EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS WITH
RANDOM COMPLEX POTENTIALS

OLEG SAFRONOV

ABSTRACT. We consider the Schrédinger operator perturbed by a random complex-valued
potential. For this operator, we consider its eigenvalues situated in the unit disk. We obtain
an estimate on the rate of accumulation of these eigenvalues to the positive half-line.

1. INTRODUCTION. MAIN RESULTS

In this paper, we study the behavior of eigenvalues of the operator H = —A + V acting on
a Hilbert space L?(R?). The potential V is assumed to be a complex-valued function of the
form

V(z) = Z WpUp X (T — n), v, €C, z¢cR%
nezd
where w,, are independent random variables taking values in the interval [—1, 1] and x is the
characteristic function of the unit cube [0, 1)%.

The probability space in our theorems is the set ¥ of all infinite sequences w = {wy }peza-
The probability measure is defined on ¥ as the infinite product of corresponding measures on
intervals [—1, 1]. Since w,, can be viewed as a function on ¥ whose value is equal to the n-th
coordinate of w, its expectation E[w,] can be viewed as an integral over ¥. We impose the
condition

Elw,] =0
on w, guaranteeing oscillations of V. The coefficients v,, do not have to be real.
To formulate the main result, we set

V(z) =) loalx(z —n).

nezd
Note that V' is a non-negative function such that [V| < V.

Theorem 1.1. Let d > 3, let 0 < Ry < 1, and let 1 < v < q < 2. Then the eigenvalues \; of
the operator —A + V' satisfy

B[ Y tm /A0 < ol ([ 7@ (1.1)

|)\j|<R8
with p p
—q
oy 204 1.2
P57 5a—2) (1.2)

It is assumed that Im \/A; > 0. The constant C' in (1.1) depends only on d, v and q.
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It is known that, if v, € R, then the eigenvalues A; obey the Lieb-Thirring estimate (see
11, [16], and [17))

SOl < c/ V@) de, V=T, d>3,430. (1.3)
- Rd

Theorem 1.1 alows one to consider real potentials V' for which the right hand side of (1.3) is
infinite, while the left hand side is finite almost surely. Indeed, let 1 < 2y = ¢ < d/(d — 1).
Then the parameter p in (1.2) satisfies the inequality

p>d/2+7. (1.4)

Similar results for real random potentils V' = V were obtained earlier in [18]. However,
there is a big difference between Theorem 1.1 and the results of [18], since the only point of
accumulation of eigenvalues of the operator H in the case considered by the authors of [18] is
the point A = 0. When one studies complex-valued potentials, the fact that the eigenvalues \;
might accumulate to points other than A = 0 should not be excluded. Examples of decaying
complex potentials V' such that eigenvalues of H = —A+V accumulate to points of the positive
real line R, are constructed in [1]. Because of the difference between the cases of real and
complex potentials, it would be more appropriate to ask what new information Theorem 1.1
provides compared to [6] and [8], rather than realize that this theorem does not follow from
the Lieb-Thirring estimate even in the selfadjoint case.

The related result of [8] says that there is a constant C' that depends on d, p and v such
that

fer-i)
Zdlst AL RO < / |V|de e

under conditions on 7 and p implying that p < y+d/2. One can now refer to (1.4) to conclude
that our results do give new information about the distribution of eigenvalues in the complex
plane.

The same conclusion could be made by an analysis of the results of [6], where the eigenvalues
in the disk Dy = {z € C: [2[P"%2 < C,4 [ |V|Pdz} are considered separately from the rest
of the eigenvalues (here p > d/2). The author of [6] proves that under some restrictions on p,

( S dist(xj,&)v)” <C | Wirdr, (1.5)

)\]’EDV

for v equal either to p or 2p — d + . The constants C' > 0 and ¢ > 0, depending only on d
and p in the first case, also depend on € > 0 in the second. In its turn, € > 0 belongs to the
interval whose size depends on p. The observation we make is that p < v+ d/2 in (1.5). On
the other hand, in deterministic results, p simply can not be larger than v + d/2.

The next statement is an improvement of Theorem 1.1 for 3 < d < 5.

Theorem 1.2. Let 3 < d <5 and let 0 < Ry < 1. Assume that 7 satisfies

MRS NS



EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS 3

withn and v such that 1 < v <n < 2. If d = 3, then we assume additionally that 8v+9n < 26.
Let p, g and r be the numbers defined by
d 1 1-6 46 1 1-6
r

=—, —-—=—+4—, and
7Ty q P 2

where 6 is the solution of the equation

Then the eigenvalues \; of the operator —A +'V' satisfy

E[ 3 tmy/25[C2] < Cry o Rolr—0/2( / d V@rar)"", o> a2

[Aj <R

Besides its dependence on d, the constant C, , in this inequality depends on a choice of the
parameters T, and o.

Theorem 1.2 gives new information about eigenvaues of H. Even in the case V = V, this
theorem does not follow from the Lieb-Thirring estimates. It turns into Theorem 1.1 for
dimensions 3 < d < 5 once we set 71 = 0. On the other hand, since it allows to consider
ratios o/r smaller than ratios ¢/p allowed by Theorem 1.1, Theorem 1.2 is an improvement
of Theorem 1.1 for dimensions 3 < d < 5.

One of the difficulties we encountered in this paper is that our statements can not be
derived by taking expectations in the inequalities obtained by Borichev, Golinskii, and Kupin
[3]. The reason is that operators of the Birman-Schwinger type we are dealing with might have
different properties for different w. This difficulty was overcome through an application of the
Joukowsky transform to a half-plane with a removed semi-disk and consecutive integration
with respect to the radius.

2. PRELIMINARIES

Everywhere below, &, denotes the class of compact operators K obeying
IK|]P = Te(K*K)"? <00,  p>1

Note that if K € &, for some p > 1, then K € &, for ¢ > p and || K|, < || K],
Let z; be the eigenvalues of a compact operator K € &,, where n € N\ {0}. We define the
n-th determinant of I + K by

detn(l—i—K):H (14 z) exp< A ) n
j

m=1

\Y
N

det(I+ K)=[J(1+2), n=L
J
There exists a constant C), > 0 depending only on n such that

|det, (I +X)| <eIXln vX e 8,
Moreover, the following statement holds (see Proposition 2.1 of [14]):
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Proposition 2.1. Let n > 2. Then for any n — 1 < p < n, there exists a constant Cp,,, > 0
depending only on p and n such that

|det,, (I + X)| < @ Xle vy es, (2.1)

The way the eigenvalue bounds are obtained in [14] goes through applications of the following
abstract result.

Theorem 2.2. Let Hy be a selfadjoint operator on a Hilbert space $). Let Wi and Wy be two
bounded operators on $ and let V = WyW,. Assume that the function

C, > z2=Wi(Hy—2)""W, € 6, 1<p<oo,

is analytic in the upper half plane Cy = {z € C: Imz > 0} and continuous up to the real
line R. Assume also that

1
Wi (Hy — 2) ' Wyl B = o(ﬂ), as |2| = oo. (2.2)
P z
Then the eigenvalues \; of Hy +V in Cy satisfy

> Im); < (Jp/ Wy (Ho — A —i0) "' Wal|% dA. (2.3)
j —00

where C, depends only on the parameter p.

Proof. The proof of this statement relies on Jensen’s inequality for zeros of an analytic
function which is (also) justified in Proposition 3.11 of [14].

Proposition 2.3. Let a(z) be an analytic function on C, satisfying the condition

1
a(z) =1+ 0<|—), as |z| = oo.
z

Assume that for some v > 0,
Inja(X+iy)| < f(N), VA eR.
Then zeros of a(z) situated above the line Imz = v satisfy the inequality

Sty =) < 5o [ fyan (2.4

J

The statement also holds for v =0, if a(z) is continuous up to the real line R.
The bound (2.3) follows from (2.1) and the estimate (2.4) with v = 0 once we set
CL(Z) = detn(I — Wl(HO — 2)71W2), and f()\) = Cp,nHWI(HO — A= ZO>71W2H%IJ

This completes the proof of Theorem 2.2. O

One of the tools used in the present paper is an interpolation. Interpolation has been also
used to prove Theorem 1.2 of [14], which could be generalized and formulated as follows:
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Theorem 2.4. Let (2, 1) be a space with a o-finite measure j such that L*(2, i) is separable.
Let Hy be a selfadjoint operator on the Hilbert space L*(, 1). Assume that the integral kernel
of the operator e~"*o satisfies the estimate
—itH c
|e 0(:E,y)| < et vVt > 0, Va,y € Q,

for some » > 0. Let V€ LP(Q, u) N L®(Q, u) for p > s such that p > 1. Assume also that
(2.2) holds for all Wy and W that belong to a class of functions dense in L*(Q, ). Then
eigenvalues of the operator H = Hy + V' satisfy

T

> < Cor ([ V@)™

for any r > max{2(p — »), 1}.

The proof this result is literally a counterpart of the proof of Theorem 1.2 from [14] with the
only difference that the value of the parameter s in Theorem 1.2 of [14] is 3/2 and Q = R?.
However, one can consider different 2 and spaces € which are different from R¢. Especially
interesting are spaces of fractional dimensions for which 2s¢ is not integer.

Another object that we will work with is the operator
X(k) = |VI"*(=A=2)"'WV(=A=2)'VV[TV2 2=k keCy.

If V is a bounded compactly supported function, then X (k) is a trace class operator for d < 3
and X (k) € 6, for p > d/4 and d > 4. In this case, we set

Dy(k) = deto(I — X(k)),  n>d/4, neN.

Proposition 2.5. Let V be a compactly supported function on Re. If a point A\ € C\ Ry is
an eigenvalue of H = —A+ 'V, then D, (k) =0 for k = VA, The algebraic multiplicity of the
eigenvalue X does not exceed the multiplicity of the root of the function D,(-).

Proof. According to the Birman-Schwinger principle, a point A is an eigenvalue of H if and
only if —1 is an eigenvalue of |[V[/2(—=A — \)7'V|V|~1/2. Therefore, 1 is an eigenvalue of
X (ko) with k2 = X\. On the other hand, if 1 is an eigenvalue of X (ky), then D,, (ko) = 0.

The statement about the multiplicity follows from the fact that an isolated eigenvalue of H
whose multiplicity m is larger than 1 can be turned into m simple eigenvalues by an arbitrarily
small perturbation of finite rank (which does not have to be a function). For any ¢ > 0 there
is a finite rank operator K. such that ||K.|| < € and that all eigenvalues of —A + K.+ V near
A are simple. Define now the function

do(k) = det,(I — |V|"?(=A + K. — 2) W (=A + K. — 2)"'V|V|71/?)

analytic in the neighborhood of ky = v/A for sufficiently small ¢ > 0. In this neighbourhood
of the point kg, we have d.(k) — D, (k) uniformly, as ¢ — 0. Since the function d.(k) has
at least m zeros near ko, the multiplicity of the zero of function D, (k) at k = k¢ can not be
smaller than m by the argument principle. O
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3. LARGE VALUES OF Re( WITHOUT PROJECTIONS

The following proposition gives an important estimate for the integral kernel of (—A — 2)7¢.

Proposition 3.1. Let d > 2 and let (d —1)/2 < Re( < (d+ 1)/2. The integral kernel of the
operator (—A — 2)™¢ satisfies the estimate

(A = 2) (2, y)| < Ber IO | (=12 ReC |y Rec(dr)/2 (3.1)
for z ¢ R,. The positive constants  and « in this inequality depend only on d and Re (.

The proof of this proposition, as well as related references, can be found in [8].

Corollary 3.2. Let (d—1)/2 < Re( < (d+1)/2, whered > 2. Let 2 <r < m Suppose
that W is a function of the form
= anx(aﬁ—n), w, € C, zeR%
nezd
Then
[W(=A = 2)" x| 6, < Be MmO k| =D/ ey, (3.2)

for z ¢ R,. The positive constants  and o in this inequality depend only on d and Re(. If
Re(=(d+1)/2 and d > 2, then (3.2) holds with r = 2.

Proof. 1t follows from (3.1) that

HW<_ . z Xl”c CeQa(Im§)2|k|(d—1)—2Re§ Z (|n o l| n 1)2ReC—(d+1)|wn|2'

nezd

A simple application of Holder’s inequality leads to (3.2). O
We need to turn (3.2) into a similar estimate for the &4-norm of the operator corresponding
to smaller values of Re (. For that purpose, we employ the following inequality:
a(lm 2
[W(=A = 2)"xl| < Be* || W], (3.3)

for Re( = 0.
By interpolation we obtain from (3.2) and (3.3) that

Proposition 3.3. Let (d —1)/2 < 3¢ < (d+1)/2, where d > 2. Let 2 < r < 52%. Suppose
that W is a function of the form

= anx(x—n), w, € C, zeR%

nezd
Then, for any Re¢ =71 € (0,5 and z ¢ R,
HW<_A _ Z)_CXZHGQ / < Bea(ImC)Q|;€|((d—1)/(2%)—1)7||W||W/T' (3_4)

The positive constants 5 and « in this inequality depend only on d and 7. If % = (d+1)/2
and d > 2, then (3.5) holds with r = 2.
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Proof. Indeed, let Re () = 7 and let
A=0QJA|
be the polar decomposition of the operator
A=W (=A = 2)"%y,.
Consider the function
£(¢) = e Tr(JW[/7(= A = 2) = fA[imelrgr).

If Re( =0, then
FQI < AN
If Re( = s, then

F(Q)] < Colk| @02 A7 w7

Sose/r rx/T"

Consequently, by the three lines lemma,

— —x Osx/T —0)x/T
1£(Co)| < Ck|P@=D2=2 |y & A Q07 g = 7).

rx/T Sas/r

Put differently,

al? 2x/T — — Ox/T 2—0)x/T
e SNANE, < CIRMDEWIZIIANE D 0=/

The latter inequality implies (3.5). The proof is completed. O

In particular, once we set rs/T = 4, we obtain

Corollary 3.4. Let (d —1)/2 < 3 < (d+ 1)/2, where d > 2. Suppose that W is a function
of the form
W(z) = Z wpX (T —n), w, €C, zecR%
nezd

Then
[W(=A = 2)" x|, < BeMm O k| =D/ ReC) 7|, (3.5)

for any /2 < Re( < min{s,ds/(45c — 2)} and z ¢ Ry. The positive constants B and a in
this inequality depend only on d and Re(. If e = (d+1)/2 and d > 2, then (3.5) holds with
Re( = »/2.

Let us now consider the operator
() = e®CW(=A — 2) SV (=A — 2)~W,

where W is a fixed function independent of w. The proof of the following proposition is based
on the fact that Elw,| = 0.

Proposition 3.5. Let (d —1)/2 < s < (d + 1)/2, where d > 2. Let /2 < Re( <
min{se, ds/(45c — 2)}. Assume that V € L*(R?), W € LY(R?) and ap > 2a. Then

1/2 —ap)(Im —1)/3— eCI(T/
(EUIZ(QIE,)) " < Chogel2emaolime? (=Dl Rec) 7, [y |3 (3.6)
If x=(d+1)/2 and d > 2, then (3.6) holds with Re( = /2.
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Proof. Obviously,
E(2(0)l18,) = E(Trx(0)'%(0)) <
20 S W (=4 = 2) g, (-4 — )W,

lezd
Together with Corollary 3.4, this implies (3.6). O

Corollary 3.6. Let (d—1)/2 < 3 < (d+1)/2, whered > 2. Let 5/2 < Re ¢ < min{se, dse/(45c—
2)}. Assume that V € L2(R?), W = VY2 and ag > 2a. Then

(E(||%(C)||262)>1/2 < CReCe(Qa—ao)(Imc)Z|k|((d—1)/n—2)ReC||f/||g_ (3.7)
If x=(d+1)/2 and d > 2, then (3.7) holds with Re ( = /2.
4. AN ESTIMATE FOR THE SQUARE OF THE BIRMAN-SCHWINGER OPERATOR
According to our observations that we made, if W = ﬁ , then X(¢) is a function that
obeys (3.7) for some rather large values of Re ( and it also obeys
IXO < CIVIE

for Re( = 0. To obtain our first result about eigenvalues, we can interpolate between these
two cases. Let

X(k)=W(=A=2)"W(-A—2)"'W, 2=k, keC,,

where, W is a fixed function independent of w. Here is the result of the interpolation (which
does not work for d = 2):

Proposition 4.1. Let (d —1)/2 < s < (d+1)/2 where d > 3. Let
max{2, >} < p < min{2s,ds/(2:c — 1)}. (4.1)
Let W = V2. Assume that V € LP(R%). Then

- 1/p IRy
(BAXk),)) " < Clhf=D/2)) 72 (4:2)
If = (d+1)/2 and d > 3, then (4.2) holds with p = .

Proof. Note that X (k) = X(1). The logic of interpolation says that (4.2) holds for p defined
as
p=2/0, for 6 suchthat 1=0r,

where /2 < 7 < min{se, ds/(45c — 2)}. Of course, this interpolation works only if 7 > 1,
which is impossible for d = 2. Observe that, in these notations, p = 27.
Let
X (k) = QX (k)]

be the polar decomposition of the operator X (k). Consider the function
£(0) = B (T (I (- A - 2)Ve(-A - 2 WX (<) ).

where

Ve(z) == an|vn|<eiarg””x(x —n).



EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS 9

If Re( =0, then
FOI< GE(IX(R)IZ, ).
If Re( = 7, then

1/2 .
Q1< Colkl @02 (B (X R)E, ) IV

Consequently, by the three lines lemma,

IV _ o\ @D
FOI< 2V IE (E(IX0IE,))
Put differently,

E(IX(k)IE,) < C\k\(d‘l)/”‘QHW@T(E(HX(I@)H?G;)>11/(2T)'

The latter inequality implies (4.2) because 27 = p. The proof is completed. O

Now, we can formulate and prove the following result.
Theorem 4.2. Let d >3 and let 1 < v < q < 2. Assume that W = |V|'/2. Then
E(|X(®)IIE,) < ClkI (V]2 (4.3)
for p defined by
dd—1)—q d d—q
_ -4 1 4.4
P="5@=2 ~ 27 2a—2 (4.4)
Proof. Observe that the assumption v < ¢ < 2 leads to the inequalities
d+1 e dld—1)—v
o “PS T2
We will show that conditions of Proposition 4.1 are fulfilled for the parameter > defined by
_(d-=1p
2p — v

(4.5)

)

The latter relation simply means that
d—1
y = (2 - u);y. (4.6)
»

Consequently (4.3) follows from (4.2). The second inequality in (4.5) implies
dd—1)—v - d—1
2(d —v) 2
while the first inequality in (4.5) combined with the condition v < 2 implies that
<l
2
One can also see that the first inequality in (4.7) is equivalent to the estimate

»

B v - ds
2% —(d—1) " 2x—1’
Finally, note that in d > 3, the condition p < 2 follows from the fact that v 4+ ¢ > 2. O

p
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5. PROOF OF THEOREM 1.1
We will work with the function
d(z) = det, (I — X(k)), n=[p] +1,
where z is related to k via the Joukowski mapping

R k
==+ = R>0
z k+R7 Y

which maps the set {k € C: Imk >0, |k| > R} onto the upper half-plane {z € C: Imz >
0}. Rather standard arguments lead to the estimate

Zlmzj < C/ In |d(2)|dz, (5.1)
j —0o0

where z; are zeros of the function d(z) situated in the upper half-plane C.. In fact, (5.1)
could be established in the same way as Jensen’s inequality for zeros of an analytic function
on a unit disk. In (5.1) we assume that V' is compactly supported. The relation (5.1) leads
to the estimate

[k |* — R? > 1 R g N

T ep ; < Pl— — — K1YV

ij o ) tmks <[ IX@IE(G ) b+ [ IX(R-e)lgsinbag).
Taking the expectation we obtain

S [PBUSE 0] <o [ mix ol (5 12) i+ [ B Re)lg i)

—00

Due to Theorem 4.2, the latter inequality leads to

;E[Imkj(:zjlzlg R2)+] < C’RFVHVH;R (5.2)
Now, suppose that we consider only the eigenvalues A\; = k]2 that satisfy the inequality
|k;| < Ro.
Multiplying (5.2) by R9™! and integrating with respect to R from 0 to Ry, we obtain
S7 Eltmky [k < ClRTTIZ, g >0 (5.3)

|kj|<Ro

This implies Theorem 1.1

6. OPERATORS OF THE BIRMAN-SCHWINGER TYPE
Let a, b and V be functions on R?. Define
Ac = |a| FVF*[bl,

where F' is the unitary Fourier transform operator. For any complex number z, we understand
V, as the sum

V.(z) = an|vn|zeiarg””x(x —n).
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Note that the operator A; can be viewed as a sum over the lattice Z?

A=) Acn (6.1)

neZzd
where
Agn = wplal Flug|e"™ &y (- — n) F*[b]°.
We will show that while A, mig}}t be not bounded at some points w, it i§ still a compact
operator almost surely if a, b and V are in L?. We remind the reader that V was defined as

the function )
V(z) =Y lonlx(z —n).
Remark. Operators of the form aFW F*b do not have to be bounded for all a, b and W
from L?. Indeed, let
W(zx) = (Jz|+1)7°, with d/2 < s < 2d/3,

and let
734, i [ < 1,

“@:b(é):{o it > 1

If aFW F*b was bounded, the operator T' = aF'vW would be bounded as well. The latter is
not true, simply because T ¢ L? for ) = W (the singularity of T4 at zero is |¢[33/4~9).

Proposition 6.1. Let a € L2, b e L? and V € L. Let also p > 2. Then the sum (6.1) with
Re( = 2/p converges almost surely in S,. Moreover,

1/p _ -
(B[4, 1) ™ < @) 22 lal PRI IVIE?,  Re¢ =2/p. (6.2)

Proof. We are going to prove (6.2) for one point (y such that Re (; = 2/p. For that purpose,
we define the operator K(w) = |A¢|?/2. Then, obviously,

8 :=E(IKIZ,) = E[l4q2,].
Let 2 = Q(w) be the partially isometric operator appearing in the polar decomposition of A,
Agy = Qw)|Ag |
We introduce the analytic function
F(Q) = E[Tr A K|*~| K[ 0],

which will be treated by the three lines lemma. Since ||A¢|| < 1 for Re¢ = 0, and ||| K[ ™% Q|| <
1, we obtain that

FQOI<B,  for ReC =0, (6.3)
On the other hand,

FOI < )82V llallz bll, for Re¢ =1, (6.4)
by an analogue of Holder’s inequality valid for Shatten classes. Indeed, for Re( =1,
IFOF <E[IAE,] - Ell K,
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and
E[|AcllE,] = EITr A{A] = D E[Tr A7 Aca] < (2m) 7>V I3 [lall3 [10]15
nezd
Using the three lines lemma, we obtain from (6.3) and (6.4) that

F(Q)] < (2m)ReCBIReC2) V7155 a5 [b]|5°
Note now that f({y) = 8. Consequently,
BYP < (2m) 2|V (15775 |1BI15-
O

Corollary 6.2. Let T be a random operator of the form
= |a|FV F*|b|,

= anvnx(m —n).
Letae LP,be LP, v, € P and p > 2. Then
1/p B -
(E[ITIE,]) " < @m) 2 llal ol 7],

Proof. Observe that the functions |a[?/2, |b|P/?> and V?/2 belong to L?. Therefore, according
to the proposition, the &,-norm of the operator

K = |a Vg o P

with

obeys the inequality
~ 1/p
P —2d/ /2112/p /2112/P /2112/p _
(BLIKNE,)) ™ < @) 2 a2 7)ol 2 5P| V72157, Re =2/p.
(I

The following result is a very well known bound obtained by E. Seiler and B. Simon [19].
Moreover, the reader can easily prove it using standard interpolation.

Proposition 6.3. Let a and W be two functions from LP(RY) with p > 2. Let T be the
operator
T =aFW,
where F' is the operator of Fourier transform. Then
ITlls, < @m)~?llall,[Wll,, — »>2.
Corollary 6.4. Let ¢ > p > 2. Let T be a random operator of the form
= |a|FV F*|b|,

= anvnx(x —n).

with

Leta € LP, be LY and v, € P. Then

1/q B _ ~
(E0TIL,)) " < @n) - al, oV
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Proof. According to Proposition 6.3,
ITlls, < @m)~?llallplblloclVIlp, > 2.
On the other hand, according to Corollary 6.2,
1/p _ ~
(BNITI,1)" < @m) 2 Jal, 171,

It remains to interpolate between the two cases.
For that purpose, we introduce the function

f(Q)=E [(T Kp> (14+q—p)(1=0) /p+<(p—1)(a—p)/p*
= r

where K = Ha\F VF *]b|| and € is the partially isometric operator appearing in the polar
decomposition

Tr |a| FV F*[b|%/? KP~1Q],

la|FV F*|b| = QK.
For our convenience, we denote
B :=E[(Tr K7)¥"]
If Re( = 0, then by Holder’s inequality,
£ < @m)~Blall,|[V ],
If Re( =1, then

QI <E[(Tr K
which leads to

(r=1)(a—p)/P* _

> p—1)(a—p)/p ||]a|FVF*|b|q/p||6p(TTKP)(p 1)/10]7
£ < B2 @2m) 22 |lall, [0 27Vl
Observe also that
f(p/a) =B
Thus, by the three lines lemma, we obtain that
B < BV 2m) =4 18]V -

The proof is completed. O

7. LARGE VALUES OF Re(

Let 0 < R < 1. Let xo be the characteristic function of the ball
2|k|
% = { € Rd : < _})
fer’: g <
and let x1 =1 — xox be the characteristic function of its complement
2|k
R\ B = {geRd: €| > %}
We introduce the operators
Pn,k = FXn,kF*a
which are the spectral projections of —A corresponding to the intervals [0,4|k|*/R?] and
(4|k]?/R?, 00).

Besides depending on the properties of (—A — 2)~¢, the arguments of this paper also rely
on the properties of the operators P, x(—A — 2)~¢ for different values of ¢. In this section, we
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discuss relatively large values of Re (. The following proposition gives an important estimate
for the integral kernel of P, j(—A — z)~¢.

Proposition 7.1. Let R < 1. Let d > 2 and let (d —1)/2 < Re( < (d + 1)/2. The integral
kernel of the operator P; (A — 2)™¢ satisfies the estimate

[Pir(=A = 2)"(a, y)| < BetMm el || D/2mRed gy Rec(@rD/2 (7.1)

for z ¢ Ry and j = 0,1. The positive constants 5 and o in this inequality depend only on d
and Re (.

Proof. Due to Proposition 3.1, it is sufficient to prove only one of the inequalities (7.1). Let
us first estimate the integrals

s / eié(@—y) dé | |_2/ Ageiﬁ(m—y) d¢
ne ez — g2y Py —_— > =
2 k< rigl<zn1 ] (1617 = K2)¢ o jkl<rig <2 (1612 = K2)

iz — y)ge’t V) dS;

2i€(x — y)e v dg

Ix—y!2/ —C|w—y|2/
oy sy EIEE — FC <ng oy (6P — )T

(7.2)
for n > 1. We will show that
a(Im )2 fan (d—1)/2—Re( ol
|1,| < Be MmO (2n|k|/R) V2R g — g Rec (@412 (7.3)
for some 8 > 0 and a > 0. A priori,
|In| < C«d627r|ImC\(2n|k|/R>d—2Re§’ (74)
but the representation (7.2) leads to
1] < Cae®™ el (20 ||/ R)T21RC 2 — y[ 7 (7.5)

The first estimate (7.4) implies (7.3) for 2"|k||x — y| < R, because in this case,
’I | < C 6271'\ImC|(2n|k’/R)d—2ReC(2n|k‘|I y|/R)ReC d+1)/2.

The second inequality (7.5) implies (7.3) for 2"|k||z — y| > R, because (d+1)/2 —Re( < 1
and, therefore,

(2n|k|/R)d_2Re<_1|I . yl—l < (2n|k|/R)d—2Re§+Re(j—(d+1)/2|x . y|R€C—(d+1)/2_

The estimates (7.3) imply (7.1) for j = 1, because

P (A — 2) " (x,y) = (2m) ¢ Z I,.

O

Corollary 7.2. Let (d—1)/2 < Re( < (d+1)/2, whered > 2. Let 2 <r
that W is a function of the form

= anx(x—n), w, €C, zecR%

n€za

2d
TRec T Suppose

Then
WP h(=A = 2) x|, < BT (k| DRy, (7.6)

Y
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for z ¢ Ry and j = 0,1. The positive constants B and « in this inequality depend only on d
and Re(. If Re( =(d+1)/2 and d > 2, then (7.6) holds with r = 2.

Proof. 1t follows from (7.1) that
W P(=A = 2)xillg, < OO k]@ D728 3 (jn — 1] + 1) P, 2

nezd

A simple application of Holder’s inequality leads to (7.6). O
On the other hand, we have the following inequality:
W Pik(=A =) xll < B[ Wi, (7.7)

for Re( = 0.
By interpolation we obtain from (7.6) and (7.7) that

Proposition 7.3. Let (d —1)/2 < 3 < (d+ 1)/2, where d > 2. Let 2 < r < 72L-. Suppose
that W is a function of the form

W(z) = Z wyX(x —n), w, € C, z¢cR<

nezd
Then, for any Re( =7 € (0,%), z¢ R, and j =0,1,
IWPk(=A = 2)"xillg,,, < B k@D CAT W, (7.8)

The positive constants 5 and o in this inequality depend only on d and 7. If ¢ = (d+1)/2
and d > 2, then (7.9) holds with r = 2.
Proof. Indeed, let Re (, = 7 and let
A=0Q|A|
be the polar decomposition of the operator
A= WP (A — 2) "0,
Consider the function
F(Q) = e T (WIS Py (—A = 2) S| G <Himme/rgr),

If Re( =0, then
FOI<GlAIZ .
If Re( = 7, then

F(O)] < Colk| @D A\ w207

Consequently, by the three lines lemma, S T
F(G)| < LKA D= W T AN T, =15
Put differently,
e SNANG, < CIRMDEWIZIIAIS D 0=/
The latter inequality implies (7.9). The proof is completed. O

In particular, once we set rs/T = 4, we obtain
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Corollary 7.4. Let (d —1)/2 < 2 < (d+ 1)/2, where d > 2. Suppose that W is a function
of the form

W(z) = Z wyX(x —n), w, €C, zcR%.

nezd
Then
WPk = 2) ], < et il D=0 R [, (7.9)
for any »/2 < Re( < min{s,ds/(45c — 2)}, 2 ¢ R, and j = 0,1. The positive constants 3

and « in this inequality depend only on d and Re(. If s = (d+ 1)/2 and d > 2, then (7.9)
holds with Re ¢ = /2.

We will now discuss the properties of the random operators
Xn,m(() = 60‘042 (an,k(_A - Z)_CV(_A - Z)_Cpm,kW> )
Here W is a fixed function which does not depend on w.

Proposition 7.5. Let (d —1)/2 < 3 < (d + 1)/2, where d > 2. Let »x/2 < Re( <
min{se, ds/(4sc — 2)}. Assume that V € L*(RY), W € L*(R?) and oy > 2. Then

1/2 -
<E(||Xnm(C)||262)> < C’Rege(Za—ao)(ImCP |k|((d—1)/%_2) RQCHVHQHWHi' (7_10)

If 6= (d+1)/2 and d > 2, then (7.10) holds with Re ( = /2.
Proof. Obviously,

E<||XR,M(OH262> = E<Tr Xnm(o*Xnm(o> <

2R S P WP, 4(~A — 2) a3, x(—A — 2) B3,

lezd

Together with Corollary 7.4, this implies (7.10). O

We will also study the spectral properties of the operator

Y(¢) = Xo,0(¢) + Xo0,1(¢) + X1,0(¢).

Corollary 7.6. Let (d—1)/2 < 3 < (d+1)/2, whered > 2. Let »/2 < Re ( < min{s, d/(43—
2)}. Assume that V € L*(R?), W = VY2 and ag > 2a. Then

1/2 , e Rec
(E(||Y(C)H262)> < Coce2200)ImO)? | (@=1)=2) Re¢ | 7|2, (7.11)

If 6 =(d+1)/2 and d > 2, then (7.11) holds with Re ( = /2.
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8. SMALL VALUES OF Re(

The notations we use in this section are the same as in the previous one. In particular, the
projections P, j are the same as before. As it was mentioned, the arguments of this paper rely
on the properties of the operators P, x(—A — 2)~¢ for different values of ¢. In this section, we
discuss the case 0 < Re( < 1.

In the next two propositions, we discuss the properties of the random operators

Xom(€) = € (WP (A = 2)V(=A = 2) P, )

for Re( = v/2 and 0 < v < 3/2. Here W is a fixed function which does not depend on w.
The value of the parameter a should be sufficiently large as in Corollary 7.6.
Later, we will also study the spectral properties of the operator

Y (¢) = Xoo(¢) + Xo,1(¢) + X1,0(¢)-

However, the terms in this representation will be studied separately. A this point, we do not
discuss X7 1(¢) at all.

Proposition 8.1. Let d > 2. Let z € C\ Ry and let 2 < 2p < 3/v. Assume that 0 < R < 1.

IfRe( =~v/2, W € L*, and V € L*, then X,(¢) € &, almost surely. Moreover,
|k|)3d/2p—2’y

R

Proof. This statement follows from Corollary 6.2 and Proposition 6.3. If r = ¢/2 = 2p, then
1/r 4+ 2/q = 1/p. Moreover, since

1 —ag|Im¢|? v
(| Xaa(Q)l[3,)"" < Cpeoald?/2( 17 11, (8.)

Xoo(Q) = e (W(=A = 2) PRyy(—A = 2) XV (=A = 2) XL Ry (—A = 2)"PW),
we obtain the estimate
1 Xo0.0(C)llp < 2|+ [W(=A = 2) "3 Pyl
| Po(—A = 2) 2BV (=A = 2) B Py ||, | Poe (A = 2) =W,

It remains to realize that

Xo,kd€ 2 / dg 2 o Tm ] / ds_ 2
’ < + Cpre ——— ) <
(Lae25emr) < (i) oo™ (] o)

k| 2(d—2ry/3)/r k| d/p—4v/3
Cp,yeCI fm (|—R|) = Cpﬁec| fm ¢| <|—R|> ,or < 3,

while a similar argument shows that

Xo.kdE )2/q ~ T c| |k|\2(d=av/3)/a - I ||\ d/2p=27/3
___Xokds  NTE A el <_> — (o m<|(_) _
</]Rd [(1€]2 = 2)¢/3] Pt R P R

O

Proposition 8.2. Let 2 < d <5. Let z € C\R, and let 2 < 2p < 3/v. Assume that 4py > d
and 0 < R< 1. IfRe( =~/2, W € L*, and V € L?!, then Xo1(¢) € &, for allw. Moreover,

2 k? d/p—2vy .
1X0a(C)lls, < G2 (B2 i, (8:2)
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Proof. Since
X01(¢) = e0¢” <W(—A — 2) BPyp(—A = 2) BV P (A — Z)_CW>;
we obtain the estimate
1X0,1 ()l < [ - [[W(=A = 2)~3Py 4|
[Poi(—A = 2) 2BV ||y [| PLi(—A = 2) = W[4

It remains to realize that

(/ Xo,kd€ )1/(210) < @ _eelimd (@)d/@p)—?v/:’,
a [(JE]2 — 2) X732 Py R ;

Xo,kd€ )1/<4p> 5 eimg) ( [R]\¥/(P)=v/3
) < C ¢/ Im ]| <_> )
(/Rd (P — =)o P R
Finally,

1/(4p) ~ d/(4p)—
()™ caemet [ e <m0
re |([€]2 — 2)¢|*P g2k (31€]2)%P R

O

while

Let us now talk about the operator Y ({). The study of this operator has to be harder
compared to the study of X (¢) simply because P; ,(—A — 2)~¢ is bounded uniformly in z,
while it is not true about Py j(—A — 2)7¢.

Corollary 8.3. Let 2 < d < 5. Let |k| > R where 0 < R < 1. Let also W = ﬁ Assume
that 2 < 2p < 3/v and 4py > d. If Re( = v/2 and V € L*, then

|]§‘ 3d/2p—2y .
=) IV,

In particular, we can set p = 1 and prove the following statement.

! —ap|Im¢|?
E([Y(Q)I[R,)"" < Cppeolimnd /2(

Proposition 8.4. Let 2 < d < 5. Let |k| > R where 0 < R < 1. Let also W = ﬁ Assume
that

Then
k| ) 3d/2—4Re( .

E(IY(Olle) < Cree /P2 (12 1715

9. ANOTHER INTERPOLATION BETWEEN SMALL AND LARGE VALUES OF ReC

Let us recall two theorems that hold for the operator
Y(€) = Xo,0(¢) + Xo,1(C) + X1,0(¢),

with W = V2. By small values of Re( we mean the values that are considered in Corol-
lary 8.3, which states that, for any p > 1 and d/(8p) < Re( < 3/(4p),

|k| >3d/2p—4Re§ -

1 —oap|Im¢|?
E(IY (©)If3,)"" < Creg e~ ™2 (L 1715, (9.1)
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In this corollary, we had to assume that 2 < d < 5 and |k| > R where 0 < R < 1. One should
not forget also that our assumptions about v = 2 Re ¢ imply that Re ( < 3/4.
In the next result, we only replace 4 Re { by d/(2p) in the right hand side of (9.1).

Theorem 9.1. Let 2 < d <5. Let W = VY2, Let
0 <Re( < 3/4.

Assume that

3
— <p< — > 1,
8Re¢ P S aRecr P

and 0 < R< 1. Then

1 —ag|Im¢|? |k| /p, -
E([Y(QII5,)" < Crecpe ™2 () V3,

for |k| > R.

For the sake of simplicity, we choose

_d

"~ TRe(

In this case, because of the assumption p > 1 that we made, we have to assume that

p

d
0 <Re( < -
Note that d/7 < 3/4. Thus, we can formulate the following assertion:
Corollary 9.2. Let2 < d < 5. Let 0 < Re( < d/7 and let p = #dec‘ Assume that 0 < R < 1.
Then

1/ —ao|Im |2 |k| fp -
E([Y(©115,)"" < Crec.pe 0P 2(E) 7,

for |k| > R.

By the large values of Re ( we mean the values appearing in Corollary 7.6. We will use only
a simpler version of this result.
Theorem 9.3. Letd > 3. Let 1 <v <n<2. Let
d d—n
2Re( ==+ —=
0=t =2

Assume that V € L*(R?) and ag > 2a. Then
1/2 -
(BAY(QIZ,)) " < Croge®o0mme? o =/2)| 7|2 (9.3)

Proof. For Re( defined in (9.2), the assumption v < 1 < 2 leads to the inequalities
d+1 dd—-1)—v
5 “od_2)
Let us now introduce the parameter s setting
2(d—1)Re¢
~ 4Re(—-v

< 2Re( <
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The latter relation simply means that

y:<2—(d;1>>2ReC. (9.5)

Thus, (9.3) coincides with (7.11). Let us check that all conditions of Corollary 7.6 are fulfilled.
The second inequality in (9.4) implies

dd—-1)—v d-1

> A=) > 5 (9.6)
while the first inequality in (9.4) combined with the condition v < 2 implies that
i
2

One can also see that the first inequality in (9.6) is equivalent to the estimate
217 dx
< )
2% —(d—1) 2x—1

Finally, note that in d > 3, the condition Re( < s follows from the fact that v +n > 2.
Consequently, Corollary 7.6 implies Theorem 9.3. O

2Re( =

We interpolate between Corollary 9.2 and Theorem 9.3.
Theorem 9.4. Let 3 < d < 5. Assume that T satisfies
d (n-=1(d+1) d—mn (v—1)(d+1)
0<((5 )-2)n <= 9.7
> T 7a T2d-2 n 7d (9.7)

withn and v such that 1 < v <n < 2. If d = 3, then we assume additionally that 8v+9n < 26.
Let p, q and r be the numbers defined by

d 1 _1-0 ¢ 11694
r

e Z d = 4+ = 9.8
p=ao L=ty + (9.8)

where 0 is the solution of the equation

71(1_9)+Q(§+ 4= ):1. (9.9)

Then
(E(HY(l)H‘éq))l/q < Cq(%)d(l_m/ﬂkr@vﬂy|f/|y$, (9.10)
for k| > R and 0 < R < 1.
Proof. Observe that

Mgd if d>3
- <{ 7(d—3)d 7 )

281((”2*_177)) <4 if 8v+4 91 < 26, and d = 3,

In both cases, 7 obeys
0<m < d/7
Consider Y (¢) for ¢ running over the strip

N RSH
ISH
3

1 <Re( <~ +
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Since we have some information about the values of this function on the boundary of the strip,
we obtain (9.10) by interpolation between Corollary 9.2 and Theorem 9.3. O

Remark. We need to explain why the parameters were selected the way described in
Theorem 9.4. The work with perturbation determinants requires convergence of integrals of
the form

| B,k >0

so we need the parameters to satisfy the condition
qd(1 = 0)/p — qfv/2 < —1,
which is equivalent to the inequality
v 1 o0v—-1) (1-0)n

1 R _
=0 <3y -7 =~ d

implying that

Ov—1)(d+1)

The latter can be written differently as follows

0/d d—n O(v —1)(d+1)
_§<§ 2(d—2)> 14d '

In other words,

2<9<C—l+(”_1>(d+1) =1 ) (9.11)

7d 2(d—2)
The condition that € is large can be converted into an inequality showing that 7 is small.
The relation (9.11) is satisfied, if

<<g N (v — 1$;d+ 1) Q(dd—_nz)) —2>7'1 - (v — 17);d+ 1)

Since n > v, that condition is obviously fulfilled, if (9.7) holds.

In the next statement, we estimate the remainder X ;(¢) for ¢ = 1.

Theorem 9.5. Let p > 3d/4 > 2 and let ( = 1. Then

Bl 7 < o (5D e
L1 Sp/2 R p’

Proof. In this theorem, we deal with the operator
W(—A—2) ' P V(A —2) P W

On the one hand, we see that

-2p/3 \2/p
E[l[(—A = 2) 2P PV (=A = 2) 2P, 1 < o / g2 == " ag) IV

l§1>2k|/R
which implies the inequality

k -~
Bl(-a - =) RV (-a -2 Rl < (B I, ps s
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On the other hand,

_ kN —4/3 -
IW(=A = 2)7 B PlE,, <c(%) IV,  p>3d/4.

Consequently,

kN —4 -
E[||W(-A - )" PV (-A - 2) PG 1P < 0(’—R’) IVIZ, > 3d/4.
O

The next statement follows by Hoélder’s inequality.

Corollary 9.6. Let ¢ > 3d/8 > 1 and let ( = 1. Then

EIN—4 -
12,4011, < o () e,

Surprisingly, ¢ in (9.8) satisfies the inequality ¢ > 3d/8 > 1 . Thus, we obtain the following
result.

Theorem 9.7. Let 3 < d < 5. Assume that T satisfies (9.7) with n and v such that 1 < v <
n < 2. Ifd =3, then we assume additionally that 8v +9n < 26. Let p, q and r be the numbers
defined by

d 1 1-60 0 1 1-60 0

- - - Z d = 4= A2
b T q P +2’ a r 2p +2’ (9.12)

where 0 is the solution of the equation

0 /d d—mn
71(1—9)+§(§+2(d_2))_1. (9.13)
Then
1/q |k| d1-0)/p 5 |k| —47 .
(Eaxmng) " <a[(R)"  weE () v

for |k| > R and 0 < R < 1.

10. PROOF OF THEOREM 1.2

We will work with the function
d(z) = det,(I = X(k)), n=[d+1,
where z is related to k via the Joukowski mapping
R k
Z = E + }—%, R >0,

which maps the set {k € C: Imk >0, |k| > R} onto the upper half-plane {z € C: Imz >
0}. Rather standard arguments lead to the estimate

Zlmzj < C/ In |d(2)|dz, (10.1)
j —00

where z; are zeros of the function d(z) situated in the upper half-plane C.. In fact, (10.1)
could be established in the same way as Jensen’s inequality for zeros of an analytic function
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on a unit disk. In (10.1) we assume that V' is compactly supported. The relation (10.1) leads
to the estimate

S [k[* — B* > 1 R " -
k2R | S N—=—— PRI

: ( PR )+Imk]\0(/_oo\|x(k)llq(R k2>+dk+/0 IX(R-e )Hqsm6d0>,
Taking the expectation we obtain

S e[ 20 <o [ mixai(h - ) v+ [ 1R g o).

—00

Due to Theorem 9.7, the latter inequality leads to

Tm k;(|k;|2 — R?), ~ -
E AL < C|R|%/2||V||%. 10.2
> T SRRV (10.2)

Now, suppose that we consider only the eigenvalues \; = kf that satisfy the inequality
|k;| < Ro.
Multiplying (10.2) by R°~! and integrating with respect to R from 0 to Ry, we obtain
> E[mkylko) < ClRo|” ™| V|20, o > 6qv/2. (10.3)

|kj|<Ro

That completes the proof. O

While we do not intend to describe all results related to the theory of operators with complex
valued potentials, we would like to mention articles [1] -[10], [12]-[15] which could be viewed
as valueable contributions in this area. Some of these papers were already mentioned in
Introduction.
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