Asymptotically one-dimensional diffusions on the Sierpinski gasket and the abc-gaskets.

Kumiko Hattori

Department of Pure and Applied Sciences, University of Tokyo, Meguro-ku, Tokyo 153, Japan e-mail address: kumiko@tansei.cc.u-tokyo.ac.jp

Tetsuya Hattori

Faculty of Engineering, Utsunomiya University, Ishii-cho, Utsunomiya 321, Japan e-mail address: hattori@tansei.cc.u-tokyo.ac.jp

Hiroshi Watanabe

Department of Mathematics, Nippon Medical School, Nakahara-ku, Kawasaki 211, Japan e-mail address: watmath@tansei.cc.u-tokyo.ac.jp

April 25, 1997

Abstract Diffusion processes on the Sierpinski gasket and the abc-gaskets are constructed as limits of random walks. In terms of the associated renormalization group, the present method uses the inverse trajectories which converge to unstable fixed points corresponding to the random walks on one-dimensional chains. In particular, non-degenerate fixed points are unnecessary for the construction. A limit theorem related to the discretetime multi-type non-stationary branching processes is applied.

Key words: diffusion process, random walk, fractal, Sierpinski gasket, non-stationary branching process, renormalization group.

1 Introduction.

In this paper we construct what we call an ‘asymptotically one-dimensional’ diffusion process on the Sierpinski gasket and the abc-gasket [6], [7, Section3].

We begin with some standard notations. For n ∈ Z let F_n denote the (infinite) pre-Sierpinski gasket composed of edges of length 2^{−n}. Namely, consider a x_1–x_2 plain and let O = (0, 0) , a_0 = (1, 0) , b_0 = ( 1 2 , √ 3 2 ) . Let F^′_0 be the set of vertices and edges of △Oa_0b_0 , and F^′_n , n = 0, 1, 2, · · ·, be a sequence of graphs defined inductively by

F^′_{n+1} = F^′_n ∪ (F^′_n + 2^na_0) ∪ (F^′_n + 2^nb_0) , n = 0, 1, 2, . . . ,

where A + a = {x + a | x ∈ A}, and kA = {kx | x ∈ A} . Let F_0 be the union of ∞⋃ n=0 F^′_n and its reflection in the x_2-axis. Then F_n = 2^{−n}F_0 , n ∈ Z .

Let G_n denote the set of vertices in F_n. Each vertex in F_n, or each element of G_n (including O), has four n-neighbor points; by an n-neighbor point we

mean a vertex in F_n joined by an edge of F_n. G = ∞⋃ n=0 G_n is the Sierpinski

gasket.

For a process X taking values in G we define stopping times T_{n,i}(X) , n ∈ Z , by T_{n,0}(X) = inf {t ≥ 0 | X(t) ∈ G_n} , and T_{n,i+1}(X) = inf {t > T_{n,i}(X) | X(t) ∈ G_n \ {X(T_{n,i}(X))}} , i = 0, 1, 2, · · · . T_{n,i}(X) is the time that X hits G_n for the i + 1-th time, counting only once if it hits the same point more than once in a row. Denote by W_{n,i}(X) = T_{n,i+1}(X) − T_{n,i}(X) the time interval to hit two points in G_n.

Next we introduce notions of decimation and renormalization group. For an integer n and a Markov process X on G or on G_N for some N ≥ n, we call a random walk (Markov chain) X^′ on G_n defined by X^′(i) = X(T_{n,i}(X)) an n-decimated walk of X.

Put R_+ = {x ∈ R | x ≥ 0}. For N ∈ Z and α = (α_1, α_2, α_3) ∈ R3_+ \ (0, 0, 0) , we define a random walk Z = Z_{N,α} on G_N as follows. At each integer time, Z jumps to one of the four N-neighbor points, and the relative rates of the jumps are (1) α_1, for a jump in horizontal direction (parallel to x_1 axis),

(2) α_2, for a jump in 60^∘ or −120^∘ direction,

(3) α_3, for a jump in 120^∘ or −60^∘ direction.

In the following, we call a jump of the last two types, a diagonal jump. We may choose the parameter space P for the transition probabilities as P = { α = (α_1, α_2, α_3) ∈ R3_+ | α_1 + α_2 + α_3 = 1 } . Proposition 1.1. The (N − 1)-decimated walk of Z = Z_{N,α} with the starting point Z(0) = x ∈ G_{N−1} has the same law as Z^′ = Z_{N−1,T α} , with the starting point Z^′(0) = x . Here, T : P → P is a map defined by

T α = (C (α_1 + α_2α_3/3) , C (α_2 + α_3α_1/3) , C (α_3 + α_1α_2/3)) ,

1/C = 1 + (α_1α_2 + α_2α_3 + α_3α_1)/3 .

Proof. The essential point is to calculate the transition probability of the N − 1- decimated walk,

Prob[ Z(T_{N−1,i+1}(Z)) = y | Z(T_{N−1,i}(Z)) = x ] ,

which is a little arithmetic as in [5, Sections 4 and 5]. This gives the form of T . (In fact, the quantity above is equal to g_{x,y}(1, 1, 1, 1) of (2.10) with n replaced by N − 1.) 2

We call the dynamical system defined by T on the parameter space P the renormalization group.

The set of transition probabilities, or the space of random walks, which we consider, is characterized by the ‘local translational invariance’ and the symmetry as a process. See Proposition A.1 in Appendix A. The introduction of translational invariance is inherited from our previous works [5, Section 5], where we introduced regularly ramified fractals, and showed that this condition enables us to consider random walks on infinite fractals with the set of transition probabilities bounded above zero. (Note, however, that this is not the only possible framework. [8] considers finite fractals, so boundedness of transition probabilities is not of central issue.)

We choose a sequence of random walks Z_N = {Z_{N,αN} } in such a way that α_{N−1} = T α_N , N ∈ Z , (1.1)

and lim_{N→∞} α_N = (1, 0, 0) ∈ P. Note that (1, 0, 0) is an unstable fixed point of T corresponding to the random walk on a one-dimensional chain. It is easy to see that this is possible if and only if we put

α_N = (α_{N,1}, α_{N,2}, α_{N,3})^{def}= (1 + 2w_N )^{−1} (1, w_N , w_N ) ,

(1.2)

where, 0 < w_0 < 1 , and w_N , N = 1, 2, 3, · · ·, is defined inductively by

w_{N+1} = (6 − w_N )^{−1} ( −2 + 3w_N + ( 4 + 6w_N + 6w^2_N )_{1/2}) , and w_N , N = −1, −2, −3, · · ·, is defined inductively by

w_{N−1} =

4w_N + 6w^2_N 3 + 6w_N + w^2_N . (1.3)

{w_N } is strictly decreasing, and lim_{N→∞} w_N = 0 and lim_{N→∞} w_{−N} = 1 . One sees that if n ≤ N, then Z_n is a n-decimated walk of Z_N . The above equation (1.3) implies that the probabilities of diagonal jumps for Z_N is of order O(3/4)^N

(Proposition 2.3 (1)): The finer more the structure is, the more the random walker favors horizontal jumps. The decimation covariance (1.1) implies, on the other hand, that in macroscopic scale (i.e. for fixed n) the probabilities of diagonal ‘macroscopic’ jumps are fixed to some non-zero values. Thus we expect a non-trivial continuum limit process as N → ∞ which has a property that when observed microscopically (short length scale), horizontal moves dominate.

We prove in this paper the following.

Theorem 1.2 (Proposition 4.7, Proposition 4.8, Proposition 4.9). Let x ∈ G, and let x_N ∈ G_N , N ∈ Z, be a sequence of points satisfying lim N→∞ x_N = x. Consider a sequence of random walks Z_N , N ∈ Z, with transition probability given by (1.2), and with starting point Z_N (0) = x_N , N ∈ Z. Then the sequence of processes X_N , N ∈ Z, defined by X_N (t) = Z_N ([6^N t]), converges weakly to a continuous, strong Markov G-valued process X as N → ∞, with X(0) = x. The law of X is independent of {x_N }.

Denote by P_x the law of X with X(0) = x, and let E_x be the expectation with respect to P_x . Define the transition semigroup T_t by (T_t f)(x) = E_x[f(X(t))]. Then X is a Feller process, that is T_t maps the space of bounded continuous functions C_b(G) into itself. Furthermore, X is symmetric with respect to the measure μ on G defined by, ∫ f dμ = 2 3 lim N→∞ 3^{−N} ∑ x∈G_N f(x) . From our standpoint, the previous pioneering works on the construction of diffusion processes on finitely ramified fractals [12, 3, 1, 13, 10, 9] may be regarded as the ‘fixed point theories’. Some points in our study compared to the fixed point theories are:

(1) In our work, a set of renormalization group trajectories starting from the neighborhood of an unstable fixed point is used for construction. Nondegenerate fixed points are unnecessary, in contrast to the fixed point theories.

(2) In our work, a limit theorem related to non-stationary branching processes is used to estimate the number of steps of random walks. The estimate is more subtle than the fixed point theories, where a limit theorem for stationary branching processes was sufficient.

(3) To ensure the continuity of the distributions of the number of steps of random walks, we developed a method applicable to wider class of constructions than the conventional method which uses decimation invariance of the fixed point theories.

The advantage of our method is that we do not need non-degenerate fixed points of the renormalization group for the construction. We will explain a little more on these points.

As is seen from (1.1), the sequence of random walks {Z_N } corresponds to the (inverse) trajectory {α_N } of the renormalization group T on P. Such a choice is essential to assure decimation covariance Proposition 1.1. In these terms, the works of [12, 3, 1] where the existence of diffusion process on Sierpinski gasket was first established, use the sequence of random walks Y_N = Z_{N,p0} on G_N , N ∈ Z, with p_0^{def}= (1/3, 1/3, 1/3) ∈ P. p_0 is a fixed point of the renormalization group T . Therefore the corresponding renormalization group trajectory in P is a trivial one that stays on the point p_0. Let us call these works the fixed point theories.

In the fixed point theories, the condition that the obtained diffusion process spans the whole fractal implies that the associated random walks have positive transition probabilities to all the neighbor points. This condition is equivalent to the condition that every coordinate component of the fixed point is positive, as in p_0. We call such fixed points non-degenerate fixed points. In the fixed point theories, the existence of non-degenerate fixed points is essential, but their existence is non-trivial. Lindstrøm defined nested fractals in such a way that the renormalization groups have non-degenerate fixed points [13, Sections IV and V]. These works make extensive use of symmetries of fractal figures to assure the existence of non-degenerate fixed points. This will be of potential problem when trying to extend these works to more general geometric objects.

In [5, Section 5.4] we introduced the abc-gaskets, which is a generalization of Sierpinski gasket in a way that 111-gasket is the Sierpinski gasket. Taking the parameter space to be P, we showed there that the non-degenerate fixed points of the renormalization groups are absent, if the parameters a, b, c, satisfy certain set of conditions. Thus there are examples of finitely ramified fractals where the fixed point theories cannot be applied. In Theorem 1.2, we consider a set of renormalization group trajectories which ‘asymptotically emerege’ from a neighborhood of an unstable fixed point. Hence the name ‘asymptotically one-dimensional’ diffusion. Our method can in principle be appplied to the case where the renormalization groups have unstable fixed points. Unstable degenerate fixed points corresponding to the random walk on one-dimensional chains are common in fractals. We also emphasize the notion of the renormalization group trajectories, which was implicit in the fixed point theories.

In the case of the fixed point theories on Sierpinski gasket, The fact that p_0 is a fixed point implies that {W_{n,i}(Y_N )} , N = n + 1, n + 2, n + 3, · · ·, is a one-type stationary branching process [1, Lemma2.5(b)]. A limit theorem for a stationary branching process then gives a necessary estimate. Situation is similar also for the nested fractals, where a theory of multi-type stationary branching processes can be employed for necessary estimates [10]. To be precise, it is not the theory of branching processes but the recursive structures related to branching processes, that is essential for the construction of diffusions. In any case, it is important to notice that all the constructions are implicitly using (an inverse) trajectory of a renormalization group, which, through decimation covariance, leads to the recursive structures.

We will show in Section 2 (Theorem 2.5) that we can apply a limit theorem of [7] which is related to multi-type non-stationary branching processes, to obtain estimates on the asymptotic form of the distribution of W_{n,i}(Z_N ) , the time interval to hit two points in G_n for the random walk Z_N . The standard method is to study a recursion relation for the distribution of W_{n,i}(Z_N ), but it turns out that unlike the fixed point theories, the recursion relation does not hold for W_{n,i}(Z_N ) alone, and we must consider two other variables together (see remarks after (2.2)). Non-stationarity is essential, in that we have to compare the growth rate of the number of steps with the rate of the approach of the starting point of the corresponding trajectory to the fixed point. We have to handle a more singular limit than in the fixed point theories. This results in quantitative differences in the behavior of distributions for horizontal and diagonal jumps in Theorem 2.5 (The condition 2 ∉ I(x, y) in Theorem 2.5 implies that the bond (x, y) is horizontal).

In Section 2 we also prove the continuity of the limit distribution (Q_{n,x,y} of Theorem 2.8) of the number of steps of the random walks. This is one of a crucial properties when taking the continuum limit of Z_N . In the fixed point theories, the property is obtained through certain functional equations for the characteristic functions of the distributions, which hold only if one is working on the fixed point theories. We therefore developed a method applicable to wider class of constructions than the functional equation method (Lemma 2.7). The random walk representation [5, Section 2] which relates the distribution of number of steps for different scales is the key starting point (Lemma 2.6).

We will show in Section 3 that we can apply the methods of Section 2 also to abc-gaskets. Since the basic estimates hold, there is no problem in obtaining diffusion processes on abc-gaskets in general, using our method. We will, however, stick to Sierpinski gasket in Section 4 to give a proof for the existence of a diffusion process, since the notations will be too clumsy for general abc-gaskets. The arguments in Section 4 do not use anything specific to the Sierpinski gasket, and hold for the abc-gaskets.

We would like to make a couple of remarks. First, let us see how much possible choices of sequences of random walks Z_{N,αN} , N = 1, 2, 3, · · ·, we have for the construction of diffusion processes on the Sierpinski gasket. In our framework this is equivalent to finding an infinite length of (inverse) trajectory, α_{N−1} = T α_N , N = 1, 2, 3, · · ·, in the parameter space P. T has one non-degenerate stable fixed point p_0 = (1/3, 1/3, 1/3) and three degenerate unstable fixed points (1, 0, 0), (0, 1, 0), and (0, 0, 1), corresponding to random walks on chains. One possibility is to stay on the non-degenerate fixed point, which is the choice in [12, 3, 1]. It is easy to see that the only other possibilities to have inifinite (inverse) trajectory of T in P is the one considered in Theorem 1.2, parametrized by w_0, and its ‘rotations’, the trajectories approaching (0, 1, 0) or (0, 0, 1) in a similar manner. In this sense our ‘asymptotically onedimensional’ diffusions exhaust the possibilities. Note, however, that we have different processes on the Sierpinski gasket if the conditions of symmetry [9] or local translational invariance [8, 11, 14] is violated.

Secondly, we give open questions. Much of the properties of the diffusion processes will be qualitatively similar to those of the fixed point theory. However, since our diffusion is not a fixed point thoery, it will not be scale invariant: For the process X of [12, 3, 1] starting at O, X(0) = O, it holds by construction that 2^{−1}X(5t) is equal in law to X(t), while for the process X of Theorem 1.2 starting at O, 2^{−1}X(λt) will not be equal in law to X(t) for any positive number λ. Then the following two scaling limits become of interest:

(1) (Infra Red scaling limit,) lim_{N→∞} 2^{−N} X(λ^N t) .

(2) (Ultra Violet scaling limit,) lim_{N→∞} 2^N X(λ^{−N} t) .

From the analysis of the trajectory of the renormalization group, we conjecture that the IR-limit with λ = 5 will be equal in law to the process of [12, 3, 1]. This suggests an alternate construction method of the diffusion process of their works. The UV limit seems pathological. From Theorem 1.2, the only sensible choice of λ seems to be 6, but UV-scaling limit should be a one-dimensional process, therefore the scaling factor should be 4 if the limit is a Brownian motion. It may be that we do not have a sensible UV limit, but the question is open.

Acknowledgements.

The authors would like to thank Prof. M. T. Barlow, Prof. M. Fukushima, Prof. J. Kigami, Prof. T. Kumagai, Prof. S. Kusuoka, Prof. H. Osada, and Prof. Y. Takahashi, for valuable discussions concerning the present work.

2 Hitting times for the Sierpinski gasket.

Let n ∈ Z , N ∈ Z , N ≥ n , and let Z_N be as in Theorem 1.2. Put M^{(N)}_{1,n,(i)}^{def}=

W_{n,i}(Z_N ) , i ∈ Z_+ . Let M^{(N)}_{2,n,(i)} be the number of diagonal jumps (the jumps not parallel to x_1-axis) in the time interval [T_{n,i}(Z_N ) , T_{n,i+1}(Z_N )) , and let M^{(N)}_{3,n,(i)} be the number of time that the random walk hits those points from which two horizontal lines emerge (those points which are images of O = (0, 0) by the local translations of O, in terminology of Appendix A), in the same time interval. Note that for each i, n, and N, T_{n,i}(Z_N ) is finite, a.s.. Put M^{(N)}_{n,(i)} = (M^{(N)}_{1,n,(i)} , M^{(N)}_{2,n,(i)} , M^{(N)}_{3,n,(i)}) . By the strong Markov property of the random walk Z_N , we have the following.

Proposition 2.1. Fix n and N with N ≥ n, and x_i ∈ G_n , i ∈ Z_+. Then { M^{(N)}_{n,(i)} , i ∈ Z_+ } are independent random variables under the conditional probability with conditions Z_N (T_{n,i}(Z_N )) = x_i , i ∈ Z_+ . If, for some i and j, x_i = x_j and x_{i+1} = x_{j+1}, then the laws of M^{(N)}_{n,(i)} and M^{(N)}_{n,(j)} under the conditional probability are the same.

In view of this Proposition, we shall fix i and write M^{(N)}_n for M^{(N)}_{n,(i)}.

Let (x, y) ∈ G_n × G_n be an n-neighbor pair. For m ∈ Z3_+ put

P^{(N)}_{n,x,y}(m)^{def}= Prob[ M^{(N)}_n = m |

(2.1) Z_N (T_{n,i}(Z_N )) = x , Z_N (T_{n,i+1}(Z_N )) = y ] ,

and define their generating functions by,

f^{(N)}_{n,x,y}(z)^{def}= ∑ m∈Z^3_+

P^{(N)}_{n,x,y}(m) z^{m1}_1 z^{m2}_2 z^{m3}_3 ,

(2.2) z ∈ C3 , |z_j | ≤ 1 , j = 1, 2, 3. Note that Proposition 2.1 implies that P^{(N)}_{n,x,y} and f^{(N)}_{n,x,y} are independent of i.

Next observe that the transition probability of Z_N as given in (1.2) does not discriminate 60^∘ and 120^∘ jumps: α_{N,2} = α_{N,3}. Therefore the transition probabilities are invariant under reflection in lines parallel to x_2-axis. From this symmetry and the local translational invariance defined in Appendix A, we see that each P^{(N)}n,x,y is equal to one of the following 5 cases: (x, y) = (A, C), (A, B), (B, D), (B, A), (B, E), (2.3)

where, A through E are the 5 vertices of F_n as in Figure 1. As will be seen in the Theorem below, it turns out that f^{(N)}_{n,x,y} are the same for (x, y) = (B, A) and (x, y) = (B, E). Furthermore, due to the consistency condition f^{(N)}_{n,A,C} (z) f^{(N)}_{n,B,A}(z) = f^{(N)}_{n,A,B}(z) f^{(N)}_{n,B,D}(z), which is also seen to hold below, there are only 3 independent f^{(N)}_{n,x,y}’s. In fact this is the reason why we started with 3 component random variables M^{(N)}_n . With this remark in mind, define I(x, y) for each pair of n-neighbor points (x, y), by

I(x, y) = {1, 3} , if (x, y) is of type (A, C), {1, 2, 3} , if (x, y) is of type (A, B), {1} , if (x, y) is of type (B, D), {1, 2} , if (x, y) is of type (B, A) or (B, E).

(2.4)

Theorem 2.2. For each n ∈ Z, and N ∈ Z satisfying N ≥ n, and n-neighbor pair (x, y), we have f^{(N)}_{n,x,y}(z) = ∏ j∈I(x,y) z^{(N)}_{n,j} (z) . (2.5)

Here, z^{(N)}_n are defined recursively by,

z^{(n)}_n (z) = z , z^{(n+1)} n (z) = D^{−1}_n F (D_{n+1} z) , z^{(N)}_n (z) = z^{(n+1)}_n (z^{(N)}_{n+1}(z)) , N > n .

D_N are diagonal matrices defined by

D_N = diag (D_{N,1}, D_{N,2}, D_{N,3})^{def}= diag ( 1 1 + 3w_N , w_N , 1 + 3w_N 2 + 2w_N ) , (2.6)

with w_N as in (1.2). F = (F_1, F_2, F_3) is a C3 valued function in three variables defined by:

F_1 = y_2/y_4 , F_2 = y_1/y_2 , F_3 = y_4/y_3 ,

(2.7) with

y_1(z) = z^2 z^2_1 z_3(1 + 2z_1z_3)(1 + z_1) , y_2(z) = (1 − z^2_1 )z^2_1 z^2_3 + z^2 z^3_1 z_3(1 + 2z_3 + 2z_3z_1) + z^4_2 z^4_1 z^2_3 , y_3(z) = (1 − z^2_1 )(1 − 2z^2_1 z^2_3 ) − 2z^2 z^2_1 z_3(2 + z_1 + 2z_1z_3 + 2z_3z^2_1 ) + 2z^4_2 z^4_1 z^2_3 , y_4(z) = (1 − z^2_1 )(1 − z^2_1 z_3)z_3 − z^2 z^2_1 z_3(3 + 2z_3 + 2z_1 + 4z_1z_3 + 2z_3z^2_1 ) + z^4_2 z^4_1 z^2_3 .

Proof. Since T_{n,i}(Z_n) = i, we have,

M^{(n)}_{1,n,(i)} = W_{n,i}(Z_n) = T_{n,i+1}(Z_n) − T_{n,i}(Z_n) = 1 .

M^{(n)}_{j,n,(i)} , j = 2, 3, is also counted easily, and with (2.1), we have the statement for N = n.

Let N > n. Classify each step of a sample path of Z_N into 4 types (A^′, C^′), (A^′, B^′), (B^′, D^′), (B^′, A^′), by the same symmetry consideration as done in (2.3) with similar notations A^′ through E^′ for the vertices in F_N as A through E for the vertices in F_n, but with type (B^′, E^′) in the same class as (B^′, A^′). For (x^′, y^′) ∈ {(A^′, C^′), (A^′, B^′), (B^′, D^′), (B^′, A^′)}, and for t ∈ Z_+, denote the number of steps of type (x^′, y^′) in the time interval [T_{n,i}(Z_N ) , T_{n,i}(Z_N ) + t) by M^{′(N)}_{n,x}0_{,y}0(t) (we suppress suffix i, because properties similar to Proposition 2.1 holds for M^′). Let (x, y) ∈ G_n × G_n be an n-neighbor pair. Define

P^{′(N)}_{n,x,y}(m^′)^{def}= Prob[ M^{′(N)}_n (W_{n,i}(Z_N )) = m^′ | Z_N (T_{n,i}(Z_N )) = x , Z_N (T_{n,i+1}(Z_N )) = y ] , m^′ ∈ Z4_+ , where M^{′(N)}_n = (M^{′(N)}_{n,A}0_{,C}0, M^{′(N)}_{n,A}0_{,B}0, M^{′(N)}_{n,B}0_{,D}0, M^{′(N)}_{n,B}0_{,A}0) , and define their generating functions by,

f^{′(N)}_{n,x,y}(z^′)^{def}= ∑ m0_∈Z4_+ P^{′(N)}_{n,x,y}(m^′) 4∏ j=1 z^{′m} 0_j j , z^′ ∈ C4, |z^′_j | ≤ 1, j = 1, 2, 3, 4.

Proposition 2.1 implies that P^{′(N)}_{n,x,y} and f^{′(N)}_{n,x,y} are independent of i. From Proposition 1.1, (1.1), and the strong Markov property of Z_N , we have f^{(N)}_{n,x,y}(z) = f^{′(n+1)}_{n,x,y} (f^{(N)}_{n+1}(z)) , N > n , (2.8)

where f^{(N)}_n = (f^{(N)}_{n,A,C} , f^{(N)}_{n,A,B}, f^{(N)}_{n,B,D}, f^{(N)}_{n,B,A}). We can show that if z^′ = (z_1z_3, z_1z_2z_3, z_1, z_2z_3) for z = (z_1, z_2, z_3) ∈ C3, then f^{′(n+1)} n,x,y (z ′) = ∏ j∈I(x,y) z^{(n+1)} n,j (z) . (2.9)

We first prove the Theorem by induction in N −n, assuming (2.9). The Theorem is already proved for N − n = 0, for all n ∈ Z. Assume that the Theorem holds for an r = N − n ≥ 0 and for all n ∈ Z. Then (2.5) holds for f^{(n+r+1)}_{n+1} (z). The formula (2.9) can be applied with z replaced by z^{(n+r+1)}_{n+1} (z), and we see from (2.9) and (2.8) that the Theorem holds for N − n = r + 1.

It only remains to prove (2.9). For x ∈ G_n and y^′ ∈ G_{n+1} define

g_{x,y}0(z^′)^{def}= ∑ m0_∈Z4_+

Prob[ M^{′(n+1)}_n ( 4∑ j=1 m^′_j ) = m^′ , 4∑ j=1 m^′_j ≤ W_{n,i}(Z_{n+1}) ,

Z_{n+1}(T_{n,i}(Z_{n+1}) + 4∑ j=1 m^′_j ) = y^′ | Z_{n+1}(T_{n,i}(Z_{n+1})) = x ] 4∏ j=1 z^{′m} 0_j j . For each n ∈ Z , N ∈ Z with N ≥ n, and t ∈ Z_+, we have

M^{′(N)}_{n,A}0_{,C}0(t) + M^{′(N)}_{n,A}0_{,B}0(t) + M^{′(N)}_{n,B}0_{,D}0(t) + M^{′(N)}_{n,B}0_{,A}0(t) = t . Hence for n-neighbor pairs (x, y), the definition of W_{n,i} imply g_{x,y}(z^′) = (2.10) ∑ m0_∈Z4_+

Prob[ M^{′(n+1)}_n (W_{n,i}(Z_{n+1})) = m^′ ,

Z_{n+1}(T_{n,i+1}(Z_{n+1})) = y | Z_{n+1}(T_{n,i}(Z_{n+1})) = x ] 4∏ j=1 z^{′m} 0_j j .

Therefore f^{′(n+1)} n,x,y (z ′) = g_{x,y}(z^′)/g_{x,y}(1, 1, 1, 1) . (2.11) Put ζ(z^′) = (ζ_1(z^′), ζ_2(z^′), ζ_3(z^′), ζ_4(z^′))

def= ( z^′_1 2 + 2w_{n+1} , z^′_2w_{n+1} 2 + 2w_{n+1} , z^′_3 1 + 3w_{n+1} , z^′_4w_{n+1} 1 + 3w_{n+1} ) . The Markov property of Z_{n+1} implies, for x ∈ G_n and y^′ ∈ G_{n+1} in the same triangle (block) of side length 2^{−n}:

g_{x,y}0(z^′) = ∑ v0_{:n+1}-neighbor of_y0 ζ_{Ĩ(v}0_{,y}0_)(z^′) g_{x,v}0(z^′) + δ_{x,y}0 ,

where δ_{x,y}0 = 1 if x = y^′ and 0 otherwise, and where Ĩ(v^′, y^′) = 1, 2, 3, 4, if (v^′, y^′) is of type (A^′, C^′), (A^′, B^′), (B^′, D^′), (B^′, A^′), respectively. Solving these equations for x = A, using the symmetry with respect to the reflection in a line parallel to x_2-axis that passes A, and similarly for x = B, we obtain, using z^′ = (z_1z_3, z_1z_2z_3, z_1, z_2z_3), g_{x,y}(z^′) = ∏ j∈I(x,y) F_j (D_{n+1}z) ,

for each n-neighbor pair (x, y). In particular, using (2.6), (2.7), and (1.3), we have g_{x,y}(1, 1, 1, 1) = ∏ j∈I(x,y) D_{n,j} , for each n-neighbor pair (x, y). Substituting these results in (2.11) we have (2.9). 2

We need some estimates for later use. Put ⃗1^{def}=^t(1, · · · , 1) ∈ Cd. In the following, ‖ · ‖ is the ℓ_2-norm for a vector and the operator norm for a matrix.

Proposition 2.3. (1) For every n_0 ∈ Z there exist positive constants C_1 and C_2 such that w_N in (2.6) satisfies

C_1 ( 3 4 )_N ≤ w_N ≤ min { C_2 ( 3 4 )_N , 1 } , N ≥ n_0 . In particular, D_N in (2.6) satisfies sup N≥n0,i D_{N,i} < ∞, i = 1, 2, 3 , and inf N≥n0,i D_{N,i} > 0 , i = 1, 3 , and inf_{N≥n0,i} ( 4 3 )_N D_{N,2} > 0 . (2) Let A_N , N ∈ Z be 3 × 3 matrices defined by A_{Nij} = ∂F_i ∂z_j (D_N⃗1) ,

with F in (2.7), and let A = P^{−1} diag ( 6, 8 3 , 4 3 ) P , with

P = 1 2 1 1 −3 6 1 −12 −6 .

Then for every n_0 ∈ Z there exists a positive constant C_3 such that A_N satisfy ‖A_N − A‖ ≤ C_3 ( 3 4 )_N , N ≥ n_0 . (3) For integers n and N satisfying n ≤ N, define B_{n,N} by

B_{n,N}^{def}= 6^{−N+n}A_{n+1}A_{n+2} · · · A_N ,

if n < N, and B_{n,n}^{def}= I. Then B_n^{def}= lim_{N→∞} B_{n,N} exists, and for every n_0 ∈ Z there exists a positive constant C_4 such that ‖B_n − B‖ ≤ C_4 ( 3 4 )_n , n ≥ n_0, . Here, B is a matrix defined by

B = 6 7 12 7 6 7 4 35 8 35 4 35 −3 35 −6 35 −3 35

.

B_{n,N} satisfy ‖B_{n,N} ‖ ≤ C_5 , N ≥ n ≥ n_0 , (2.12) for some positive constant C_5.

(4) Define F̃_N , N ∈ Z, by

F̃_N (t) = F (D_N⃗1 + t) − D_{N−1}⃗1 − A_N t .

Then for every n_0 ∈ Z there exist positive constants C_6 and C_7 such that ‖F̃_N (t)‖ ≤ C_6 ( 4 3 )_N ‖t‖^2, ‖t‖ < C_7 ( 3 4 )_N , N ≥ n_0 . Proof. The first assertion is obvious from the definition (1.3).

Define a C3-valued function d(w) by d(w) = ( 1 1 + 3w , w , 1 + 3w 2 + 2w ) , (2.13)

and 3 × 3 matrix a(w) by a(w)_{ij} = ∂F_i ∂z_j (d(w)) , i = 1, 2, 3, j = 1, 2, 3.

(2.14)

Then, by (2.6), we have A_N = a(w_N ). From (2.7), F (z) is a rational function in z, hence a(w) is rational in w. By explicit calculations, we see that a(w)_{ij} = A_{ij} + O(w). This with the first assertion imply the second assertion. The third assertion follows from similar arguments with those in [7, Appendix].

To prove the last assertion, put

F̃_w(t)^{def}= F (d(w) + t) − F (d(w)) − a(d(w)) t ,

where the matrix a and the vector d are defined in (2.14) and (2.13), respectively. From the first assertion, it is sufficient to prove ‖F̃_w(w s)‖ ≤ C_6 w‖s‖^2, ‖s‖ < C_7 , 0 < w ≤ 1, (2.15)

for some positive constants C_6 and C_7 independent of w and s. There exist polynomials y_{ip}, y_{iq} , i = 1, 2, 3, 4, such that

ỹ_i(z)^{def}= y_i(z) 1 − z_1

= y_{ip}(z) + z^2 1 − z_1 y_{iq} (z) , i = 1, 2, 3, 4. (2.16)

Then

ỹ_i(d(w) + ws) − ỹ_i(d(w)) =

(2.17) y_{ip}(d(w) + ws) − y_{ip}(d(w)) + (1 + 3w)w ( (1 + s_2)^2 3 − s_1 y_{iq} (d(w) + ws) − 1 3 y_{iq}(d(w)) ) .

Therefore there exists a constant C_8 independent of w and s such that for i = 1, 2, 3, 4, ‖ỹ_i(d(w) + ws) − ỹ_i(d(w))‖ < C_8 w ‖s‖ , 0 < w ≤ 1, ‖s‖ < 2 . We then see that there exist positive constants C_9 and C_{10} < 2 independent of w and s such that ‖ỹ_i(d(w) + s)‖ > C_9 , i = 2, 3, 4, 0 < w ≤ 1, ‖s‖ < C_{10} . (2.18)

This with (2.7) and (2.16) implies that the components of F̃_w(ws) are analytic functions of s for ‖s‖ < C_{10} whose Taylor expansions around s = 0 have O(w) coefficients. Therefore (2.15) holds. 2

Proposition 2.4. Let D_N , N ∈ Z and F be as in (2.6) and (2.7), respectively.

(1) For each n_0 ∈ Z there exist positive constants C_{11} and C_{12} such that for every n ≥ n_0 and for every pair of n-neighbor points (x, y) ∈ G_n × G_n, the sequence of generating functions f^{(N)}_{n,x,y}(exp(−6^{−N} D^{−1}_N s)) , N = n, n + 1, · · · , defined in (2.2), converges uniformly to an analytic function ψ_{n,x,y}(s) as N → ∞ on {s ∈ C3 | ‖s‖ < C_{11} (9/2)^n}. ψ_{n,x,y} satisfies ψ_{n,x,y}(s) = ∏ j∈I(x,y) v_{n,j} (s) , (2.19)

where v_n(s) = (v_{n,1}, v_{n,2}, v_{n,3}) is an analytic function defined on {s ∈ C3 | ‖s‖ < C_{11} (9/2)^n} by

v_n(s)^{def}= lim_{N→∞} z^{(N)}_n (exp(−6^{−N} D^{−1}_N s)) ,

with z^{(N)}n as in Theorem 2.2. v_n has the expression

v_n(s) = ⃗1 − 6^{−n}D^{−1}_n B_n s + D^{−1}_n ṽ_n(s) ,

with the bound ‖ṽ_n(s)‖ ≤ C_{12} ( 1 27 )_n ‖s‖^2 , s ∈ C3 , ‖s‖ < C_{11} ( 9 2 )_n , where B_n is defined in Proposition 2.3 (3).

(2) v_n satisfies v_n(s) = D^{−1}_n F (D_{n+1} v_{n+1}(s)) , n ∈ Z ,

(2.20) and B_n satisfies B_n = 6^{−1} A_{n+1} B_{n+1} , n ∈ Z .

(2.21)

Proof. The first assertion follows from Theorem 2 in [7]. Proposition 2.3 implies that the assumptions for this Theorem are satisfied with d = 3, ℓ = 6, δ = 4/3, D_N and F as in (2.6) amd (2.7), respectively. The second assertion is a consequence of the first assertion and the definitions of z^{(N)}n and B_n in Theorem 2.2 and Proposition 2.3 (3), respectively. 2

Proposition 2.4 implies the weak convergence of 6^{−N} W_{n,i}(Z_N ), the (properly scaled) time interval for Z_N to hit two points in G_n.

Theorem 2.5. (1) Let n ∈ Z, i ∈ Z_+, and let (x, y) ∈ G_n × G_n be a pair of n-neighbor points. Under the conditional probability with the conditions

Z_N (T_{n,i}(Z_N )) = x , Z_N (T_{n,i+1}(Z_N )) = y , N = n, n + 1, n + 2, · · · ,

the sequence of the random variables {6^{−N} W_{n,i}(Z_N )}, N = n, n + 1, n + 2, · · ·, converges weakly as N → ∞. The limit distribution Q_{n,x,y} is independent of i ∈ Z_+, and depends only on n and the type of the n-neighbor pairs (x, y). It is supported on [0, ∞) and satisfies ∫ R exp(−ω s) Q_{n,x,y}(dω) = ψ_{n,x,y}(s, 0, 0) , |s| < C_{11} (9/2)^n , s ∈ C , where ψ_{n,x,y} is as in (2.19).

(2) Denote by X_{n,x,y} a random variable whose distribution is equal to Q_{n,x,y}.

Then the mean E[ X_{n,x,y} ] satisfies E[ X_{n,x,y} ] = 6^{−n} ∑ j∈I(x,y) D^{−1}_{n,j} B_{n,j,1} .

Also, there exist n_1 ∈ Z and positive constants C_{13} and C_{14}, such that

C_{13} ≤ 6^n E[ X_{n,x,y} ] = ∑ j∈I(x,y) D^{−1}_{n,j} B_{n,j,1} , (2.22)

for any (x, y) and n ≥ n_1, and ∑ j∈I(x,y) D^{−1}_{n,j} B_{n,j,1} ≤ C_{14} (2.23)

if 2 ∉ I(x, y) and n ≥ n_1.

(3) Put C3_+^{def}= {s ∈ C3 | ℜ(s_i) ≥ 0 , i = 1, 2, 3} .

The function ψ_{n,x,y}(s) in (2.19) is analytically continued to the interior of C3_+, and is uniquely exetended to a continuous function in C3_+. Denote the extended function again by ψ_{n,x,y}(s). Then the characteristic function of X_{n,x,y}; ϕ_{n,x,y}(t) = E[ exp( √ −1 X_{n,x,y} t) ] = ∫ R exp( √ −1 ω t) Q_{n,x,y}(dω) , t ∈ R , satisfies ϕ_{n,x,y}(t) = ψ_{n,x,y}(− √ −1 t, 0, 0) , t ∈ R . (2.24) In particular, the real and the imaginary parts of ϕ_{n,x,y}(t), ℜ(ϕ_{n,x,y}(t)) and ℑ(ϕ_{n,x,y}(t)) satisfy

1 − C_{15} 27^{−n} t^2 ≤ ℜ(ϕ_{n,x,y}(t)) ≤ 1 ,

(2.25)

C_{16} 6^{−n}t − C_{17} 27^{−n} t^2 ≤ ℑ(ϕ_{n,x,y}(t))

(2.26) ≤ C_{18} 6^{−n}t + C_{19} 27^{−n} t^2 ,

for − C_{20} ( 9 2 )_n < t < C_{20} ( 9 2 )_n , n ≥ n_1 , 2 ∉ I(x, y) , for some positive constants C_{15}, C_{16}, C_{17}, C_{18}, C_{19}, and C_{20}, independent of t, n, and (x, y).

Proof. For each N ∈ Z_+ satisfying N ≥ n, let Q̃^{(N)}_{n,x,y} be the distribution of 6^{−N} D^{−1}_N M^{(N)}_{n,(i)} conditioned by Z_N (T_{n,i}(Z_N )) = x and Z_N (T_{n,i+1}(Z_N )) = y, and let ψ^{(N)}_{n,x,y}(s) = ∫ R^3 exp(−s · w) Q̃^{(N)}_{n,x,y}(dw) = ∫ [0,∞)3 exp(−s · w) Q̃^{(N)}_{n,x,y}(dw) , s ∈ C3_+ , be its Laplace transform (generating function). Proposition 2.1 implies that Q̃^{(N)}_{n,x,y} is independent of i ∈ Z_+. From (2.1) and (2.2), ψ^{(N)}_{n,x,y}(s) = f^{(N)}_{n,x,y}(exp(−6^{−N} D^{−1}_N s)) . Proposition 2.4 (1) then implies that {ψ^{(N)}_{n,x,y}} converges, as N → ∞, uniformly to the analytic function ψ_{n,x,y}(s) on ‖s‖ < C_{11} (9/2)^n . By standard arguments similar to those in [7, Section 1], we see that {Q̃^{(N)}_{n,x,y}} converges weakly to a probability measure as N → ∞. By definition, W_{n,i}(Z_N ) = M^{(N)}_{1,n,(i)} and lim N→∞ D_{N,1} = 1. Hence {6^{−N} W_{n,i}(Z_N )} converges weakly as N → ∞. The uniqueness of the extension of ψ_{n,x,y} and (2.24) also follows. Note that Proposition 2.3 (3) implies that for sufficiently large n, (B_{n,1,1}, B_{n,2,1}, B_{n,3,1}), is close to (6/7, 4/35, −3/35). Then (2.22) and (2.23) follows from (2.4) and Proposition 2.3 (1). Other statements follow from (2.24), Proposition 2.4 (1), Proposition 2.3 (1), and Proposition 2.3 (3). 2

We turn to the random walk representation. For a function F and a positive integer N, let F^N denote the N time iterated function of F . Let n ∈ Z, and let N ∈ Z satisfying n ≤ N. Then Theorem 2.2 and (2.4) imply for any n-neighbor pair (x, y) ∈ G_n × G_n, f^{(N)}_{n,x,y}(z) = ∏ j∈I(x,y) D^{−1}_{n,j} (F^{N−n})_j (D_N z) . (2.27)

Let W^{(N)}_{n,x,y} denote the set of walks on G_N from x to y that do not hit points in G_n until they arrive at y: W^{(N)}_{n,x,y} = {(b_1, b_2, · · · , b_ℓ) | ℓ ≥ 0 , for j = 1, 2, 3, · · · , ℓ, b_j = (x^′_{j−1}, x^′_j ) ∈ G_N × G_N is a pair of N-neighbor points, x^′_0 = x , x^′_ℓ = y , x_j ∉ G_n , j = 1, 2, 3, · · · , ℓ − 1} . Lemma 2.6. Let n ∈ Z, and let N ∈ Z satisfying n ≤ N. For any n-neighbor pair (x, y) ∈ G_n × G_n, the following holds:

f^{(N)}_{n,x,y}(z) = ∑ w∈W (^N )_{n,x,y} P (w) ∏ (x0_{,y}0_{)∈w} ∏ i∈I(x0,y0) z_i . (2.28)

The convergence of the right hand side is absolute and uniform in z = (z_1, z_2, z_3) ∈ C3, for |z_i| ≤ 1 , i = 1, 2, 3. P (w) is the probability of the walk w under the conditional probability with conditions Z_N (T_{n,0}(Z_N )) = x and Z_N (T_{n,1}(Z_N )) = y: P (w) = ∏ (x0_{,y}0_{)∈w} Prob[ Z_N (1) = y^′ | Z_N (0) = x^′ ]

(2.29)

×Prob[ Z_N (T_{n,1}(Z_N )) = y | Z_N (T_{n,0}(Z_N )) = x ]^{−1} .

In particilar, ϕ_{n,x,y}(t) = ∑ w∈W (^N )_{n,x,y} P (w) ∏ (x0_{,y}0_{)∈w} ϕ_{N,x}0_{,y}0(t) , t ∈ R . (2.30)

Proof. The arguments for the random walk representation (2.28) are standard [5, Section 2]. From Theorem 2.2, (2.4), and (2.27) we have, for n ≤ N ≤ N + k, f^{(N+k)} n,x,y (z) = f (N) n,x,y(z (N+k) N (z)) . Therefore (2.28), Theorem 2.2, and (2.4) imply f^{(N+k)} n,x,y (z) = ∑ w∈W (^N )_{n,x,y} P (w) ∏ (x0_{,y}0_{)∈w} f^{(N+k)} N,x0_{,y}0(z) .

Note that for fixed N, n, x, and y, the number of possible (x^′, y^′)’s in the right hand side of the above equation is finite and independent of k. Put z = (exp(−6^{−N−k}D^{−1}_{N+k,1} √ −1 t), 0, 0) , t ∈ R , and use Proposition 2.4 (1) and (2.24) to take the limit k → ∞. The uniform convergence of the random walk representation implies (2.30). 2

In the next Lemma, C_1, C_2, etc., denote some positive constants independent of k and n.

Lemma 2.7. Let p_n, q_n, h^{(k)}_n , and g^{(k)}_n , n = 0, 1, 2, · · ·, k = 0, 1, 2, · · ·, satisfy C_1δ^{−n} ≤ p_n ≤ C_2δ^{−n} ,

(2.31) C_3δ^{−n} ≤ q_n ≤ C_4δ^{−n} ,

(2.32) for n = 1, 2, · · ·, and 0 ≤ h^{(k)}_n ≤ h^{(k)}_{n+1}^α + p_{n+1} (g^{(k)}_{n+1} − h^{(k)}_{n+1}^α) ,

(2.33) 0 ≤ g^{(k)}_n ≤ q_{n+1} g^{(k)}_{n+1} + (1 − q_{n+1}) h^{(k)}_{n+1} ,

(2.34) 0 ≤ h^{(k)}_{n+k} ≤ 1 − C_5θ^nδ^{−k} ,

(2.35) 0 ≤ g^{(k)}_{n+k} ≤ 1 ,

(2.36) hold for n = 0, 1, 2, · · ·, and k = 0, 1, 2, · · ·, where α, δ, and θ, are constants satisfying α ≥ 2, 1 < δ < α, and 0 < θ < 1. Then, there exist integers n_0, and k_0(n), C(n), n ≥ n_0, such that 0 ≤ h^{(k)}_n ≤ exp(−C_6(k − C(n))^2) , n > n_0 , k > k_0(n) ,

(2.37) 0 ≤ g^{(k)}_n ≤ exp(−C_7(k − C(n))^2) , n > n_0 , k > k_0(n) .

(2.38) Proof. For sufficiently large n, we have 0 < p_{n+m} < 1 and 0 < q_{n+m} < 1, hence h^{(k)}_{n+m} ≤ 1 and g^{(k)}_{n+m} ≤ 1, for m = k, k − 1, · · · , 1, 0.

Define a sequence h̄_{n+m}, m = k, k − 1, · · · , 1, 0, by

h̄_{n+m} = h̄^α_{n+m+1} + p_{n+m+1} (1 − h̄^α_{n+m+1}) , m = 0, 1, 2, · · · , k − 1, h̄_{n+k} = 1 − C_5θ^nδ^{−k} .

Obviously, h^{(k)}_{n+m} ≤ h̄_{n+m} ≤ 1, holds. Put h̄_{n+m} = exp(−x_{n+m}). While the condition 0 ≤ x_{n+m+1} ≤ 1 is satisfied, we have αx_{n+m+1} ≥ x_{n+m} ≥ (α − C_8p_{n+m+1}) x_{n+m+1} .

This implies that 1 2 C_9α^{k−m}θ^nδ^{−k} ≤ x_{n+m} ≤ C_9α^{k−m}θ^nδ^{−k} , (2.39) for a sufficiently large n and for m’s such that C_9α^{k−m−1}θ^nδ^{−k} < 1 . Let k_1 = [(1 − log_α δ)k + n log_α θ + log_α C_9] ,

(2.40) where [x] denotes the largest integer bounded by x. Note that 0 < k_1 < k, if k is sufficiently large for fixed n. Then from (2.39) and (2.40) we have h^{(k)}_{n+k1} ≤ e^{−1/2} .

(2.41)

Define a sequence h̃_{n+m}, m = k_1, k_1 − 1, · · · , 1, 0, by

h̃_{n+m} = h̃^2_{n+m+1} + C_2δ^{−(n+m+1)} , m = k_1 − 1, · · · , 2, 1, 0, h̃_{n+k1} = e^{−1/2} .

Then, h^{(k)}_{n+m} ≤ h̃_{n+m} holds for m = k_1, · · · , 2, 1, 0. Put

h̃_{n+m} = exp(−2^k1^{−m−1}) + δ^{−n−m}r_{n+m} , m = k_1, · · · , 2, 1, 0. Then if n is sufficiently large, we have r_{n+m} ≤ C_{10} , m = k_1, · · · , 2, 1, 0. Putting k_2 = [k_1/2], we have, if k is sufficiently large, h^{(k)}_{n+m} ≤ C_{11}δ^{−n−m} , 0 ≤ m ≤ k_2 . (2.42)

The assumptions (2.33) and (2.34), together with (2.42) yield h^{(k)}_{n+m} ≤ C_{11}δ^{−n−m}(h^{(k)}_{n+m+1} + g^{(k)}_{n+m+1}) ,

(2.43) g^{(k)}_{n+m} ≤ h^{(k)}_{n+m+1} + C_4δ^{−n−m}g^{(k)}_{n+m+1} ,

(2.44) for m = k_2 − 1, · · · , 2, 1, 0. Put R_{n+m} = max(h^{(k)}_{n+m}, g^{(k)}_{n+m}) .

Then, (2.43) and (2.44) implies R_n ≤ ∏ 0≤2μ≤k2−2 δ^{−2μ} ≤ δ^{−(k2−3)2/4} , if k_2 ≥ 3 and n is sufficiently large. 2

Theorem 2.8. For each integer n and each n-neighbor pair (x, y), Q_{n,x,y} is continuous: Prob[ X_{n,x,y} = t ] = Q_{n,x,y}{t} = 0 , t ∈ R.

Proof. First we prove that there exists an integer n_0 and a positive constant C_{12} such that max (x,y)∈G_n+_k×G_n+_k: horizontal bond |ϕ_{n+k,x,y}(6^kt)| ≤ 1 − C_{12}27^{−n} ( 3 4 )_k , (2.45) ( 3 4 )_k < |t| < 5 ( 3 4 )_k , t ∈ R , n ≥ n_0, k ∈ Z_+ .

Let n ∈ Z, k ∈ Z_+, and t ∈ R. Let (x, y) be a pair of n + k-neighbor points which, when joined, forms a horizontal bond. Denote by x_1 the diagonal n + k + 1-neighbor of x which is in the n + k-triangle containing both x and y. Classify the walks w ∈ W^{(n+k+1)}_{n+k,x,y} by whether it hits x_1 or not, and define W_1 = {w ∈ W^{(n+k+1)} n+k,x,y | w hits x1} . Also denote by y_1 the horizontal n + k + 1-neighbor of x_1, and define a subset of W_1 by

W_2 = {w ∈ W_1 | w does not jump to y_1 directly after the first hit at x_1} . Applying (2.30) to ϕ_{n+k,x,y}(6^kt), we have ϕ_{n+k,x,y}(6^kt) = ∑ w∈W1 P (w) ∏ (x0_{,y}0_{)∈w} ϕ_{n+k+1,x}0_{,y}0(6^kt) + ∑ w∈W (^n+^k+1) n+k,x,y \W1 P (w) ∏ (x0_{,y}0_{)∈w} ϕ_{n+k+1,x}0_{,y}0(6^kt)

= ∑ w∈W2 P (w) ∏ (x0_{,y}0_{)∈w} ϕ_{n+k+1,x}0_{,y}0(6^kt) × ( 1 − (1 + 3w_{n+k+1})^{−2}ϕ_{n+k+1,x1,y1} (6^kt)ϕ_{n+k+1,y1 ,x1} (6^kt) )_{−1} + ∑ w∈W (^n+^k+1) n+k,x,y \W1 P (w) ∏ (x0_{,y}0_{)∈w} ϕ_{n+k+1,x}0_{,y}0(6^kt) .

The factor ( 1 − (1 + 3w_{n+k+1})^{−2}ϕ_{n+k+1,x1,y1} (6^kt)ϕ_{n+k+1,y1,x1} (6^kt) )_{−1} comes from the contribution of walks jumping between x_1 and y_1, to and fro. Put for simplicity of notation, p = ∑ w∈W2 P (w), C^′ = (1 + 3w_{n+k+1})^{−2}, and

ϕ = ϕ_{n+k+1,x1,y1} (6^kt)ϕ_{n+k+1,y1,x1} (6^kt). Then we have |ϕ_{n+k,x,y}(6^kt)| ≤ 1 − p C^{′−1} ( (C^{′−1} − 1)^{−1} − |C^{′−1} − ϕ|^{−1} ) . (2.46)

Each walk w in W_2 has at least 2 diagonal jumps; to x_1 and back to the baseline xy, and the whole walk w is a horizontal jump in n + k-scale; the jump from x to y. From Proposition 2.3 (1), (1.2), and (2.29), we therefore see that for any n_0 ∈ Z there exists a positive constant C_{13} such that p < C_{13} ( 3 4 )_{2(n+k)} , n ≥ n_0 , k ∈ Z_+ .

(2.47)

Also for any n_0 ∈ Z there exist positive constants C_{14} and C_{15} such that

C_{14} ( 3 4 )_{n+k} < C^{′−1} − 1 < C_{15} ( 3 4 )_{n+k} , n ≥ n_0 , k ∈ Z_+ .

(2.48)

The estimates (2.48), (2.25), and (2.26) together with |ϕ| ≤ 1, imply that there exists a positive constant C_{16} such that

(C^{′−1} − 1)^{−1} − |C^{′−1} − ϕ|^{−1} > C_{16}^2 ( 16 243 )_n ( 4 3 )_k , for sufficiently large n, k ∈ Z_+, (3/4)^k < |t| < 5 (3/4)^k . This with (2.46), (2.47), and (2.48), implies (2.45).

Let C be a positive constant satisfying 1 < C < 5, and put

h^{(k)}_n = max

(x,y): horizontal bond |ϕ_{n,x,y}(C (9/2)^k)| , (2.49)

g^{(k)}_n = max

(x,y): diagonal bond |ϕ_{n,x,y}(C (9/2)^k)| . (2.50)

Then (2.45) implies (2.35) for n ≥ n_0 and k ∈ Z_+ with C_5 = C_{12}, θ = 1/27, and δ = 4/3. Since ϕ_{n,x,y} is a characteristic function, (2.36) also holds.

Define p_{n+1} to be the probability that the random walker Z_{n+1} jumps diagonaly at least once, under the condition that

(Z_{n+1}(T_{n,i}(Z_{n+1}), (Z_{n+1}(T_{n,i+1}(Z_{n+1})) = (x, y) , where (x, y) is a horizontal bond which attains maximum in (2.49). Similarly, define q_{n+1} to be the probability that the random walker Z_{n+1} passes only diagonal bonds (i.e. does not jump horizontally) under the condition that

(Z_{n+1}(T_{n,i}(Z_{n+1}), (Z_{n+1}(T_{n,i+1}(Z_{n+1})) = (x, y) ,

where (x, y) is a diagonal bond which attains maximum in (2.50). Then from (2.30) with N = n + 1 and a graphical consideration, we also see that (2.33) and (2.34) hold with α = 2. The estimates (2.31) and (2.32) with δ = 4/3 are obtained by estimating P (w) in (2.30), which is a consequence of (1.2), Proposition 2.3 (1), and graphical considerations. Hence Lemma 2.7 can be applied and we have

|ϕ_{n,x,y}(C (9/2)^k)| ≤ exp(− min{C_6, C_7}(k − C(n))^2) , n > n_0 , k > k_0(n) ,

for each (x, y). This implies the exponential decays of the characteristic functions ϕ_{n,x,y} for all n-neighbor pairs (x, y) and for sufficiently large n. Then (2.33) and (2.34) imply, inductively, the exponential decays of the characteristic functions for all n ∈ Z, which implies the continuity of the measures Q_{n,x,y}. 2

3 Hitting times for the abc-gaskets.

While the pre-Sierpinski gasket is constructed by successive replacements of an equilateral triangle by a block that consists of 3 equilateral triangles of a size, the pre-abc-gasket is constructed by a block that consists of a + b + c equilateral triangles of a size assembled as fig. 2, where a, b, and c, are positive integers. One of the following three inequalities hold: a^{−1} < b^{−1}+c^{−1}, or b^{−1} < c^{−1}+a^{−1}, or c^{−1} < a^{−1} + b^{−1}. In what follows, we assume

a^{−1} < b^{−1} + c^{−1} ,

(3.1)

without loss of generality. This condition corresponds to the asymptotically one dimensional diffusion such that transitions along ‘horizontal’ lines dominate. The meaning of the possible other two choices should be obvious. Unless a = b = c, we have to work in a euclidean space of dimensions larger than 2. Let G_n be the pre-abc-gasket with the smallest unit being the equilateral triangle of side length min(a, b, c)^{−n}. The pre-abc-gasket G_n is obtained by eliminating the fine structure of G_m, m > n.

We classify the vertices of the pre-abc-gasket into 6 groups (type A to F ) as fig. 3 according to the possible directions of transitions from each vertex. We call the possible directions p, q, r, and s, respectively, as fig. 3. As a result, all the bonds of the pre-abc-gasket are classified into 18 types which we shall call A_p, A_q , · · ·, F_r, respectively.

If a = 1, the type D does not exist. In what follows, we assume a > 1, b > 1, c > 1, for simplicity. A reader who is interested in the other cases should neglect irrelevant statements and formulae below.

Now let us consider a random walk on the pre-abc-gasket. We set the relative probabilities of transitions along bonds of types r, p, and q, as 1, η, and ζ, respectively. Namely we assign transition probabilities to 18 types of bonds as Table 1. The transition probability along a bond of type s, is set equal to the opposite direction. p q r s A η/(2 + η + ζ) ζ/(2 + η + ζ) 1/(2 + η + ζ) 1/(2 + η + ζ) B η/(1 + 2η + ζ) ζ/(1 + 2η + ζ) 1/(1 + 2η + ζ) η/(1 + 2η + ζ) C η/(1 + η + 2ζ) ζ/(1 + η + 2ζ) 1/(1 + η + 2ζ) ζ/(1 + η + 2ζ) D η/(η + ζ) ζ/(η + ζ) E ζ/(1 + ζ) 1/(1 + ζ) F η/(1 + η) 1/(1 + η)

Table 1: Transition probabilities

We next consider the decimation on pre-abc-gasket. We fix a vertex of the pre-abc-gasket G_{n−1} and cut the block(s) of G_n to which the vertex belongs. To be specific, we assume that the vertex is of the type A. The vertex A belongs to two blocks(fig. 4). We denote the vertices of G_{n−1} contained in the two blocks by A, A^′_p, A^′_q , A^′_r, and A^′_s. Let Ω_n(A, t), t = p, q, r, s, be the set of all walks on G_n starting at the vertex A without reaching to any one of the vertices A^′_p, A^′_q , A^′_r, and A^′_s before the end at A^′_t. Similarly we define the set Ω_n(X, t) of walks for X = B, C, · · · , F , and for t = p, q, r, s, such that bonds of X_t type exist. Put

Ω_n(X) = ⋃ t=p,q,r,s Ω_n(X, t), X = A, B, · · · , F. We assign a probability to each walk in Ω_n(X) by making a product of the transition probabilities set in Table 1. Then Ω_n(X) turns out to be a probability space. The probabilty measure is denoted by P_{X,η,ζ,n}.

Proposition 3.1. Let X = A, B, · · · , F , and let t = p, q, r, s, such that bonds of X_t type exist. The probability P_{X,η,ζ,n}(Ω_n(X, t)) is equal to the transition probability assigned to X_t given by Table 1 with η and ζ replaced by Y (η, ζ) = (ac + a + c)η^2 + (ac + a + b)ηζ + (ac + b + c)η + acζ ω(η, ζ) , (3.2) Z(η, ζ) = (ab + a + b)ζ^2 + (ab + a + c)ηζ + (ab + b + c)ζ + abζ ω(η, ζ) , (3.3) respectively, where

ω(η, ζ) = (ac + a + c)η^2 + (ab + a + b)ζ^2 +(ab + bc + ca + 2a + b + c)ηζ + (ab + bc + ca + a + b + 2c)η +(ab + bc + ca + a + 2b + c)ζ + bc + b + c. The proof will be sketched towards the end of this section.

Fixing N ∈ Z_+, we consider the following recursion relations for the se- quences {η^{(N)}n |0 ≤ n ≤ N} and {ζ^{(N)}n |0 ≤ n ≤ N}: η^{(N)}_{n−1} = Y (η^{(N)}_n , ζ^{(N)}_n ), n = N, N − 1, · · · , 2, 1, (3.4) ζ^{(N)}_{n−1} = Z(η^{(N)}_n , ζ^{(N)}_n ), n = N, N − 1, · · · , 2, 1, (3.5)

where Y (η, ζ) and Z(η, ζ) are defined by (3.2) and (3.3), respectively. Proposition 3.2. Choose the initial values of the above sequences as η^{(N)}_N = cδ^{−N} κ, (3.6) ζ^{(N)}_N = bδ^{−N} κ, (3.7)

respectively, where δ =

(a + 1)(b + c) bc + b + c and κ is an arbitrary positive number.

Then, under the assumption (3.1), the limits

η_n = lim_{N→∞} η^{(N)}_n

(3.8)

ζ_n = lim_{N→∞} ζ^{(N)}_n

(3.9)

exist and satisfy η_{n−1} = Y (η_n, ζ_n), n = 1, 2, · · · , (3.10) ζ_{n−1} = Z(η_n, ζ_n), n = 1, 2, · · · , (3.11) C_1δ^{−n} < η_n < C_2δ^{−n}, n = 1, 2, · · · , (3.12) C_3δ^{−n} < ζ_n < C_4δ^{−n}, n = 1, 2, · · · , (3.13)

Proof. If (3.1) holds, δ is larger than 1 and hence η^{(N)}_N and ζ^{(N)}_N are small when N is large. On the other hand, if η and ζ are sufficiently small, (3.2) and (3.3) are written as follows: ( Y (η, ζ) Z(η, ζ) ) = R ( η ζ ) + (~ Y (η, ζ) Z̃(η, ζ) ) , where R = 1 bc + b + c ( ac + b + c ac ab ab + b + c ) , and the functions Ỹ (η, ζ) and Z̃(η, ζ) obey the bounds

|Ỹ (η, ζ)| < C_5(η^2 + ζ^2), |Z̃(η, ζ)| < C_6(η^2 + ζ^2),

for some constant independent of η and ζ. Note that the matrix R has eigen-

values δ(> 1) and b + c bc + b + c (< 1), with eigenvectors ( c b ) and ( 1 −1 ) , re-

spectively. Then the remaining part of the proof is just a routine work. 2

In what follows, we consider a random walk on G_n with transition probabilities given by Table 1 with η = η_n and ζ = ζ_n, where η_n and ζ_n are defined in Proposition 3.2. Because of (3.10) and (3.11), the random walk on G_n is obtained by neglecting the fine structure of the random walk on G_m, m > n.

As is seen from the arguments for the Sierpinski gasket in Section 2, the multi-distributions of numbers of steps of the random walks play the key role in our construction of the diffusion process. Especially, we have to analyze the recursion relation for the characteristic functions of the number of steps.

We introduce a set of variables ũ = (ũ_{Ap} , ũ_{Aq} , · · · , ũ_{Fr} ) and use the following abbreviation ũ^ω = ũ^{|ω|Ap}_{Ap} ũ^{|ω|Aq}_{Aq} · · · ũ^{|ω|Fr}_{Fr} , (3.14)

where |ω|_{Xt} is the number of passes of a walk ω through bonds of X_t type. Define the mapping (independent of n) Ũ = F̃ (ũ) (3.15) by Ũ_{Xt} = ∑ ω∈Ω_n(X,t) ũ^ω, where Ũ = (Ũ_{Ap} , Ũ_{Aq} , · · · , Ũ_{Fr} ). (3.16) We put Π_n = diag(π^{(n)}_{Ap} , π^{(n)}_{Aq} , · · · , π^{(n)}_{Fr} ),

where π^{(n)}_{Xt} is the transition probability assigned to bonds of X_t type as Table 1 with η = η_n and ζ = ζ_n. Note that (3.10) and (3.11) imply

Π_{n−1}⃗1 = F̃ (Π_n⃗1).

(3.17)

The characteristic function for number of steps is given by Π^{−1}_n F̃^{N−n}(Π_N u), where u = (u_{Ap} , u_{Aq} , · · · , u_{Fr} ). Then, in order to show the convergence of the characteristic function Π^{−1}_n F̃^{N−n}(Π_N u) as N → ∞, we have to analyze the mapping (3.15) or U = Π^{−1}_{n−1}F̃ (Π_nu).

(3.18) The following lemma is easily shown:

Lemma 3.3. If the variable ũ satisfy the ‘consistency conditions’ ũ_{As} = ũ_{Ar} , ũ_{Bs} = ũ_{Bp} , ũ_{Cs} = ũ_{Cq} , (3.19) ũ_{Ap}ũ_{Bq} = ũ_{Bs}ũ_{Aq} , ũ_{As}ũ_{Bq} = ũ_{Br}ũ_{Aq} , ũ_{Ap}ũ_{Cr} = ũ_{Cp}ũ_{Ar} , (3.20) ũ_{Ap}ũ_{Cs} = ũ_{Cp}ũ_{Aq} , ũ_{Dq} ũ_{Ap} = ũ_{Dp}ũ_{Aq} , ũ_{Cr}ũ_{Fp} = ũ_{Cp}ũ_{Fr} , (3.21) ũ_{Ap}ũ_{Dq} ũ_{Er} = ũ_{Ar}ũ_{Eq}ũ_{Dp} , (3.22)

then, Ũ = F̃ (ũ) also satisfy the same relations: Ũ_{As} = Ũ_{Ar} , Ũ_{Bs} = Ũ_{Bp} , Ũ_{Cs} = Ũ_{Cq} (3.23) Ũ_{Ap}Ũ_{Bq} = Ũ_{Bs}Ũ_{Aq} , Ũ_{As}Ũ_{Bq} = Ũ_{Br}Ũ_{Aq} , Ũ_{Ap}Ũ_{Cr} = Ũ_{Cp}Ũ_{Ar} , (3.24) Ũ_{Ap}Ũ_{Cs} = Ũ_{Cp}Ũ_{Aq} , Ũ_{Dq} Ũ_{Ap} = Ũ_{Dp}Ũ_{Aq} , Ũ_{Cr}Ũ_{Fp} = Ũ_{Cp}Ũ_{Fr} , (3.25) Ũ_{Ap}Ũ_{Dq} Ũ_{Er} = Ũ_{Ar}Ũ_{Eq} Ũ_{Dp} . (3.26)

Note that the consistency conditions (3.19)–(3.22) for ũ = Π_nu are equivalent to those for u, since ũ = Π_n⃗1 satisfies (3.19)–(3.22). In order to study the total number of steps, it suffices to analyze the function Π^{−1}_n F̃^{N−n}(Π_N u) only for u_{Ap} = u_{Aq} = · · · = u_{Fr} . Then, as a result of the Lemma 3.3, we can reduce the 18 kinds of variables to 8 kinds. Our choice is the following:

z_1 = u_{Ar} , z_2 = u_{Ap} , z_3 = u_{Aq} , z_4 = u_{Br} , z_5 = u_{Cr} , z_6 = u_{Ap} u_{Dq} = u_{Dp} u_{Aq} , z_7 = u_{Er} , z_8 = u_{Fr} .

Namely, using the mapping Λ : u → (u_{Ar} , u_{Ap} , u_{Aq} , u_{Br} , u_{Cr} , u_{Ap} u_{Dq} , u_{Er} , u_{Fr} ), we put z = Λu . Note that under the consistency conditions in Lemma 3.3 the mapping Λ can be formally inverted. Define the matrix

D_n = diag ( 1 2 + η_n + ζ_n , η_n 2 + η_n + ζ_n , ζ_n 2 + η_n + ζ_n , 1 1 + 2η_n + ζ_n , 1 1 + η_n + 2ζ_n , η_nζ_n (2 + η_n + ζ_n)(η_n + ζ_n) , 1 1 + ζ_n , 1 1 + η_n ). Since D_nΛ = ΛΠ_n,

(3.27) the relation (3.18) is written as Z = D^{−1}_{n−1}F (D_nz) , where F = Λ ∘ F̃ ∘ Λ^{−1} ,

(3.28) and Z = ΛU . Furthermore, the characteristic function is obtained by means of the formula Π^{−1}_n F̃^{N−n}(Π_N u) = Λ^{−1}D^{−1}_n F^{N−n}(D_N z) .

Now we state the result on the ‘continuum limit’ of the distribution of number of steps for the random walk on the pre-abc-gasket by applying the limit theorem for a non-stationary branching process [7].

Firstly we state our basic result on the recursion relation. Proposition 3.4. The function F = Λ ∘ F̃ ∘ Λ^{−1} has the expression F (D_n⃗1 + t) = D_{n−1}⃗1 + A_nt + F̃_n(t) , n ∈ Z_+, ‖t‖ < C_7δ^{−n},

(3.29) where A_n is an 8 × 8 matrix independent of t and F̃_n is a C8-valued function with the following properties:

(1) The function F̃_n is analytic on {t| ‖t‖ < C_8δ^{−n}} with the bound ‖F̃_n(t)‖ ≤ C_9δ^n‖t‖^2, ‖t‖ < C_{10}δ^{−n}, n ∈ Z_+, for some positive constants C_9 and C_{10} independent of N and t;

(2) There exists a matrix A such that ‖A − A_n‖ < C_{11}δ^{−n}, where C_{11} is a constant independent of n;

(3) The matrix A has eigenvalues

(a + 1)(a + b + c),

(a + 1)(2bc + b + c) bc + b + c , a + 1, a + 1, a + 1, a + 1,

(a + 1)(b + c) bc + b + c , b + c bc + b + c . Remark. The eigenvalues of A satisfy

(a + 1)(a + b + c) >

(a + 1)(2bc + b + c) bc + b + c > a + 1 = a + 1 = a + 1 = a + 1 >

(a + 1)(b + c) bc + b + c > b + c bc + b + c . We have set δ =

(a + 1)(b + c) bc + b + c in Proposition 3.2. Note that the largest eigenvalue ℓ = (a + 1)(a + b + c) of A is simple.

The proof of the above proposition is sketched later.

Since the largest eigenvalue ℓ of A is simple, the function F = Λ ∘ F̃ ∘ Λ^{−1} is ({D_n, ℓ})-regular, and hence we can apply Theorem 2 in [7]. Let us define the series of functions:

f^{(n,N)}(s) = F^{N−n}(D_N exp(−ℓ^{−N} D^{−1}_N s)) . Then we have the following theorem.

Theorem 3.5. There exist positive constants ϵ and C_{12} such that, for every n ∈ Z_+:

(1) The function f^{(n,N)}(s), N ≥ n, is analytic on ‖s‖ < ϵ ℓ^nδ^{−n} and converges uniformly to an analytic function f^n(s) on ‖s‖ < ϵ ℓ^nδ^{−n} as N → ∞ . (2) The function f^{(n)}(s) has the expression f^{(n)}(s) = D_n⃗1 − ℓ^{−n}B_n s + f̃^n(s) , ‖s‖ < ϵ ℓ^nδ^{−n} , with the bound ‖f̃^{(n)}(s)‖ ≤ C_{12}δ^nℓ^{−2n}‖s‖^2 , ‖s‖ < ϵ ℓ^nδ^{−n} , where B_n = lim_{N→∞} ℓ^{−N+n}A_{n+1}A_{n+2} · · · A_N .

We sketch the line of argument to show Proposition 3.1 and Proposition 3.4. We have to explicitly calculate the Taylor expansion of the left hand side of (3.29) up to the first order and to estimate the remainder term.

We consider the ‘interior’ of a block of G_n and number the six vertices adjacent to ‘boundary points’ of the block as fig. 5. Let Ω_{ij} , i, j = 1, 2, · · · , 6, be the set of all walks in the interior of the block starting at i and ending at j without reaching any one of the six vertices except for the start and the end. We define the matrix T = T (ũ) = (T_{ij} ) by T_{ij} = ∑ ω∈Ω_{ij} ũ^ω, i, j = 1, 2, · · · , 6. In particular, we have T_{23} = ũ_{Aq} , T_{32} = ũ_{Bq} , etc.

It is also an easy exercise to show the following: T_{11} = − λ^a − μ^a λ^{a−1} − μ^{a−1} + 1 − ũ_{Ap}ũ_{Dp} , (3.30)

T_{22} = − λ^a − μ^a λ^{a−1} − μ^{a−1} + 1 − ũ_{Aq}ũ_{Dq} , (3.31)

T_{23} = T_{32} = − λ − μ λ^{a−1} − μ^{a−1} (ũ_{Ar} + ũ_{Aq} ũ_{Dp} )^{a−1},

(3.32) where λ and μ are the roots of the quadratic equation

x^2 − (1 − ũ_{Ap}ũ_{Dp} − ũ_{Aq} ũ_{Dq} )x + (ũ_{Ar} + ũ_{Aq} ũ_{Dp} )^2 = 0 .

(3.33)

If λ = μ ≠ 0, the fractions should be evaluated after reductions. The other elements of the matrix T are given similarly. Put

W = (I − T )^{−1}.

Then W_{ij} gives the sum of ũ^ω over the set of all walks starting at i and ending at j, if the sum converges.

Let us describe the programme to calculate F̃ defined by (3.15). As an example, we consider Ũ_{Ap} in the right hand side of (3.16). Connecting two blocks as fig. 4, we obtain

Ũ_{Ap} = 1

Θ_A

(ũ_{Ap} (W_{34}ũ_{Bp} + W_{35}ũ_{Cq} ) + ũ_{Ar} (W_{24}ũ_{Bp} + W_{25}ũ_{Cq} )),

where

Θ_A = 1 − ũ_{Ap} (W_{33}ũ_{Bs} + W_{32}ũ_{As} ) − ũ_{Aq} (W_{66}ũ_{Cq} + W_{61}ũ_{Ar} ) − ũ_{Ar} (W_{23}ũ_{Bs} + W_{22}ũ_{As} ) − ũ_{As} (W_{16}ũ_{Cq} + W_{11}ũ_{Ar} ).

The other components of Ũ = F̃ (ũ) are given similarly.

Proof of Proposition 3.1. We explicitly calculate F̃ (ũ) in case ũ is the vector with components given by Table 1. In this case, the equation (3.33) has a double root λ = μ = ũ_{Ar} + ũ_{Aq} ũ_{Dp} . 2

Proof of Proposition 3.4. The first term of the right hand side of (3.29) is obtained from (3.28),(3.27) and (3.17) as follows:

F (D_n⃗1) = Λ ∘ F̃ ∘ Λ(D_n⃗1) = Λ ∘ F̃ (Π_n⃗1) = Λ(Π_{n−1}⃗1) = D_{n−1}⃗1.

The second term is obtained by calculating the derivative of F̃ at ũ = Π_n⃗1 explicitly. The calculation, however, is considerably complicated (we need more than 2000 pages to describe the result). The authors used REDUCE (an algebraic manipulation system for computor). The statements on the matrices A_n and A are derived from the explicit form of A_n.

The estimate on the remainder term is shown by a brute force. A reader who is going to check the result should notice that the difference between fourth and fifth columns of the matrix I − T is O(δ^{−n}), whereas each of them is 0(1). 2

4 Convergence of path measures.

Let G = ∞⋃ n=0 G_n be the Sierpinski gasket as in Section 1, and D^{def}= D([0, ∞); G).

For n ∈ Z and x ∈ G_n we define a family of probability measures {P^{(N)}_x }, N ∈ Z_+, N ≥ n, on D, as follows:

P^{(N)}_x [ w(0) = x ] = 1 ,

P^{(N)}_x [ w(t_i) = x_i, i = 1, . . . , r ] = Prob[ Z_N (x, [6^N t_i]) = x_i, i = 1, . . . , r ] , where Z_N (x, ·) is a random walk on G_N starting from x we studied in Section 2. We use abbreviated notations such as

P^{(N)}_x [ w(0) = x ]^{def}= P^{(N)}_x [ {w ∈ D | w(0) = x} ] .

We write E^{(N)}_x [ · ] for the expectations with respect to P^{(N)}_x .

For w ∈ D and n ∈ Z_+, let us define T_{n,0}(w) = inf {t ≥ 0| w(t) ∈ G_n} , T_{n,i+1}(w) = inf {t > T_{n,i}(w) | w(t) ∈ G_n \ {w(T_{n,i}(w))}} , W_{n,i}^{def}= T_{n,i+1}(w) − T_{n,i}(w), i = 0, 1, 2, · · · . Let N ≥ n, x ∈ G_N , and i ∈ Z_+. Assume that (x_j , x_{j+1}), j = 0, 1, · · · , i, are nneighbor pairs and that |x_0 − x| < 2^{−n}. Consider the distribution of W_{n,j} , j = 0, 1, · · · , i, under the conditional probability P^{(N)}x [ · | w(T_{n,j} (w)) = x_j , j = 0, 1, · · · , i + 1 ]. As we saw in Section 2, for fixed N and n, the distribution of each W_{n,i}, i = 0, 1, · · ·, coincides to one of the four distributions corresponding to the types of neighboring points (A, C), (A, B), (B, D), and (B, A). Here we denote these distributions by Q^{(N)}_{n,I} , I = 1, 2, 3, 4, respectively, and their limit distributions as N → ∞ by Q_{n,I} , I = 1, 2, 3, 4. In the following, we will often use Theorem 2.5 combined with Theorem 2.8 in the form that lim N→∞ Q^{(N)}_{n,I} [{s|a < s < b}] = Q_{n,I} [{s|a < s < b}], (4.1)

for any a and b with 0 ≤ a < b ≤ ∞.

Proposition 4.1. Let N^′ and n be non-negative integers satisfying N^′ ≥ n, and let x ∈ G_N0 and y ∈ G_n with |x − y| < 2^{−n}.

(1) There exists a positive constant A_1 independent of x, y, n, and N^′, such that E^{(N} 0_{)x} [ T_{n,0}(w) | w(T_{n,0}) = y ] ≤ A_1 ( 8 27 )_n .

(2) The distribution of T_{n,0} under the conditional probability

P^{(N)}_x [ · | w(T_{n,0}) = y ] ,

converges weakly as N → ∞ to a probability measure on R with a continuous distribution function.

Proof. We start with defining some functions related to the random walk Z_m(x^′) starting from x^′ ∈ G_m \ G_{m−1}. Let M_1(x^′), · · · , M_4(x^′) be the numbers of steps of types (A, C), (A, B), (B, D), and (B, A), respectively, that Z_m(x^′) takes in the time interval [0, T_{m−1,0}(Z_m)]. Let y^′ ∈ G_{m−1}, |x^′ − y^′| < 2^{−(m−1)}. For z = (z_1, z_2, z_3, z_4) ∈ C^4, define h_{m,x}0_{,y}0(z) def= ∑ ⃗n Prob[ (M_1(x^′), · · · , M_4(x^′)) = ⃗n | Z_m(x^′, T_{m−1,0}(Z_m)) = y^′ ] 4∏ i=1 z^{ni}_i , where the summation is taken over ⃗n = (n_1, n_2, n_3, n_4) ∈ Z_+. For each m, h_{m,x}0_{,y}0 corresponds to one of the following five functions, according to the relative position of (x^′, y^′). h_{m,B,E}(z) = 2w_m + 3 w_m + 1 · w_m(w_m + 1)z_4 g_{m,1}(z) ,

h_{m,A,E} (z) = 2w_m + 3 w_m · w^2_mz_2z_4 g_{m,1}(z) ,

h_{m,A,C} (z) = 2(2w_m + 3)

w_m + 3 × (3w_m + 1)^2z_1 + w^2_mz_2z_3z_4 + w^2_m(3w_m + 1)z_2z_4 − z_1z^2_3 g_{m,2}(z) , h_{m,B,C} (z) = 2(3w_m + 2)(2w_m + 3)

5w^2_m + 11w_m + 4 × 2w_m(w_m + 1)(3w_m + 1)z_4 + w_mz_1z_3z_4 + w_m(3w_m + 1)z_1z_4 − w^3_mz_2z^2_4 g_{m,2}(z) , h_{m,D,C} (z) = 2(3w_m + 2)(2w_m + 3)

(w_m + 1)(w_m + 4) × 2w_m(w_m + 1)z_3z_4 + w_mz_1z_3z_4 + w_m(3w_m + 1)z_1z_4 + w^3_mz_2z^2_4 g_{m,2}(z) , where g_{m,1}(z) = 3w^2_m + 4w_m + 1 − (w_m + 1)z_3 − w^2_mz_2z_4, and g_{m,2}(z) = 2{(w_m + 1)(3w_m + 1)^2 − w^2_mz_2z_3z_4 − w^2_m(3w_m + 1)z_2z_4 − (w_m + 1)z^2_3 }.

These functions are obtained using the Markov property as in Section 2. They are analytic in {z ∈ C^4||z_i| < 1, i = 1, 2, 3, 4}.

From these functions we see that there exist positive constants B_1 and B_2 such that

E[ T_{m−1,0}(Z_m(x^′)) | Z_m(x^′, T_{m−1,0}(Z_m(x^′))) = y^′ ]

(4.2) = d dt h_{m,x}0_{,y}0((t, t, t, t))|_{t=1} ≤ B_1 +

B_2 w_m , for all m ∈ Z_+, x^′ ∈ G_m \ G_{m−1}, and y^′ ∈ G_{m−1} , satisfying |x^′ − y^′| < 2^{−(m−1)}. From the definition of B_{m,N} in Proposition 2.3 (3) together with Theorem 2.2 we have, for an m-neighbor pair (u, v),

E[ W_{m,i}(Z_N ) | Z_N (T_{m,i}) = u, Z_N (T_{m,i+1}) = v ]

(4.3) = 6^{N−m} ∑ j∈I(u,v) D^{−1}_{m,j} (B_{m,N} )_{j,1}D_{N,1}.

Combining (2.6), Proposition 2.3 (1), and (2.12), together with (4.3), we see that

6^{−N} E[ W_{m,i}(Z_N ) | Z_N (T_{m,i}) = u, Z_N (T_{m,i+1}) = v ] ≤ B_3 ( 2 9 )_m , (4.4)

where B_3 is a positive constant independent of m, N, u^′ and v^′. Applying (4.2) and (4.4) to our process,

E^{(N)}_x0 [ T_{m−1,0}(w) | w(T_{m−1,0}(w)) = y^′ ] ≤ B_4 ( 8 27 )_m , (4.5)

for all m ∈ Z_+, N ≥ m, x^′ ∈ G_m \ G_{m−1}, and y^′ ∈ G_{m−1} , satisfying |x^′ − y^′| < 2^{−(m−1)}. The estimate (4.5), combined with the strong Markov property of the random walks, implies for any x ∈ G_M , y ∈ G_n, N ≥ M > n, and |x−y| < 2^{−n};

E^{(N)}_x [ T_{n,0}(w) | w(T_{n,0}(w)) = y ] = ∑ {y_i} ( E^{(N)}_x [ T_{M−1,0}(w) | w(T_{M−1,0}) = y_{M−1} ]

+ E^{(N)}_{yM} �_1 [ T_{M−2,0}(w) | w(T_{M−2,0}) = y_{M−2} ] + · · · + E^{(N)}_{yn+1} [ T_{n,0}(w) | w(T_{n,0}) = y ] ) × P^{(N)}_x [ w(T_{i,0}(w)) = y_i, n + 1 ≤ i ≤ M − 1 | w(T_{n,0}) = y ] ≤ A_1 ( 8 27 )_n , where the summation is taken over {y_i} = (y_n, y_{n+1}, · · · , y_M ) with y_i ∈ G_i, y_n = y, y_M = x, |y_i − y_{i−1}| < 2^{−(i−1)}, i = n + 1, · · · , M. Thus we have (1). To prove (2), let us consider the characteristic functions for the hitting times of G_n. First let us define ϕ^{(N)}_m (t) = (ϕ^{(N)}_{m,A,C} (t), ϕ^{(N)}_{m,A,B} (t), ϕ^{(N)}_{m,B,D}(t), ϕ^{(N)}_{m,B,A}(t)),

ϕ^{(N)}_{m,X,Y} (t) def= E[ exp( √ −1t6^{−N} W_{m,i}(Z_N ) | (Z_N (T_{m,i}), Z_N (T_{m,i+1})) are m-neighbor points of type (X, Y ) ] , where t ∈ R, and (X, Y ) ∈ {(A, C), (A, B), (B, D), (B, A)}. Then we have, E^{(N)}_x [ exp( √ −1T_{n,0}(w)t) | w(T_{n,0}) = y ] = ∑ {y_i} (_{n+1} ∏ m=M h_{m,ym,ym}�_1 (ϕ^{(N)}_m (t)) ) × P^{(N)}_x [ w(T_{i,0}(w)) = y_i, n + 1 ≤ i ≤ M − 1 | w(T_{n,0}) = y ] .

Since Theorem 2.5 implies that ϕ^{(N)}m (t) converges as N → ∞, the characteristic functions also converge as N → ∞ and we have (2). 2

Proposition 4.2. There is a constant ρ, 0 < ρ < 1, such that

|P^{(N)}_x [ w(T_{k,0}(w)) = z ] − P^{(N)}_y [ w(T_{k,0}(w)) = z ]| < 2ρ^{m−k−1}, for all N ≥ m ≥ k ≥ 0, x, y ∈ G_N , |x − y| < 2^{−m}, and z ∈ G_k. Proof. By straightforward calculation we see that for any m and any m-neighbor points (x, y), there exists z^′ ∈ G_{m−1} such that P^{(N)}_x [ w(T_{m−1,0}) = z^′ ] ∧ P^{(N)}_y [ w(T_{m−1,0}) = z^′ ] ≥ α, where α is a positive constant independent of x, y, m, and N. In this particular case, we have α =^1_3 . First, consider the case that x and y are contained in the same m-triangle. By an m-triangle we mean a closed equilateral triangle of side length 2^{−m}, with its vertices and edges lying in F_m. For n ≤ m, denote the three vertices of the n-triangle containing both x and y, by x^{(n)}_1 , x^{(n)}_2 , x^{(n)}_3 . The property mentioned above implies that for any k ≤ n ≤ N, r = 1, 2, 3, any non-negative numbers a_i, b_i, i = 1, 2, 3, and γ, satisfying

∑_3 i=1 a_i =

∑_3 i=1 b_i = γ, there exist non-negative numbers a^′_i and b^′_i, i = 1, 2, 3, with

∑_3 i=1 a^′_i = ∑_3

i=1 b^′_i = (1 − α)γ, such that | 3∑ i=1 a_iP^{(N)}_{x(n)i} [ w(T_{k,0}) = x^{(k)}_r ] − 3∑ i=1 b_iP^{(N)}_{x(n)i} [ w(T_{k,0}) = x^{(k)}_r ]|

(4.6)

= | 3∑ i=1 a^′_iP^{(N)}_{x(n}�_{1)i} [ w(T_{k,0}) = x^{(k)}_r ] − 3∑ i=1 b^′_iP^{(N)}_{x(n}�_{1)i} [ w(T_{k,0}) = x^{(k)}_r ]| .

Note that there exist non-negative numbers p_i, p^′_i, i = 1, 2, 3, satisfying 3∑ i=1 p_i = 3∑ i=1 p^′_i = 1 ,

P^{(N)}_x [ w(T_{k,0}) = x^{(k)}_r ] = 3∑ i=1 p_iP^{(N)}_{x(m)i} [ w(T_{k,0}) = x^{(k)}_r ] , and P^{(N)}_y [ w(T_{k,0}) = x^{(k)}_r ] = 3∑ i=1 p^′_iP^{(N)}_{x(m)i} [ w(T_{k,0}) = x^{(k)}_r ] .

Using (4.6) iteratively (m−k−1) times, starting with a_i = p_i, b_i = p^′_i, i = 1, 2, 3, we have

|P^{(N)}_x [ w(T_{k,0}) = x^{(k)}_r ] − P^{(N)}_y [ w(T_{k,0}) = x^{(k)}_r ]| < (1 − α)^{m−k−1}.

If x and y lie in the neighboring m-triangles, then take the common vertex of these two triangles, z and use (4.6) between x and z, and between y and z, respectively. Put ρ = 1 − α. 2

Let π_{[0,M]} be the projection of D([0, ∞); G) onto D([0, M]; G). P^{(N)}_{x,M}^{def}= P^{(N)}_x ∘ π^{−1}_{[0,M]} is a probability measure on D([0, M]; G).

In the following, for x ∈ G, assume {x_N } is a sequence satisfying x_N ∈ G_N , N = 1, 2, · · ·, and lim_{N→∞} x_N = x.

Proposition 4.3. {P^{(N)}_{xN ,M} }, N = 1, 2, · · · , is tight for any M > 0. If P_{x,M} is the weak limit of a subsequence {P^{(N}

0_)

x_N 0 ,M }, then

P_{x,M} [ C([0, M]; G) ] = 1 .

Proof. To prove this proposition, it is sufficient to prove the following [2], (1) For any η > 0 , there exists an a > 0, such that P^{(N)}_{xN ,M} [ |w(0)| > a ] ≤ η , for all N = 1, 2, · · ·.

(2) For any ε > 0 and η > 0 , there exists a δ > 0 and N^′ ∈ Z such that P^{(N)}_{xN ,M} [ sup_{|s−t|<δ} |w(s) − w(t)| ≥ ε ] ≤ η, for N ≥ N^′.

(1) is obvious. We prove (2) by using (4.1) and the fact that for any k and η, there exist a δ and an N_1 such that P^{(N)}_{xN} [ W_{k,i}(w) < δ ] < η , for all i ∈ Z_+, N > N_1 and x ∈ G. Since it goes in a similar way to the proof of Proposition 5.4 in [4], we omit the rest of the proof here. 2

In the following part of this section, let m ∈ N and assume h : G^m −→ C is an arbitrary bounded Lipschitz continuous function. The assumption implies that there are positive constants A and H such that |h(x_1, · · · , x_m) − h(y_1, · · · , y_m)| ≤ A max_{1≤i≤m} |x_i − y_i|, |h(x_1, · · · , x_m)| ≤ H, for (x_1, · · · , x_m), (y_1, · · · , y_m) ∈ G^m. Assume also t_i ∈ [0, ∞], i = 1, · · · , m, t_1 ≤ t_2 ≤ · · · ≤ t_m.

Lemma 4.4. For any ε > 0 , there exists integers k and N_0 with k < N_0 such that |E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ] − ∑ y∈G_k P^{(N)}_{xN} [ w(T^k_0 ) = y ] E^{(N)}_y [ h(w(t_1), · · · , w(t_m)) ]| < ε , for all x ∈ G and N ≥ N_0.

Proof. For an arbitrary ε > 0, let k_0 be an integer satisfying 3 · 2^{−k0} A < ε 3 . (4.7)

Let ε_1 be a positive number satisfying, ε_1 < t_1, Q_{k0,I} [{s|s < ε_1}] < ε 6mH , I = 1, · · · , 4 . (4.1) implies there exists an integer N_1 such that Q^{(N)}_{k0,I} [{s|s < ε_1}] < ε 3mH , I = 1, · · · , 4 , (4.8)

for N ≥ N_1 . Proposition 4.1 (1) together with Chebyshev’s inequality implies that there exist integers k and N_2 > max(N_1, k) such that

P^{(N)}_{xN} [ T_{k,0} > ε_1 | w(T_{k,0}) = y ] < ε 6H , (4.9)

for any y ∈ G_k satisfying |x_N −y| < 2^{−k}, and N ≥ N_2. From the strong Markov property of the random walks {Z_N }, we have

E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ] = E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)), T_{k,0} ≤ ε_1 ] + E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)), T_{k,0} > ε_1 ] = ∑ y∈G_k P^{(N)}_{xN} [ w(T_{k,0}) = y ] P^{(N)}_{xN} [ T_{k,0} < ε_1 | w(T_{k,0}) = y ]

× E^{(N)}_{xN} [ E^{(N)}_y [ h(w^′(t_1 − T_{k,0}(w)), · · · , w^′(t_m − T_{k,0}(w))) ] | T_{k,0} < ε_1, w(T_{k,0}) = y ] + E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)), T_{k,0} > ε_1 ] ,

where the expectation E^{(N)}x_N is taken over w and E^{(N)}y is taken over w^′. Thus from (4.9), we have

|E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ]

(4.10) − ∑ y∈G_k P^{(N)}_{xN} [ w(T_{k,0}) = y ]

× E^{(N)}_{xN} [ E^{(N)}_y [ h(w^′(t_1 − T_{k,0}(w)), · · · , w^′(t_m − T_{k,0}(w))) ] | T_{k,0} < ε_1, w(T_{k,0}) = y ] < ε 3 , for N ≥ N_2. For positive constants η_j < ε_1, j = 1, · · · , m, and for w^′ ∈ D, define r_j^{def}= min{i ∈ Z_+ | T_{k0,i}(w^′) ≥ t_j − η_j }, and W^∗_j^{def}= T_{k0,rj +1}(w^′) − T_{k0,rj} (w^′), j = 1, · · · , m. From (4.8), it follows P^{(N)}_y [ |w^′(t_j ) − w^′(t_j − η_j )| > 3 · 2^{−k0} for some j, j = 1, · · · , m ]

(4.11) ≤ P^{(N)}_y [ W^∗_j (w^′) < ε_1 for some j, j = 1, · · · , m ] ≤ ε 3H . This inequality combined with (4.7) implies that for w with T_{k,0}(w) ≤ ε_1, |E^{(N)}_y [ h(w^′(t_1 − T_{k,0}(w)), · · · , w^′(t_m − T_{k,0}(w))) ]

(4.12) − E^{(N)}_y [ h(w^′(t_1), · · · , w^′(t_m)) ]| < 2ε 3 . Noting that E^{(N)}y [ h(w^′(t_1), · · · , w^′(t_m)) ] no longer involves w, and combining (4.10) and (4.12), we have the statement. 2

Proposition 4.5. (1) For any n ∈ Z_+, the sequence E^{(N)}_x [ h(w(t_1), · · · , w(t_m)) ] , N = n, n + 1, · · · , converges as N → ∞ uniformly in x ∈ G_n.

(2) For x ∈ G and {x_N } converging to x, E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ] converges as N → ∞ and the limit is independent of the choice of {x_N }. Furthermore, if {x_N } satisfies |x_N − x| < 2^{−N} , the convergence is uniform in x ∈ G.

Proof. First we will prove (1). For any ε > 0, choose k ∈ Z_+, k > n, satisfying 2^{−k}A < ε 6 . (4.13)

From the strong Markov property of {Z_N } and from (4.1), it is possible to choose positive integers L and N_1, independent of x ∈ G_n, such that P^{(N)}_x [ T_{k,L}(w) < t_m ] < ε 6H (4.14) for N > N_1. For (x_1, · · · , x_L) ∈ (G_k)^L and (ℓ_1, · · · , ℓ_m) ∈ {0, · · · , L}^m, define a subset of D, B({x_i}, {ℓ_j }) def= {w ∈ D | w(T_{k,i}) = x_i, i = 1, · · · , L, T_{k,ℓj} ≤ t_j < T_{k,ℓj+1} , j = 1, · · · , m}. We have,

|E^{(N)}_x [ h(w(t_1), · · · , w(t_m)) ] − E^{(N}

0_{)x} [ h(w(t_1), · · · , w(t_m)) ]| ≤ |E^{(N)}_x [ h(w(t_1), · · · , w(t_m)), T_{k,L}(w) > t_m ] − E^{(N} 0_{)x} [ h(w(t_1), · · · , w(t_m)), T_{k,L}(w) > t_m ]| + ε 3 ≤ | ∑ E^{(N)}_x [ h(w(t_1), · · · , w(t_m)) | B({x_i}, {ℓ_j}) ] P^{(N)}_x [ B({x_i}, {ℓ_j}) ] − ∑ E^{(N} 0_{)x} [ h(w(t_1), · · · , w(t_m)) | B({x_i}, {ℓ_j}) ] P^{(N} 0_{)x} [ B({x_i}, {ℓ_j }) ]| + ε 3 ≤ | ∑ h(x_{ℓ1} , · · · , x_{ℓm} )(P^{(N)}_x [ B({x_i}, {ℓ_j}) ] − P^{(N} 0_{)x} [ B({x_i}, {ℓ_j }) ])| + 2ε 3 ≤ H ∑ P^{(N)}_x [ w(T_{k,i}(w)) = x_i, 1 ≤ i ≤ L ] × |P^{(N)}_x [ T_{k,ℓj} ≤ t_j ≤ T_{k,ℓj+1} , 1 ≤ j ≤ m | w(T_{k,i}(w)) = x_i, 1 ≤ i ≤ L ] − P^{(N} 0_{)x} [ T_{k,ℓj} ≤ t_j ≤ T_{k,ℓj+1} , 1 ≤ j ≤ m | w(T_{k,i}(w)) = x_i, 1 ≤ i ≤ L ]| + 2ε 3 ≤ ε, for large enough N and N^′, where the summation is taken over (x_1, · · · , x_L) ∈ (G_k)^L and (ℓ_1, · · · , ℓ_m) ∈ {0, · · · , L}^m, ℓ_1 ≤ ℓ_2 ≤ · · · ≤ ℓ_m. We used (4.13), (4.14) and the fact that

P^{(N)}_x [ w(T_{k,i}) = x_i, i = 1, · · · , L ] = P^{(N}

0_{)x} [ w(T_{k,i}) = x_i, i = 1, · · · , L ] for N, N^′ ≥ k. The last inequality comes from Theorem 2.8. Note that there are only finite kind of the factors P^{(N)}_x [ T_{k,ℓj} ≤ t_j ≤ T_{k,ℓj+1} , 1 ≤ j ≤ m | w(T_{k,i}(w)) = x_i, 1 ≤ i ≤ L ] because of the local translational invariance, and they converge as N → ∞.

To prove the assertion (2), note first that by Lemma 4.4 we can take k and N_0, such that

|E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ]

− ∑ y∈G_k P^{(N)}_{xN} [ w(T^k_0 ) = y ] E^{(N)}_y [ h(w(t_1), · · · , w(t_m)) ]| < ε 6 , N ≥ N_0 . Next choose N^′_1 and N_1 such that 2ρ^N 0_{1−k−1} < ε 3 and |x_N − x^′_N | < 2^{−N} 0_1 for N > N_1 and N^′ > N_1, where ρ is as in Proposition 4.2. From these and the decimation covariance of {Z_N }, we have,

|P^{(N)}_{xN} [ w(T^k_0 ) = y ] − P^{(N}

0_) x0_N [ w(T^k_0 ) = y ]| < ε 3 , for N, N^′ > N_1. The assertion (1) implies that we can take N_2 such that

|E^{(N)}_y [ h(w(t_1), · · · , w(t_m)) ] − E^{(N}

0_{)y} [ h(w(t_1), · · · , w(t_m)) ]| < ε 3 , for all y ∈ G_k and N, N^′ > N_2. Combining these together, we have |E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ] − E^{(N} 0_{)x} N 0 [ h(w(t^1), · · · , w(t^m)) ]| ≤ | ∑ y∈G_k ( P^{(N)}_{xN} [ w(T^k_0 ) = y ] E^{(N)}_y [ h(w(t_1), · · · , w(t_m)) ] − P^{(N} 0_{)x} N 0 [ w(T^k0 ) = y ] E^{(N}

0_{)y} [ h(w(t_1), · · · , w(t_m)) ] ) | + ε 3 < ε, for N, N^′ ≥ max{N_0, N_1, N_2}. If {x_N } satisfies |x_N − x| < 2^{−N} , then we can take N_1 = N^′_1 + 1, from which the uniformity of convergence follows. 2

We denote the limit in Proposition 4.5 as E_x[h(w(t_1), · · · , w(t_m))]. The uniformity in convergence stated in Proposition 4.5 leads to the following Proposition.

Proposition 4.6. E_x[h(w(t_1), · · · , w(t_m))] is continuous in x ∈ G.

Proposition 4.7. If x_N ∈ G_N , N = 1, 2, · · ·, x ∈ G and x_N → x as N → ∞, then P^{(N)}_{xN} converges weakly as N → ∞ to a probability measure P_x on D([0, ∞); G) concentrated on C([0, ∞); G).

Proof. Take

h(x_1, · · · , x_m) = exp( √ −1 m∑ j=1 s_j x_j ) , (s_1, · · · , s_m) ∈ R^m, m = 1, 2, · · · .

The convergence of E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) ] as N → ∞ together with Proposition 4.3 leads to the weak convergence of {P^{(N)}_{xN ,M} }, for all M > 0, with the limit measure concentrated on C([0, M]; G), and thus P^{(N)}x_N converges weakly as N → ∞ to a probability measure P_x, with P_x[ C([0, ∞); G) ] = 1. 2

Proposition 4.7 implies that E_x[h(w(t_1), · · · , w(t_m))] actually is the expectation of h(w(t_1), · · · , w(t_m)) under P_x.

Proposition 4.8. {P_x; x ∈ G} is a Feller process.

Proof. First we show the Markov property. Let f : G → C be another bounded Lipschitz continuous function with |f(x) − f(y)| ≤ B|x − y| and |f(x)| ≤ F for all x ∈ G and y ∈ G. From the Markov property of the random walks {Z_N }, we have

E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m)) f(w(t_{m+1} + s)) ]

(4.15) = E^{(N)}_{xN} [ h(w(t_1), · · · , w(t_m))E^{(N)}_{w(tm+1)}[ f(w^′(s)) ] ] .

Using Proposition 4.6 and Proposition 4.7, we see that the left-hand side converges as N → ∞ to

E_x[h(w(t_1), · · · , w(t_m)) f(w(t_{m+1} + s))] .

The convergence of the right-hand side to

E_x[ h(w(t_1), · · · , w(t_m)) E_{w(tm+1)}[f(w^′(s))] ]

is obtained from Proposition 4.5 and Proposition 4.7. The Feller property comes from Proposition 4.6. 2

Proposition 4.9. {P_x; x ∈ G} is a μ-symmetric process, i.e. ∫ (T_tf)(x)g(x) dμ(x) = ∫ f(x)(T_tg)(x) dμ(x) for any continuous functions f and g with compact support. Here, μ and T_t are as in Theorem 1.2.

Proof. It is sufficient to assume that f and g are Lipfschitz continuous. From the symmetry of the random walk Z_N with respect to μ_N (see the remarks after the proof of Proposition A.1), we have, for any t ≥ 0, ∫ E^{(N)}_x [ f(w(t)) ]g(x) dμ_N (x) = ∫ f(x)E^{(N)}_x [ g(w(t)) ] dμ_N (x) .

(4.16)

Let x ∈ G, and for each N ∈ Z_+, let x_N be the nearest vertex of G_N . Then Proposition 4.5 implies

(T_tf)(x)g(x) = lim_{N→∞} E^{(N)}_{xN} [ f(w(t)) ]g(x_N )

uniformly in x. This with Proposition 4.6 and Proposition A.2 implies that (4.16) converges to the equation in the statement. 2

Appendix

A Random walks and Haussdorff measures.

We first prove (Proposition A.1) that the ‘local translational invariance’ and the symmetry characterizes the set of transition probabilities which we consider. Then we show (Proposition A.2) that the Hausdorff measure μ of Theorem 1.2 is compatible with our choice of Z_N .

Both of the proof is easily seen to apply to any abc-gaskets, but for notational simplicity we will stick to the Sierpinski gasket.

Fix N ∈ Z and consider a pre-Sierpinski gasket F_N . Let x ∈ G_N , and let E : (x_1, x_2) ∈ R2 → E (x_1, x_2) = (x_1 + a, x_2 + b) ∈ R2 be a translation operator in Euclid x_1-x_2 plane. We call E a local translation of F_N at x if the following holds:

(1) E x ∈ G_N , (2) E y is an N-neighbor of E x if and only if y is an N-neighbor of x.

We prove the following. Proposition A.1. Let

p_{x,y} = Prob[ Z(ℓ + 1) = y | Z(ℓ) = x ] , x ∈ G_N , y ∈ G_N , be a transition probability of a random walk Z on G_N . Suppose it satisfies the following:

(1) (Walk on F_N .) p_{x,y} = 0 if x and y are not N-neighbor points. (2) (Symmetric process.) There exists a measure μ on G_N such that μ {x} > 0 , x ∈ G_N , and μ {x} p_{x,y} = μ {y} p_{y,x} , x ∈ G_N , y ∈ G_N . (3) (Local translational invariance.) For all x ∈ G_N and for all local translation E of F_N at x, we have μ {x} = μ {E x} and p_{Ex,Ey} = p_{x,y} , where y ∈ G_N is any N-neighbor point of x.

Then the transition probability is in the class considered in Section 1; namely, there exists α = (α_1, α_2, α_3) ∈ R3_+ \ (0, 0, 0) , such that p_{xy}’s at x ∈ G_N is non-zero only if y is an N-neighbor of x, and is proportional to: (1) α_1, if −→xy is parallel to x_1-axis,

(2) α_2, if −→xy is in 60^∘ or −120^∘ direction, (3) α_3, if −→xy is in 120^∘ or −60^∘ direction.

Proof. There are three types of points in G_N with respect to its neighbor structure:

(1) There are two horizontal edges of F_N attached to the point, (2) there are two edges in 60^∘ directions, (3) there are two edges in −60^∘ directions.

From the local translational invariance, the set {p_{xy} | y ∈ G_N } depends only on the type of the point x. Denote the transition probabilities from the type 1 point to its four neighbors by p_{1→}, p_{1↗}, p_{1↖}, and p_{1←}, with obvious meaning of notations. Likewise we define p_{2↙}, p_{2↘}, p_{2→}, p_{2↗}, p_{3↖}, p_{3←}, p_{3↙}, p_{3↘}. Also denote by μ_a the measure μ {x} of the point x of type a , a = 1, 2, 3.

Let x = (0, 0) ∈ G_N and y = (2^{−N} , 0) ∈ G_N . Then x and y are type 1 points and N-neighbors. From symmetry property we have p_{1→} = p_{1←}. Considering other pairs of N-neighbor points, one finds another eleven similar relations, from which it is easy to conclude p_{2↙} = p_{2↗} and p_{3↘} = p_{3↖} , and eventually, α_1^{def}= μ_1 p_{1→} = μ_2 p_{2→} = μ_3 p_{3←} , α_2^{def}= μ_1 p_{1↗} = μ_2 p_{2↗} = μ_3 p_{3↙} , α_3^{def}= μ_1 p_{1↖} = μ_2 p_{2↘} = μ_3 p_{3↘} .

Then

p_{1→} : p_{1↗} : p_{1↖} = p_{2→} : p_{2↗} : p_{2↘} = p_{3←} : p_{3↙} : p_{3↘} = α_1 : α_2 : α_3 , together with

μ_1 : μ_2 : μ_3 = 2α_1 + α_2 + α_3 : α_1 + 2α_2 + α_3 : α_1 + α_2 + 2α_3 . 2 From the above proof it is clear that the random walk Z_N defined in Section 1 is symmetric with respect to a measure μ_N on G_N defined by, ∫ G_N f dμ_N = 2^{−1}3^{−N} ∑ x∈G_N r_N (x)f(x) , where the weight r_N (x) is

(1) 2α_{N,1} + α_{N,2} + α_{N,3}, if x is of type 1,

(2) α_{N,1} + 2α_{N,2} + α_{N,3}, if x is of type 2,

(3) α_{N,1} + α_{N,2} + 2α_{N,3}, if x is of type 3.

The following shows that μ of Theorem 1.2 is compatible with our choice of Z_N .

Proposition A.2. μ_N converges as N → ∞ to μ of Theorem 1.2 in vague topology, namely, for every continuous function f supported on a compact set

of G, lim_{N→∞} ∫ f dμ_N = ∫ f dμ . (The function f on left hand side is meant to

be restricted on G_N .)

Proof. Consider a subset of G lying inside or on the boundary of an upright triangle of side length 2^{−N} in F_N . The measure μ obviously has a property that the μ-measure of this subset is 3^{−N} [1, Lemma 1.1]. Distribute this mass to the three vertices of the triangle in such a way that the down-left vertex has mass 2^{−1}3^{−N} α_{N,1} + α_{N,2} , and the down-right vertex has mass 2^{−1}3^{−N} α_{N,3} + α_{N,1} , and the top vertex has mass 2^{−1}3^{−N} α_{N,2} + α_{N,3} . Since α_{N,1} + α_{N,2} + α_{N,3} = 1 the total mass is unchanged. This replacement reproduces the measure μ_N (embedded in G.) The replacement was moving weights by length of 2^{−N} . Since the total mass of a compact subset of G is finite, we have the statement. 2

References

[1] M. T. Barlow, E. A. Perkins, Brownian Motion on the Sierpinski Gasket, Probab. Th. Rel. Fields 79 (1988) 543-623.

[2] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, New York, 1968.

[3] S. Goldstein, Random walks and diffusion on fractals, IMA Math. Appl. 8 (1987) 121-129.

[4] K. Hattori, T. Hattori, S. Kusuoka, Self-avoiding paths on the three dimensional Sierpinski carpet, To appear in Publ. RIMS 29 (1993).

[5] K. Hattori, T. Hattori, H. Watanabe, Gaussian field theories on general networks and the spectral dimensions, Progr. Theor. Phys. Spplement 92 (1987) 108-143.

[6] T. Hattori, Construction of asymptotically one-dimensional continuous Markov process on Sierpinski gasket, RIMS Kokyuroku 783 (1992) 46-64 (in Japanese).

[7] T. Hattori, H. Watanabe, On a limit theorem for non-stationary branching processes, To appear in Proc. Seminar on Stochastic Processes 1992.

[8] J. Kigami, Harmonic calculus on p.c.f. self-similar sets, To appear in Trans.

Amer. Math. Soc.

[9] T. Kumagai, Construction and some properties of a class of non-symmetric diffusion processes on the Sierpinski gasket, To Appear in: K. D. Elworthy, N. Ikeda (eds.) Asymptotic Problems in Probability Theory, Pitman.

[10] T. Kumagai, Estimates of the transition densities for Brownian motion on nested fractals, To appear in Probab. Th. Rel. Fields.

[11] T. Kumagai, Regularity, closedness and spectral dimensions of the Dirichlet forms on p.c.f. self-similar sets, To appear in J. Math. Kyoto Univ.

[12] S. Kusuoka, A diffusion process on a fractal, Proc. Taniguchi Symp. (1987) 251-274.

[13] T. Lindstrøm, Brownian motion on nested fractals, Mem. Amer. Math. Soc.

420 (1990) 1-128.

[14] H. Osada, Self-similar diffusions on a class of infinitely ramified fractals, preprint.