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1. Introduction

Properties of motion confined to regions infinitely extended in some direction, and of

a constant ‘size’ in the other, attracted over the years a lot of attention. The original

motivation came from quantum mechanics where such systems appeared naturally as

models of electrons in semiconductor wires, atoms in hollow optical fibers, and other

waveguide-type systems [EK15], but related effects were also investigated, theoretically

and experimentally, for instance in electromagnetism [LCM99] or acoustics [DP98]. The

most common framework for such a waveguide analysis is based on Schrödinger operators

in tubular regions with appropriate conditions at their boundary; for a recent survey of

the existing results we refer to the monograph [EK15].

An alternative approach, for which names like ‘leaky quantum wires’ or similar is

used, is motivated by the fact that in actual quantum systems the confinement is rarely

perfect, and tunneling between different parts of the structure is possible. It works with

singular Schrödinger operators which can be formally written as −∆− αδ(x− Γ) with
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α > 0, where the interaction support Γ is a curve, a graph, or more generally, a complex

of lower dimensionality [EK15, Chap. 10]. In this situation the particle can be found

everywhere, but the states with the energy support in the negative part of the spectrum

are localized in the vicinity of Γ.

The two model classes share some properties. A notable one among them is the

existence of curvature-induced bound states. If such a tube, or the set Γ supporting

the attractive interaction, is not straight but it is straight outside a bounded region,

or it is at least asymptotically straight in a suitable sense, then the system exhibits

localized states associated with discrete eigenvalues below the continuum, their number

and location being determined by the geometry of the system.

One can note that both the described system types contain a degree of idealization.

We have mentioned already that the tube walls may not be impenetrable. On the other

hand, real guides we try to model are often thin but never infinitely thin. A more

realistic way to describe this sort of physical constraints would be to use an attractive

potential, but a regular one in the form of a ditch, or channel, of a finite width. This is

the topic we are going to address in this paper. The first question that naturally arises

is whether in such a situation again ‘bending can cause binding’, that is, whether the

Hamiltonian with a bent potential channel would have isolated eigenvalues.

We are going to discuss this problem in the simplest two-dimensional setting where

the potential channel has a finite width. There are naturally many extensions to

the question posed in this way, and we will mention them briefly in the concluding

remarks. The tool we choose is the Birman-Schwinger method which has the advantage

that it allows us employ the ‘straightening trick’ known from the theory of hard-wall

waveguides. This is not the only possibility, of course, one can think, for instance, of

a variational method, but that could constitute the contents of another paper. Our

main result, Theorem 7.1, is a sufficient condition for the existence of curvature-induced

bound states which shows, in particular, that such states exist provided the potential

well determining the channel profile is deep and narrow enough.

Before proceeding, let us briefly describe the contents of the paper. The problem is

stated in the next section where the assumption we use are formulated. In Section 3 we

combine the bracketing technique and Weyl criterion in order to determine the essential

spectrum of the Schrödinger operators in question; it is vital to show that it is preserved

under the geometric perturbations we are considering. Before coming to our main topic,

we mention in Section 4 two simple asymptotic results establishing the discrete spectrum

existence based on the known facts about the hard-wall waveguides and leaky wires. The

main part of the paper are Sections 5–8 where we apply Birman-Schwinger method to

our case, prove the main result, and discuss its consequences. We finish the paper with a

survey of open questions related to the present problem, noting with pleasure a result on

a similar problem in the three-dimensional setting that appeared very recently [EKP20].
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2. Statement of the problem

Let Γ be an infinite and smooth planar curve without self-intersections, naturally

parametrized by its arc length s, that is, the graph of a function Γ : R → R2;

with the abuse of notation we employ the same symbol for the map Γ and for its

range. Writing Γ in the Cartesian coordinates we introduce the signed curvature

γ : γ(s) = (Γ̇2Γ̈1 − Γ̇1Γ̈2)(s) where the dot conventionally denotes the derivative with

respect to s. The curve is supposed to satisfy the following assumptions:

(a) Γ is C2-smooth so, in particular, γ(s) makes sense,

(b) γ is either of compact support, supp γ ⊂ [−s0, s0] for some s0 > 0, or Γ is C4-smooth

and γ(s) together with its first and second derivatives tend to zero as |s| → ∞,

(c) |Γ(s)− Γ(s′)| → ∞ holds as |s− s′| → ∞.

The last assumption excludes U-shaped curves and their various modifications.

The knowledge of γ allows us to reconstruct the curve uniquely, up to Euclidean

transformations: putting β(s2, s1) :=
∫ s2
s1
γ(s) ds, we have

Γ(s) =
(
x1 +

∫ s

s0

cos β(s1, s0) ds1, x2 −
∫ s

s0

sin β(s1, s0) ds1

)
(2.1)

for some s0 ∈ R and x = (x1, x2) ∈ R2. Next we define the strip Ωa in the plane, of

halfwidth a > 0, built over Γ as

Ωa := {x ∈ R2 : dist(x,Γ) < a},

in particular, Ωa
0 := R × (−a, a) corresponds to a straight line for which we use the

symbol Γ0. We assume that

(d) a‖γ‖∞ < 1 holds for the strip halfwidth of Γ.

This ensures that the points of Ωa can be uniquely parametrized by the arc length and

the distance from Γ as follows,

x(s, u) =
(
Γ1(s)− uΓ̇2(s),Γ2(s) + uΓ̇1(s)

)
, (2.2)

which constitute a natural locally orthogonal system of coordinates on Ωa, N(s) =

(−Γ̇2(s), Γ̇1(s)) being the unit normal vector to Γ at the point s.

The main object of our interest are Schrödinger operators with an attractive

potential supported in the strip Ωa. To introduce it we consider

(e) a nonzero V ≥ 0 from L∞(R) with suppV ⊂ [−a, a]

and define

Ṽ : Ωa → R+, Ṽ (x(s, u)) = V (u), (2.3a)

HΓ,V = −∆− Ṽ (x); (2.3b)
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in view of assumption (e) the operator domain is D(−∆) = H2(R2). It is also useful to

introduce the comparison operator on L2(R),

hV = −∂2
x − V (x) (2.4)

with the domain H2(R) which has in accordance with (e) a nonempty and finite discrete

spectrum such that

ε0 := inf σdisc(hV ) = inf σ(hV ) ∈
(
− ‖V ‖∞, 0

)
. (2.5)

Moreover, we know that ε0 is a simple eigenvalue and the associated eigenfunction

φ0 ∈ H2(R) can be chosen strictly positive; we will use the same symbol for this function

and its restriction to the interval (−a, a). The relation (2.5) helps us to find the spectrum

of HΓ,V in the situation when the generating curve is a straight line because in that case

the variables separate and we have

σ(HΓ0,V ) = σess(HΓ0,V ) = [ε0,∞). (2.6)

The question we address in this paper is about the spectrum of the operator HΓ,V in

the situation where Γ satisfies the assumptions (a)–(e) and is not straight. An example

of particular interest is the soft flat-bottom waveguide referring to the function

VJ,0(u) = V0χJ(u), V0 > 0, (2.7)

where χJ is the indicator function of an interval J = [−a1, a2] ⊂ [−a0.a0].

3. The essential spectrum

If the potential ditch is straight outside a compact, or at least asymptotically straight

in the sense of (b), the essential spectrum is preserved.

Proposition 3.1. Under assumptions (a)–(e) we have σess(HΓ,V ) = [ε0,∞).

Proof. If Γ is straight outside a compact we can divide the plane into four regions. The

first two of them is a pair of disjoint halfstrips Σ± = {x(s, u) : ±s > s1, |u| < u1}, the

rest consists of a compact set Σc containing suppV \ (Σ+ ∪Σ−) and its complement to

R2\(Σ+∪Σ−). We estimate HΓ,V from below by imposing additional Neumann condition

at the boundaries between the four regions. The compact one does not contribute to

the essential spectrum, hence we have to inspect the spectral thresholds of the other

three. The operator part referring to the last named one is positive, while the operators

corresponding to the two halfstrips have separated variables, and consequently, their

essential spectra start at ε(u1) := inf σ(hN
V (u1)), where hN

V (u1) is the operator (2.4)

restricted to the interval (−u1, u1) with Neumann boundary conditions. Furthermore,

in analogy with [DH93] one can check that ε(u1)→ ε0 as u1 →∞, in fact exponentially

fast, because V (x) = 0 outside (−a, a) and φ0 is exponentially decreasing there. Noting
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finally that in view of assumption (c) the halfstrips width 2u1 can be chosen arbitrarily

large by picking s1 large enough, we can conclude that

inf σess(HΓ,V ) = ε0. (3.1)

If Γ satisfies the other part of assumption (b) we replace the halfstrips Σ± by families

of pairwise disjoint regions Σ
(j)
± := {x(s, u) : ±s ∈ (s2j−1, s2j), u ∈ (−uj, uj)}, j ∈ N,

determined by increasing sequences {sj}∞j=1 and {uj}∞j=1 of positive numbers, and impose

again Neumann conditions at their boundaries. Using the parametrization (2.2) we can

pass from the corresponding Neumann restrictions of hV to unitarily equivalent operators

H
(j)
± on L2(Σ

(j)
0,±), where Σ

(j)
0,+ := (s2j−1, s2j)× (−uj, uj) and Σ

(j)
0,− is defined analogously,

in the way described in (5.3) below. According to [EK15, Sec. 1.1] they are of the form

H
(j)
± = hN

V (u1)⊗ (−∂2
s )N + Vγ(s, u),

Vγ(s, u) :=− γ(s)2

4(1 + uγ(s))2
+

uγ̈(s)

2(1 + uγ(s))3
− 5

4

u2γ̇(s)2

(1 + uγ(s))4
.

Since γ(s)→ 0 as |s| → ∞, in view of assumptions (c) and (d) the rectangles Σ
(j)
0,± can

be made arbitrarily wide in the u variable by choosing large enough s2j−1. The spectrum

of each of the operators H
(j)
± is discrete, of course, it is the accumulation point of their

principal eigenvalues which determines the threshold of σess(HΓ,V ). Since the ground

state of (−∂2
s )N is zero and the eigenvalues of H

(j)
± differ from those of hN

V (u1)⊗ (−∂2
s )N

at most by ‖Vγ � Σ
(j)
0,±‖∞ which tends to zero as j →∞, we arrive at (3.1) again.

To prove that there are no spectral gaps above ε0, we use Weyl criterion. To

construct a suitable sequence, we consider functions v, w ∈ C∞0 (R) with the supports

in [−1, 1] such that their norms are ‖v‖ = ‖w‖ = 1 and v(s) = w(s) = 1 holds in the

vicinity of zero, and put

ψ(s, u) =
√
µν v(µ(s− s0))w(νu)φ0(u) eiks (3.3)

for µ, ν > 0, a fixed k ∈ R, and some s0. The conclusions we are going to make do not

depend on s0, so we can put s0 = 0. Using the fact that φ0 is the eigenfunction of hV
corresponding to the eigenvalue ε0 we find that

(−∆− V − ε0 − k2)ψ(s, u) =
√
µν
[(
− µ2v′′(µs)2 − 2ikµv′(µs)

)
w(νu)φ0(u)

+ v(µs)
(
− ν2w(νu)φ0(u)− νw′(νu)φ′0(u)

)]
eiks

The right-hand side is a sum of four terms, f1 + f2 + f3 + f4. Let us estimate their

norms. After a simple change of variables we get

‖f1‖2 =

∫ 1

−1

∫ 1

−1

µ4v′′(ξ)2w(η)2φ0

(
u
ν

)
dξdη = µ4‖w′′‖2φ0(0)

(
1 +O(ν)

)
so that ‖f1‖ = O(µ2), in a similar way we find ‖f2‖ = O(µ), ‖f3‖ = O(ν2), and

‖f4‖ = O(ν), and therefore ‖(−∆ − V − ε0 − k2)ψ‖ → 0 as µ, ν → 0. To prove that
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any number larger than ε0 belongs to σess(HΓ,V ) it is thus sufficient to find a family of

increasing regions threaded by the curve that support functions ψj of the form (3.3).

If Γ is straight outside a compact we use the regions Σ
(j)
0,+ and put s0 = 1

2
(s2j−1 + s2j)

in (3.3). In contrast to the first part of the proof, in addition to uj → ∞ it is also

important to have s2j − s2j−1 →∞ as j →∞, which is possible due to assumption (c).

Then it is enough to choose µj = 2c(s2j − s2j−1)−1 and νj = cu−1
j for some c ∈ (0, 1).

For Γ satisfying the other part of assumption (b) we replace the rectangles Σ
(j)
0,+ by

the ‘bent rectangles’ Σ
(j)
+ , assumptions (c) and (d) again allow us to choose a disjoint

family of them expanding in both the longitudinal and transversal directions. Using

once more the straightening transformation we find that the norms of the corresponding

Weyl approximants, ‖(−∆ − Ṽ − ε0 − k2)ψj‖, differ from the above estimate at most

by ‖Vγ � Σ
(j)
0,±‖∞, and since this quantity vanishes as we follow the curve to infinity, the

proof is complete.

4. Asymptotic results

The other types of quantum waveguides, the hard-wall ones [EK15] and the leaky wires,

described by singular Schrödinger operators, are not only much better understood than

operators of the type (2.3b), but they represent in a sense extreme cases of such systems.

This makes it possible to prove some sufficient conditions for the existence of discrete

spectrum. One comes from the approximation result proven in [EI01], and in greater

generality in [BEHL17]. To state it, we consider the family of potentials

Vε : Vε(u) = 1
ε
V
(
u
ε

)
obtained by scaling of a given V satisfying assumption (e).

Proposition 4.1. Consider a non-straight C2-smooth curve Γ : R → R2 such that

|Γ(s)− Γ(s′)| < c|s− s′| holds for some c ∈ (0, 1). If the support of its signed curvature

γ is noncompact, assume, in addition to (b), that γ(s) = O(|s|−β) with some β > 5
4

as

|s| → ∞. Then σdisc(HΓ,Vε) 6= ∅ holds for all ε small enough.

Proof. By the results of [EI01, BEHL17] the operators HΓ,Vε converge as ε → 0 in

the norm-resolvent sense to the singular Schrödinger operator HΓ,α formally written

as −∆ − αδ(x − Γ) with α :=
∫ a
−a V (u) du, which is the unique self-adjoint operator

associated with the quadratic form

qΓ,α[ψ] = ‖∇ψ‖2
L2(R) − α‖ψ‖2

L2(Γ),

closed and below bounded on H1(R2). Consequently, the spectrum of HΓ,Vε converges

in the set sense to that of HΓ,α as ε → 0. In particular, it is not difficult to check

directly that the essential spectrum threshold ε0(ε) of HΓ,Vε converges to the the essential

spectrum threshold −1
4
α2 of HΓ,α.

The assumptions (a), (b), and (e) are satisfied, the inequality |Γ(s)−Γ(s′)| < c|s−s′|
implies further the validity of (c). Next we note that the support of Vε is contained
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in [−εa, εa], hence (d) is valid for sufficiently small values of ε. At the same time,

the additional decay requirement imposed on γ means by Remark 5.6 of [EI01] that

the assumptions of Theorem 5.2 of the said paper are satisfied, and consequently, the

operator HΓ,α has at least one isolated eigenvalue below the the essential spectrum

threshold. From the convergence result indicated above, it then follows that the same

is true for HΓ,Vε with ε small enough.

The most common quantum waveguide model works with the particle confined to

a tubular region with hard walls; if no other forces are involved, the Hamiltonian is

(a multiple of) the appropriate Dirichlet Laplacian. In the two-dimensional situation

where the region is a strip of a fixed width in the plane, the known results can again

be used for comparison with our present problem. Let us recall the heuristic statement

that the Dirichlet condition corresponds to ‘infinitely high potential wall’, which can be

given a mathematically rigorous meaning, cf. [DK05, Sec. 4.2.3] or [Si05, Sec. 21].

Proposition 4.2. Suppose that Γ is not straight and assumptions (a)–(d) are satisfied,

then the operator HΓ,VJ,0 referring to the potential (2.7) has nonempty discrete spectrum

for all V0 large enough.

Proof. {HΓ,VJ,0 : V0 ≥ 0} is clearly a holomorphic family of type (A) in the sense of

Kato, and moreover, it is monotonous with respect to V0. The same is true for operators

GΓ,VJ,0 := HΓ,VJ,0 +V0 which are positive and form an increasing family, GΓ,VJ,0 ≥ GΓ,V ′
J,0

for V0 > V ′0 . Thus their eigenvalues λj(V0) are continuous functions of V0, increasing

by the minimax principle, and as such that they have limits as V0 → ∞; the same

also applies to the threshold of their essential spectrum. The limiting values refer to the

corresponding spectral quantities of the (negative) Dirichlet Laplacian of ΩJ , the support

of the function (2.7). Under the hypotheses made, the assumptions of Theorem 1.1 and

its corollary in [EK15] are fulfilled, hence the said limiting operator has a nonempty

discrete spectrum below the continuum which starts at π2|J |−2, |J | = a1 +a2. It follows

that for all sufficiently large V0 we have σdisc

(
GΓ,VJ,0

)
6= ∅, and the same is true, of

course, for the shifted operators HΓ,VJ,0 .

Remark 4.1. We note that the assumptions under which the used spectral properties

of the limiting operators have been derived are in no way optimal. This concerns, for

instance, the existence of a wedge separating the curve ends in Proposition 4.1 or the

flat bottom of the potential channel in Proposition 4.2. There is, no doubt, a room for

mathematical activity here.

5. Birman-Schwinger analysis

Given a function V and z ∈ C \ R+ we consider the operator

KΓ,V (z) := Ṽ 1/2(−∆− z)−1Ṽ 1/2 (5.1)
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with Ṽ given by (2.3a); we are particularly interested in the negative values of the

spectral parameter, z = −κ2 with κ > 0. In view of assumption (e) it is a bounded

operator, positive for z = −κ2, which we can regard as a map L2(Ωa) → L2(Ωa). By

Birman-Schwinger principle this operator can be used to determine the discrete spectrum

of HΓ,V .

Proposition 5.1. z ∈ σdisc(HΓ,V ) holds if and only if 1 ∈ σdisc(KΓ,V (z)). The function

κ 7→ KΓ,V (−κ2) is continuous and decreasing in (0,∞), tending to zero in the norm

topology, that is, ‖KΓ,V (−κ2)‖ → 0 holds as κ→∞.

Proof. The first claim is a particular case of a more general and commonly known result,

see, e.g., [BGRS97]. The continuity follows from the functional calculus and we have

d

dκ
(ψ, Ṽ 1/2(−∆ + κ2)−1 Ṽ 1/2ψ) = −2κ(ψ, Ṽ 1/2(−∆ + κ2)−2 Ṽ 1/2ψ) < 0

for any ψ ∈ L2(Ωa) with Ṽ 1/2ψ 6= 0 which proves the monotonicity. Finally, the simple

estimate ‖KΓ,V (−κ2)‖ ≤ κ−2‖V ‖∞ concludes the proof.

Note also that if g is an eigenfunction of the operator (5.1) with eigenvalue one,

the corresponding eigenfunction of HΓ,V is given by

φ(x) =

∫
supp Ṽ

Gκ(x, x
′) Ṽ (x′)1/2g(x′) dx′, (5.2)

where Gκ is the integral kernel of (−∆ + κ2)−1.

Using the knowledge of the Laplacian resolvent we can write the action of KΓ,V (z)

explicitly, in particular, for z = −κ2 with κ > 0 it is an integral operator with the kernel

KΓ,V (x, x′;−κ2) =
1

2π
Ṽ 1/2(x)K0(κ|x− x′|)Ṽ 1/2(x′),

where K0 is the Macdonald function, mapping L2(Ωa) to itself.

In order to treat the geometry of Γ as a perturbation it is useful to pass to

the ‘straightened’ strip in the way used in treatment of the ‘hard-wall’ waveguides

[EK15, Sec. 1.1]. The first step is the natural coordinate change, passing from the

Cartesian coordinates in the plane to s, u, which amounts to a unitary map L2(Ωa) →
L2(Ωa

0, (1 + uγ(s))1/2dsdu). To get rid of the Jacobian, we use the unitary operator

L2(Ωa)→ L2(Ωa
0), (Uψ)(s, u) = (1 + uγ(s))1/2ψ(x(s, u)). (5.3)

Using it we pass from the Birman-Schwinger operator KΓ,V (−κ2) to the unitarily equi-

valent one, Rκ
Γ,V := UKΓ,V (−κ2)U−1, which is an integral operator on L2(Ωa

0) with the

kernel

Rκ
Γ,V (s, u; s′, u′) =

1

2π
W (s, u)1/2K0(κ|x− x′|)W (s′, u′)1/2, (5.4)

where x = x(s, u), x′ = x(s′, u′), and the modified potential is

W (s, u) := (1 + uγ(s))V (u).
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6. The straight case

The Birman-Schwinger operator corresponding to the straight potential ditch has the

kernel

Rκ
Γ0,V

(s, u; s′, u′) =
1

2π
V (u)1/2K0(κ|x0 − x′0|)V (u′)1/2, (6.1)

where |x0 − x′0| =
[
(s − s′)2 + (u − u′)2

]1/2
. To find its spectrum we notice that, with

respect to the longitudinal variable s, it acts as a convolution. The unitarily equivalent

operator obtained by means of the Fourier-Plancherel operator F on L2(R), has thus

the form of a direct integral,

(F ⊗ I)Rκ
Γ0,V

(F ⊗ I)−1 =

∫ ⊕
R
Rκ

Γ0,V
(p) dp, (6.2)

where the fibers are integral operator on L2(−a, a) with the kernels

Rκ
Γ0,V

(u, u′; p) = V (u)1/2 e−
√
κ2+p2|u−u′|

2
√
κ2 + p2

V (u′)1/2, (6.3)

because by [GR07, 6.726.4] and [AS72, 10.2.17] we have

1

2π

∫
R
K0

(
κ
√
ξ2 + |u− u′|2

)
eipξ dξ =

e−
√
κ2+p2|u−u′|

2
√
κ2 + p2

.

However, in view of (6.3) Rκ
Γ0,V

(p) is nothing but the Birman-Schwinger operator

associated with (2.4) referring to the spectral parameter z = −(κ2+p2). By assumption,

ε0 is the smallest eigenvalue of hV , and consequently, by Proposition 5.1 in combination

with (6.2), the number −κ2 = ε0 + p2 belongs to the spectrum of HΓ0,V for any p ∈ R,

in accordance with (2.6).

At the same time, the operator with kernel (6.1) satisfies

supσ(Rκ0
Γ0,V

) = 1,

where κ0 =
√
−ε0, because, was the left-hand side larger than one, by Proposition 5.1

there would exist a κ̃ > κ0 such that 1 ∈ σ(Rκ̃
Γ0,V

), and consequently, we would have

−κ̃2 ∈ σ(HΓ0,V ), however, this contradicts relation (2.6).

We also note that one can relate the eigenfunction φ0 of hV to the eigenfunction g0

of Rκ
Γ0,V

(0) corresponding to the unit eigenvalue. On the one hand, we have

g0(u) = V 1/2(u)φ0(u), (6.4)

on the other hand, φ0 can be expressed in the way analogous to (5.2) and, mutatis

mutandis, one can write the generalized eigenfunction associated with the bottom of

σ(HΓ0,V ) as

f0(s, u) = φ0(u) =

∫ a

−a

e−κ0|u−u
′|

2κ0

V (u′)1/2 g0(u′) du′.
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7. Existence of bound states

Our aim is now to use the Birman-Schwinger method to derive a condition which would

ensure the existence of curvature-induced bound states, that is, a discrete spectrum of

operator HΓ,V .

Theorem 7.1. Let assumptions (a)–(e) be valid and set

CκΓ,V (s, u; s′, u′) =
1

2π
φ0(u)

[
((1 + uγ(s))K0(κ|x(s, u)− x(s′, u′)|) (1 + u′γ(s′))

−K0(κ|x0(s, u)− x0(s′, u′)|)
]
φ0(u′)

for all (s, u), (s′, u′) ∈ Ωa
0, then we have σdisc(HΓ,V ) 6= ∅ provided∫

R2

dsds′
∫ a

−a

∫ a

−a
dudu′ Cκ0Γ,V (s, u; s′, u′) > 0. (7.1)

holds for κ0 =
√
−ε0.

Proof. The main idea is to treat the geometry of the system, translated by (5.3) into the

coefficients of the operator, as a perturbation of the straight case. By Proposition 3.1

the essential spectrum is preserved, hence in order to demonstrate that the spectrum of

HΓ,V has at least one eigenvalue below ε0, it is in view of Proposition 5.1 sufficient to

find a function ψη ∈ L2(Ωa
0) such that

(ψ,Rκ0
Γ,V ψ)− ‖ψ‖2 > 0. (7.2)

As usual a natural way to construct such a trial function is to combine the generalized

eigenfunction, associated with the edge of the spectrum, with a mollifier which makes

it an element of the Hilbert space. Let us first inspect the effect of the mollifier in the

straight case, Γ = Γ0.

Lemma 7.1. Let ψη ∈ L2(Ωa
0) be of the form ψη(s, u) = hη(s)g0(u), where hη(s) = h(ηs)

with a function h ∈ C∞0 (R) such that h(s) = 1 in the vicinity of s = 0. Then

(ψη,Rκ0
Γ0,V

ψη)− ‖ψη‖2 = O(η)

holds as η → 0.

Proof. Since g0 is by assumption the eigenfuction of Rκ0
Γ0,V

(0), we can rewrite the second

term on the left-hand side as −‖hη‖2(g0,Rκ0
Γ0,V

(0)g0). Using relations (6.1)–(6.3) we cast

the expression to be estimated into the form∫ a

−a

∫ a

−a
g0(u)V (u)1/2

[ ∫
R
|ĥη(p)|2

e−
√
κ20+p2|u−u′|

2
√
κ2

0 + p2
dp− ‖hη‖2 e−κ0|u−u

′|

2κ0

]
× V (u′)1/2g0(u′) dudu′,
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and since the functions g0 and V are bounded, it is enough to check that∫
R
|ĥη(p)|2

e−
√
κ20+p2|u−u′|

2
√
κ2

0 + p2
dp− ‖hη‖2 e−κ0|u−u

′|

2κ0

= O(η)

holds as η → 0. We have ĥη(p) = 1
η
ĥ
(
p
η

)
, hence, changing the integration variable and

using the mean value theorem, we can rewrite the first term on the left-hand side of this

expression as

1

η

∫
R
|ĥ(ζ)|2 e−

√
κ20+η2ζ2|u−u′|

2
√
κ2

0 + η2ζ2
dζ ==

1

η

(e−κ0|u−u
′|

2κ0

+O(η2)
)
,

and using further the relation ‖hη‖2 = 1
η
‖h‖2 we arrive at the result.

Now we can return to the proof of Theorem 7.1. Consider the difference of the

Birman-Schwinger operators

DκΓ,V := Rκ
Γ,V −Rκ

Γ0,V
(7.3)

which is by (5.4) and (6.1) an integral operator on L2(Ωa
0) with the kernel

DκΓ,V (s, u; s′, u′) =
1

2π

(
W (s, u)1/2K0(κ|x(s, u)− x(s′, u′)|)W (s′, u′)1/2

− V (u)1/2K0(κ|x0(s, u)− x0(s′, u′)|)V (u′)1/2
)

In view of (7.2), (7.3), and Lemmma 7.1 we would have supσ(Rκ0
Γ0,V

) > 1 provided that

lim
η→0

(ψη,Dκ0Γ,V ψη) > 0,

and using the choice of the function hη, in combination with the dominant convergence

theorem, we find that this is equivalent to∫
R2

dsds′
∫ a

−a

∫ a

−a
dudu′ g0(u)Dκ0Γ,V (s, u; s′, u′) g0(u′) > 0,

however, in view of (6.4) the integrated function is nothing but Cκ0Γ,V , hence the last

inequality yields the condition (7.1).

In contrast to the results of Section 4, the sufficient condition (7.1) is of a

quantitative nature. Indeed, given Γ and V , we are able to find κ0 and the respective

integral can be evaluated. We have already mentioned that the argument of the

Macdonald function in the straight case is

|x0(s, u)− x0(s′, u′)| =
[
(s− s′)2 + (u− u′)2

]1/2
,
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while for a general curve we find using (2.1) with s′ = s0 and (2.2) that the squared

distance is given by the formula

|x(s, u)− x(s′, u′)|2

= |Γ(s)− Γ(s′)|2 + u2 + u′2 − 2uu′ cos β(s, s′) + 2(u cos β(s, s′)− u′)
∫ s

s′
sin β(ξ, s′) dξ,

where the first term on the right-hand side equals

|Γ(s)− Γ(s′)|2 =

∫ s

s′

∫ s

s′
cos β(ξ, ξ′) dξ dξ′.

8. Another existence result

While we know the explicit form of the integral in (7.1), its evaluation may be

complicated. Even without it, however, we can use Theorem 7.1 to make conclusions

about the existence of a discrete spectrum. As an example, let us show a result which

may be regarded as a generalization of Proposition 4.1:

Proposition 8.1. Let Vε0 be the family of potentials V satisfying assumption (e) and

such that inf σ(hV ) ≤ ε0. Then to any ε0 > 0 there exists an a0 = a0(ε0) such that

σdisc(HΓ,V ) 6= ∅ holds for all V ∈ Vε0 with suppV ⊂ [−a0, a0].

Proof. To begin with, it is sufficient to consider potentials V such that inf σ(hV ) = ε0.

Indeed, the family of operators {hλV : λ > 0} is monotonous and by Proposition 3.1

they have the same essential spectrum, hence if the claim is valid for hλV , the same is

true for all hλ′V with λ′ > λ. With the properties of the functions involved in mind,

the integration in (7.1) can be performed in any order; we rewrite thus the expression

in question as
1

2π

∫ a

−a

∫ a

−a
φ0(u)F (u, u′)φ0(u) dudu′, (8.1)

where

F (u, u′) :=

∫
R2

[
((1 + uγ(s))K0(κ0|x(s, u)− x(s′, u′)|) (1 + u′γ(s′))

−K0(κ0|x0(s, u)− x0(s′, u′)|)
]

dsds′.

The function F (·, ·) is well defined as long as assumption (d) is satisfied and continuous.

Furthermore, we have

F (0, 0) =

∫
R2

[
K0(κ0|Γ(s)− Γ(s′)|)−K0(κ0|s− s′|)

]
dsds′ > 0. (8.2)

To see that this is the case, recall that Γ is parametrized by the arc length so that

|Γ(s) − Γ(s′)| ≤ |s − s′|, and because the curve is not straight by assumption, there

is an open set on which the inequality is sharp; this yields the inequality (8.2) since

K0(·) is decreasing in (0,∞). The continuity implies the existence of a neighborhood

(−a0, a0)× (−a0, a0) of (0, 0) on which F (u, u′) is positive, and that in view of (8.1) in

combination with the positivity of φ0 concludes the proof.
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9. Concluding remarks

In contrast to the cases of hard-wall waveguides and leaky wires, where any bending

gives rise – under appropriate asymptotic straightness requirement – to a nonempty

discrete spectrum, the present analysis does not yield such a universal result. The

question whether all bent soft waveguides, in particular the wide and shallow ones, do

bind, remains open, and it is possible that the Birman-Schwinger technique is not an

optimal tool to address it. True, it produced the universal result for leaky wires [EI01]

but it might have been a lucky coincidence. Recall also that there are other geometric

perturbations for which the question about weakly coupled bound states is more subtle,

see [EV97] and notes to Sec. 6.4. in [EK15].

Apart from this question, the above discussion brings to mind numerous

modifications and extensions of the present problem for which the soft waveguide

program might be an appropriate name:

(i) Potential channels in which the generating curve is not smooth, as well as related

polygonal potential channels. The simplest example is a flat-bottom channel in the

form of a broken strip. One expects that it will have a discrete spectrum for any

channel depth provided the angle is sharp enough, while the answer in the general

case is not clear. Note that for a cross-shaped potential channel, related to the

question (iv) below, such a discrete spectrum exists independently of the ditch

depth as it was shown by a variational method in [EKP18]‡. Unfortunately, this

fact alone does not allow us to make conclusions about a single broken channel.
(ii) Tubular potential channels in three dimensions. In view of [EK15, Thms 1.3.

and 10.3] one can expect the validity of asymptotic results analogous to those of

Section 4. If the channel profile lacks the rotational symmetry with respect to

its axis Γ, one can also expect additional effects coming from the channel torsion

which could give rise to an effective repulsive interaction in analogy with the results

in [EKK08] and [EK15, Sec. 1.7]
(iii) Local perturbations of potential channels, coming from variation either of their

depth or the width. The question about the existence of a discrete spectrum

is easy to answer if such a perturbation is sign-definite, the mentioned result of

[EV97] suggests that in general it may be harder.
(iv) Potential channels of a more complicated geometry, in first place branched ones

where the ‘axis’ Γ is a metric graph. If the ‘ends’ of such a channel system have

the same profile being (asymptotically) straight, the essential spectrum threshold

is determined by that of a single semi-infinite channel; the existence question can

be sometimes answered using the minimax principle, provided there is a part of

the potential in the form of a suitable bent or polygonal channel. Of course, to

have the problem well defined one must specify the potential in the vicinity of the

‡ The aim of that paper was to investigate two interacting particles on a halfline. Let us add that

it is not for the first time when a link was made between a two-body system and a two-dimensional

waveguide, cf. the caricature model of meson confinement in [LLM86].
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graph vertices because the spectrum would depend on it. The simplest example

to consider is the flat-bottom guide when the potential equals −V0 at the points

the distance of which from Γ is less than a and zero otherwise.
(v) In addition to the discrete spectrum existence, one is interested in the number of

eigenvalues and their other properties in dependence on the system geometry. Of

particular interest are the weakly bound states corresponding to mild geometric

perturbations. One such question is whether the gap between the ground state

and the continuum in slightly bent potential channels would be proportional to

the fourth power of the bending angle as it is the case for hard-wall tubes [EK15,

Thm. 6.3] and leaky wires [EKo15].
(vi) Various spectral optimization problems come to mind. For instance, if the potential

channel is finite and Γ is a loop of a fixed length, one can ask about the shape which

makes the principal eigenvalue maximal; in analogy with [EK15, Prop. 3.2.1 and

Thm. 10.6] we conjecture that a sharp maximum is reached by a circular shape.
(vii) The discrete spectrum is not the only interesting feature of such system, another

one concerns the scattering in a bent or locally perturbed potential channel; the

first task here is to establish the existence and completeness of wave operators as

it is done for hard-wall tubes and leaky wires, cf. [EK15, Sec. 2.1, Thm. 10.4] and

[Di20, EKo19]. Furthermore, if the profile of the channel is narrow and sufficiently

deep so that hV has more than one bound state, one can expect the presence of

resonances near the corresponding higher thresholds in analogy with [Ne97] and

[EK15, Thm. 2.6].
(viii) Another extension to three dimensions concerns potential layers, that is potentials

of a fixed transverse profile built over an infinite surface Σ in R3, different from a

plane but asymptotically flat in a suitable sense. Here we know that the discrete

spectrum of the hard-wall layer is nonempty if the total Gauss curvature of Σ is

non-positive [EK15, Thm. 4.1], in the opposite case we have partial results only

[EK15, Sec. 4.2]. In the spirit of Proposition 4.2 we can establish the discrete

spectrum existence for potential layers with the profile deep enough, while in the

regime different from the asymptotic one, the question is open.
(ix) A substantial difference between the tubes and layers is that in the latter

case the spectrum depends on the global geometry of the interaction support.

A nice illustration is provided by conical hard-wall layers [ET10] and leaky

surfaces [BEL14] which both have an infinite discrete spectrum accumulating

logarithmically at the continuum threshold, even in the situations when the

generating surfaces lacks a rotational symmetry [OP18]. We noted in the

introduction a recent result [EKP20] showing that the spectrum of a cylindrical

potential layer§ has the same behavior. One can conjecture that also potential

layers with a different geometry might behave as their hard-wall counterparts,

§ The channel profile in this paper is supposed to have mirror symmetry, while the other assumptions

are less restrictive than here, in particular, the support of V may not be compact and the potential

need not be sign-definite.
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such as treated in [EL20], irrespective of the channel profile.
(x) Another subject of interest concerns the influence of external fields. If a two-

dimensional hard-wall tube is exposed to a local magnetic field perpendicular

to the plane, the corresponding Hamiltonian satisfies a Hardy-type inequality

[EK05] that prevents the existence of weakly bound states; the question is what

such a perturbation would do with a soft waveguide. On the other hand, if

the magnetic field is homogeneous, both the essential and the discrete spectrum

change; recall that the question whether curvature-induced bound states in hard-

wall waveguides would survive a strong magnetic field remains open. At the

same time, a homogeneous field induces a transport along the potential channel

analogous to that studied, for instance, in [FGW00, HS08]; the question is the

stability of the corresponding edge currents with respect to various perturbations.
(xi) In periodic waveguides one is interested primarily in the absolute continuity of

the spectrum and the existence of spectral gaps. As for the latter, having again

Proposition 4.2 in mind, one can conjecture that the gaps would exist for profiles

deep an narrow enough. The (global) absolute continuity is in the hard-wall case

proved in the two-dimensional situation [SW02], however, even for periodic leaky

wires it remains an open problem.
(xii) All the above listed problems concerned the one-particle situation. A completely

new area opens when we consider a system of many particles interacting mutually,

for instance, due the charges they carry, confined in a soft waveguide. In the hard-

wall case, for instance, a condition is known [EK15, Thm. 3.7] under which more

than one particle cannot be bound. In the soft case one can expect that the same

would happen for a large enough particle charge, but the specific form of such a

condition remains to be found.

This list is by no means complete but we prefer to stop here with the hope that we

convinced the reader that this area offers a large number of interesting questions.
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