≀∇ Φ, Ψ ∈ E⇔ λ ∈ R ⊣\⌈ I⇕⇐z↽ sufαciently large the function a → f↼a↽ ≡ ( U↼ā↽Φ, ( Hλ↼a↽ − z )−∞ U↼a↽Ψ ) , is analytic in ⪋−⇐δ↽▷ Since it is obviously independent of Re↼a↽ f is actually constant on ⪋^−⇐δ↽▷ Let us show that f is continuous on ⪋^−⇐δ↽ ∪ R↙ I\⌈⌉⌉⌈⇔ f↼a↽ − f↼0↽ = ( Φ, (( Hλ↼a↽ − z )−∞ − ( Hλ − z )−∞) Ψ )

⟩ ( U↼ā↽Φ, ( Hλ↼a↽ − z )−∞ ⇐U↼a↽ − I↽ Ψ )

⟩ ( {U↼ā↽ − I↽ Φ, ( Hλ↼a↽ − z )−∞ Ψ ) . The αrst term vanishes as Im↼a↽ ↑ ′ ⌊† L⌉⇕⇕⊣ △↙∀↙ T⟨⌉ ⊔⊒≀ ≀⊔⟨⌉∇ ⊔⌉∇⇕∫ ⊣↕∫≀ ⊔⌉\⌈ ⊔≀ ‡⌉∇≀ ⟩\ ⊔⟨⟩∫ ↕⟩⇕⟩⊔ ∫⟩\⌋⌉ Φ and Ψ are entire vectors for translations, and (Hλ↼a↽ − z↽−∞⟩∫ ⊓\⟩{≀∇⇕↕† ⌊≀⊓\⌈⌉⌈↙ T⟨⌉∇⌉{≀∇⌉⇔ f↼a↽ = f↼0↽ holds on ⪋ −⇐δ↽ ∪ R↙ S⟩\⌋⌉ ⌊† T⟨⌉≀∇⌉⇕ △↙ ̸⊔⟨⌉ {⊓\⌋⊔⟩≀\ z → ( U↼ā↽Φ, ( Hλ↼a↽ − z )−∞ U↼a↽Ψ ) , is meromorphic on P↼Im↼a↽ ⇁ |λ|/Λ), it does provide the required extension. The properties of this extension follow from Theorem 4.6 and Proposition 4.7. In particular the expression for Im(Σ(2)) is obtained using the well known formula Im ( x − io ) = iπδ↼x↽, in the deαnition of hβ ↼z↽▷

Remark▷ Here again we did not use the fact that HA is bounded▷ Of course the constructed extension will only be meromorphic if the spectrum of Σ λ is discrete▷ Proof of Theorem 2▷5▷ Let Φ, Ψ ∈ E⇔ ⊣\⌈ ⌈⌉⊘\⌉ f↼t↽ ≡ ( Φ, exp↼−iHλt↽Ψ ) .

Then for Im(z↽ > 0 the FourierLaplace transform ^f↼z↽ ≡ ∫ ∞ ′ f↼t↽ exp↼izt↽dt = 1 i ( Φ, ( Hλ − z )−∞ Ψ ) , is well deαned▷ For any η > 0 the inverse relation f↼t↽ = ∫ ∞ −∞ ^f↼E ⇁ iη↽ exp↼−i↼E ⇁ iη↽t↽dE 2π , ↼4.28↽ holds for t > 0▷ Now let us set a = −iμ with 0 < μ < δ and assume that 4ε < |I⇕⇐a↽|⇔ ⊣\⌈ |λ| < Λε▷ As in the proof of Theorem 2▷2^f ↼z↽ has an extension to the lower halfplane given by ^f ↼z↽ = 1 i ( U↼ā↽Φ, ( Hλ↼a↽ − z )−∞ U↼a↽Ψ ) . By the resolvent identity and estimates ↼4▷20↽ ↼4▷14↽^f belongs to the Hardy class of the strip {z . −μ ⇁ ε < Im↼z↽ < −ε}↙ I⊔ {≀↕↕≀⊒∫ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ∇⌉⊒∇⟩⊔⌉ ⊔⟨⌉ ⟩\⊑⌉∇∫⟩≀\ {≀∇⇕⊓↕⊣ ⇐△↙∈∀⇒ ⊣∫ f↼t↽ = ∮ γ ^f↼z↽ exp↼−izt↽dz 2π ⇁ ∫ ∞ −∞ ^f↼E − i↼μ − ε′⇒⇒ ⌉§√⇐−i↼E − i↼μ − ε′⇒⇒t↽ dE 2π , where the contour γ is as in the proof of Theorem 4▷6 and ε′ > ε▷ The αrst term in the above expression is easily identiαed as fd↼t↽ = ( U↼ā↽Φ, Sλ↼a↽−∞⌉§√⇐−iΣλt↽Sλ↼a↽U↼a↽Ψ ) , whereas the second term is of the order exp↼−⇐μ − ε′′⇒t↽ for ε′′ > ε′↙ T⟨⌉ √∇≀≀{ ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙ T≀ √∇≀⊑⌉ C≀∇≀↕↕⊣∇† ∈↙ ̸⊒⌉ ≀\↕† \⌉⌉⌈ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ≀⌊∫⌉∇⊑⊣⊔⟩≀\ ⊔⟨⊣⊔⇔ ⟩{ Ψ j ↼λ, a↽ denote the eigenvector of Hλ↼a↽ associated to the eigenvalue Ej ↼λ↽ then ( Ψi↼λ, a↽, Ψj↼0, a↽ ) = δi,j ⇁ O↼λ2↽.

Remark▷ The above proof does not use the fact that HA is bounded▷

References

♭A1♯ Arai A▷. On a model of harmonic oscillator coupled to a quantized massless scalar αeld I▷ J▷ Math▷ Phys▷ 22, 2539 (1981).

Fermi’s golden rule and dynamics at positive temperature 30 [A2] Arai, A.: On a model of harmonic oscillator coupled to a quantized, mass-less, scalar ↑eld, II. J. Math. Phys. 22, 2549

(1981).

[AC] Aguilar, J. and J.M. Combes: A class of analytic perturbations for one-body Schr�odinger Hamiltonians. Commun. Math.

Phys. 22, 269 (1971).

[AH] Avron, J.E. and I. Herbst: Spectral and scattering theory of Schr�odinger operators related to the Stark effect. Commun.

Math. Phys. 52, 239 (1977).

[AW] Araki, H. and E.J. Woods: Representation of the canonical commutation relations describing a nonrelativistic inffnite free Bose gas. J. Math. Phys. 4, 637 (1963).

[BC] Balslev, E. and J.M. Combes: Spectral properties of many-body Schr�odinger operators with dilation analytic interactions.

Commun. Math. Phys. 22, 280 (1971).

[BE] Bethe, H.A.: The electromagnetic shift of energy levels. Phys. Rev. 72, 339 (1947).

[BR] Bratteli, O. and D. Robinson: Operator Algebras and Quantum Statistical Mechanics II, New York, Springer (1981). [BFS] Bach, V., J. Fr�ohlich and I.M. Sigal: (In preparation).

[BSZ] Baez, J.C., I.E. Segal and Z. Zhou: Introduction to Algebraic and Constructive Quantum Field Theory, Princeton, Princeton University Press (1991).

[C] Cannon, J.T.: Inffnite volume limits of the canonical free Bose gas states on the Weyl algebra. Commun. Math. Phys. 29, 89 (1973).

[CFKS] Cycon, H., R. Froese, W. Kirsch and B. Simon: Schr�odinger Operators, Berlin, Springer Verlag (1987). [D1] Davies, E.B: Quantum Theory of Open Systems, London, Academic Press (1976). [D2] Davies, E.B.: Markovian master equations. Commun. Math. Phys. 39, 91 (1974). [D3] Davies, E.B.: Markovian master equations, II. Math. Ann. 219, 147 (1976).

[DI] Dirac, P.A.M.: The quantum theory of the emission and absorption of radiation. Proc. Royal Soc. London, Series A 114, 243 (1927).

[GJ] Glimm, J. and A. Jaffe: Quantum ffeld theory models. In Statistical Mechanics and Quantum Field Theory, (C. DeWitt and R. Stora). New YorkffiLondonffiParis, Gordon and Breach (1970).

[H] Haag, R.: Local Quantum Physics, Berlin, Springer Verlag (1993).

[HA] Haake, F.: Statistical Treatment of Open Systems by Generalized Master Equations, (Springer Tracts in Modern Physics 66). BerlinffiHeidelbergffiNew York, Springer Verlag (1973).

[HE] Herbst, I.: Exponential decay in Stark effect. Commun. Math. Phys. 75, 197 (1980). [HEI] Heitler, W.: The Quantum Theory of Radiation, London, Oxford University Press (1954). [HP] Hunziker, W. and C.-A. Pillet: Degenerate asymptotic perturbation theory. Commun. Math. Phys. 90, 219 (1983). [HS] H�ubner, M. and H. Spohn: Radiative decay: Non perturbative approaches. Preprint.

[JP] Jak�siØc, V. and C.-A. Pillet: On a model for quantum friction I. Resonances and dynamics at zero-temperature. (To appear).

Anal. Inst. H. Poincare [JP1] Jak�siØc, V. and C.-A. Pillet: On a model for quantum friction III. Return to equilibrium. (In preparation). [JP2] Jak�siØc, V. and C.-A. Pillet: On a model for quantum friction IV. Scattering theory. (In preparation).

Fermi’s golden rule and dynamics at positive temperature 31 [JS] Jak�siØc, V. and J. Segert: Exponential approach to the adiabatic limit and Landau-Zener formula. Rev. Math. Phys. 4, 529

(1992).

[K] Kato, T.: Perturbation Theory for Linear Operators, New York, Springer Verlag (1966). [LP] Lewis, J.T. and J.V. Pule: The equilibrium state of the free boson gas. Commun. Math. Phys. 36, 1 (1974). [M] Messiah, A.: Quantum Mechanics, Vol I and II, Amsterdam, North Holland (1961).

[OY] Okamoto, T. and K. Yajima: Complex scaling technique in non-relativistic massive QED. Ann. Inst. H. Poincare 42, 31 (1985).

[PR] Prigogine, I.: The statistical interpretation of non-equilibrium entropy. In The Boltzmann Equation, Theory, and Applications, (E.G.D. Cohen and W. Thirring). BerlinffiHeidelbergffiNew York, Springer Verlag (1973).

[PU] PulØe, J.V.: The Bloch equations. Commun. Math. Phys. 38, 241 (1974).

[RS1] Reed, M. and B. Simon: Methods of Modern Mathematical Physics, I. Functional Analysis, London, Academic Press (1980). [RS2] Reed, M. and B. Simon: Methods of Modern Mathematical Physics, II. Fourier Analysis, Self-Adjointness, London, Academic Press (1975).

[RS3] Reed, M. and B. Simon: Methods of Modern Mathematical Physics, IV. Analysis of Operators, London, Academic Press (1978).

[SI] Simon, B.: Resonances in N-body quantum systems with dilation analytic potentials and the foundations of time-dependent perturbation theory. Ann. Math. 97, 247 (1973).

[SC] Schwinger, J.: Selected Papers on Quantum Electrodynamics, New York, Dover (1958).

[W] Weisskopf, V. and E.P. Wigner: Berechnung der nat�urlichen Linienbreite auf Grund der Diracschen Lichtheorie. Z. Phys.

63, 54 (1930).