EQUIVARIANT INSTANTONS AND THE ADHM CONSTRUCTION (June 9, 1994)

Gil BOR and Jan SEGERT

Abstract. We develop a version with a certain SU(2)-symmetry of the Atiyah- Drinfeld-Hitchin-Manin (ADHM) “monad” construction of Yang-Mills instantons. We construct all such “SU(2)-equivariant ADHM monads” and thus obtain the following: for each second Chern number of the form m(m+1)/2 (where m is a non-negative integer) a unique SU(2)-equivariant instanton exists, and is given explicitly.

1. Introduction

An instanton is a connection with anti-self-dual curvature on a complex vector bundle over the four-sphere S^4. We consider here the simplest case, that of a rank-2 vector bundle with structure group SU(2). Associated with such an instanton is an integer invariant called the second Chern number C_2, determining the topological type of the bundle. Instantons exist only on bundles with non-negative second Chern number.

We consider here instantons that admit a certain SU(2)-symmetry, described as follows. The SU(2)-action on the base space S^4 is the action induced on the unit sphere in R^5 by the 5-dimensional irreducible representaion of SU(2). By an “SU(2)-equivariant instanton” we mean an instanton invariant under an SU(2)- action by bundle automorphisms inducing the above SU(2)-action on the base space S^4. In previous work we have studied this SU(2)-symmetry in relation to the problem of finding non-self-dual solutions to the Yang-Mills equations. It was found [ASSS,BM] that such SU(2)-actions on a bundle with a second Chern number C_2 are naturally classified by a pair of positive odd integers n_+ and n_− such that C_2 = (n^2_++n^2_−)/8, and furthermore [SS1,SS2,Bo], that SU(2)-equivariant instantons cannot exist if n_− ≠ 1. More precisely, for each pair (n_+, n_−), the SU(2)-action on the bundle induces an action on the moduli space of instantons, so that SU(2)- equivariant instantons form the fixed point set, which is empty if n_− ≠ 1. It was then shown in [Bo, sect. 3], via an equivariant index calculation, that for n_− = 1 this fixed point set is zero-dimensional. Here we establish that the fixed point set is not empty when n_− = 1. There is in fact a unique SU(2)-equivariant instanton and we can even describe it explicitly. Setting n_+ = 2m + 1 our result is formulated as follows.

1991 Mathematics Subject Classification. 81E13, also 53C07, 14J60. J.S. was supported by NSF Grant DMS-9106807 Part of this work was done at the 1991 Regional Geometry Institute in Park City, Utah

Typeset by AMS-TEX 1

Theorem 1.1. For every bundle with second Chern number of the form C_2 = m(m+1)/2 (m non-negative integer), there is a unique SU(2)-equivariant instanton. Furthermore, an explicit formula for the instanton can be given (see proposition 4.4).

Our proof of theorem 1.1 is based on the work of Atiyah, Drinfeld, Hitchin and Manin [ADHM], which gives a bijective correspondence between instantons and the so-called “ADHM monads”. A monad, in this paper, consists of three complex vector spaces W , Z, and V of dimensions C_2, 4, and 2 C_2 + 2 respectively, together with a bilinear map A : W × Z → V. (1.1) An ADHM monad further satisfies certain “ADHM conditions” (see theorem 3.3). Given an ADHM monad, one can easily and explicitly construct the corresponding instanton.

When an instanton is SU(2)-equivariant, the above vector spaces W , Z, and V are naturaly SU(2) representation spaces, and the map A is SU(2)-equivariant. The SU(2)-action on Z is determined by the SU(2)-action on S^4 alone (independently of SU(2)-action on the bundle given by m) and is quite easily seen to be the four-dimensional irreducible SU(2)-representation (proposition 3.1). W and V are decomposed into irreducible SU(2)-representations (proposition 3.2) using their interpretation as the kernels of certain elliptic linear differential operators (Dirac operators) associated with a given instanton, and an equivariant index theorem. Using these decompositions, we write in theorem 3.4 the ADHM conditions for an SU(2)- equivariant ADHM monad as a set of reality conditions, inequalities, and quadratic equations for the complex coefficients of the bilinear map A, and solve these equations explicitly in proposition 4.4. We use a number of identities, apparently new, concerning four-fold tensor products of SU(2)-representations. For certain Abelian group actions, equivariant monads have appeared previously in [At2,BA,Au].

Finally, let us remark that some of our result here can be arrived at from at least two additional points of view. The ADHM monads construct certain holomorphic bundles [ADHM,At1] on the complex projective space C P^3 , which correspond via the Penrose “twistor” transform to instantons [Wa,AW]. The holomorphic bundles with SU(2)-symmetry admit a complexification of the symmetry group to SL(2, C ). It is also possible to study the holomorphic bundles with SL(2, C )-symmetry directly (without using ADHM monads) yielding essentially the same results as this paper. Details will be published elsewhere. ¿From a different point of view, a recent result of Sadun [Sa, Thm. 1.1] concerning the solutions of a certain ordinary differential equation system is equivalent to the existence and uniqueness statement of our theorem 1.1, but does not yield explicit solutions. This ODE system comes from the dimensional reduction of the anti-self-duality equation on S^4 by the SU(2)- symmetry.

2. The structure of SU(2) representations

Let V ≡ C [x, y] be the polynomial ring with complex coefficients generated by the two indeterminates x and y. SL(2, C ) acts on V in the usual way by linear substitutions in x and y. The subspace V_d ⊂ V of degree-d homogeneous polynomials is an irreducible SL(2, C ) representation. Every irreducible SL(2, C ) representation is isomorphic to V_d for some non-negative integer d. The representation theory of the real form SU(2) is identical to that of SL(2, C ). The action of the Lie algebra su(2) on V is generated by the linear differential operators

J_1 ≡ − i 2 ( x ∂ ∂y + y ∂ ∂x ) , J_2 ≡ 1 2 ( x ∂ ∂y − y ∂ ∂x ) , J_3 ≡ i 2 ( x ∂ ∂x − y ∂ ∂y ) , (2.1) with [J_1, J_2] = J_3, etc. Complexification yields the Lie algebra sl(2, C ) ≃ su(2)⊗RC .

Tensor products of irreducible representations decompose according to the Clebsch- Gordan formula V_l ⊗ V_j ≃ V_{|l−j|} ⊕ V_{|l−j|+2} ⊕ · · · ⊕ V_{l+j−2} ⊕ V_{l+j} . (2.2) The projections implicit in this formula are described in terms of the “transvectants” (Überschiebungen) of classical invariant theory. We adopt the notation of Bryant [Br], and refer to [GY] or [KR] for additional details. For each non-negative integer p, the p-th transvectant is the C -bilinear map ⟨ , ⟩_p : V × V → V defined by

⟨u, v⟩_p ≡ 1 p! p∑ k=0 (−1)^k ( p k ) ∂^pu ∂x^{p−k}∂y^k ∂^pv ∂x^k∂y^{p−k} . (2.3)

The SU(2)-equivariance of the transvectants follows from the property J_n⟨u, v⟩_p = ⟨J_nu, v⟩_p + ⟨u, J_nv⟩_p, u, v ∈ V, n = 1, 2, 3. (2.4) The C -bilinearity immediately implies that the transvectants are in fact SL(2, C )-

equivariant. The restriction ⟨V_l, V_j⟩_p → V_{l+j−2p} is a nonzero map for 0 ≤ p ≤ min(l, j), and the corresponding linear map V_l ⊗ V_j → V_{l+j−2p} is the SL(2, C )- equivariant projection implicit in the Clebsch-Gordan formula eq.(2.2).

V has a natural mod-2 grading V = V_{even} ⊕ V_{odd}, (2.5) where V_{even} is is the C -linear span of monomials x^ay^b with a − b = 0 (mod 2), and V_{odd} of those with a − b = 1 (mod 2). The notation reflects the fact that V_d is a subspace of V_{even} if d is even, and of V_{odd} if d is odd. The following symmetry property will be important: ⟨u, v⟩_p = (−1)^p⟨v, u⟩_p, u, v ∈ V. (2.6) The restriction ⟨V_l, V_l⟩_l → V_0 ≃ C is a nondegenerate SL(2, C )-equivariant bilinear form, symmetric if l is even, antisymmetric if l is odd. The bilinear form ⟨V, V⟩ → C defined by ⟨V_l, V_l⟩ ≡ ⟨V_l, V_l⟩_l, ⟨V_l, V_j⟩ ≡ 0 if l ≠ j, (2.7) restricts to a symmetric bilinear form ⟨V_{even}, V_{even}⟩ → C on V_{even}, and to an antisymmetric bilinear form ⟨V_{odd}, V_{odd}⟩ → C on V_{odd}.

Real or quaternionic structures on V_d are defined via the C -antilinear map σ : V → V, which acts on monomials by σ(ξx^ay^b) ≡ (−1)^aξ̄x^by^a, ξ ∈ C , (2.8) where ξ̄ denotes the complex conjugate of ξ. The restriction σ_{even} : V_{even} → V_{even} is a real structure map, that is, a C -antilinear map with (σ_{even})^2 = 1. For even d, we denote by VR_d ⊂ R[x, y] the corresponding real representation. The restriction σ_{odd} : V_{odd} → V_{odd} is a quaternionic structure map, that is, a C -antilinear map with (σ_{odd})^2 = −1. The equation σJ_n = J_nσ, n = 1, 2, 3 (2.9) shows that σ commutes with the action of SU(2), but not with the action of SL(2, C ) since σ is not C -linear. The transvectants are compatible with σ in the sense σ ⟨u, v⟩_p = ⟨σu, σv⟩_p. (2.10) Finally, a hermitian inner product (V, V) → V_0 ≃ C is defined by (u, v) ≡ ⟨σu, v⟩. (2.11) The inner product is SU(2)-equivariant (but not SL(2, C )-equivariant) because the linear maps J_n : V_d → V_d are anti-hermitian, (J_nu, v) = −(u, J_nv), n = 1, 2, 3. (2.12) The inner product is by construction compatible with σ in the sense σ (u, v) = (σu, σv). (2.13) The nondegeneracy of the inner product ( , ), and consequently of the bilinear form ⟨ , ⟩, follows easily from ‖x^ay^b‖^2 ≡ (x^ay^b, x^ay^b) = a! b! ≠ 0. (2.14) 3. The SU(2)-equivariant ADHM conditions In the ADHM construction, the four-sphere S^4 appears as the quaternionic projectivization H P^1 of the quaternionic vector space Z ≃ H^2 . We consider the SU(2) action Z ≃ V_3, with quaternionic structure map σ : V_3 → V_3.

Proposition 3.1. ( [ASSS2]) The SU(2) action on the quaternionic projectivization H P^1 of V_3 is isomorphic to the action on the unit sphere S^4 ⊂ VR_4 ≃ R^5 . Proof. Let X ≃ R^5 be the space of σ-invariant hermitian C -linear endomorphisms Z → Z with zero trace. S^4 is identified with the unit sphere in X relative to the operator norm. The +1 eigenspace of A ∈ S^4 ⊂ X is a quaternionic subspace of Z ≃ H^2 , or equivalently an element q(A) ∈ H P^1 . This defines the standard identification q : S^{4 ∼}→ H P^1 .

Now consider the SU(2) action via Z ≃ V_3. The possible representations on

X ≃ R^5 are VR_4 , VR_2 ⊕2 VR_0 , and the trivial reperesentation 5 VR_0 . Schur’s lemma tells

us that the SU(2) action on X cannot contain VR_0 , since nonzero scalar multiples of the identity endomorphism have nonzero trace. The only possibility is X ≃ VR_4 . �

We will not consider here instantons with the other SU(2) symmetry X ≃ VR_2 ⊕2 VR_0 , corresponding to Z ≃ 2 V_1, which were studied in [Ta].

The vector spaces W and V of the ADHM monad corresponding to an instanton connection on the bundle E → S^4 are naturally identified with kernels of elliptic differential operators [ADHM, Hi]:

W = Ker [ D_1 : Γ(E ⊗ S^−) → Γ(E ⊗ S^+) ] V = Ker [ D_2 : Γ((E ⊗ S^−) ⊗ S^−) → Γ((E ⊗ S^−) ⊗ S^+) ] , (3.1)

where S^− and S^+ denote the bundles of negative and positive spinors respectively, D_1 and D_2 are the Dirac operators coupled to the connection on E and E ⊗ S^− respectively. The cokernels of D_1 and D_2 are trivial by a Weitzenbock formula involving the anti-self-duality of the curvature [AHS].

Proposition 3.2. If there exists an SU(2)-equivariant instanton of symmetry type n_+ = 2m + 1 and n_− = 1, then the vector spaces W and V of the corresponding ADHM monad contain at most one summand of any irreducible representation V_d. Specifically,

a) V_d ⊂ W iff d = 2l, where l = m − 1 (mod 2) and 0 ≤ l ≤ m − 1. b) V_d ⊂ V iff d is odd, d ≤ 2m + 1, and d ≠ 2m − 1.

Proof. The representation on W is computed in [Pa, Sect. 4]. We adapt here a similar computation in [Bo, Sect. 3]. Consider a U(1) subgroup of the SU(2) symmetry group, parametrized by complex numbers u with |u| = 1. The action of U(1) on S^4 has exactly two fixed points. We use the Atiyah-Bott-Lefschetz (ABL) fixed-point formula [AB] to compute the virtual character Tr (u, Ker D_i) − Tr (u, Coker D_i), which equals the character Tr (u, Ker D_i) since Coker D_i is trivial. Setting n_+ = n for notational simplicity, the ABL formula yields

χ_W ≡ Tr (u, Ker D_1) =

(u^n + u^{−n}) − (u + u^{−1})

(u − u^{−1})(u^2 − u^{−2})

χ_V ≡ Tr (u, Ker D_2) =

(u^n + u^{−n})(u^3 + u^{−3}) − (u + u^{−1})^2 (u − u^{−1})(u^2 − u^{−2}) , (3.2)

which can be simplified to

χ_W =χ_{n−3} + χ_{n−7} + · · · χ_V =χ_n + χ_{n−4} + χ_{n−6} + · · · ,

(3.3)

where

χ_d = u^{d+1} − u^{−(d+1)} u − u^{−1} = u^d + u^{d−2} + · · · + u^{−d}

is the character of V_d. �

We have now proved that for all SU(2)-equivariant ADHM monads with Z ≃ V_3, we can identify W ⊂ V_{even} and V ⊂ V_{odd} as subspaces of a certain special form. We illustrate the first few cases:

m = 0, n_+ = 1; W ≃ {0}, V ≃ V_1, m = 1, n_+ = 3; W ≃ V_0, V ≃ V_3, m = 2, n_+ = 5; W ≃ V_2, V ≃ V_5 ⊕ V_1, m = 3, n_+ = 7; W ≃ V_4 ⊕ V_0, V ≃ V_7 ⊕ V_3 ⊕ V_1, m = 4, n_+ = 9; W ≃ V_6 ⊕ V_2, V ≃ V_9 ⊕ V_5 ⊕ V_3 ⊕ V_1, m = 5, n_+ = 11; W ≃ V_8 ⊕ V_4 ⊕ V_0, V ≃ V_{11} ⊕ V_7 ⊕ V_5 ⊕ V_3 ⊕ V_1. We have already used the identification Z ≃ V_3 ⊂ V_{odd} to induce the quaternionic structure map σ : Z → Z. Similarly, we induce the real structure map σ : W → W , the quaternionic structure map σ : V → V , the C -bilinear antisymmetric form ⟨V, V ⟩ → C , and the hermitian inner product (V, V ) → C .

We now state the ADHM conditions. In this paragraph we are not assuming SU(2)-equivariance of monads. The monad A : W × Z → V is said to be linearequivalent to the monad Ã : W × Z → V iff Ã(w, z) = h A(gw, z), w ∈ W, z ∈ Z (3.4) for some C -linear isomorphism g : W → W that is σ-preserving (i.e. real and invertible), and for some C -linear isomorphism h : V → V that is σ-preserving and unitary (i.e. symplectic). Associate to a monad A : W × Z → V the quadrilinear map I_A : W × W × Z × Z → C (v, w, r, s) → ⟨A(v, r), A(w, s)⟩, (3.5)

and denote the symmetrization on the last two arguments by I^+_A (v, w, r, s) ≡ I_A(v, w, r, s) + I_A(v, w, s, r). (3.6) An ADHM monad is a monad that satisfies the “ADHM conditions” of the fundamental classification theorem, stated below in a slightly nonstandard form.

Theorem 3.3. ( [ADHM,At1]) There is a bijective correspondence between gaugeequivalence classes of instantons and and linear-equivalence classes of monads A : W × Z → V that satisfy the follwing ”ADHM conditions”:

a) The “reality condition”: σ A(w, z)) = A(σw, σz). b) The “injectivity condition”: A(w, z) = 0 only if w = 0 or z = 0. c) The “isotropy condition”: I^+_A = 0.

In the sequel we consider only SU(2)-equivariant monads with W and V as in proposition 3.2. The Clebsch-Gordan formula eq.(2.2) and Schur’s lemma reduce such an SU(2)-equivariant monad to a set of complex-valued coefficients, defined as follows. The restriction of an SU(2)-equivariant bilinear map A : W × V_3 → V to V_{2l} ⊂ W is a linear combination of transvectants of the form A_l : V_{2l} × V_3 → V (w, s) → min(2l,3) ∑ p=0 a_{l,p}⟨w, s⟩_p, (3.7)

with complex coefficients a_{l,p}. We shall always define a_{m−1,1} ≡ 0 since V_{2m−1} ⊄ V .

Theorem 3.4. For an SU(2)-equivariant monad A with C_2 = m(m + 1)/2, the ADHM conditions are equivalent to the following conditions on the coefficients a_{l,p}, where l = m − 1 (mod 2) and 0 ≤ l ≤ m − 1, and 0 ≤ p ≤ min(2l, 3).

a) The ADHM reality condition is equivalent to a_{l,p} ∈ R for all l and all p. b) The ADHM injectivity condition is equivalent to a_{l,0} ≠ 0 for all l. c) The ADHM isotropy condition is equivalent to the following two conditions:

i) The “diagonal isotropy condition”:

a^2_{l,2} =

(2l + 1) (2l − 1)^2 a^2_{l,0} +

2l(2l − 3) (2l − 1)^2 a^2_{l,1} for all l ≥ 1, (3.8)

a^2_{l,3} =

(2l + 2)(2l + 5)

(2l − 1)^2 a^2_{l,0} −

9(2l + 1) (2l − 1)^2 a^2_{l,1} for all l ≥ 2, (3.9)

ii) The “off-diagonal isotropy condition”:

a_{l,0}a_{l+2,2} = a_{l,1}a_{l+2,3} for all 1 ≤ l ≤ m − 3. (3.10)

Proof of 3.4 a) and b).

a) Immediate from the C -antilinearity of σ and from the compatibility eq.(2.10) with transvectants .

b) The injectivity condition holds for A : W × V_3 → V iff it holds for each of the restrictions A_l : V_{2l} × V_3 → V . The injectivity condition holds for A_l : V_{2l} × V_3 → V iff it holds for a_{l,p}⟨ , ⟩_p : V_{2l} × V_3 → V for at least one 0 ≤ p ≤ min(2l, 3). The injectivity condition holds for ⟨ , ⟩_p : V_{2l} × V_3 → V iff p = 0, so we conclude a_{l,0} ≠ 0 for each l. �

To prove part c), we define quadrilinear maps

F_{l,k,p} : V_{2l} × V_{2k} × V_3 × V_3 → V_0 (v, w, r, s) → ⟨⟨v, r⟩_{p+l−min(l,k)}, ⟨w, s⟩_{p+k−min(l,k)}⟩, (3.11)

and their symmetrization on the last two arguments F^+_{l,k,p}(v, w, r, s) ≡ F_{l,k,p}(v, w, r, s) + F_{l,k,p}(v, w, s, r). (3.12) Lemma 3.5.

a) The vector space Y_{l,k} of SL(2, C )-equivariant C -quadrilinear maps

V_{2l} × V_{2k} × V_3 × V_3 → V_0 (3.13)

has basis F_{l,k,p} with 0 ≤ p ≤ min(l + k, 3) − |l − k|.

b) If l = k (mod 2), then the subspace Y^+_{l,k} ⊂ Y_{l,k} of maps that are symmetric in the last two arguments has dimension:

i) min(l, 2) if k = l, ii) 1 if |k − l| = 2 and min(k, l) ≥ 1, iii) 0 in all other cases. �

Proof.

a) Immediate from the Clebsch-Gordan formula eq.(2.2).

b) By the symmetry property eq.(2.6), the space of symmetric equivariant bilinear maps V_3 × V_3 → V_0 is isomorphic to V_4 ⊕ V_0. The results now follow from the Clebsch-Gordan formula. �

We see that the set of maps F^+_{l,k,p} spans Y^+_{l,k}, but that this set is not linearly independent in general.

Proposition 3.6. If l = k (mod 2), then the linear dependence of the F^+_{l,k,p} in Y^+_{l,k} is generated by:

i) The “diagonal relations” if k = l:

F^+_{l,l,0} = − (2l + 1) (2l − 1)^2 F^+_{l,l,2} − (2l + 2)(2l + 5) (2l − 1)^2

F^+_{l,l,3} if l ≥ 2;

−3 F^+_{1,1,2} if l = 1; 0 if l = 0,

(3.14)

F^+_{l,l,1} = − 2l(2l − 3) (2l − 1)^2

F^+_{l,l,2} +

9(2l + 1) (2l − 1)^2

F^+_{l,l,3} if l ≥ 2;

2 F^+_{1,1,2} if l = 1; 0 if l = 0.

(3.15)

ii) The “off-diagonal relations” if |k − l| = 2 and min(k, l) ≥ 1:

F^+_{l,k,0} = −F^+_{l,k,1}. (3.16)

iii) No nontrivial relations in all other cases.

Proof. The number of linear dependence relations is the difference between the dimension of Y_{l,k} and the dimension of Y^+_{l,k}, both of which are computed in lemma 3.5. To find a basis for the relations, we evaluate F^+_{l,k,p}(v, w, r, s) for appropriate choices of arguments.

i) Substitute w = x^ay^{2l−a} and s = y^3 into F^+_{l,l,p}(σ w, w, σ s, s) = ⟨⟨σ w, σ s⟩_p, ⟨w, s⟩_p⟩ + ⟨⟨σ w, s⟩_p, ⟨w, σ s⟩_p⟩ = ⟨σ ⟨w, s⟩_p, ⟨w, s⟩_p⟩ − ⟨σ⟨w, σ s⟩_p, ⟨w, σ s⟩_p⟩ = ‖⟨w, s⟩_p‖^2 − ‖⟨w, σ s⟩_p‖^2, = ‖ ‖ ‖ ‖ 1 p! ∂^px^a ∂x^p y^{2l−a} ∂^py^3 ∂y^p ‖ ‖ ‖ ‖ 2 − ‖ ‖ ‖ ‖ 1 p! x^a ∂^py^{2l−a} ∂y^p ∂^px^3 ∂x^p ‖ ‖ ‖ ‖ 2 . (3.17)

Evaluating this expression with eq.(2.14) for sufficiently many distinct values of a gives a linear system of equations. The diagonal relations form a basis for the space of solutions.

ii) The proof is similar, but even simpler. Since the dimension of the subspace is at most 1, it suffices to choose any argument for which F^+_{l,l+2,0} does not vanish.

iii) F^+_{l,k,p} = 0 in all other cases since Y^+_{l,k} is zero-dimensional. �

Proof of 3.4 c). The ADHM isotropy condition I^+_A = 0 restricted to V_{2l} × V_{2k} × V_3 × V_3 is equivalent to min(l+k,3)−|l−k| ∑ p=0 a_{l,p+l−min(l,k)} a_{k,p+k−min(l,k)} F^+_{l,k,p} = 0. (3.18)

By the dimension count of lemma 3.5 b), there are only two nontrivial cases:

i) When k = l, eq.(3.18) reduces to

min(2l,3) ∑ p=0 a^2_{l,p} F^+_{l,l,p} = 0. (3.19)

This equation is equivalent, by proposition 3.6 i), to the diagonal isotropy condition of theorem 3.4 c)i).

i) When |k − l| = 2 and min(k, l) ≥ 1, then either k = l + 2 ≥ 3 and eq.(3.18) reduces to_1 ∑ p=0 a_{l,p}a_{l+2,p+2}F^+_{l,l+2,p} = 0, (3.20)

or l = k + 2 ≥ 3 and eq.(3.18) reduces to a similar equation. In either case the equation is equivalent, by proposition 3.6 ii), to the off-diagonal isotropy condition of theorem 3.4 c)ii). �

4. Solutions of the SU(2)-equivariant ADHM conditions

We now prove for each m the existence and uniqueness (modulo linear-equivalence) of SU(2)-equivariant ADHM monads. If k is an integer, we say that an SU(2)- equivariant monad is k-canonical if its coefficients a_{l,p} satisfy the following condition:

l ≥ k ⇒ a_{l,p} is real and non-negative for each 1 ≤ p ≤ min(2l, 3), and a_{l,0} = 1. (4.1)

Lemma 4.1. For every C_2 of the form m(m + 1)/2, there is at most one SU(2)- equivariant ADHM monad that is 0-canonical.

Proof. For a given m, suppse that a_{l,p} and ã_{l,p} both describe equivariant 0-canonical ADHM monads. We shall show that ã_{l,p} = a_{l,p} for all l and p. If m = 0, the statement is trivial. Suppose m ≥ 1. Because both are 0-canonical, ã_{m−1,0} = a_{m−1,0} ≡ 1. If m = 1, we are done. Suppose m ≥ 2. Since V_{2m−1} ∉ V , we always have ã_{m−1,1} = ã_{m−1,1} ≡ 0. By the diagonal isotropy condition of theorem 3.4 c)i), ã^2_{m−1,2} = a^2_{m−1,2}, so ã_{m−1,p} = a_{m−1,p} by non-negativity. If m = 2, we are done. Suppose m ≥ 3. Again by the diagonal isotropy condition and non-negativity, ã_{m−1,3} = a_{m−1,3}. If m = 3, ã_{0,0} = a_{0,0} ≡ 1 and we are done.

Suppose m ≥ 4. Let 0 ≤ k ≤ m − 3 with k = m − 1 (mod 2). We shall show that if ã_{k+2,p} = a_{k+2,p} for all p, then ã_{k,p} = a_{k,p} for all p. Induction on k then completes the proof of the lemma. If k = 0, only p = 0 occurs, and the statement is trivial because ã_{0,0} = a_{0,0} ≡ 1. Assume k ≥ 1. Here the key property of an equivariant ADHM monad is a_{k,1} = a_{k,0} a_{k+2,2} a_{k+2,3} ≠ 0, (4.2)

which follows immediately from the off-diagonal isotropy condition if a_{k,1}a_{k+2,3} ≠ 0, or equivalently if a_{k,0}a_{k+2,2} ≠ 0. By the injectivity condition, a_{k,0} ≠ 0 and a_{k+2,0} ≠ 0, so a^2_{k+2,0} > 0. Substituting the last inequality into the diagonal isotropy condition, we obtain a^2_{k+2,2} > 0, which implies a_{k+2,2} ≠ 0, completing the verification of eq.(4.2). Since both monads are 0-canonical, eq.(4.2) implies a_{k,1} = a_{k+2,2}/a_{k+2,3} and ã_{k,1} = ã_{k+2,2}/ã_{k+2,3}. By assumption ã_{k+2,p} = a_{k+2,p} for all p, so ã_{k,1} = a_{k,1}. Using this and ã_{k,0} = a_{k,0} ≡ 1 in the the diagonal isotropy condition gives ã^2_{k,2} = a^2_{k,2}, and also ã^2_{k,3} = a^2_{k,3} if k ≥ 2. ¿From non-negativity we conclude that ã_{k,p} = a_{k,p} for all p. �

Suppose A and Ã are linear-equivalent equivariant monads as in eq.(3.4). By Schur’s lemma, the restriction of an equivariant real invertible map g : W → W to V_{2l} ⊂ W is the identity map multiplied by a nonzero real number γ_l. Similarly, the restriction of a symplectic map h : V → V to V_j ⊂ V is the identity map multiplied by κ_j = ±1. The coefficients ã_{l,p} of the equivariant monad Ã are then related to the coefficients a_{l,p} of the equivariant monad A by

ã_{l,p} = κ_{2l+3−2p} γ_l a_{l,p}. (4.3)

Lemma 4.2. Every SU(2)-equivariant ADHM monad is linear-equivalent to an SU(2)-equivariant ADHM monad that is 0-canonical.

Proof. Suppose a_{l,p} describe an equivariant ADHM monad. If m = 0, the statement is trivial. Suppose m ≥ 1. Letting κ_{2m+1} = 1 and γ_{m−1} = 1/a_{m−1,0}, we obtain ã_{m−1,0} = 1. If m = 1 we are done. Suppose m ≥ 2. As always, ã_{m−1,1} ≡ 0. Choose κ_{2m−3} so that ã_{m−1,2} = κ_{2m−3}γ_{m−1}a_{m−1,2} ≥ 0. If m = 2, we are done. Suppose that m ≥ 3. Choose κ_{2m−5} so that ã_{m−1,3} = κ_{2m−5}γ_{m−1}a_{m−1,3} ≥ 0. We have now constructed an (m − 1)-canonical equivariant monad Ã that is linear-equivalent to A. Letting γ_{m−3} = κ_{2m−3}/a_{m−3,0}, we obtain ã_{m−3,0} = 1. If m = 3, we are done.

Suppose m ≥ 4. Let 0 ≤ k ≤ m − 3 with k = m − 1 (mod 2). Given a (k + 2)- canonical equivariant ADHM monad A, we shall construct a linear-equivalent kcanonical monad Ã. Induction on k then completes the proof of the lemma. Let κ_j = 1 for j ≥ 2k + 1. Let γ_k = 1/a_{k,0}, and γ_l = 1 for l > k. Then ã_{k,0} = 1. If k = 0, we are done. Assume that k ≥ 1. Since A is (k + 2)-canonical a_{k+2,2} and a_{k+2,3} are positive, and eq.(4.2) implies a_{k,1}/a_{k,0} > 0, proving the positivity of ã_{k,1} = γ_ka_{k,1} = a_{k,1}/a_{k,0}. Choose κ_{2k−1} so that ã_{k,2} ≥ 0. If k = 1, we are done. Assume k ≥ 2. Choose κ_{2k−3} so that ã_{k,3} ≥ 0. Ã is k-canonical and linearequivalent to A. �

The uniqueness statement of theorem 1.1 follows:

Proposition 4.3. For every bundle with second Chern number of the form C_2 = m(m + 1)/2, there is at most one SU(2)-equivariant instanton.

Proof. For a given m, suppose A and B are equivariant ADHM monads. By lemma 4.2, there exists a 0-canonical equivariant ADHM monad Ã that is linear-equivalent to A, and a 0-canonical equivariant ADHM monad B̃ that is linear-equivalent to B. By lemma 4.1, Ã = B̃. Therefore A and B are linear-equivalent, and correspond to the same instanton by theorem 3.3. �

The existence statement of theorem 1.1 follows from the following explicit nonrecursive formula.

Proposition 4.4. For every C_2 of the form m(m + 1)/2, the SU(2)-equivariant monad A with the coefficients a_{l,p} = √ (2m + 1)^2 ((2 l + 1) p^2 − (6 l − 1) p + 6 l − 3)^2 − (2 l − 1)^2 (2 l + 3)^2, (4.4) (where 0 ≤ l ≤ m − 1 with l = m − 1 (mod 2), and 0 ≤ p ≤ min(2l, 3)) satisfies the ADHM conditions.

Proof. The proof consits of substituting the coefficients a_{l,p} into the equivariant ADHM conditions of theorem 3.4. One may check that a_{m−1,1} = 0. The inequality l ≤ m − 1 is equivalent to (2l + 3)^2 ≤ (2m + 1)^2, and the reality and non-negativity of the a_{l,p} are immediate from:

a^2_{l,0} = (2l − 1)^2 ( 9(2m + 1)^2 − (2l + 3)^2 ) > 0 a^2_{l,1} = (2l − 1)^2 ( (2m + 1)^2 − (2l + 3)^2 ) ≥ 0 a^2_{l,2} = (2l + 3)^2 ( (2m + 1)^2 − (2l − 1)^2 ) > 0 a^2_{l,3} = (2l + 3)^2 ( 9(2m + 1)^2 − (2l − 1)^2 ) > 0 (4.5)

The first inequality of eq.(4.5) implies the injectivity condition a_{l,0} ≠ 0. Verification of the diagonal and-off diagonal isotropy conditions requires a simple calculation. �

Note that the equivariant ADHM monad of proposition 4.4 is not 0-canonical, but lemma 4.2 lets us find the unique 0-canonical ADHM monad for each m. We exhibit the first few examples.

The first equivariant monad, with m = 0 and (n_+, n_−) = (1, 1), is trivial, corresponding to the flat connection on the trivial bundle C_2 = 0. W = {0}, so A is the zero map, and there are no coefficients a_{l,p} to determine.

The equivariant monad with m = 1, and (n_+, n_−) = (3, 1), corresponds to the standard BPST (anti)-instanton [BPST] on the bundle with C_2 = 1. The monad is described by the single coefficient a_{0,0} = 1. Neither the diagonal nor the off-diagonal isotropy condition enters.

The equivariant monad with m = 2, and (n_+, n_−) = (5, 1), has C_2 = 3, and has coefficients:

a_{1,0} = 1, a_{1,1} = 0, a_{1,2} = √ 3. The diagonal isotropy condition enters, but the off-diagonal does not.

The equivariant monad with m = 3, and (n_+, n_−) = (7, 1), has C_2 = 6, and has coefficients:

a_{2,0} = 1, a_{2,1} = 0, a_{2,2} = √ 5/9, a_{2,3} = √ 6, a_{0,0} = 1.

Both the diagonal and off-diagonal isotropy conditions enter in this, and all following monads.

The equivariant monad with m = 4, and (n_+, n_−) = (9, 1) has C_2 = 10, and has coefficients:

a_{3,0} = 1, a_{3,1} = 0, a_{3,2} = √ 7/25, a_{3,3} = √ 88/25, a_{1,0} = 1 , a_{1,1} = √ 7/88, a_{1,2} = √ 125/44.

The equivariant monad with m = 5, and (n_+, n_−) = (11, 1), has C_2 = 15, and has coefficients:

a_{4,0} = 1, a_{4,1} = 0, a_{4,2} = √ 9/49, a_{4,3} = √ 130/49, a_{2,0} = 1, a_{2,1} = √ 9/130, a_{2,2} = √ 343/585, a_{2,3} = √ 147/26, a_{0,0} = 1 .

References

[At1] M.F. Atiyah, Geometry of Yang-Mills Fields, Lezioni Fermiane, Accademia Nazionale dei Lincei & Scuola Normale Superiore, Pisa, 1979.

[At2] M.F. Atiyah, Magnetic monopoles in hyperbolic space, Vector Bundles on Algebraic Varieties, Proc. of Bombay Colloquium 1984.

[AB] M.F. Atiyah and R. Bott, A Lefschetz fixed-point formula for elliptic complexes I, Ann.

Math. 86 (1967), 374–407.

[ADHM] M.F. Atiyah, V.G. Drinfeld, N.J. Hitchin, Y.I. Manin, Construction of Instantons, Phys.

Lett. 65A (1978), 185.

[AHS] M.F. Atiyah, N.J. Hitchin, and I.M. Singer, Self-Duality in Four Dimensional Riemannian Geometry, Proc. R. Soc. Lond. A 362 (1978), 425.

[AW] M.F. Atiyah, R.S. Ward, Instantons and Algebraic Geometry, Comm. Math. Phys. 55 (1977), 117.

[Au] D.M. Austin, SO(3)-Instantons on L(p, q) × R, J. Diff. Geom. 32 (1990), 383. [ASSS] J.E. Avron, L. Sadun, J. Segert, B. Simon, Chern Numbers, Quaternions, and Berry’s Phases in Fermi Systems, Commun. Math. Phys 124 (1989), 595.

[ASSS2] J.E. Avron, L. Sadun, J. Segert, B. Simon, Topological Invariants in Fermi Systems with Time-Reversal Invariance, Phys. Rev. Lett. 61 (1989), 1329.

[BPST] A.A. Belavin, A.M. Polyakov, A.S. Schwartz, Yu. Tyupkin, Pseudoparticle solutions of the Yang-Mills equations, Phys. Lett. B59 (1975), 85.

[Bo] G. Bor, Yang-Mills fields which are not self-dual, Commun. Math. Phys. 145 (1992), 393–410.

[BM] G. Bor and R. Montgomery, SO(3) invariant Yang-Mills fields which are not self-dual, Hamiltonian systems, transformation groups and spectral transform methods, University of Montreal, Montreal, 1990, pp. 191–198.

[BA] P.J. Braam and D.M. Austin, Boundary values of hyperbolic monopoles, Nonlinearity 3 (1990), 809–823.

[Br] R.L. Bryant, Two exotic holonomies in dimensions four, path geometries, and twistor theory, Proceedings of Symposia in Pure Mathematics, vol. 51, 1991, pp. 33 – 88.

[DM] V.G. Drinfeld and Yu.I. Manin, Instantons and bundles on CP 3, Funct. Anal. and Appl.

13 (1979), 124–134.

[Hi] N.J. Hitchin, Linear field equations on self-dual spaces, Proc. R. Soc. Lond. A 370 (1980), 173–191.

[Pa] T.H. Parker, A Morse Theory for Equivariant Yang-Mills, Duke Math. J. 66 (1992), 337–356.

[Sa] L. Sadun, A symmetric family of Yang-Mills fields, To appear in Commun. Math. Phys. [SS1] L. Sadun and J. Segert, Non-self-dual Yang-Mills connections with nonzero Chern number, Bull. Amer. Math. Soc. 24 (1991), 163–170.

[SS2] L. Sadun and J. Segert, Non-self-dual Yang-Mills connections with quadrupole symmetry, Commun. Math. Phys. 145 (1992), 363–391.

[Ta] C.H. Taubes, On the Equivalence of the First and Second order Equations for Gauge Theories, Comm. Math. Phys. 75 (1980), 207–227.

[Wa] R.S. Ward, On self-dual gauge fields, Phys. Lett. 61A (1977), 81–82.

Department of Mathematics, University of Arizona, Tucson, AZ 85721 E-mail address: bor@math.arizona.edu

Department of Mathematics, University of Missouri, Columbia, MO 65211 E-mail address: jan@segert.cs.missouri.edu