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Abstract

In his seminal paper [1], Araki introduced an elegant extension of the Jordan-Wigner
transformation which establishes a precise connection between quantum spin systems
and Fermi lattice gases in one dimension in the so-called infinite system idealization of
quantum statistical mechanics. His extension allows in particular for the rigorous study
of numerous aspects of the prominent XY chain over the two sided infinite discrete line
without having to resort to a thermodynamic limit procedure at an intermediate or at the
final stage. We rigorously review and elaborate this extension from scratch which makes
the paper rather self-contained. In the course of the construction, we also present a
simple and concrete realization of Araki’s crossed product extension.
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1 Introduction

The rigorous study, from first principles, of the ubiquitous open quantum systems is of funda-
mental importance for a deepened understanding of their thermodynamic properties in and
out of equilibrium. Since, by definition, an open quantum system has a very large number of
degrees of freedom and since the finite accuracy of any feasible experiment does not allow
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an empirical distinction between an infinite system and a finite system with sufficiently many
degrees of freedom, a powerful strategy consists in approximating (in a somewhat reversed
sense) the actual finite system by an idealized one with infinitely many degrees of freedom
(see [20] for an extensive discussion of this idealization and its implications). Furthermore, it
is conceptually more appealing and often mathematically more rigorous to treat the idealized
system from the outset in a framework designed for infinite systems rather than to take the
thermodynamic limit at an intermediate or at the final stage.

One of the most important axiomatic frameworks for the study of such idealized infinite
systems is the so-called algebraic approach to quantum mechanics based on operator alge-
bras. Indeed, after having been heavily used from as early as the 1960s on, in particular for
the quantum statistical description of quantum systems in thermal equilibrium (see, for ex-
ample, [6, 22, 4]), the benefits of this framework have again started to unfold more recently
in the physically much more general situation of open quantum systems out of equilibrium
(see, for example, [3]).

A large class of models which has been widely used in quantum statistical mechanics
is the class of quantum spin models whose first representatives, the so-called (Lenz-) Ising
and Heisenberg models, were respectively introduced in 1920 in [15] (and analyzed in 1925
in [10]) and in 1928 in [8] in order to describe magnetic properties of crystalline solids. An
important special instance of the Heisenberg model in one dimension is the so-called XY
chain whose Hamiltonian density has the form

(14+7) 070" 4 (1= 7)oy, (1
where ~ € R stands for the anisotropy and the superscripts of the Pauli matrices denote the
sites = € 7Z of the chain. The isotropic version of (1) (i.e., v = 0) was studied in 1950 in [18]
and the more general anisotropic version (i.e., v € [—1,1]) was introduced in 1961 in [16]
(where also the name "XY model” was given to (1)). In 1962 in [12], (1) was supplemented
by an additional external magnetic field of the form )\aéx), where )\ € R denotes its strength
(see also [19] from 1967). Already in 1969, a first physical realization of the XY chain has
been identified (see, for example, [5]). The impact of the XY chain on the experimental,
numerical, theoretical, and mathematical research activity in the field of low-dimensional
magnetic systems is ongoing ever since (see, for example, [17]).

The detailed analysis of the XY chain carried out in [16] relied on the classical version of
the Jordan-Wigner transformation from 1928 (see [11]) which defines a fermionic annihilation
operator a, on site x of the finite system with sites {1,...,n} by

Sxa(,x), (2)

where 5, := o ... oi" Y and o := (¢! —ic{") /2. This transformation allowed the authors
of [16] to establish an equivalence between the finite XY chain and a lattice gas of fermions
and to explicitly compute various physical quantities of interest because (2) transforms (1)
into a quadratic form in the fermionic creation and annihilation operators, i.e., (1) becomes
(up to a global prefactor)

Uplyi F Qpi1Gy + Y (Azap 1 + agyiay). (3)
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In order to study the XY chain in its infinite system idealization whose configuration space
is the entire discrete line Z, we have to anchor the Jordan-Wigner transformation (2) at minus
infinity. If we formally define such an anchor 7' by

: (v) (0)
yg@oo oy’ .. o5, (4)

we find that T'S, corresponds to lim, , . oy ...o3" " for all sites =, where we redefined
S,as o). ol Vifxr>2 aslifz=1,andas o\ .. 6\ if 2 < 0. Moreover, a formal
computation also yields the properties 72 = 1, T* = T, and T = ©'(¢\"))T for all direc-
tions « of the spins, where ©" describes the rotation around the 3-axis by an angle of 7 of
the observables on the nonpositive sites = (and leaving the observables unchanged on the
positive sites ). Hence, we could replace (2), for all sites x, by

TSIU(f), (5)

but, unfortunately, the limit (4) does not exist within the spin algebra (see Remark 25 below).

That’s why, in 1984 in [1], Araki introduces an elegant extension of the Jordan-Wigner
transformation providing us with a rigorous construction of such an anchor element 7" outside
the spin algebra (and which still allows for the transformation of (1) into (3)). On many
occasions, | have been asked by the audience to explain in more detail Araki’s construction
which is based on a so-called crossed product built out of a C*-dynamical system. The main
motivation of the present paper is to serve this purpose. At the same time, it seems useful
to seize the opportunity to somewhat deepen the frequently rather sketchy presentations of
the construction of the infinite spin algebra starting from the local observable algebras. In
this way, the complete construction is carried out from scratch in a rigorous and pedestrian
manner and makes the paper rather self-contained. Finally, in the course of the construction,
| present a simple and concrete realization of Araki’s crossed product which, to the best of
my knowledge, has not been used in the literature so far.

The subsequent sections contain the following.

Section 2 (Local observable algebras) We use the algebraic tensor product and its uni-
versal property in order to construct the local observable algebras. Moreover, with the help
of the classical Kronecker product, we provide a simple identification of any local observable
algebra with a full matrix algebra and use the spectral norm on the latter to induce a C*-norm
on the former.

Section 3 (Infinite tensor product) We first briefly discuss the general construction of the
so-called inductive limit before specializing the general case to the concrete case at hand.
In the concrete case (which we elaborate), the inductive limit is based on the net of local
observable algebras and a family of what we call isotonies. The resulting object, the infinite
tensor product (also called uniformly hyperfinite or Glimm algebra), plays the role of the
observable algebra over the infinitely extended configuration space Z.

Section 4 (Crossed product extension) We again first briefly discuss the general con-
struction of the crossed product built out of a C*-dynamical system before specializing the
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general case to the case of the group Z, (but without making a special choice for the C*
algebra and the group of *-automorphisms yet). In order to set the precise framework for the
construction of the latter, we recall the notion of a Hilbert C-module. Within this framework,
we construct an extension of the C*-algebra of the C-dynamical system and identify it with
the Z,-crossed product.

Section 5 (Jordan-Wigner transformation) Based on the preceding sections, we give the
precise definitions of the ingredients of (5) leading to a concrete realization of (5). Moreover,
we construct the canonical anticommutation relation (CAR) subalgebra of the Z,-crossed
product extension of the spin algebra. For all the constructed algebras, we introduce an
important decomposition into even and odd parts and show that the even part of the spin
algebra coincides with the even part of the CAR algebra. Finally, we use the local structure
of the CAR algebra to construct a *-isomorphism between the the spin algebra and the CAR
algebra but we show that no *-isomorphism exists which preserves the spin structure.

Appendix A (C*-completion) For the convenience of the reader, we briefly recall the main
definitions and some of the basic facts about C*-algebras used in the foregoing sections.
Moreover, we introduce the so-called C-completion and prove some of its properties. In all
of the foregoing sections, we use the content of this appendix without necessarily referring
to it each time.

2 Local observable algebras

In this section, we make use of the Kronecker product and the algebraic tensor product
in order to define the local observable algebras, i.e., the spin one-half algebras over finite
subsets of the infinitely extended configuration space Z. The local observable algebras are
used for the construction of the infinite tensor product in the next section.

In the following, let N := {1,2,...} and N, := NU {0}. For all n,m € N, we denote by
C™*™ the set of all complex n x m matrices and we set C" := C"*'. Moreover, [asj)icqi n],jem]
stands for the matrix in C"*™ with entries a,; € C for all i € [1,n] and all j € [1,m], where,
for all z,y € Z with = < y, we set

[[I,y]] — {{Jf,x—i-l,...j{i{, iiz, (6)

For all A € C™*™, we denote by A”, A, and A* := A” the transpose, the complex conjugate,
and the conjugate transpose (adjoint) of A, respectively.

Moreover, all the general vector spaces are assumed to be complex and all the norms
are denoted by || - | unless there are several norms on the same vector space.

For all n € N, we first want to make C"*" into a unital C-algebra. To this end, we equip
C™" with the usual matrix addition C"*" x C**" — C"*", the usual scalar multiplication
C x C"" — C™", the usual matrix multiplication C"*" x C"*" — C"*", and the involution
C™"™ — C™" which associates to any matrix A € C"*" its conjugate transpose A* € C"*".
Equipped with these operations, C"*" becomes a *-algebra. Moreover, we know that there



On Araki’s extension of the Jordan-Wigner transformation 5

exists a uniqgue C*-norm on C"*", the so-called spectral norm || - || : C"*" — R defined, for
all A e C™", by
[A]] := max [|Az]], (7)
iz

where the (complex) Euclidean norm on C" is defined as usual by | z|* := > ielin] |zi|? for

all z = [z,...,2,]" € C" (see before (217)). Hence, C"*" becomes a unital C*-algebra with
identity 1,, := diagl[1,...,1], where diag[)\;,...,\,] € C"*" stands for the diagonal matrix
with diagonal entries )\, ..., \,, € C (and the additive identity of C"*", i.e., the null matrix, is
sometimes denoted by 0,, if needed).

We next define the following (non internal) binary function.

Definition 1 (Kronecker product) Let n,,m € N. The Kronecker product (for n and m)
C™" x C™™ — C"™ "™ s defined, for all A = [a;;]; jep g € C*" and all B = [bylyiep.m] €
mem’ b_y

apnB ... a,B
AoB:=| : o, (8)
aaB ... a,,B

i.., (A @ B)iy(i—tymit+(—1ym = @by foralli,j € [1,n] and all k,1 € [1,m] (and we do not
display the dependence on n, m on the left hand side of (8)).

We next collect the properties of the Kronecker product which are used in the following.

Lemma 2 (Kronecker product) Letn, m € N. The Kronecker product (for n and m) has the
following properties:

(a) It is bilinear, has the mixed-product property, i.e., (A @ B)(C @ D) = (AB) @ (CD) for
all A,C € C"" and all B,D € C™*™, and it preserves the involution, i.e., (A @ B)* =
A*@ B* forall Ae C"" and all B € C™*™.

(b) If {Ei}ie[[l,nQ]] C C"" and {F}}
tively, then, {E; © F;}

o C C™™ are bases of C"*" and C™*™, respec-
Jell,m]

[ i nmxnm
ie[1,n?], je[1,m?] 1S 4@ basis of C .

(c) If p € N, the Kronecker product (for n and m, for nm and p, for n and mp, and for m
and p, respectively) is associative in the sense that (A B) o C = Ao (B o C) for all
AeC™", all Be C™™, and all C € C"*" (and, hence, we can write Ao B C).

(d) The spectral norm has the so-called cross norm property, i.e., ||A @ B|| = ||Al|||B|| for
allAe C"" andall Be C™"™.

Proof. See, for example, [9]. O
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Remark 3 Letn,m ¢ N, A ¢ C"", and B €¢ C™™. If
Ao B=0, (9)

we get from (8) that (A, B) € ({0} x C™™) U (C™" x {0}). Moreover, if A # 0, B # 0,
CeC™,DeC™™, and

ApB=CoD, (10)

(8) implies that there exists A € C\ {0} such that C = AA and D = B/\. For both properties
(9) and (10), Lemma 2 (c) yields direct generalizations to more than two factors.

In the following, if n € N and if V;,...,V, and U are any vector spaces, we denote
by L,(V,,...,V,;U) the set of all n-multilinear maps V; x ... x V, — U (defined for all
(V,...,0,) €EVy X ... x V). Ifn =1, wewrite LOV,U) := L, (V;U) and L(V) := L(V,V).
Analogously, L,,(V;, ..., V,;U) stands for the corresponding multi-antilinear maps.

In order to define the local observable algebras, we make use of the algebraic tensor
product of vector spaces whose definition we want to recall next. Let V be any vector space,
W a vector subspace of V, and let {(v,v") € V x V|v' — v € W} be the usual equivalence
relation on V which defines the set

V/W :={[v]|v eV} (11)

of equivalence classes [v] := {v' € V|v' —v € W} for all v € V. Equipped with the addition
V/W x V/W — V/W and the scalar multiplication C x V/W — V/W (well-)defined, for all
v,w € Vand all A € C, by [v] + [w] := [v+ w] and A[v] := [\v], the set V/¥W becomes a
vector space called the quotient space of V by WW. Moreover, V/WW possesses the following
(universal) property: for all vector spaces ¢/ and all T' € L(V,U) satisfying

W C ker(T), (12)

where ker(7T') stands for the kernel of T, there exists a unique S € L(V/W,U) such that
T = S o p, where the so-called quotient map p € L(V,V/W) is defined by pv := [v] for all
veV (recallthat 0 — W — V 5 V/W — 0 is a short exact sequence, where the arrow with
a hook stands for the canonical inclusion map), see Figure 1 (a two-headed arrow represents
a surjection).

We next use Figure 1 as follows (see, for example, [14]). Let n € N with n > 2, let
Vi, ..., V, be vector spaces, and set X :=V), x ... x V, (considered as a set only). The so-
called free vector space F(X) over X (also called the formal linear combinations of elements
of X) is defined to be the set (card stands for cardinality)

F(X):={p: X = Clcard(¢ ' (C\ {0})) € Ny}, (13)

equipped with the addition F(X) x F(X) — F(X) and the scalar multiplication C x F(X) —
F(X) defined, for all p,¢ € F(X),allz € X,and all A\ € C, by (¢ +9)(z) := o(x) +(x) and
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e
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Figure 1: Existence and uniqueness of S € L(V/W,U) for given U and given T' € L(V,U)
with W C ker (7).

1% S

U

(Ap)(x) :== Ap(z), respectively, making F(X) into a vector space. Moreover, we know that
the map 0 : X — F(X) defined, for all z,y € X, by

S(a)(y) = {é e (14)

is injective, has the property that ran (0) is linearly independent (where ran (§) stands for the
range of §), and satisfies

span (ran (0)) = F(X), (15)

where span (M) stands for the (finite) linear span of a subset M C V of a vector space V.
Finally, we define the vector subspace F,(X) of F(X) by

Fo(X) :=span ({6(vi, ..., v; + Wy 0,) —0(V1, oo Ve U,) — O(V1, oo Wy e, ),
S(V1y ey AU, ey 1) — MO (g, ..oy 0,) € [, n], v, w; € Vi, A € C}), (16)

and we apply the upper branch of Figure 1 to V := F(X) and W := F,(X) as follows.

Definition 4 (Algebraic tensor product) Let n € N withn > 2, let V,,...,V, be vector
spaces, and set X :=V, x ... x V,. The algebraic tensor product of V,, ..., V, is defined by

ViO...0V, :=FX)/Fy(X). (17)
Moreover, for all v; € V; with i € [1,n], the simple tensors are defined by
VR ... Q v, = p(d(vy,...,v,)). (18)

In order to prove various features of (17) and (18), we also use the lower branch of Figure
1, i.e., the universal property of quotient spaces. To this end, let ¢/ be any vector space and
f e L,V,....,V,;U) (with n > 2). Then, we know that the operator 7, ¢ L(F(X),U),
defined by T (0(z)) := f(z) for all z € X (and by linear extension to the whole of 7 (X)),
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Figure 2: Existence and uniqueness of S; € L(V; ® ... ® V,,U) for given U and f €
L,(Vy, ...,V U).

has the property that 7,(X) C ker(7y). Hence, due to Figure 1, there exists a unique
Sy e LV, ©...0V,,U) such that, for all v; € V; with i € [1, n],

S ®...0 v,) = f(vg,...,0,), (19)

see Figure 2 (an arrow with a tail represents an injection).

Remark 5 In Figure 2, let n = 1 and set V := V,. Moreover, letid := V and let f € L(V)
be the identity map. Then, S, € L(F(V)/Fy(V),V) is a bijection. In order to verify this
claim, we first note that S; is clearly surjective since, due to the commutativity of Figure
2, we have v = f(v) = S;(p(d(v))) for all v € V. Next, let us show that ker(7;) C F,(V)
(recall (12)). Due to (15), for all ¢ € F(V), there exists m € N and, for all : € [1,m],
there exist o, € C and pairwise distinct v; € V such that ¢ = Zieﬂl,mﬂ a;0(v;). Hence, if
¢ € ker(Ty), Figure 2 yields »,, ,,y civi = 0. If {vy,...,v,,} is a linearly independent set,
we are done. Otherwise, there exists i € [[1,m] such that «; # 0. If m = 1, we have v; = 0
and ¢ = a,6(0) € Fy(V). If m = 2, we suppose that a, # 0 and write v, = \v;, where
A= —a;/ay. Hence, we get ¢ = ay{d(Avy) — Mo(vy)} € Fo(V). If m > 3, we suppose
that o, # 0 and write v,, = > ,cp,_y(—i/an)vi. Since 6(3 e ny Aivi) = 0(Ayvy) +
{002 ieq vy Aivi) = 0 e v—1g Aivi) — 0(AnoN) } 4 0D e v Aivi), Where N :=m — 1 and
A\ = —ao;/ay, forall i € [1, N], we recursively get

¥ = Qn Z {5()\#}@') - )‘id(vi)}

ie[1,m—1]

Fon D {0 gy M) =02y M) = 6w}, (20)

jE[[Z,m—l]]

i.e., ¢ € Fy(V) as desired. We now want to show that S; is injective. Due to Figure 2, if
n € F(V)/Fy(V), there exists ¢ € F(V) such that = pp. Hence, if € ker(S;), we have
0 = Sy = Typ and (20) yields ¢ € F,(V). Since ker(p) = F,(V), we get n = 0.

In the following, for all vector spaces V and W, a map V — W is called a vector space
isomorphism if it belongs to L(V, W) and if it is a bijection.
We next collect some properties of the algebraic tensor product.
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Lemma 6 (Algebraic tensor product) Let n € N withn > 2 and let V,,...,V, be vector
spaces. Then, the algebraic tensor product has the following properties:

(@ ThemapV, X ... xV, 3 (v1,...,0,) —m 1 ®...0 v, € V) ®...0V, is n-multilinear
(and called the tensor product of v; € V; withi € [1,n]).

(b) Let ny,n, € N and let {v;}icp1n,) € Vi @and {w;}jep ., € Vo be bases of V, and V,,
respectively. Then, {v; ® w;}icin,], je[1,n,] 1S @ baSIS OFV; © V.

(c) There exists a unique vector space isomorphismV, ®V, — V, ®V; such that v, @ vy —
vy @ vy forallv; € V; withi € [1,2].

(d) There exists a unique vector space isomorphism (V;, ©V,) © Vs — V; © (V, ©® V3) such
that (v, ® vy) @ v3 = v; ® (v, ® vg) for all v; € V; withi € [1,3]. Moreover, for all
n > 3, there exists a unique bijection in L(V; ©...0V,_1) ®V,,V; ®...®V,) such
that (v, ® ... Qu,_1) Qu, = v, ® ..., forallv, € V;, withi € [1,n].

Proof. See, for example, [14]. O

Remark 7 Due to Lemma 6 (a) and the properties of (14), every element of the algebraic
tensor product can be written as a finite sum of simple tensors. Of course, Lemma 6 (a) and
(b) yield the same conclusion.

Remark 8 Let n = 2 and let v; € V, and v, € V, be such that v; ® v, = 0. Then, Figure 2
implies that f(v;,v,) = 0 for all vector spaces U and all f € L,(V;, Vy;U).

Remark 9 Letn € N, let V;,...,V, be fixed vector spaces, and let us consider the category
whose objects are elements of L,(V,,...,V,;U) for (the proper class of) all vector spaces
U and whose morphisms from f € L,(V,,...,V,;U) to f' € L,(V,,...,V,;U') are operators
T € LU,U") such that f'(z) = Tf(z) forall z € V, x ... x V,. Hence, the tensor product
pod e L, V,....V;V,®...©YV,)Iis a universally repelling object in this category.

Remark 10 Due to Lemma 2 (c), the multiple Kronecker product is constructed by iteration
whereas the multiple algebraic tensor product is defined directly (and the iterated algebraic
tensor products are isomorphic, see Lemma 6 (d)).

Next, we want to bring the configuration space Z into play. To this end, we denote the set
of all finite subsets of the configuration space by

Fin(Z) := {A C Z| card(A) € N}, (21)

and we equip it with a direction (i.e., with a upward directed partial ordering) defined by set
inclusion. Moreover, for all = € Z, let 2, be a unital C*-algebra with identity 1, and suppose
that there exists

£, € “Tso(2A,, C*?), (22)

i.e., suppose that 21, is a “copy” of C*** for all sites z € Z.
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Definition 11 (Local tensor product) Let A = {z,,...,z,} € Fin(Z) for some n € N be
suchthatxz, < ... <z, ifn > 2. The vector space

Ql:cla n=1,

Ay = 23
A {%11(9...@2(%, n > 2, (23)

is called the local tensor product (over A).

Remark 12 Due to Lemma 6 (c), lew(l) ©...0 91%(”) and 2, ©...0%, foralln > 2are
(vector space) isomomorphic for all permutations = € S,, (where, for all n € N, we denote by
S,, the permutation group over the set {1,...,n}).

For the right hand side of (27) below, we recall that the (unique) C-norm on C"*" is the
spectral norm given in (7).

We next make the local tensor product into a C*-algebra (as mentioned in the Introduction,
see Appendix A for the main definitions and some of the basic facts about C*-algebras used
in the following).

Lemma 13 (Local observable algebras) Let A = {z,...,x,} € Fin(Z) for some n > 2 be
suchthatx, < ... < x, and let2, be the local tensor product over A. Then:

(a) There exists a unique multiplication 2, x A, — A, and a unique involution A, — A,
satisfying, for all A;, B; € 2, withi € [1,n],

(AA®...0A,Bi®...9B, — (A4B)®...® (A,B,), (24)
Al®..QA, - Al®...QA, (25)
respectively, making 21, into a x-algebra.
(b) There exists a unique &, € *Iso(,, C> *?") satisfying, for all A, € A, withi € [1,n],

QWA ®...0A4,)=6,(4)0...0& (A,). (26)

(c) The map |-||, : Ar — R defined, for all A € A, by
Al == [1€a (A, (27)

is the unique C*-norm on the x-algebra 2A,. Hence, 2, is a unital C*-algebra which is
called the local observable algebra (over A).

Remark 14 Let 21 be a unital C-algebra, V a vector space, and let ¢ € L(V,2) be a vector
space isomorphism. Then, equipped with the multiplication V' xV — V, the involution V — V),
and the C*norm V — R defined, for all v,w € V, by (v,w) — ¢ ' (p(v)p(w)), by v
o Y([p(v)]"), and by v — ||(v)||, respectively, the vector space V becomes a C*algebra.
Moreover, it is a unital C*-algebra with identity 1,, := ¢ '(1y), where 14 is the identity of .
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In the following, we repeatedly apply the identification from Remark 14 to various vector
spaces which are vector space isomorphic to 2, through Lemma 6 (c) and (d) (without
mentioning it explicitly each time).

Proof. (a) In order to define the desired multiplication which we denote by M : A, x A, —
25, we use Figure 2 twice. First, we specify the upper branch, i.e., Vy,...,V,, by V, := 2.
for all i € [1,n], and the lower branch, i.e., &/ and f € L,,(V,,...,V,;U), by U := 2, and, for
fixed A; € %, withi € [1,n], by the map f := g4, 4 %A, x...x2A, — A, defined by
9a,..a (Bi,....,B,) = (AB) ®...®(A,B,) forall B, € 2, withi € [1,n]. Due to Lemma

6 (a), we have g4, 4 € L,(%, ..., %A, ;A,) and Figure 2 thus yields SgA1 """ L € L(Ay)
satisfying, for all B, € 2, with i € [1,n],
SgA1 """ An(Bl ®...0B,)=(AB)®...® (A,B,). (28)

Second, we again use Figure 2 but, this time, for V, := 2, for all i € [1,n], for U := L(2,),
andforthemap f: 2, x...x%A, — L(2A,)defined, for all A; € A, with i ¢ [1,n], by

f(A, .. A, = SgAll,...,An' (29)
Due to Lemma 6 (a) and Remark 7, (29) satisfies f € L, (2, ,...,2, ; L(2,)). Hence, Figure
2 yields S; € L(2A,, L(,)). Moreover, with the help of the usual vector space isomorphism
© o LAy, L(Ay)) — Lo(™Ap, Ap; Ay) given by ¢(S)(A, B) := S(A)B for all A, B € A, (with
inverse ¢, (A)B = g(A,B) for all g € L,(Ax,A,;2A,) and all A, B € 2,), we define the
map M : Ay x Ay — Ay by M = p(Sy) € Ly(™Ay,™Ay;A,). Hence, for all 4;, B; € A, with
i€ [1,n],

MA®.. ®A,Bi®...0B8,)=5(A4®...0A4,)(B®...0B5,)
= f(A,...,A)(B;®...Q B,)

,,,,,

=(A4B)®...® (A, B,), (30)

and, due to the uniqueness property of the vertical branch of Figure 2, M is the unique
map in Ly(A,, Ap;2A,) satisfying (30). Finally, due to Remark 7 and the associativity of
the multiplications on the C™-algebras 2, with i € [1,n], the map M is associative, too.
In order to define the involution which we denote by 7 : 2, — 2(,, we proceed similarly.
But, since an involution is antihomogeneous (and additive), we have to modify Figure 1 by
considering T € L(V,U) with W € ker(T) (where ker is defined for T € L(V,U) as it is
for the linear case). Defining S[v] := T for all v € V (using the same notations as after
(12)), we get that S is well-defined and antilinear, that it satisfies T = S o p and that it is
unique. As to the resulting modification of Figure 2, we pick f € L,(Vy,...,V,;U) which
defines Ty € L(F(X),U) by T}4, := f(x) for all z € X (using the same notations as before
(19)) and, now, by antilinear extension to the whole of F(X). Moreover, T, again satisfies
Fy(X) C ker(Ty). The modification of Figure 1 then yields the unique S; € L(V, ®...0V,,U)
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such that Sy(v; ® ... ® v,) = f(vq,...,v,) forallv; € V; with i € [1,n]. We next specify the
upper branch of the modification of Figure 2 by V, := 2, for alli € [1,»] and the lower branch
by / :=2,andthemap f: 2, x...x2A, — U definedby f(A;,...,A,) =AT®...®A4,
for all 4; € 2A,, with i € [1,n]. Due to Lemma 6 (a), we have f € L, (%, ,...,2, ;,), and
using the modification of Figure 2, we define the map 7 : A, — A, by I := Sy € L(Ap, Ap).
Hence, for all A; € 21, with i € [1,n],

I(Ai®..QA,)=A1®...Q A}, (31)

and, due to the uniqueness property of the vertical branch of the modification of Figure 2,
I is the unique map in L(2A,,A,) satisfying (31). Finally, due to Remark 7 and since, for
all i € [1,n], the antilinear operators * : 2, — 2, are involutive and antidistributive (see
Appendix A), the same holds for the map 1.

(b) In order to define the desired *-isomorphism, we again use Figure 2 whose upper and
lower branches are respectively specified by V; := 2, for all i € [1,n], and by U := c¥ ="
andthe map f: %, x...x 2, — U definedby f(A,...,4,) =& (A)0...0¢& (A,)
for all A; € A, with i € [1,n]. Due to Lemma 2 (a) and (c) and since ¢, € *Iso(,, C**?)
for all = € Z, we have f € L,(%,,,...,%, ;C**¥"). Using Figure 2, we define the map
Er: Uy = C by €, = S5 € L(A,, C ). Hence, for all 4, € A, with i € [1, 7],

(A ®.. ®A,)=¢6,(4)0...0& (A,), (32)

and, due to the uniqueness property of the vertical branch of Figure 2, £, is the unique map
in L(Ay, CQn“n) satisfying (32). Moreover, due to Remark 7 and using, in particular, Lemma
2 (a), we get &, € *Hom(2,,C> **"). Finally, we have to show that &, is bijective. To this
end, let {E;},cp.q be a basis of C*?. Then, {&,'(E;)}iep.q is @ basis of 2, for all z € Z
since ¢, € *Iso(2,, C**?) for all z € Z. Due to Lemma 2 (b) and Lemma 6 (b), respectively,
{E;, ©...0F; }i iecpais abasis of > and {fgll(Eil) ®...0 5:}0_1<Ez)}21 ..... i el 1S
a basis of 2,. Moreover, ¢, satisfies &,\(&, ' (E;) ® ... @& (E,)) = E;, ©...0 E; for all
iy € [1,4].

(c) Since the spectral norm (7) is a Cnorm on C2 **" and since &, € *Iso(2A,, C> *?"),
the map ||-||, : Ay — Ris a C-norm on the *-algebra 2. Moreover, we know that a C-norm
on a x-algebra is unique. Finally, 2, has the identity 1, := £, ' (1,7) = L ® ... @1, 4. O

3 Infinite tensor product

In this section, we construct the infinite tensor product of the local C*-algebras from Section
2. Playing the role of the observable algebra over the infinitely extended configuration space
Z, the infinite tensor product is the central object upon which the infinite system approach is
based. Since the infinite tensor product is an example of a so-called inductive limit, let us
first briefly recall the ingredients needed for the general construction of the latter (see, for
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example, [21] [or [6]]). Subsequently, we specialize in detail the general case to the concrete
case at hand.

One starts off with a net of unital C*-algebras (2,).c7, Where 7 is a directed set of indices
whose (upward directed) partial ordering is denoted by < and where, for all « € 7, the C*
-norm on 2, is written as ||-||.. Moreover, let us assume that, for all o, o’ € J with a < o/,
there exists a map ¢, , € “Mon(2,, 2, /) which is unital (recall from Appendix A that this
means that ¢, ,(1,) = 1., where, for all « € J, we denote by 1, the identity of 2(,) and
which satisfies the so-called cocycle condition, i.e., for all o,o’,a” € J with a < o' and
O/ =< Oé//,

(lpa//ya/ O gpo/,a = gpa//’oﬂ (33)

and let us call {¢, .}, .o/c7 o< @ family of isotonies (note that the right hand side of (33) is
well-defined due to the transitivity property of the partial ordering). Next, consider the set

f::{f:jﬁuaejﬂa}f(a)ema forall a € 7}, (34)

which, equipped with the addition 7 x F — F, the scalar multiplication C x F — F, the
multiplication 7 x F — F, and the involution 7 — F defined, for all f,¢g € F, all A € C, and
allv € 7, by (f +g)(a) := f(a) + g(a), by (Af)(@) := Af(a), by (fg)(a) := f(a)g(a), and by
(f) (@) :== (f(«))", respectively, becomes a unital *-algebra (below, we verify these and the
following properties of the general construction in the concrete case at hand). Moreover, let
the unital *-subalgebra G C F, defined by

:={f € F|there exists a € J such that
fla) = Po o f()) for all o € J witha < a'}, (35)

be equipped with the submultiplicative seminorm with C*property |- | : G — R defined, for all
feg, by

71 L | F(B)] (36)

where we used that, due to (217), the limit limg || f(3)[|; of the net 7 > B — ||f(B)[|; € R
exists and equals || f(a)]|, if f € G. With the help of the 2-sided ™ideal G, C G, defined by

Go:={f €GlIfI =0}, (37)

we define the vector space G/G, as in (11) (and use the notation from there). In addi-
tion, equipping G/G, with the multiplication G/G, x G/G, — G/G,, the involution G/G, —
G/G,, and the submultiplicative norm with C*-property || - || : G/G, — R defined, for all
f.9 € G, by [fllg] == [fg], by [f]" := [f"], and by [[f]| = |f], respectively, G/G, be-
comes a unital normed *-algebra. The C*-completion (from Lemma 47 of Appendix A)
of the unital *-algebra G/G, equipped with the foregoing submultiplicative norm with C*
-property is denoted by 2 and called the inductive limit of the net of unital C*-algebras
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1 2 3 4 ) 6 7 8 9 10

o o o . ° o . . o o
o

O O O O [ ] [ J [ ] [ ] [ ] [ J

2 3 6 9 1 4 5) 7 8 10
Figure 3: The permutation o € Sy, for A" = {z,..., 20} and A = {xy, x4, 74, 74}

(o) aes With respect to the family of isotonies {4, .}, 4'c7 oo (SOMetimes, 2 is denoted
by lim{2l,; ¢y o | @, o € J with a < o'}, see, for example, [21]). Finally, there exists an in-
creasing net of unital C*subalgebras (2,).c; of 2, i.e., A, C A for all o,/ € J with
a = o, and a family of *-isomorphisms {¢, € *Iso(%la,ﬁla)}aej satisfying ¢,/ 0 ¢, = @, for
all o, o’ € J with a < o’ such that

2A = cloy (Uaej §la> , (38)

where cloy stands for the closure with respect to the C*-norm of 2.

In the following, we specialize the foregoing general case to the case at hand, i.e., to the
directed set of indices J := Fin(Z) from (21) with indices « := A and to the net of unital C*-
algebras () scrin(z) from Lemma 13. To this end, let A, A" € Fin(Z) with A € A"and A # A’,
setn := card(A) and n’ := card(A’), and let A" =: {zy, ...,z } with z; < ... <z . Moreover,
let o € S,/ be the unique permutation satisfying z,; € A for all i € [1,n] with o(i) < o(i + 1)
foralli e [1,n—1]ifn >2and z,, € A"\ Aforalli € [n+1,n] with o(i) < o(i + 1) for all
i €[n+1,n" —1]ifn’ > n+ 2, see Figure 3. Then, due to Lemma 6 (c) and (d), there exists
a unique 7,y € "Tso(2,, Ay © Ayn ) such that, for all A; € A, with i € [1,77],

Tan (A1 ® ... ®A ) = (RicnnAoi) @ (Ricpur1n400))- (39)
Finally, recall that, for all A € Fin(Z), we denote by 1, the (multiplicative) identity of 2.

Proposition 15 (Infinite tensor product) For all A, A" € Fin(Z) with A C N\, let the map
ppa Ay — Ay be defined, for all A € A, by

A, A=A\,
SDA’,A(A) = {71-1111\’<A 2 1A/\A)’ AN, (40)
Then:
(@) The family {oy' A} A'crin@z) aca’ IS @ family of isotonies.

(b) There exists a unital C*-algebra®, an increasing net of unital C*-subalgebras (5[ A)A€Fin(z)

of A, and a family of *-isomorphisms {p, € *Iso(QlA,ﬁlA)}AeFm(Z) satisfying, for all
A, A" € Fin(Z) with A C A,

PA O LA AT PAs (41)
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such that

2A = clog (UAGFm(Z) a(A> . (42)
The C*-algebra 2l is called the infinite tensor product of the net of local C*-algebras
(QLA)AGFin(Z)-

Remark 16 The C*-algebra 2l is also a so-called uniformly hyperfinite or Glimm algebra (see,
for example, [6, 21]).

Remark 17 The infinite tensor product 21 is unique in the following sense (see, for exam-
ple, [21] and also Proposition 42 below). Let B be any unital C-algebra, (B,)scrinz) an
increasing net of unital C-subalgebras of B such that B = clog(Uycpinz) Ba), and let
{¥a € "Tso(Ay,Ba) Facriniz) € @ family of “isomorphisms satisfying 1, o ¢+, = ¢, for
all A, A" € Fin(Z) with A C A’. Then, there exists ® € "Tso(2, B).

In the following, for all A € Fin(Z), we denote by 0, the additive identity of 2(,. Moreover,
recall from Lemma 13 (b) that ¢, € *Iso(A,, C*> **") for all A € Fin(Z) with n = card(A).

Proof. (a) Let A, A" € Fin(Z) with A C A’. Then, Lemma 6 (a) and Lemma 13 (a) imply
that ¢,/ , € "Hom(2A,,2l,/). We next want to show that o,/ , € "Mon(A,,2A,/). If A = A,
(40) yields the desired property. If A # A’ and if A € 2, is such that Py a(A) = 0y, (40)
yields A® 1,1, = 0 € A, ©® A, ,. Hence, Remark 8 implies that f(A,1,,) = 0 for all

vector spaces U and all f € Ly(Ay, Ay ,;U). In particular, if we pick U/ := c* *?" and
define f(A, B) := &\(A) @ {y,(B) for all A € A, and all B € A, (where n := card(A)
and n' := card(A")), we get £, (4) © 1., =0, and Remark 3 yields {,(4) = 05, i.e.,
A = 0,. Moreover, ¢,/ , is also unital since, due to Remark 7 and Lemma 13 (a), we have
Ly @Iy, =1€2y QQiA/\A. Finally, we directly check that, due to (39), the cocycle condition
holds, too.

(b) We straightforwardly verify that (34), specialized to the case at hand,

F:={f:Fin(Z) - UAeFin(Z) Ap | fo € Ay forall A € Fin(Z)}, (43)

is a unital "-algebra with respect to the pointwise operations specified after (34), where we
set fp := f(A) forall f € Fand all A € Fin(Z). Next, we check that (35), given by

G := {f € F|there exists A € Fin(Z) such that
far=on a(fa) forall A € Fin(Z) with A € A’} (44)

is a unital *-subalgebra of F. To this end, let f,g € G and let A,T" € Fin(Z) be such that
fyr = oy a(fa) forall A € Fin(Z) with A € A" and g, = ¢, 1(gr) for all A" € Fin(Z) with
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I' € A'. Since Fin(Z) is equipped with a direction (see after (21)), there exists A € Fin(Z)
such that A C A and I' C A. Hence, for all A" € Fin(Z) with A C A’, the cocycle condition
from (a) yields, for the addition on F,

(f+ 9 =y + 9y
= ‘PAQA(JCA) + SOA’,F(QF)
= (SOA’A o wan)(fa) + (SOA’,A o par)(gr)
=@ alfa) + oy algn)
= @A/,A(fA +9a)
= o al(f+9)a), (45)

and, for the multiplication on ¥, we analogously get (fg),y = fy gy = @y A (fa)py rlor) =
o Alfa)en alan) = e A((fg)a). Moreover, G is also invariant under the scalar multiplica-
tion on F since (\f)y = Ay = Apar s (fa) = ¢a s (M) = 9y a((Af)4) for all A € C and
all A" € Fin(Z) with A" C A. Finally, as for the involution on F, we get ("), = (fy)" =
(oar A (fa))" = oa A ((fa)") = @ A ((f7)a) for all A" € Fin(Z) with A" C A.

We next check that (36) defines a submultiplicative seminorm having the C*-property.
Recall that, if f € G and A € Fin(Z) are such that f,» = ¢,/ ,(fs) forall A € Fin(Z) with A C
A', then, for all A" € Fin(Z) with A C A’, we have, on the one hand, [|fy [l = lly A (fa)ll
and, on the other hand, [|¢, \(fa)ll,, = [Ifall, due to (217) (since we know from (a) that
©p A € "Mon(2,,2A,)). Hence, the net Fin(Z) > T' — | fr||r € R converges to the (unique)
limit limpepingz) || frllr = I fall, @and defines the map | - | : G — R from (36) given, for the case
athand and all f € G, by

A= lim | fellr. (46)

€Fin(Z)

Note that (46) is well-defined since, if A € Fin(Z) is such that f, = ¢, 3(f3) for all =

Fin(Z) with A C A’, there exists A € Fin(Z) suchthat A C A and A C A and, hence, | falla =
[ fally @and [[falla = [Ifzllz- Moreover, since |-||, is @ C-norm on A, for all A € Fin(Z), (46)
inherits the nonnegativity, the absolute homogeneity, the subadditivity, the submultiplicativity,
and the C*-property. However, (46) is not postive-definite since, if f € G and if A € Fin(Z)
is such that f, = 0 and f,s = ¢, ,(fy) forall A" € Fin(Z) with A C A, we have |f| = 0 but
fr € AUp for A € T'is not necessarily equal to O (for example, set A := {0} and define f € G
by fr:=0rif0eland fr:=11if0 ¢ I).

With the help of (46), we define G, := {f € G||f| = 0} as in (37) and we next check that
G, is a 2-sided *-ideal of G. Since G is a *-subalgebra of 7, we have f* € G for all f € G and,
since (46) satisfies the C*-property, we know that |f*| = |f| for all f € G. Moreover, since
(46) is absolutely homogeneous, subadditive, and submultiplicative, G, is a vector subspace
of G and satisfies the 2-sidedness property, too. As after (37), we define the quotient space
G /G, whose elements are the equivalence classes [f] :== {f € G| f — f € G,} forall f € G.
Since (46) is submultiplicative and has the C™-property, the multiplication and involution as
given after (37) are well-defined and G /G, becomes a unital *-algebra.
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Next, we want to show that, for all f € G, the seminorm (46) satisfies |f'| = |f| for all
f' € [f]. Tothisend, let f € Gand j € G, such that f' = f + j, and let A,T' € Fin(Z) be
such that f, = ¢,/ ,(fa) forall A" € Fin(Z) with A € A"and j,» = ¢, (jr) for all A" € Fin(Z)
with T C A’. Hence, we have |f| = | fall, = Il /vl for all A" € Fin(Z) with A C A" and
17 = lljrllr = lljylly for all A" € Fin(Z) with T C A’ and, since j € G, the latter implies
jy =0, forall A" € Fin(Z) with T' C A’. Moreover, there exists A € Fin(Z) such that A C A
andT' C A and (45) yields (f + ), = ¢ A((f +J)a) forall A € Fin(Z) with A € A'. Hence,
we arrive at [ = |f + j| = II(F +i)alla = [fa + jalla = [ falla = [ fall, = 7] as desired.
Therefore, the map ||-|| : G/G, — R defined, for all f € G, by

LA == 11, (47)

is well-defined. Moreover, it is not only nonnegative, absolutely homogeneous, subadditive,
submultiplicative, and has the C™-property but it is also positive definite by construction.

Since the *-algebra G/G, is equipped with a submultiplicative norm which has the C*
-property, Lemma 47 implies that its completion (218), denoted by

A:=(G/G), (48)

is a unital C*-algebra (with respect to the operator norm on (G/G,)*, see Appendix A). This
concludes the construction of the inductive limit of the net of unital C*-algebras () scrin)
with respect to the family of isotonies {¢, \ } a'cpin@z) aca’-

Finally, we have to construct the net of unital C*-subalgebras (§lA) Acrin(zy Of & and the

family of *-isomorphisms {p, € *Iso(QlA,ﬁlA)}AeFin(Z) which lead to (42). In order to do so,
we define, for all A € Fin(Z),

Gri=A{f € G| fy =0y (fa)forall A" € Fin(Z) with A C A'}, (49)

and, as after (44), we see that (49) is a unital *-subalgebra of G. Moreover, due to the
cocycle condition from (a), we have G, C G, for all A, A" € Fin(Z) with A C A’. Next, for all
A € Fin(Z), we define the map ¢, : A, — 2, forall A € 2, by

pa(A) = E([pa(A)]), (50)

where the isometry E € £(G/G,, (G/G,)"™) stems from (218) and where, for all A € Fin(Z),
the map ¢, : 2, — G, is defined, for all A € 2, and all A’ € Fin(Z), by

(IDA’,A(A)’ ACA,

51
0, AZA 1)

(SOZX(A»A’ = {

Note that (51) is well-defined because (40) yields (o) (A)), = o alA) = oy alpan(4)) =
ora((Ph(A))y) for all A,A" € Fin(Z) with A € A" and all A € 2,. Moreover, p, €
“Hom(2A,,2t) for all A € Fin(Z) because ¢, , € "Hom(Ay,2A,/) for all A, A" € Fin(Z) with
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Figure 4: The ingredients of (the proof of) Proposition 15.

A C A’ due to (a) and because E € “Hom(G/G,,2l) due to Lemma 47. Hence, setting, for all
A € Fin(Z),

2, = ran (), (52)

we know that (52) is a C*-subalgebra of 2L for all A € Fin(Z). Since we actually have ¢,/ , €
“Mon(2Uy,2L,/) for all A, A" € Fin(Z) with A C A’ due to (a) and E € *"Mon(G/G,, ) due to
Lemma 47, we get, using (46), that ¢, € *Iso(2,,2A,) for all A € Fin(Z).

The family {5} acrin(z) also satisfies 0 ), = @, forall A, A" € Fin(Z) with A € A",
Indeed, for all A,A’,A” € Fin(Z) with A € A" C A" and all A € 2,, we have, on the one
hand, (¢} (0x 2 (A)))ar = warp(@pa(A)) = a4 (A) and, on the other hand, (¢} (A)),» =
@ A(A). Hence, since ¢/ (p, 4 (A)) € Gy € G,v and ) (A) € Gy C Gy forall A, A, A" €
Fin(Z) with A € A" C A", we have |¢) (¢, ,(A)) — @i (A)] = 0 for all A, A" € Fin(Z) with
A C Aandall A € 2,. Using (47) and the fact that E is an isometry, we get (paropp A)(A) =
oa(A) = E([¢) (pa 4 (A) — @4 (A)]) = 0 for all A, A" € Fin(Z) with A € A"and all A € A, as
required. Furthermore, the property ¢, o,/ \ = @, forall A, A" € Fin(Z) with A € A" implies
that (214 ) scrin(z) iS @n increasing net.

As for (42), we first note that ,cpinz) A, is a “-subalgebra of 2 because, if A, B €
Unerin(z) Ua there exist A, A" € Fin(Z) such that A € 2, and B € A, and, hence, there
exists A” € Fin(Z) with A, A’ C A" and A, B € 2~ due to the fact that () cpin(z) is an in-
creasing net. Next, since clog(ran (£)) = 2, itis enough to show that ran (E) C (U, cpinz) A
To this end, let [f] € G/Gy, where f € G and A € Fin(Z) are such that f, = ¢, ,(fa) for all
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A" € Fin(Z) with A € A". Hence, since (£ (fa))y = @a/a(fa) = fy forall A" € Fin(Z) with
A C N, we again have E([f]) — ¢a(fa) = E([f — ¢a(fa)]) = 0, i.e., forall A € G/Gy, there
exists A € Fin(Z) such that E(A) € ran (¢,) = 2A,. O

4 Crossed product extension

In this section, we construct the so-called crossed product of a general C*-algebra 2 by the
finite cyclic group Z, (in Section 5, 2 will play the role of the infinite tensor product). To this
end, we first briefly recall the data needed for the construction of a general crossed product
(see, for example, [23, 13]). Subsequently, we specialize to the concrete case at hand.

In the following, for any groups G and H, we denote by Hom(G, H) the set of group homo-
morphisms between G and H (whereas "Hom(%2(, 9B) stands for the set of *-homomorphisms
between the *-algebras 21 and 93, see Appendix A). Moreover, if G is any locally compact
group and V any topological vector space, we denote by C,(G, V) the complex vector space
(with respect to the usual pointwise addition and scalar multiplication) of V-valued continu-
ous functions on G with compact support. Finally, if # is any complex Hilbert space, U (H)
stands for the group of all unitary operators on H (with respect to the composition of linear
operators).

We start off with a so-called C*-dynamical system, i.e., with a triple

A, G, ), (53)

where 21 is a C*-algebra, G a locally compact group, and a € Hom(G, "Aut(2)) a group
homomorphism (between G and the group *Aut(2l) of *-automorphisms of 2, see Appendix
A) which is strongly continuous, i.e., which has the property that, for all A € 2, the map
G > g — o,(A) € 2is continuous. Next, we make the complex vector space Cy(G,2) into
a “-algebra by equipping it with the multiplication and the involution defined, for all f,g €
Co(G,2) and all s € G, by

(f9)(s) := / Qi ()£ (F)exy (g(rs)). (54)
G
F(s) = Als Dy (f(s7)), (55)

where, in (54), we use the fact that there exists a unique linear map C,(G,2l) — 2, written
as f— [,duy(s)f(s), such that n( [, dux(s)f(s)) = [,du(s)n(f(s)) for all f € Cy(G,2A) and
allp € A%, and 1 : B; — R stands for the usual left-invariant Haar measure on G (with B,
the Borel o-algebra generated by the topology on G and R the extended real line). In (55),
A € Hom(G,R") denotes the usual modular function of G (and R* the multiplicative group
of strictly positive real numbers).

Moreover, a covariant representation of the C*-dynamical system (21, G, «) is defined to be
a triple (H,r,U), where H is a complex Hilbert space, = € "Hom(2l, L(#)) a representation
of 2 on H, and U € Hom(G,U(H)) a strongly continuous unitary representation of G on H
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(i.e., as above, for all v € H, the map G > s — U,y € H is continuous) such that, for all
seGandall A e,

m(ay(A)) = U (AU (56)

The collection of all covariant representations of the C-dynamical system (2, G, «) is de-
noted by Cov(2(, G, a). If (H,7,U) € Cov(2A, G, a), the map 7 x U € "Hom(Cy(G,2A), L(H))
defined, for all f € Cy(G,21), by

(% U)(f) = / dpuc(s) T(f(s))U,, (57)

G

is called the integrated form of (H, 7, U). Here, we used that there exists a unique linear map
Co(G,Ls(H)) — L(H), denoted by f — [, du.(s) f(s), such that (p( [,duc(s) f(s))e, 1) =
Jodu(s) (p(f(s))e, ) for all nondegenerate representations (K, p) of L>(#) (where K is a
complex Hilbert space with scalar product (-, ), p € "Hom (L™ (H), L(K)), and L>(H) stands
for the C™-algebra of all compact operators on #), all f € Cy(G, L,(H)), and all ¢, € K (and
that the map G 3 s — #(f(s))U, € L(H) in (57) is an element of Cy(G, L,(H)) due to the
strong continuity of U). Moreover, we denote by 5 € “Hom(L(H), £(K)) the usual canonical
extension to £(H) of the representation p of the two-sided closed ideal £>(#) of L(#), and
L,(H) stands for L(#) equipped with the strict topology (i.e., the topology generated by the
family of seminorms {|| - K| + || K - || | K € L™(H)} on L(H), where || - || is the usual operator
norm on L(#), see Appendix A).

Finally, we equip the *-algebra C;(G, 2() with the so-called universal norm defined, for all
f € Cy(G,A), by

IfIF:= sup [l(m < U)(f)]l; (58)

(H,m,U)e
Cov(2,G,a)

and we know that the supremum acts on a (bounded) subset of R due to the axiom of com-
prehension (or separation) of Zermelo-Fraenkel set theory (and that the supremum taken
over the nondegenerate covariant representations leaves (58) unchanged). Since we also
know that (58) is a submultiplicative norm which has the C™-property, the C*-completion of
Cy(G,21) with respect to (58) (see Lemma 47) is a C*-algebra which is called the crossed
product of the C*-dynamical system (2, G, «) and which we denote by 2 x, G (as in [23]).

We next apply the foregoing construction to the special case of a C-dynamical system
(2, G, a), where 2 is any C*-algebra,

G = ZQ, (59)

and « € Hom(Z,, "Aut(2l)) is any group homomorphism. Here, Z, := {—1,1} is the finite
cyclic group of order 2 whose multiplicative group law is the usual multiplication of real num-
bers and which is equipped with the discrete topology making it into a (locally) compact
topological group. Of course, a;(A) = A for all A € 2 but a_; may be nontrivial. Moreover,
o is automatically strongly continuous (as specified after (53)) since C(Z,,2) = A2, where
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A% is the Z,th power of £, i.e., the set of all functions from Z, to 2. Finally, we also have
Cy(Zs, A) = A”2, of course. In order to make the complex vector space 2”2 into a *-algebra
by means of (54) and (55), we use the fact that the Haar functional corresponding to the
(normalized) Haar measure on Z, is given, for all ¢ € C*2 (again, the set of all functions from
Z4 10 C), by

| duets) = 5 3 (o) (60

SGZQ

Hence, since we know from above that there exists a unique linear map 2”2 — 2 satisfying
the property introduced after (55), (60) implies that fzzdum(s)f(s) = D ez, f(s)/2 for all

f € 2% and (54) therefore becomes, for all f,g € 2A*2 and all s € Z,,

(Fo)(s) = 3 3 Fr)o (gl s)

1 {fu)g(l)+f<—1>a_1<g<—1>>, s=1, 1)
2 | F(D)g(=1) + f(=D)a_,(g(1)), s=—1.

Moreover, since Z, is compact (or directly from (60)), Z, is unimodular, i.e., A(s) = 1 for all
s € Z,, and (55) becomes, for all f € 2”2 and all s € Z,,

£(5) = an(F(s))
. f(l)*v s=1,
- {a_l(f(—l)*% s= -1, ©2

Hence, the complex vector space 2”2 equipped with the multiplication (61) and the invo-
lution (62) becomes a *-algebra. Furthermore, since, for any Hilbert space #, we have
Cyo(Zy, L(H)) = L(H)* and since we know from above that there exists a unique lin-
ear map L(H)" — L(M) satisfying the property introduced after (57), (60) implies that
Jo, dpc(s) f(s) = s, f(s)/2 for all f € L(H)™. Therefore, for all (H, m,U) € Cov(2, Zy, a)

and all f € 2”2, (57) becomes

(mx U)(f) =5 Y 7(f(s)Us. (63)

SEZqo

For the following, recall (see, for example, [13]) that, for a given C™-algebra 2l, a complex
vector space V is called a scalar product 2(-module if, in addition, it is a right 2-module with
respect to the vector space addition V x V — V and a so-called 2-scalar right multiplication
YV x A — V defined, for all v,w € Vand all A, B € 2, by v(A+ B) = (vA) + (vB), v(AB) =
(vA)B, and (v + w)A = (vA) + (wA) (and v1 = v if 2 is a unital C*-algebra with identity 1),
if the scalar multiplication C x V — V is compatible with the 2(-scalar right multiplication in
the sense that \(vA) = (AW)A = v(AA) forall A € C, allv € V, and all A € 2, and if it is
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equipped with a so-called -scalar product (-,-) : V x V — 2 defined, for all u,v,w € V, all
A peCyandall A e, by (v,v) >0 (i.e., (v,v) € A, where 2, denotes the convex cone of
all positive elements of ), (v,v) = 0if and only if v = 0, (v, \w + pu) = A(v,w) + v, u) (the
usual bilinearity), (v, w) = (w,v)", and

(v,wA) = (v,w)A. (64)
Finally, if, in addition, V is equipped with the norm || - || : V — R defined, for all v € V, by
[0l == V/I[{v, v, (65)

where, on the right hand side of (65), || - || stands for the C*-norm of 2(, and if V is complete
with respect to (65), then V is called a Hilbert C*-module over 2.

For the following, let 22 and 2**? stand for the set of 2-vectors over 21 and the set of 2 x 2-
matrices over 2 whose elements are written as v = [v;];cp1 9] € 2% and X = [(Xislijena) €
2A%*% respectively (using the same notation as for scalar entries from the beginning of Sec-
tion 2). Moreover, for all X € 2°*%, we define the map ¢y : A% — 22, for all v € 2? and all
i €[1,2], by

(txv); Z Xiv; (66)
j€l1,2]

In order to construct the crossed product 2 %, Z,, we make use of the following.

Lemma 18 (Vectors and matrices over 2() Let 2 be any C*-algebra. Then:

(a) Equipped with the addition 2> x A*> — A?, the scalar multiplication C x A* — A?, the
2A-scalar right multiplication 2> x 2 — A, the A-scalar product (-,-) : A* x A*> — A, and
the norm ||-|| : A> — R defined, for all v,w € A*, all \ € C, all A € A, and all i € [1,2],
by (v + w); = v; + w;, (\v); := v,

(vA); == v;A, (67)

(v,w) == > vjw, (68)
1€[1,2]

[0l == V/ll{v, )], (69)

respectively, A* becomes a Hilbert C*-module over 2.

(b) Equipped with the addition A*** x A*** — A**?, the scalar multiplication C x A*** —
A**2 the multiplication A*** x A*** — A**? and the invo/ution A2 5 A?*2 defined, for
all X,y e A4** all\ e C,and alli,j € [[1 2], by (X +Y)y; = X5 + Yy, AX)y; == AX,5,

(XY)ij = Ypeqog XaxYej» @and (X*);; := X7;, respectively, lexz becomes a *-algebra.

Jis

Moreover, the norm ||-|| : A>** — R defined, for all X € 2A***, by
|| := sup [[txv, (70)
i

is submultiplicative, has the C*-property, and makes 2>** into a C*-algebra.
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Remark 19 For a fixed X e 2**?, the map ty from (66) is a so-called adjointable map from
the 2-module 2* to itself (see, for example, [13]), i.e., a map for which there exists a map
th : A* — A% such that (tyv,w) = (v, thw) for all v,w € A* (here, ty = t,~). We know that
such a map is -linear, i.e., tx is linear and, in addition, it satisfies ¢y (vA) = (tx(v))A for all
v e A* and all A € A. Moreover, ¢ is bounded (see Appendix A) which implies that (70) is
well-defined and that, for all v € 2,

ltxoll < [ Xl (71)

Proof. (a) A direct check yields that 2 is a complex vector space with respect to the addition
and the scalar multiplication given before (67). We also directly verify that the 2-scalar
right multiplication (67) is compatible with the scalar multiplication on 2* and that it makes
2° into a right 2A-module. Moreover, the A-scalar product (68) also has all the required
properties. In particular, we have that (v,v) = >, 5y viv; € 2, since 2, is a convex cone
and that (v,v) = 0 implies v = 0 since we also know that 2(, is pointed and salient, i.e.,
2, N (—2A,) = {0}. Hence, 2A* becomes a scalar product 20-module equipped with the norm
(69). Finally, if (v,),cy is @ Cauchy sequence in 2°, the sequences (v, ;)nen With i € [1,2]
are Cauchy sequences in 2 because, for all m,n € Nand all i € [1, 2],

an - UmH2 = H Zje[[l,2]] (Umj - Um,j)*(vn,j - Um,j)”
Z ||Un,i - Um,ina (72)

where we used that ||A|| > ||B]| for all A, B € 2(, with A > B. Hence, since 2 is complete
with respect to its C*-norm, there exists v € 2> such that vy, — vi]] = 0 for n — oo and all
i € [1,2]. Since [jv, — vl|* < 3 cp9 Ivn; —vil|* for all n € N, we find that 2* is complete with
respect to (69).

(b) A direct check yields that 2*** is a *-algebra with respect to the four specified oper-
ations. Next, we know from Remark 19 that (70) is well-defined, and we also directly verify
that (70) defines a norm which is submultiplicative. Moreover, (70) has the C*-property since,
on the one hand, we have the upper bound || X*X|| < || X*||||X|| for all X € 2***. On the
other hand, using that [[v]| = sup, oz =, [[(v, )| forall v € 21> (an identity which holds in
general Hilbert C-modules over 1), we can write, for all X € 2*** and all v € 2 satisfying
Joll =1,

[tx=xvll = sup [[{tx=xv, w)|
we?
[lwll=1
> [[{tx=x v, )]
= [ltxvll?, (73)
which yields the lower bound || X||* < || X*X| for all X € A**,

It remains to be shown that (70) is a C=norm on 2A**?, i.e., that 2*** is complete with re-
spect to (70) (see Appendix A). To this end, let (X,,),,cy be a Cauchy sequence in 2***. Again
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using that ||Al| > || B]| for all A, B € 21, with A > B and that [|A| = supgcy pj=1 [|A" Bl =
suppea,5)=1 [|AB]| for all A € 2 (the first equality being a special case of the identity men-
tioned before (73) since 2l is a Hilbert C-module over itself with respect to the 2A-scalar
product 24 x A > (A, B) — (A, B) := A"B € 2, see also (68)), we get, as in (72), that, for all
m,n € Nandalli,j € [1,2],

1X, = X,.|| = sup \/ 1D ey (=, 0, —x, 04|

v
[lv]l=1
> SUP2 ||(tanva)i||

ve
llv]=1

- SuPz ” Zze[{lg]](Xn’il a Xm’il)le
veA

[[of=1

> ||X

n,dj

Therefore, since 2 is complete with respect to its C=norm, there exists X € A*** such that
| X, — Xyl = 0forn — oo and all 4,5 € [1,2]. Moreover, since the subadditivity of the
norm in 21 and the Cauchy-Schwarz inequality for the Euclidean scalar product in R? yields
1X, = X[1* < 237, icqiop 1 Xnis — Xyl for all n € N, we find that 2°** is complete with
respect to (70). O

For the following, recall from Appendix A that 2 = B for two *-algebras 2[ and B means
that there exists ® € *Iso(2, B).

The following C*subalgebras of the C*algebra 2*** are used to establish the identifica-
tion of the crossed product 21 %, Z, which we want to use in the sequel.

Lemma 20 (Extending 2() Let (2, Z,,«) be a C-dynamical system. Then:
(a) The set

A — {[a_fB) a_iA)} €q?| 4 B e 9(} (75)

is a C*-subalgebra of A***.

(b) 2 is an extension of 2 in the sense that 2 = QA(O, where the C*-subalgebra 5(0 of A is
defined by

A, = {[g‘ 04_10@4)] A | A e 9(} (76)

Proof. (a) Using that o € Hom(Z,, "Aut(2(), we straightforwardly check that 2 is a *-subalgebra
of 2A*** with respect to the operations given in Lemma 18 (b). Moreover, due to (74) and
since a_, is bounded (see (216)), we also find that 2( is closed with respect to (70).
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(b) A direct check again yields that Qlo is a “-subalgebra of 20 and that 2[0 is also closed
with respect to (70), i.e., A, is a C* subalgebra of 2A. Moreover, we define the map ¢ : A —
2A,, for all A € 2, by

A 0 ] 77)

=0 . )

Since a_; € "Aut(2l), we have ¢ € "Hom(%, §l0) and since ¢ is clearly injective and surjec-
tive, we get ¢ € *Tso(2A, 2,). O

We can now establish the following concrete identification of the crossed product 2 x, Z,
which, to the best of my knowledge, has not been used in the context of Araki’s extension of
the Jordan-Wigner transformation in the literature so far (see Section 5).

Proposition 21 (Crossed product) Let (,Z,,«) be a C*-dynamical system. Then:

(a) IfB is a C*-algebra such that B = A%, then A x,, Z, = B.
(b) The C*-algebra 2 from Lemma 20 (a) yields

A X, Zy = A (78)

Proof. (a) For the sake of completeness, we want to somewhat elaborate the proof sketched
in [23]. We start off by defining the map |||, : 2** — R by || f||, := fZQdU(S) Il f(s)| for all

f € 2% With the help of (60), we have, for all f € 2%,

171 =5 S (79)

SEZLo

and a direct check yields that (79) defines a norm on 2%2, called L'-norm, which is sub-
multiplicative with respect to the multiplication (61) and with respect to which the involution
(62) is an isometry. Moreover, if (f,),cy is @ Cauchy sequence in 2”2 with respect to (79),
the sequences (f,,(s)).ey are Cauchy sequences in 2 for all s € Z, since | f, — full, =
> sez, 1fn(8) = fin(s)||/2 for all n,m € N. Hence, for all s € Z,, there exists f, € 2 such
that || f,(s) — f|| — 0 for n — co. Defining f € A** by f(s) := f, for all s € Z,, we get
I, — fll, = 0 for n — oo which yields that 2”2 is complete with respect to ||-||, and that 2”2
is a Banach *-algebra with respect to |-||,. Hence, (216) yields that, for all f € A",

@A < 11f1ly (80)

where & € *Iso(A”2,B) is the *-isomorphism underlying 2A*> =~ B (and, as usual, ||-|| also
denotes the C*norm on %B). An element of *Hom (2”2, ¢), where ¢ is any C*algebra, is
called L'-norm bounded if the corresponding inequality (80) holds. Since there always exists
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v € "Mon(B, L(H)) for some Hilbert space H (the *-monomorphism of the Gelfand-Naimark
structure theorem, for example [see, for example, [4]]), we have v o & € *Mon(A%2, L(H))
and, due to (217), ||(vo®)(f)| = ||®(f)]|| for all f € A”> because B is a C*-algebra. Moreover,
since we also know that any ¢ € *Hom(%2, £(#)) which is L'-norm bounded is bounded
with respect to the universal norm, too, i.e., satisfies ||¢o(f)|| < ||f|| for all f € 2A*2 (see [23]),
we get from (80) that, for all f € 2A%2,

SN =Ny o @)(H
< [IA1- (81)

We next want to reverse inequality (81). To this end, let (H, R) € Rep(2”2), where, for all *
-algebras ¢, we denote by Rep(¢) := {(H, R) | H is a Hilbert space and R € "Hom(¢€, L(H))}
the collection of all representations of ¢ on H. Then, setting S :== Ro® ' € *Hom(B, L(H)),
(216) yields that, for all f € 2%,

RO = 1SS
< [le(H]- (82)

Moreover, since, on the one hand, (63) and (79) straightforwardly yield that (H, 7 x U) €
Rep, (A%2) forall (#, 7, U) € Cov(2, Z,, o), where the collection of all representations (%, R) €
Rep(2%2) for which R € *Hom(2”2, £(#)) is L'-bounded is denoted by Rep, (21*2), and since,
on the other hand, there exists a bijective correspondence between nondegenerate covari-
ant representations of the dynamical system (2, Z,, «) and nondegenerate representations
of its crossed product A x, Z, through the map Cov (A, Z,,a) > (H,w,U) — (H,(m x U)") €
Rep(2 %, Z,), where the prime stands for the extension from Rep, (%2) to Rep(2 %, Z,), we
know (see [23]) that (58) reads, for all f € A2,

£l = sup [|R(f)]
(H,R)€

Rep, (%72)

. (83)

Therefore, (81), (82), and (83) yield that, for all f € A*2,
11 = 1[@CHI- (84)

This implies that A% is complete with respect to the universal norm since, for any Cauchy
sequence (f,).ey in A*2, the sequence (®(f,)),x is a Cauchy sequence in the C*-algebra
% due to (84). Hence, there exists 2 € % such that ||f, — & '(z)| = |®(f,) — =] — 0
for n — oo. Now, since 2% (with respect to the universal norm) and 2 %, Z, are two C*
-completions of 2A%2, we know that there exists an isometric ¥ € *Iso(2A%2, A x, Z,) (see after
(218)) and, hence, ® o U € *Iso(A X, Zy, B).

(b) Let the map @ : A% — 2A be defined, for all f € A%2, by

T -
D= ol (f(C1) a(f1)] (89)
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Figure 5: The identification of the crossed product 2 x, Z, built out of the C*-dynamical
system (A, Z,, «).

Using that o, € *Aut(2), a direct check yields that ® € *Hom(2%,2(). Moreover, we see
from (85) that @ is clearly bijective. Hence, since 2l is a C-subalgebra of 2A%*? due to Lemma
20 (a), setting B := 2 and using part (a) leads to the conclusion. O

5 Jordan-Wigner transformation

In this section, 2 stands for the infinite tensor product algebra from Proposition 15 (b).
Following [1], we apply the general construction of Section 4 to the C*-dynamical system
(A, Z,, ), where the nontrivial part of « is chosen to be the rotation around the 3-axis by an
angle of 7 on all nonpositive sites of Z (leaving the observables unchanged on the positive
sites x, see Definition 32 below). This construction yields the final ingredient for the definition
of the observable algebra in the infinite system approach discussed in the Introduction.

For the following, also recall the notations from Sections 2 and 3 and the definition of the
Pauli matrices o, 04, 05 € C**?,

01::{(1](1)], 02::{? Bi}, 03::{(1) _01}, (86)

which, together with o, := 1, € C**?, constitute what we call the Pauli basis of C**2,

Definition 22 (Spin observables) (a) Let A = {z,,...,z,} € Fin(Z) for some n € N be
such thatz, < ... < x, ifn > 2. Forallz € A and all x € [0, 3], we define c{* € 2,
by

(@),A . _ 5&?1(0&)7 n= 17
g =

" 87
{1{:01}®---®§xl(05)®...®1{xn}, n>2. (87)

(b) Forallz € Z, all k € [0,3], and any set A € Fin(Z) with z € A, we define o € 2, by
ol = pa(e ). (88)
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In the following, J,, with z, y € Z stands for usual Kronecker symbol and ¢, , with x, A, i1 €
[1, 3] for the usual Levi-Civita symbol. Moreover, if A, B are elements of any algebra, we
define as usual the commutator and the anticommutator of A and B by [A, B] :== AB — BA
and {A, B} := AB + BA, respectively.

We next collect the properties of the spin observables which are used in the sequel.

Lemma 23 (Spin properties) (a) Let A,A' € Fin(Z) with A C A, let z,y € A, and let
r, A € [0,3]. Then, inA, and 2,

U(()z),A — 1, (89)

(o (x),A)* = @A (90)

aff)’A =01, +i Z gkm M if e X e [1, 3], (91)
relL,3]

(oA oM 95 1, ifk, A € [L,3], (92)

(A <w>A =2 ) epoN ife A e [1,3], (93)

rel1,3]
[U’gx) Uf\y) | =0 ifz £y, (94)
o p(0) = (%5

(b) Let A, A" € Fin(Z) with A C N\, letz € A, and let r € [0,3]. Then, in2A, C A,

(w)/\) SDA( PRCORL ) (96)

o) =1, (97)
(@) =0, (98)
oo =601 +1 Y enuol ifr, A€ [1,3], (99)
re[1,3]
{0 0"} = 20,31 if s, A € [1,3], (100)
[a,g),af\z =2 Z 6,,;)#0;5 ifk, A € [1,3], (101)
nelL,3]
0@ eV =0 ifz £y (102)

Remark 24 Let x € Z and let A, A, € Fin(Z) be such that z € A; N A,. SettingI' := A, UA,
and using (96), we get (o) = @, (0M) and also (o) = @y, (0842). Hence,
the notation ¢'*) from Definition 22 (b) is reasonable. In particular, we can write ¢* =
oy (o) € A,y CAforall k€ [0,3] and all = € Z.
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Remark 25 Let A = {xy,...,z,}, I ={ay,..., 2, Tpyq, ..., 2} € Fin(Z) for some n,m € N
with2 <n <mandz, <... <z, <z, <...<u2z,. Then,using (88), (26), (217), and
Lemma 2 (d), we find

Haém) . _.Uéxm) . o_éxl) ) .,aéxn)H — H@F@F—l(ag D...0030(030...003—1,0...01,)))|
= |los)|"los @ ... @05 = 1,0...0 L,

= 2. (103)
In the last equality, we used the fact that, for all k € N and all A € C"*, the spectral
norm (7) equals [[A| = max,cg,ec(a 1) V') (spec stands for the spectrum of the matrix in
question) and, hence, |jos]| = 1 and [jo3 @ ... © 05 — 1, @ ... @ 1,|| = 2 since (8) yields

Spec((03@®03—12®@12)*(03®@03—12®®12)):{0,4}

Proof. (a) As for (89), for all = € A, we have o\ = ¢, (o) € A,y if n = 1 and o{" =
1) ®...08 (00)®. .. @1y, y € Ayifn >2andif A = {z,,...,z,} issuchthatz, < ... < z,.
Since, from (22), &, € *Iso(2A,, C**?) for all = € Z, we get &, ' (o) = Iy €, forallx € Z. If
n>2,(26)yields 1, ®...® 1,1 =& (& (1)) @...0&, (14,,) = & (1) = 1. Next,
since, in C***, we have (0,))" = o, for all k € [0, 3], (22) and (25) yield (90). Since, in C*>*?,
we also have 0,0y = d.\la +1)° 15y Ennnoy forall s, A € [1,3], (22) and (24) (and Lemma
6 (a)) yield (91). Moreover, (91) yields (92) and (93), and (87) and (24) yield (94). Finally, as
for (95), if A’ = {x} for any = € Z, we have A = A’ and (40) implies g, 5 (c) = oA, If
n'>2and A" = {z),...,z }withz, < ... <z, andif A ={z,,...,2; }withz, <... <z
for some n < n’, (40) yields, for all z € A and all x € [0, 3],

n

@A’,A(U/gx)’/\) = SOA',A(l{xil} ®..Q(0)®...® 1{zin})
=Tl ) ®. @& (0,) @ ® Ly, ) ® Ly,
=11 ®... 08 (0)®...® L )
= o, (104)

(b) Using (41) and (95), we get o, (007™) = g (0 5 (01) = o (@) for all z € A
and all x € [0, 3].

(c) As for (97), let A € . Then, due to (42), there exists a sequence (A,,),cy iN Fin(Z)
and a sequence (A4,),cy in A with A, € ﬁAn for all n € N such that |4, — A|| — 0 for
n — oo. Setting I, := A, U {z} for all n € N, Remark 24 yields o§" = ¢ (o) for
all n € N. Moreover, since A, C I, for all n € N, (89) yields o\"” A, = ¢r (1p,)A, = A,
for all n € N because ¢ € *Iso(Q(Fn,évan) for all n € N (see Lemma 15 (b)). Hence,
lo$P A — Al < lel)|A = A, || + le{ A, — A| for all n € N and together with the analogous
argument for Aa((f) — A, we get (97). Finally, setting A := {z,y}, applying ¢, to (90)-(94),

and using again that ¢, € "Hom(2l,,2(,) and (97), we arrive at (98)-(102). O
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The first ingredient used for the construction of TSxa(f) from (5) is the so-called lowering
operator.

Definition 26 (Raising and lowering operators) For all = € Z, we define o\" € 2 by

1
ol = é(a?) +io{™), (105)

and call them raising and lowering operator (at site x), respectively.

Remark 27 Using Lemma 23 (c), we get, in &, for all z,y € Z with x # vy,

{0l 0"} =0, (107)
(o oy =1, (108)
[0\, e =0, (109)
0 o] =0, (110)

i.e., the raising and lower operators are of fermionic nature at the same sites and of bosonic
nature at different sites. This is the reason for the introduction of the next ingredient.

The second ingredient of (5) is the following extended string.

Definition 28 (Nonlocal multiplicator) For all x € Z, we define S, € 2 by

HyG[[l@—l]] O-Zg»y)7 T 22,
S, = 1, z=1, (111)

HyE[[x,O]] Uéy)a x S 07

and call it the nonlocal multiplicator (in 2\).

For the following, for all z,y € Z, we set sign(x) := 1 if x > 0 and sign(x) := —1if z < 0,
and the prefactor function ¢,,, € {—1,1} is defined by (see Figure 6)

€4y 1= —sign(y — x)sign(—y). (112)
The nonlocal multiplicator has the following properties.

Lemma 29 (Nonlocal multiplicator) Letz,y € Z and let x € [[1,2]. Then, in %,

Sr=285,, (113)
S2=1, (114)

S,, S,] =0, (115)
[S,, 03] = 0, (116)
Spol¥) = e,,08,. (117)
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Figure 6: The prefactor function Z° > (z,y) — €.y € {—1,1} from (112). It equals 1 at the
filled circles (grey area) and —1 at the open circles (white area).

Proof. Using (97)-(99) and (102), a direct computation leads to the assertion. O

In order to be able to introduce the ingredients allowing for the definition of the crossed
product extension for the concrete case at hand, we need the following.

Lemma 30 (Extension of local -automorphisms) Let {0, € "Aut(A,)}rcrinz) be a family
of *-automorphisms having the property that, for all A, A" € Fin(Z) with A C A,

Prpa0bh=0yopy,. (118)
Then, the map 0 : A — 2 defined, for all A € 2, by
f(A) := lim 6, (A,), (119)

satisfies 0 € *Aut(A), where 0, = o, 0 0, o o5} € *Aut(,) for all A € Fin(Z) and where
(A,)nen IS @ sequence in Fin(Z) and (A,),en @ sequence in 2 with A,, € élen foralln € N
such that |A,, — A|| — 0 forn — oo. We call 8 € "Aut(2l) the extension to 2 of the family
{0 € "Aut(Ay) }rcrinz)-

Proof. We start off by verifying that (119) is well-defined. First, we show that the limit exists,
i.e., that the sequence (5An(An))n€N is a Cauchy sequence in 2. To this end, let A, A" €
Fin(Z) with A C A" and plug ¢,/ , = ¢,/ o, from (41) into (118). Then, we get pyof 00, " =
pyobyopond,, e, forall Ael,,

OA(A) = 6,(A). (120)
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Setting A/,,,, := A,, UA,, for all n,m € N and using (120), we thus have, for all n,m € N,

||§An (An) - 5Am (Am>|| - ||5A;m (An - Am)H

where we used (217). Moreover, the limit in (119) is independent of the choice of the se-
quence (A,),en- In order to show this, let (T',),cn be a sequence in Fin(Z) and (B,,),en
a sequence in 2 with B, € le for all n € N such that ||B, — A|| — 0 for n — oo and
SetH(A) = lim,,_, Oy, (B,). Then, since [|6(A) — ¢'(A)|| < [|6(A) — Ox, (A,)]| + (16, (A,) —
r (B, + ||0F (B,) — ( )|| for all n € N, setting A;, := A, UT,, for all n € N and writing

HGA (A,) — Qp (B,)| = H9 ( — B,)|| = ||A, — B,|| for all n € N (with the help of (120))
yields the conclusion. N
We next prove that € "Hom (). Since, due to Proposition 15 (b), 2, is a C*-subalgebra

of 2 for all n € N, we have \A,, A, € Q~lAn forall A € C and all n € N. Hence, since

gAn € *Aut(ﬁlAn) for all n € N and since the scalar multiplication and the involution of
are continuous (with respect to the C*-norm of 21), (119) implies that ¢ preserves the scalar
multiplication and the involution of 2. As for the addition and the multiplication, let B < A
and let (T',),cy be a sequence in Fin(Z) and (B,),cn @ sequence in A with B,, € le for
all n € N such that |B, — B|| — 0 for n — oo. Setting A, :== A, UT,, for all n € N, the
sequence (A + B,,)nen in 2 satisfies A, + B,, € 5[ . for all n € N. Moreover, the fact that

QA/ € Aut( ) for all n € N and (120) yield that, for aII n €N,

5A; (4, + B,) =0,
=0, (A,) +0r (B,). (122)

Due to the continuity of the addition of A, (122) and (119) imply that ¢ also preserves the
addition of (. Analogously, since ¢,/ (4, B,) = 0, (A,)0r (B,) for all n € N and since the
multiplication of 2 is continuous, 6 also preserves the multiplication of L.

Finally, we show that 6 is bijective. To this end, let A € 2, let (A,),.cn be @ sequence in
Fin(Z) and (A, ).cn @ sequence in 2A with 4, € §lAn for all n € N such that ||A,, — A|| — 0 for
n — oo. First, suppose that §(A) = 0. Then, since §An is an isometry for all n € N (see (217)),
we get 0 = ||0(A)|| = lim,,_, ||5An(An)|| = lim,_, [|4,]| = [|4], i.e., ¢ is injective. As for its
surjectivity, set B,, := 5,{5(14”) € ﬁAn for all n € N. Since, for all A, A" € Fin(Z) with A C A/,
we have 6,' € "Aut(2,) and 6, = 0! on A, as in (120), (B,),cx is a Cauchy sequence in
A as in (121). Writing B := lim,,_,., B,,, (119) yields 0(B) = lim,,_,.. 0, (B,) = A. O

For the following, we define ¢,, € {—1,1} for all x € [0, 3] by

- 1, xe€{0,3},
T {—1, ke {1,2}. (123)
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The *-automorphisms of the next proposition are at the heart of the extension from [1] of
the Jordan-Wigner transformation. They correspond to a rotation around the 3-axis by an
angle of = on all sites of Z and on all nonpositive sites of Z, respectively.

Proposition 31 (Spin rotations) For all A € Fin(Z), let ©,,0), € “Hom(2,) be the unique
*-homomorphisms defined, for all x € A and all k € [0, 3], by

Op (o) 1= g0, (124)
@A ANN#£Qandz > 1

@l ’({CIS),A _ Ok ) - 4 125

Ao e.0@N  otherwise. (125)

Then:

(a) The families {©, € "Aut(A,)}rcrin(z) and {0} € "Aut(Ay)} AcFin(z) Satisfy (118).
(b) Forallz € Z and all k € [0, 3], the respective extensions ©,0" € *Aut() satisfy

O(0f") = .0, (126)

@ r>1
@/ (x)y — Ox ' T Z 4 127
(Un ) {aﬁa,(f), z < 0. ( )

Moreover, we have

0% =1, (128)
07 =1, (129)
o0 =0 c0. (130)

Proof. We first note that, if, for a fixed A = {z,,...,z,} for some n € N which is such that
T, < ...<m, ifn > 2 we assume that 6, € “Hom(2,) and that 6,(¢\"*) is given for all

,,,,,

basis of 2, due to Lemma 13 (b) implying that any A € 2, can be written, for some ax € C
with K = (ky,...,k,) € [0,3]", as

A= Y ax I o, (131)

Ke[0,3]" i€[1,n]

from which 6, (A) = 3k cpoap 0 iequag Oa(0n”™). Hence, (124) and (125) uniquely deter-
mine ©,,0) € "Hom(2A,), respectively.

(a) In order to make use of Lemma 30, we have to check that ©,,©), € *Aut(2(,) for all
A € Fin(Z) and that (118) holds for both families. But, for all A € Fin(Z), we have ©,00, =1
and ©', 0 ©, = 1 (here, 1 stands for the identity element of the group *Aut(2(,)) since €2 = 1
for all x € [0, 3]. Moreover, let A, A’ € Fin(Z) with A € A'. Since ¢, , 00,0, 09, 4,y ©
0,0 0 gy, € "Hom(2Ay, A, ), it is enough to check (118) on ™" for all z € A and all
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k € [0,3]. Using (124) and (95), we get v, ,(0r(05)) = e,0p 4 (o) = e oA
0,/ (e = O, (o 4 (™)) for all = € A and all x € [0,3] and, analogously, (125) yields
er A (O (M) = O (g A (0f™)) for all 2 € A and all k € [0,3], i.e., both families satisfy
(118). Hence, Lemma 30 yields the respective extensions ©,0" € *Aut(2l).

(b) With the help of Definition 22 (b), (119), and (124), we get O(c\")) = O(¢p, (¢\™™)) =
Onlpa(d™)) = pa(Ox (™)) = .0 for all k € [0,3], all z € Z, and all A € Fin(Z)
with z € A, and (127) follows analogously from (125). Moreover, since again ¢2 = 1 for
all x € [0,3], we have ©° = ©” = 1 (here, 1 stands for the identity element of the group
*Aut(2A)). Finally, since ©, 0 ©), = ©), 0 ©, for all A € Fin(Z) due to (124), (125), and (131),
we get, for all A € 2,

O(6'(4)) — ©'(8(A)) = lim (8, (O} (4,)) — O, (O, (4,)))

n

= 7}3{)10(90/\”(GAR(G/A,I,(SD/C(An)))) - SOA"(@?\”(@AH(SOX,{(AU))))
—0, (132)

where (A,,),.cy iS @ sequence in Fin(Z) and (A,,),en @ sequence in 2 with A4, € §lAn for all
n € N such that |A4,, — A|| — 0 for n — occ. O

For the following, recall from Proposition 15 (b) that the infinite tensor product 2l is a unital
C*-algebra.

We next introduce the third ingredient of (5). To this end, we make use of Lemma 20 and
Proposition 21 for the following special choice (recall Proposition 31 (b)).

Definition 32 (Anchor element) Let a € Hom(Z,, "Aut(2()) be defined by

a_, =6 (133)

(a) Asin Lemma 20 (a) and (b), we set
A = {[@’?B) @/z(aA)] eA?| A Be 21} : (134)
B, = {{fg @,?A)} eq>?| A e m} | (135)

and we note that (134) and (135) are unital C*-algebras with identity
{1 0] €A, CAC A2, (136)

Moreover, the *-isomorphism ¢ € *Iso(2,2,) is defined as in (77).
(b) We call anchor element (of QAI) the element T € A \ 5[0 defined by

01
T L 0} | (137)
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For the following, if V is any vector space and W, and W, are vector subspaces of V, we
denote by W, + W, and W, & W, their usual sum and (internal) direct sum, respectively.
The anchor element has the following properties.

Lemma 33 (Anchor element) (a) Forall A € 2, we have

T =1, (138)
" =T, (139)
Tip(A) = (0 (A))T. (140)

(b) Setting A, T := {AT| A € 2,}, we have the decomposition
A=Ay & AT (141)

Proof. (a) Using Lemma 18 (b), (77), and Proposition 31 (b), we get (138)-(140).

(b) Since ﬁ)} @’?B)} {(1) (1)1 = [@’?B) ﬂ € A, T for all B € A, we have ﬁoﬂﬁoT = {0}

and (134) and (135) yield the assertion. O

We now arrive at Araki’s extension (5) of the Jordan-Wigner transformation discussed in
the Introduction, i.e., at the definition of what we call the Araki-Jordan-Wigner fermion. This
generalized annihilation operator lies outside of 2(, and constitutes the building block for the
construction of the CAR algebra over the configuration space Z.

Definition 34 (Araki-Jordan-Wigner fermion) For all = € 7, we define a, € 2A \ QAIO by
ay == T(S,0), (142)

and we call it the annihilation operator (at site x). Moreover, the element a,, := (a,)* € 2 for
all x € 7 is called creation operator (at site x).

Unlike the raising and lowering operators in Remark 27, the annihilation and creation
operators indeed satisfy the CARs.

Proposition 35 (CAR) For all z,y € Z, we have, in, that o’ = T1(S,0'") and that
{az,a,} =0, (143)
{ag, ay} = 9,1 (144)

Proof. Using (140), (138), (127) written, for all x € [1,2] and all x € Z, as (note that ¢,, =
sign(x — 1) for all x € Z, see Figure 6)

0 (o) = £,p0, (145)
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(117), (115), and the involution of (107) and (109) written as oo™ = (1 — 25,,)0% ¢ for

zy)
all x,y € Z, we get, for all x,y € Z,

aza, = TY(S, o @ZJ(Sya(f/))
= (0/(8,)0'(o" >S o)
= ,,0(S, O'I)S o )
= €42V (S, 5, o 0(_))
=(1- 2(5xy)5m€xy5y$w(50 'S0t
= (1 = 20,)E00E0y2 TH(O'(S,)0 (0V) T(S,0)
= (

1 — 20,,)€ 1€ yy€ uyCyalyly

(146)

=—a

where we used that ¢,,¢, 5zy5yw 20,, — 1 for all x,y € Z (see Figure 6), i.e., we get (143).
As for (144), since, S|m|IarIy, ai = TY(O'(6\78,)) = TY(0'(6,.5,0\")) = Ty (e2,8,0") =
Tip(S,0(") forall z € Z and since o) = (1 20,,)0 o™ 45,1 for all z,y € Z due to (108)
and (110), we analogously get a,a, = (1 —20,,)€..6yyEryEyaly s +g 5xy¢(5§) = —a,0,+ 0,1

forall x,y € Z. O

Remark 36 With the help of (137), (77), (133), and (127) (written as in (145) if x € [1,2]),
the annihilation and creation operators read, for all z € Z,

" _Sxo(_z) sign(z —01)Sma(_x)_ | (147)
o = _sxgi% e~ DS (148)
ie., a,,a; €A \ 2, for all z € Z.
We next define the following subset of 2A.
Definition 37 (CAR subalgebra) LetB = {a, |z € Z} C .
(a) The C*-subalgebra of A generated by 5 is defined by
A= [P (149)

%': C*subalgebra of A
BCB'
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(b) A polynomial in A generated by B is an element of 2 of the form

f1.:
al+ Y > axy [] el (150)
ZE[[LN]] Xlezl ’iE[[l,l]]
ne{#)

where a, := a, and a) = a. for all x € Z and where o € C, N € N, and, for all
1€ [1,N], ax,y, € Cforall X, = (z,4,...,2,,) € Z' and all §; = (4;1,....4,) € {£}' and
card({X, € Z' |ay,, # 0}) € Ny for allt, € {£}'. The set of all the polynomials in
generated by B is denoted by Pol(‘B).

Proposition 38 (CAR subalgebra) §l1 is a unital C*-subalgebra of 2A and
A = clog (Pol(8)). (151)

Proof. The set (149) is a "-subalgebra of 20 which is closed with respect to the norm of 2A.
Moreover, 2, is unital due to (144) and the fact that the anticommutator satisfies {a,,a,} €
B’ for all z € Z and all C*subalgebras B’ of 2 with B C B’. Next, since Pol(B) is a *
-subalgebra of 2 and since Pol(B) C B’ for all Csubalgebras B’ of 2 satisfying B C B, it
follows that Pol(B) is a *-subalgebra of 2A,, too. Hence, clog (Pol($B)) C 2A, since 2, is closed
with respect to the C*-norm of 2. In order to deduce the converse inclusion, it is enough to
show that clog (Pol(B)) is a C™-subalgebra of 20 which contains 3. But clog (Pol(*B)) is clearly
a “-subalgebra of 20 which not only contains B but which is closed, too. O

For the following, recall that © € "Aut(2) is the spin rotation from Proposition 31 (b).
Moreover, if 2 is any C™-algebra, % a subset of 2, and = € "Aut(A), we set 7(B) :=
{m(B)|B € B}.

‘The even and odd parts (with respect to the involutive ©) of the C*-subalgebras QALO and 5[1
of 2 are related as follows. They play an important role in many applications (see Remark
46).

Proposition 39 (Decomposition) (a) There exists a unique © € *Aut(2) satisfying

Ootp =100, (152)
o(r) =T. (153)

(b) We have @A(QALQ) < Aﬁlo and A(:)(‘jll) C 2, and the so-called even and odd parts (with
respect to ©) of A, 2, and 2, are defined by

A = {AeA|O(A) = +4}, (154)

A = {A €A |O(A) = +4}, (155)

A, = {A e |O(A) = +4}. (156)
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A > Q(O > é\[ = é\lo ) é\[oT
1 B I
2A > §[0 > é\l = é\lo D é\loT

Figure 7: The construction of Oc *Aut(ﬁ() from (the proof of) Proposition 39 (a).

The even parts A iy 2[0 +, and A . are unital C*-subalgebras of A. The odd parts
A, 2[0 , and Qll _ are invariant under the addition, the scalar multlp//catlon and the
involution of A and they are closed with respect to the C*-norm of 2A.

(c) Wehaved =2, &2, Ay = Ay, &Ay_, and A, = A, . @A, _, and the even and odd
parts of 2, and 2\, are related by

A=Ay, (157)
A=Ay T (158)

Moreover, 2 also has the decomposition

A=A, ¢ AT (159)

Proof. (a) Let O, :=1 o0 oy € *Aut(2,) and let A € 2. Then, Lemma 33 (b) implies that
there exist B, C € 2, such that A = B+ CT and that this decomposition is unique because
2[0 N QLOT {O} Hence, forall A = B+ CT € A with B,C € 2[0, we define © : 2 — 2A by

O(A) := 6,(B) + 6,(C)T, (160)

and, since ©, € *Aut(?lo) and due to Proposmon 31 (b) and Lemma 33 (a), we get O €
Hom(Q(). For instance, since, for all B,C € 2, we can write @((B +CT)) = @(B +
zﬁ(@'w—l(cw)) = 6y(B") + 6(¢)(&' (¢‘1(C )T = Oy(B) + 4(6(6'(¢(C")))T and
O(B+ CT)" = 6y(B*) +¢(0'(0 (w‘l(C*)))) (130) implies that © preserves the involution.
Moreover, Lemma 33 (b) also implies that © is injective and, since B + CT = 6(6;"(B) +
O, (C) T) forall B,C € 2[0, we get Oc *Aut(Ql) (see Figure 7). As for (152) and (153), w
have ©(1(A)) = Oy(1(A)) = (6(A)) for all A € A and O(T) = O,(1)T = T, respectively.
Finally, Lemma 33 (b), (152), and (153) yield that Ois unique.

(b) Due to (152), we have ©(2l,) C 2,. Moreover, using (142), (140), (160), (130), (126),



On Araki’s extension of the Jordan-Wigner transformation 39

and (129), we get, for all z € Z,

@)
o
N

I

I
< < o<D> ) O
<
@
n
Q
IR

= —a,. (161)

Hence, ©(a;) = —a; for all = € Z and 6(Pol(B)) C Pol(%) due to (150). Since © is con-
tinuous (see (216)), we get @(Qll) C 2,. Moreover, Q(+ is clearly a unltal K subalgebra of 2A
which is also closed due to the continuity of o. Analogously, since Qlo and Qll are unital C”*
-subalgebras of 2, it follows that Qlo , and Qll . are unital C*-subalgebras of 2, too. Similarly,

A Qlo , and Ql1 _ are invariant under the addition, the scalar multlpllcatlon and the involu-

tion of 2A but they are, in general, not invariant under the multiplication on Ql However, they
are also closed with respect to the norm of 2A due again to the continuity of ©.
(c) Forall A e 2A, we have A = A, + A_, where we set

A+O(A) -

Ai = 9 € ﬁi.

(162)
Slnce Qli are both vector subspaces of 2 due to (b), we have A= Ql+ +2(_. Moreover, since
2l+ N = = {0}, we get A = Ql @ 2A_. The arguments for 21, and 2, are analogous.

We next show that 2, + C Qlo+ and Qll - 2[0 T. To this end, we first note that, since

O(Pol(B)) C Pol(B) due to (161), we can define Pol(B). := {A € Pol(B)|O(A) = +A}.
Let P € Pol(®B). Hence, using (150) (see there for the notation) and (162), we have

Po=al+ > Y axy [] « (163)

l?ﬂl N XZGZ i€[1,0]
even ﬁl {:t}
fi,q
= > > axy ] e (164)
le[1,N] XlEZl 1€[1,0]

fie{=)

Since, for all 2 € Z, we have aF = Tw(S,0\") = ¥(6'(S,0\"))T due to (140), ¥(S, af)) €
2, dueto (152), and ¢/(0'(S,0")) € A, _ due to (130), (138) implies that [T,p, ; abi € Do
if  is even and that [], e [1,1] a”“ € 5107,T if [ is odd. Hence, since we know from (b) that QLO,i
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are vector subspaces of 2, (163) and (164) yield P, € QAlOﬁL and P_ € 5(07_T, respectively,
ie.,

Pol(B), C Ay, (165)
Pol(B)_ C Ay _T. (166)

Next, let A € 2,. Due to (151), there exists a sequence  (Po)nen in Pol(B) such that ||A —
P,|| = 0 for n — oco. Since, for all n € N, we have P, | € 2l0+ due to (165) and P, _T" € %Ay

due to (166), we get, for all n € N that |A, — P, .|| < [|[A—P, |]/2+|]6( )—O(P, )H/Q =||A-
P, |l (using (217)) and |[A_T— P, _T| < ||A—P,||||T||. Hence, since QLOi are Banach spaces
with respect to the norm of A (dueto (b)), wefind A, € Ql0+ and A_T € QLO ,i.e., 2[1 + C 210+
and Qll _C 910 T. Conversely, we now show that 2l0+ C 2[1+ and Qlo_ C 2[1 . To this
end, let A = {xl, ...,x,} € Fin(Z) forsome n € Nbe such thatz; < ... <z, ifn > 2 Since
60 (00)8 -8 (00, .. cios 1S abasIS OF 2y (due 0 (26), {07 0} coayiS
a basis of 2(,,. Hence, since any A € 2, C 2l has an expansion A = ZKE[[O a7 0 [Lieqrng 07
for some ax € Cwith K = (ky, ..., k,) € [0,3]", any B € ¥(A,) C 2, reads, for some ay, € C
with K = (ky,...,k,) € ﬂO,S]]n

= > a Hle[[l r : (167)

Kelo0,3]"

Moreover, since (152) and (126) imply that, for all x4, ..., ,, € [0, 3],

@( Hie[[l,n]] ¢(01(51)>) - (Hie[[l,n]] Eﬁi) Hieﬂl,n]} ’QD(O',({?)), (1 68)

we get ©(1(2,)) C ¥(2A,) which allows us to define 1(2y)+ := {B € ¥(Ay) | O(B) = +B} C
2, 4. With the help of (167), (168), and (162), we then have

Bo= > ax ][, 00, (169)

Ke[o,3]"
C'i even

Z Hze[[l n] ’ (1 70)

Kelo3]"
CK odd

where we set O := card({i € [1,n] | x; € [1,2]}). We next express (o)) for all € [0, 3]
and all = € Z through (142). Using (97) for the O-direction, (142), (105), (140), and (127) for
the 1- and 2-direction (starting from a, + %), and (142), (140), (127), (117), and 0o =

(o—ém) +1)/2 for all z € Z for the 3-direction (starting from a,a,), we get, for all x € Z,

(o “”)—1 (171)
V(o) = Ty(S,)(a, + a3), (172)
V(o) = TY(S,)(a, — az), (173)
V(o) = 2a%a, — 1, (174)
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and we note that, due to (174) and (111) ¥(S,) € Pol(*B), for all = € Z. Hence, with the
help of (140) (138), (127), TaiT =¢,a- forallz € Z due to (145), and (161), it follows that
[icpg (o) € Ay 4 if C is even and that [T,y ¥(0l)) € A, T if C is odd. Hence,
since we know from (b) that Qlli are vector subspaces of 91, (169) and (170) yield B, € QlH
and B_ € 2, T, respectively, i.e., we get, for all A € Fin(Z),

Y(An)y C Ay, (175)
YA, C A, T (176)

Now, let B € 5[0. Then, there exists A € 2 such that B = ¢)(A) and, due to (42), there exists
a sequence (A,),en in Fin(Z) and a sequence (A,),cn in A with A4, € ﬁlAn foralln € N
such that ||A — A,,|| — 0 for n — oo. Hence, using (217), we have ||B — ¢(A,,)|| — 0 for
n — oo. Since, for all n € N, we have ¢(A4,), € 5(1,+ due to (175) and ¢(A,)_T € ﬂl,_ due
to (176), we get, for alln € N, that |1By — (A, < ||1B—v(A,)| and ||B_T — 1/)( 2T <

1B — ¢ (A,) Ll HTH Since 2, + are Banach spaces with respect to the norm of 2A (due to (b)),

we find B, € QLH and B_T € 2[1_, ie., Qlo+ C Q(H and Qlo C Qll T. Hence, we arrive at
(157) and (158) R R R
Finally, since Lemma 33 (b) the foregoing decomposition 2/, = 2, , © 2, _, and (138)

y|e|d A=2o QloT (2[0 +9 Q[0 ) @ ((ﬁo +® §l0 )T) = (ﬁo + O ﬁo,—) b (ﬁo,+T ® ﬁl0,—T) =
2[0 s Qlo _® Q(O TI@ Qlo T, we get, using (157) and (158),

Q[ - Q[\l’_;'_ @ Q[L_T @ 2[17+T EB Q[17_7 (1 77)

i.e., we arrive at (159). O

In order to construct the Jordan-Wigner transformation, we make use of the following
local version of Definition 37 (recall the notations from there).

Definition 40 (Local CAR subalgebras) Let A € Fin(Z) and set B, := {a, |z € A} C 4.
(a) The C-subalgebra of 2 generated by B, is defined by

r= () B, (178)
%’ C*subalgebra of A
B, CB

(b) A polynomial in A generated by B, is an element of 2 of the form

ol+ > 3 axy ] @i (179)

le[1,N] XleAl 1€[1,1]
fre{+}
where a € C, N € N, and, for alll € [1,N], ax,; € C forall X, = (z,4,...,2) € A’

andallt, = (81,...,811) € {i}l. The set of all the polynomials in 2A generated by °5 , is
denoted by Pol(B,).
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For the following, recall that, if 2 is a unital C*-algebra and N € N, the elements of the
family {e,s}a sep,ny € 21 are called N x N matrix units in 2L (see, for example, [7]) if, for all

a?/ﬁﬂ,y75€ [[17N]]!

€apCys = 5B'yea6a (180)

6:5 = €8a, (181)

> tan=1 (182)
a€[1,N]

The CAR algebra 2, has the following local structure.

Proposition 41 (Local CAR structure) The net (ﬁl, A)AeFin(z) IS @n increasing net of unital
C'-subalgebras of 5(1 satisfying §11’ A = Pol(®B,) for all A € Fin(Z) and

A, = clog (UAEFM) mLA) . (183)

Proof. Let A € Fin(Z) be fixed. Then, QALIA as given in (178) defines a *-subalgebra of A
which is closed with respect to the norm of 2 (as in the proof of Proposition 38). More-
over, the C*algebra A, A is unital due to (144) and the fact that the anticommutator satisfies
{a,,a} € B’ forall x € A and all C*-subalgebras B’ of 2A with 8, C B'. Since B, C B (from
Definition 37), we also have ﬁm c Ay, ie., ﬁm is a unital C*-subalgebra of 2,. Furthermore,
for all A, A" € Fin(Z) with A C A’, we have B, C B, and, thus, QALLA C 511,/\’, i.e., the net
(é\[l,A)AeFin(Z) is increasing.

Next, let A € Fin(Z) again be fixed. Since Pol(B,) is a “.subalgebra of 2 and since
Pol(iBA) C B’ for all C* subalgebras B’ of A satisfying B, C B, it follows that Pol(B,) is
a “-subalgebra of the C™-algebra Q(l,\, too. Moreover, Clom(POI(%A)) C QllA because QllA
is closed and, since the C*-subalgebra clog(Pol(%B,)) of 2 contains B,, we also get the
inverse inclusion. We next show that clog(Pol(®5,)) = Pol(®8,). To this end, let P € Pol(‘B,)
be ertten as in (179). Hence, P is a (finite) linear combination of monomials of the form
[licpy @i, where I € N, (yy,...,y) € A', and (#;,...,%) € {£}' (we use the notation from
Definition 37). Using that, due to (143)-(144), we have {d’, aZ} =0forall z,y € Awithz #£y
and all 4,b € {£}, we first group together (at an arbitrary position) all annihilation and creation
operators having the same site index, say x, by anticommuting them across all annihilation
and creation operators having a site index different from z. Afterwards, we may order all
these groupings increasingly with respect to the total order on Z (these two operations only
change the global sign of the initial monomial). Now consider a fixed grouping with site index
x. Such a grouping has the form of a monomial Hie[[l,m]] a’i, where m € N and b, € {+} for
all i € [1,m], and, using (143)-(144), we get

IT o € ({0} UL asena): (184)

i€[1,m]
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where, for all z € Z and all o, 8 € [1, 2], the elements ffjg) € 511 are defined by

aya,, (o, B)=(1,1),

@ . ) a (a,8)=(1,2),

B w @B =, (189)
azay, (a,8)=1(2,2).

A direct check yields that, for any fixed = € Z, the family { %)}, scp1 o7 is a family of 2x 2 matrix

units in 2A,. Hence, if A = {x,,...,2,} € Fin(Z) for some n € Nis such that z;, < ... < =, if
n > 2,any P € Pol(®8,) can be written as

P= Y o I1 45 (186

refi,2)” i€[1,n]

where ar € C forall T' = (aq,54,...,0a,,6,) € [1,2]*" (and where we used (144), i.e.,

fﬁ”) + fg(;C) = 1 for all z € Z [see (182)], to compensate for a missing site index in the initial
monomial), i.e.,

Pol(B,) = span ({ Hieul’nﬂ f;fg}rem%). (187)

Since the argument of the linear span on the right hand side of (187) contains only a finite
number of elements of 2, the *-algebra Pol(8,) is a finite dimensional vector subspace of
the Banach space 21, i.e., Pol(B,) is closed (with respect to the C*-norm of 2[ and, hence,
of ;).

Finally, since Pol(B) = [Jxcpinz) Pol(Ba), the foregoing fact that Pol(B,) = 2, , for all
A € Fin(Z) and (151) lead to (183). O

In the following, for all A, A" € Fin(Z) with A C A’, we denote by i, and N the canonical
inclusion maps 2, < 2 and A, — 2/, respectively (see Figure 8).
We next show that 2l and 2, are isomorphic.

Proposition 42 (Spin-CAR isomorphism) (a) For all A € Fin(Z), there exists 9, €
“Iso(A,, 2, 4) such that, for all A" € Fin(Z) with A C A/,

Q9A/O¢A/7A:19A. (188)

(b) There exists ¢ € *Iso(2,2,) such that, for all A € Fin(Z),

A(RAy) = Ay 5, (189)
poiy=1,0p5" (190)
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Proof. (a) Let A = {z,...,x,} € Fin(Z) forsome n € Nwith z; < ... <z, if n > 2. For all
a, B € [1,2], let E,5 € C*** be defined by

10 0 1 0 0 0 0
Ell = [O O:|7 E12 = |:0 O:|7 E21 = |:1 0:|’ E22 = |:O 1:|7 (191)

and note that {E,s}. sepop is @ family of 2 x 2 matrix units in C***. Hence, due to (26),
{& (B p)®.. '®5:?n1(Eanﬁn)}re[[1 oo Where T = (ay, By, ..., B,), Is @ basis of 21, Since
we want 9, to be a -homomorphism, i.e., in particular, since we want ¥, to preserve the
multiplication, we cannot define 19A(A5;11(Ea151) ®...Q fgnl(E%gn)) BY [Ticpin féfg)i (the set
{Hie[[l,nﬂ féfél}reﬂl o2 is a basis of 2, 4, see below before (198) and after (200)) since the
family of 2 x 2 matrix units (185) is not commuting at different sites, i.e., for all z,y € Z with
x#yandall a,p,v,0 € [1,2],

f(?f(y) _ (_1>(a+/3)(”/+5)f§g)f§g)_ (192)

aB J o

Therefore, for all i € [1,n] and all a, 8 € [1,2], let ') € 2 be defined by

a;iamia (OK, B) = (17 1)7
T\ p(R)an, (a8) = (2.1), e
ad, (@f) = (2.2),

where, for all i € [1,n], we define R; € 2 by (compare to (111))

1, i=1,
RZ- = { (xj) i (194)
Hje[[l,zeu] o3, i€ [2n]

Using that o} ¢(R;) = e, . (R;)d;, for all i,j € [1,n] and all § € {+} and that, for all
i,j € [1,n], we have [¢(R;),%(R;)] = 0 and (¥(R;))* = 1, a direct computation yields that
{efjg}aﬁem is a family of 2 x 2 matrix units which commutes at different sites, i.e., for all
i,j € [1,n] withi# jandall o, ,7v,6 € [1,2],

egge(jg = e%)e(%. (195)

Hence, setting, forall T = (ay, 81, ..., a,, 8,) € [1,2]*",

er= [ e (196)

1€[1,n]
we define the map v, : A, — 2, for all T € [1,2]*", by

19A(€:E_11(Ea1,31) ®...0 g;}(Ean,Bn)) ‘=f€r, (197)
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and by linear extension to the whole of 21,. We next verify that J, has the required properties.
First, since QllA = Pol(28,) due to Proposition 41, since (187) holds, and since (if n > 2)
Micpio fas, = e;?ﬁl(eﬁﬁ e5) e (et — es)™ el (e — e Me, for
all T e [1,2]*" with N; == 3 i (e, + B;) forall i € [1,n— 1]] where we used f;g” '
(R, el “ foralli e [[1 n] and all a, 8 € [1,2], the fact that ¢ (o{") = 2a;, a, —1 = el — el
foralli € [[1,n]], and (195), (180) and (e11 - egg)) = 1foralli e [1,n] if N € Nis even lead
10 [Ticqn fo75 = £ [licqun e, for all T € [1,2]*". Hence, we get

2, , = span ({er}re[m%), (198)

i.e., ran (,) C %A, ,. Moreover, using that, for all T = (o, 81, . .., a,, 8,) € [1,2]* and all
F, = (a{/1’6£7 R 7a:17ﬂ;l) e [[17 2]]2n7

eFeFl - (Hze[[Ln]] 50‘;51')6(0‘17/81 ----- 0‘77,761”1,)7 (199)

eit = e(ﬁlval 7777 67170471)7 (200)

a direct check yields that ¥, € *Hom(QlA,QAlLA). Next, we want to show that {er}reﬂmzn
is a basis of 2, ,. Due to (198), it is enough to show that {ep}remﬂzn is linearly inde-
pendent. To this end, let Zremﬂan arer = 0, where ap € C for all ' € [1,2]*". Then,
forall T' = (a},B1,...,00.8,) € [1,2]*" and all T” = (&, B87,...,al, B)) € [1,2]*", multi-
plying this equation by e~ from the left and by e~ from the right and using (199), we get
Qo ol el gty = 05 1€, ap = 0 for all T e [1,2]*" (if there exisis T, € [1,2]*
such that er, = 0,thener = 0 forall T' € [1,2]*" due to (199) and, hence, 2 = {0} due to
(198), (183), and (139)). Therefore, since, due to (197), ¥, maps a basis of 2(, to a basis of
2, 4, it follows that ), is bijective and we arrive at ¥, € "Iso(Ax, A, »).

As for (188), let now A, A" € Fin(Z) with A C A’ be such that A" = {z,,... 2} for
some n' € N (i.e., n’ > 2) with x; < ... <z and let n := card(A). Moreover, let o € S,
be the unique permutation satisfying z,;) € A for all i € [1,n] with o(i) < o(i + 1) for
alli € [1,n—1]ifn > 2 and z,; € A"\ Afor all i € [n+1,7] with o(i) < o(i + 1)
foralli € [n+1,n —1]if n’ > n + 2, see Figure 3. Then, on the one hand, we have

—1 —1
ﬁl\(g%m(E%(l)ﬂla(l)) ®...x fxa(n)< Qg (n)Bor( n)>) = €(q 0(1) Bor(1) -+ (n) Bo(n)) due o (197) On the
other hand, using (39)-(40), we can write ¢,/ A(f%(l)( a0y Boy) @ - ® fzm (B Boimy) =
A ®...® A, where A; € {gwi (Ba,p.)s Lz} forall i € [1, n]] Hence, since, for all
i € [1,n'], we have 1y, = &'(Ey + Ey) and i) + ¢ = 1 (see (182)), (197) leads
2?8198/\)/(SDAl7A(§%1(1><E"‘o<1>5o(1>) ®...8 §%(n>( a(n)ﬁam))) = Cao(1) o 1)t (n) Bo(m)? i.e., we find

(b) Since §l1 is a unital C™-algebra due to Proposition 38 and (ﬁlLA)AeFin(Z) an increasing
net of unital C*-subalgebras of A, satisfying (183), we know from [21] that part (a) leads
to the desired assertion. For the sake of completeness, we briefly discuss the construction
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from [21]. We start off by defining ¢, := 9, o @' € *Iso(’QVIA,fQVlLA) for all A € Fin(Z) (see
Figure 8). Next, let A, A" € Fin(Z) with A C A". Then, using (41) and (188), we get, for all
A ey,

O (A)

Iy (4))

Iy ey (on (eaalen' (A)))

Iy (n alex' (4)))

P (A), (201)

i.e., we have ¢, = ¢, 0y, forall A, A" € Fin(Z) with A C A",

Next, we define the map &' : Ujcrin Ay = Unerinz) Aia by #'(4) = ¢x(A) for all
A € Fin(Z)andall A € A,. If A € A, forsome A € Fin(Z) and A € 2, for some A" € Fin(Z),
there exists A” € Fin(Z) such that A, A" C A" and, due to (201), we get ¢, (A) = ¢, (A)

and ¢,/ (A) = ¢,/(A), i.e., ¢ is well- deflned Moreover, since ¢, € Iso(QlA,QllA) for all
A € Fin(Z), the definition of ¢’ directly implies that ¢’ preserves the scalar multiplication and

the involution. As for the addition and the multiplication, if A, B € (J,cpin) A, there exist

A, A" € Fin(Z) such that A € 2, and B € 2,/ and, hence, there exists A” € Fin(Z) with
AAN CA'and A, B € 51 » since (ﬁA)AeFm(Z) is an increasing net. Hence, due to (201), ¢’
preserves the addltlon and the multiplication, too, i.e., ¢’ is a *-homomorphism. In addition,
if A €A, for some A € Fin(Z), we have ||¢'(A)|| = ||¢a(A)]| = || Al| due to ¢, € Iso(QlA,QllA)
and (217), i.e., ¢’ is isometric and, therefore, injective. On the other hand, if B ¢ QLLA for
some A € Fin(Z), we can write B = gbA(qb/_\l/(\B)) = ¢/ (¢, (B)), i.e., ¢ is also surjective and
we arrive at ¢’ € “Tso(U, cpin(zy s Uncrinz) Aa)-
Now, we define the map ¢ : 2 — 2, for all A € 2, by
#(A) == lim ¢'(A,), (202)

n—oo

where (A,),cn IS @ sequence in Fin(Z) and (A4,,),ey @ sequence in 2L with A, € §lAn for all
n € N such that ||A, — A|| — 0 for n — oo (see (42)). Note that the limit in (202) exists
in the C*-algebra 5[1 since ¢' is isometric. Moreover, the limit in (202) is independent of the
choice of the sequence (A,,),cy because ||[¢(A) — &' (B,)|| < [|#(A) — ¢ (A, + |4, — Bl
for all n € N, where (A}),cy is a sequence in Fin(Z) and (B,,),cy @ Sequence in 21 with
B, € ﬂA; for all n € N such that ||B,, — A| — 0 for n — co. Next, the fact that ¢' is a *
-homomorphism immediately yields that ¢ € "Hom(%, 5[1) and we want to show that ¢ is
bijective, too. First, ¢ is isometric since ||¢(A)|| = lim,,_, [|¢'(A,)|| = lim,,_, |4, = ||A| for
all A € 2 and all sequences (A,),ey in Fin(Z) and (A,)),en in A with A, € §lA foralln e N
such that |4, — A|| — 0 for n — oo. As for the surjectivity, if B € 2A,, there eX|st sequences
(A,)nen in Fin(Z) and (B,,) ey in A, with B, € QLIA for all n € N such that || B, — B|| — 0
for n — oco. Since ngi( B,) € QlAn for all n € N and since the sequence (¢An( B,))nen in
the C™algebra 2 satisfies [0, (B,) — ¢x, (Bn)ll = [6'(0x,(By) = x,. (Bu))ll = [ Bn — Bl
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Figure 8: The ingredients of (the proof of) Proposition 42.

for all n,m € N, there exists A € 2 such that ||A — ¢Xi(Bn)’| — 0 for n — oco. Therefore,
1B = o(A)l < 1B = ¢ (én, (B + 6(0a,(Bn) = Al = 1B = Bull + lléx,(B,) — Al for all
n € Nleads to ¢ € “Iso(2, 2L,).

Finally, since ¢(A) = ¢'(A) = ¢r(A) € §lLA for all A € Fin(Z) and all A € 2, and since
B = ¢5(¢,(B)) for all A € Fin(z) and all B € 5117,&, we get (189). Since, by definition,
Pr =Vp 0y forall A € Fin(Z), we also get (190). O

Remark 43 The definition of the local *-isomorphism (197) is the analog of the classical
Jordan-Wigner transformation (see [16]).

The C™-algebras 2 and 5[1 are isomorphic due to Proposition 42 (b). But there is no *
-homomorphism which respects the spin structure in the following sense.

Proposition 44 (Nonpreservation) There exists no 11 € "Hom(%, QAll) such that H(a(_x )) =
a, for at least two different x € 7Z.

Proof. Let x,y € Z with = # y and assume that there exists 1T € “Hom(%, §l1) such that
(c™) = a, and TI(¢")) = a,. Then, on the one hand, we have [a,,a,] = (¢, TI(c¥))] =

1([c, ™)) = 0 due to (102). On the other hand, using (143), we also have [a,, a,] = 2a,a,,

Ty Yy
and we thus get a,a, = 0. Multiplying this equation by a;j once from the left and once from
the right, adding the resulting two equations, and using (144), we get a, = 0, i.e., 2 = {0}
again due to (144). O
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Remark 45 Defining the maps C*® x 2% — 2*, (-,-) : 2A° x > — A, A - AP x AP — AP,
and C*> x %> — Afor all M = [m;];jepns € C¥°, all m = [mylicps € C°, and all A =
[Ailicn s B = [Biliepg) € A by MA = [Zje[u 3] mi;Ajlicnaps (A, B) = Zieﬂl,gﬂ A;B; (see
Lemma 18 (a)), AN B := [ZME[[LSH €:ikA; Biliep 3, @and mA = Zieﬂlygﬂ m;A;, respectively,
and decomposing any J = [J;;]; jepa; € R¥? as J = J, + J, + J,, where J,, J,, J, € R¥
read J, := diag[J11, Jao, J53), Js = (J +J)/2 — J,, and J, == (J — J")/2, we get, for all
A= [Alicpapy B = [Biliepa) € A7,

<A7 JB> = <A7 JdB> + <A7 JsB> + <A7 JaB>7 (203)
where the three contributions are given by

(A, JB) = > J;AiB;, (204)
1€[1,3]

(A28 = 3 % 'QUJZ (AIB, + A'By), (205)

1,j€[1,3]
i<j

Joo— J.
(A, J,B)= > %(A:Bj—A;Bi). (206)

1,7€[1,3]
1<j

In particular, setting o := [o\”, o{", 0] € 2 for all 2 € Z (using the same notation as
for scalar entries) and plugging 4 = ¢ and B = ¢ for any z € Z into (204)-(206), the
so-called direct, symmetric, and antisymmetric (Dzyaloshinskii-Moriya) parts of the nearest
neighbor magnetic exchange interaction have respectively the form

) =

L Ju e ; S22 (ool — >), (207)
(o), 7oty = P2 (g2 4 gty (208)
(0@, J, o@Dy J12;J21 (6@ e+ _ 5@+Dy (209)

and note that (209) can also be written as ('™ A ¢*™V), where a € R? is given by a =
(0,0, (Jys — Jo1)/2]". Now, (207)-(209) become quadratic forms in the Araki-Jordan-Wigner
creation and annihilation operators (147)-(148), since, for all z € Z and all n € N, we have

%D_l (a;aaﬂrn - a;+nam)

r+1 T z+1
(o0 oot ), =1

_ | %
{%( 5 )( Hie[[l,nflﬂ U§x+l))agw+n) — 02 ) ( i€[1,n—1] U§$+Z))O-Z(lx+n))7 n > 27
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- {_i( ® (i (o) _%(U%‘(’M raen ) Tl e
271 (Hieﬂlﬂ%lﬂ 73 ) ( i€[1,n—1] 05 )‘71 )7 n =2,
a5 + Gginy)
_%(ng)(nie[u,nq]] U;gxﬂ)) (ztn) _ 02 ( ie[Ln1] 0'31‘+’L))0'§ )), n>2,
@Z’_l(a;aﬁn + G;Jrnax)
_ { _%( (x) (m+1) + Jéx)aéerl))’ n=1, 213)
_%(ng)(nie[[l,nflﬂ Uigxﬂ)) i + 03 3 (11 ic[1,n—1] ‘73 ))Uéern))a n =2,

and recall from (174) that v (2aa, — 1) = oy for all 2 € Z. The so-called quasifree
fermionic systems whose Hamiltonian densities have the form (212)-(213) are called (gen-
eralized [if n > 2]) XY models or Suzuki models (see also [2]).

Remark 46 Let the physical system under consideration be specified by the triple (2, w, 7),
where w is a given state (i.e., a normalized positive linear functional) on the algebra of
observables 2l and 7 € Hom(R, "Aut(2()) a group of time evolution automorphisms (see (53),
R being considered as the additive group of real numbers). If the system is even, i.e., if
woB® =wandr,00 = 0o forallt € R, itis possible, for many quantities of physical
interest, to restrict one’s study to 2/, .. But then, due to (157), one is left with a purely
fermionic system (é\ll’+,w+,7'+), where w, and 7, denote the restrictions to §l07+ = 5(1#.
Moreover, if, in addition, this system is quasifree, one has powerful tools at one’s disposal
(see, for example, [2] and references therein).

Acknowledgments | would like to thank the anonymous referee for his careful reading of the
manuscript.

A C’-completion

In this appendix, we briefly recall the definitions and basic facts used in the foregoing sec-
tions (see, for example, [4, 21, 23]) and describe in some detail the so-called C*-completion.

In the following, all the vector spaces are assumed to be complex.

If 2 is a vector space, a map 2 x 2 — 2, denoted by (A, B) — ABforall A,B € 2, is
called a multiplication if it is associative, i.e., if (AB)C = A(BC) for all A,B,C € 2, and if
it is bilinear, i.e., if (A+ B)C = AC+ BC and A(B+ C) = AB+ AC forall A,B,C € A
(biadditivity) and if (aA)B = a(AB) and A(bB) = b(AB) for all a,b € Cand all A,B € 2
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(bihomogeneity). Equipped with a multiplication, 2l is called an algebra. If 2 is an algebra
and if there exists an element 1 € 2 such that 1A = A1 = A for all A € 2, this element is
called a (multiplicative) identity of 2f and will sometimes be written as 14 (the additive identity
of 2 is denoted by 0 or sometimes by 0y if necessary). An algebra equipped with an identity
is called a unital algebra.

If 2( is an algebra, a map 2 — 2, denoted by A — A™ for all A € 2, is called an involution
if it is involutive, i.e., if (A")" = A for all A € 2, if it is antidistributive, i.e., if (AB)" = B"A"
forall A, B € 2, and if it is antilinear, i.e., if (A + B)" = A* + B* for all A, B € 2 (additivity)
and if (aA)* = aA" for all « € C and all A € 21 (antihomogeneity). An algebra equipped
with an involution is called a *-algebra. A vector subspace B of the *-algebra 2l is called a *
-subalgebra of 2 if AB, A* € 9B for all A, B € B. A vector subspace 9 of the *-algebra 2 is
called a 2-sided *-ideal of 2l if AB, BA,B* ¢ B forall A €2 and all B € 5.

If 24 and 9B are "-algebras, a map = : 2 — B is called a *-homomorphism if, for all
A,B € A and all « € C, it satisfies 7(A + B) = w(A) + n(B), n(aA) = an(A), 7n(AB) =
m(A)w(B), and 7(A") = n(A)", and we sometimes say that = preserves the addition, the
scalar multiplication, the multiplication, and the involution (of 2l), respectively. The set of *
-homomorphisms between the *-algebras 2l and B is denoted by “Hom(2(,B). If 24 and B
are unital *-algebras with identities 1y and 1y, respectively, 7 € *Hom(2(,B) is called unital
if 7(1yq) = 1. If 7 € "Hom(2A,B) is injective or bijective, it is called a *-monomorphism
or “-isomorphism, respectively, and we denote by "Mon(2,B) or “Iso(2, B) the set of the
corresponding “-homomorphisms. If there exists 7 € “Iso(, B), we write 20 = 9B. Moreover,
if 24 = 9B, the elements of the set "Aut(2l) := *Iso(2A, 2) are called *-automorphisms of 2.

If 2 is a “-algebra and if the map || - || : 2l — R is a norm on 2 which is submultiplicative,
i.e., which satisfies ||AB| < ||A||||B] for all A, B € 2, with respect to which 2( is complete,
and which has what we call the B*property, i.e., which satisfies, for all A € ,

A" = (A1, (214)

the *“-algebra 2l is called a Banach *-algebra. If the submultiplicative norm with respect to
which 21 is complete has the so-called C*-property, i.e., if, for all A € 2,

1ATAl = (A%, (215)
the norm || - || is called a C-norm on 2l and 2 is called a C*-algebra (recall that all the
norms are denoted by || - || unless there are several norms on the same vector space). A *

-subalgebra 9 of the C™algebra 2 is called a C*-subalgebra of 2 if 9B is closed with respect
to the C*-norm of 2.

If 2 is a Banach ™-algebra, % a C*-algebra, and = € *Hom(%, ®8), we know that, for all
A e,

[ (A < [IA]l, (216)

i.e., in particular, = € L(, *B), where, for all normed vector spaces V and all Banach spaces
B, we denote by L(V, B) the vector space (with respect to the usual pointwise addition and
scalar multiplication) of bounded linear operators from V to B (i.e., by definition, any T €
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L(V,B) is a vector space homomorphism between V and B for which there exists C' > 0
such that | Tv|| < CJv|| for all v € V) and recall that £(V, B) is a Banach space with respect
to the so-called operator norm defined by ||7']| := sup,ey =1 | T0] for all T € L(V, B). If, in
addition, 2( is a C*-algebra and = € *Mon(2, 8), we know that, for all A € 2,

I (A)]| = [IA]l (217)

Also recall that, for any normed vector space V, the vector space completion of V is the
couple (V', E), where E € L(V, V™) is the isometry defined by E(v)(n) := n(v) forallv € V
and allp € V* (and V" := L(V, C) is the dual and V** := (V*)" the double dual equipped with
the operator norm) and where

V' := cloy+-(ran (E)), (218)

i.e., V' is a Banach space and E an isometry whose range ran (E) C V' C V*" is dense in
V', where, for all normed vector spaces V and subsets W C V, we denote by clo,,(W) the
closure of W with the respect to the norm of V. If (V, F) is another couple such that V' is a
Banach space and F € £(V,V) an isometry whose range is dense in V, then there exists
an isometric isomorphism, i.e., a surjective isometry, from V' to % (hence, a vector space
completion, when defined as a couple with these three properties, is unique up to isometric
isomorphism, only, see Remark 48).

If a normed vector space also carries a multiplication and an involution with respect to
which the norm is submultiplicative and has the C™-property, then the vector space comple-
tion has the following additional properties.

Lemma 47 (C-completion) Let 21 be a *-algebra equipped with a submultiplicative norm
which has the C*-property. Then:

(a) There exist a natural multiplication and involution on 2’ with respect to which the norm
of A" is submultiplicative and has the C-property, i.e., which make ! into a C*-algebra.

(b) E € *Mon(2, ")

(c) If 2 is unital, so is .

The couple (2, E) is called a C*-completion of 2.

Proof. (a) Let (', E) be the vector space completion of 2l from (218) and define the map
A xA — A forall A, B € A, by

A'B = lim E(A,B,), (219)
where the sequences (A,),cy and (B,),cy in 2 are such that, for n — oo, we have [|A" —
E(A,)| — 0and |B" — E(B,)| — 0. We first note that the limit on the right hand side of
(219) exists since || E(A, B,,) — E(A, By, )| = | Ay By — A Byl < || E(An) — E(A) | E(B,) ||+
\E(A )| E(B,) — E(B,,)| forall n,m € N. We similarly check that it is independent of the
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choice of the sequences (A,,),cy and (B,,),cn in 2, 100, i.e., (219) is well-defined. Moreover,
using the associativity and bilinearity of the multiplication on 2, we see that (219) indeed
defines a multiplication on 21’. Next, we analogously define the involution ' — 2, for all
A e, by

A= lim B(AY), (220)

n—oo

where (A,),cy is a sequence in A such that ||[A" — E(A,)| — 0 for n — co. The limit on
the right hand side of (220) again exists and is independent of the choice of the sequence
(A, )nen in 2L Moreover, the involutivity, the antidistributivity, and the antilinearity of (220)
follow from the corresponding properties of the involution of 2. Hence, equipped with the
multiplication (219) and the involution (220), 2’ becomes a *-algebra. The submultiplicativity
and the C™-property of the norm on 21’ directly follow from the corresponding properties of the
norm on £, the continuity of the norm on 2I’, and from the fact that £ is an isometry. Hence,
2" is a C*-algebra.

(b) Let A,B € 2 and set A’ := E(A), B := E(B), and, foralln € N, A, := A and
B, := B. Then, (219) and (220) yield F € Hom(Ql, 2'). Since E is an |sometry, we get
E € "Mon(2(, ).

(c) If 2 is unital with identity 1, the C*-algebra 2’ is unital with identity 1, := E(1y4) since,
forall A" € ', we have ||,y A" — A'||,||A'ly — A'|| < [|[E(19)||||A"— E(A,)||+ | E(A,) — A| for
alln € N, where (A,),cy is a sequence in 2 with ||[A" — E(A,)|| — 0 for n — . O

Remark 48 Let V be a normed vector space and C the set of Cauchy sequences in V.
Equipped with the addition C x C — C and the scalar multiplication C x C — C defined by

(Un)nEN + (wn)neN = (Un + wn)neN and A(Un)neN = (Avn)neN for a” (Un>nEN7 (wn)nEN S
and all A € C, respectively, C becomes a vector space. Moreover, C; = {(vy)nen €

C| lim,_, ||v,|| = 0} is a vector subspace of C and we know that the quotient space V :=
C/Cy (see (11)) is complete with respect to the norm || - || : % — R (well-) defined by
I[(Vp)nen]|| = lim,_,o ||v,|| for all [(v,),en] € V. Defining FF @V — V by F(v) := [(v)pen]
for all v € V, where (v),cy stands for the constant sequence whose members are all equal
to v, the couple (17, F) is the usual vector space completion of V.

If A is a "-algebra equipped with a submultiplicative norm having the C*-property and
(91 I) the foregoing vector space completion of 2, we easily verify that the Banach space
2A also becomes a C™-algebra with respect to he multiplication 2A x A — 2A and the involu-
tion 2 — 24 defined by [(v,)nen][(W)nen] = [(Vatn)nen] ANA [(v,)nen]” = [(v])nen] for all
(V) nenls [(wn)nen] € 2, respectively. Moreover, if (', E) is the vector space completion of
21 from (218), we straightforwardly verify that there exists a surjective isometry = € L(/, 5()
which has the additional property that = € *Hom(%l’,ﬁl).
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