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Abstract

With the help of time-dependent scattering theory on the observable algebra of in-
finitely extended quasifree fermionic chains, we introduce a general class of so-called
right mover/left mover states which are inspired by the nonequilibrium steady states for
the prototypical nonequilibrium configuration of a finite sample coupled to two thermal
reservoirs at different temperatures. Under the assumption of spatial translation invari-
ance, we relate the 2-point operator of such a right mover/left mover state to the asymp-
totic velocity of the system and prove that the system is thermodynamically nontrivial in
the sense that its entropy production rate is strictly positive. Our study of these not neces-
sarily gauge-invariant systems covers and substantially generalizes well-known quasifree
fermionic chains and opens the way for a more systematic analysis of the heat flux in such
systems.

Mathematics Subject Classifications (2010) 46L60, 47B15, 82C10, 82C23.

Keywords Open systems; nonequilibrium quantum statistical mechanics; quasifree fermions;
Hilbert space scattering theory; right mover/left mover state; nonequilibrium steady state;
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1 Introduction

The rigorous study, from first principles, of open quantum systems is of fundamental im-
portance for a deepened understanding of their thermodynamic properties in and out of
equilibrium. Since, by definition, open quantum systems have a very large number of de-
grees of freedom and since the finite accuracy of any feasible experiment does not allow
an empirical distinction between an infinite system and a finite system with sufficiently many
degrees of freedom, a powerful strategy consists in approximating (in a somewhat reversed
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sense) the actual finite system by an idealized one with infinitely many degrees of freedom
(see [26] for an extensive discussion of this idealization and its implications). Furthermore, it
is conceptually more appealing and often mathematically more rigorous to treat the idealized
system from the outset in a framework designed for infinite systems rather than taking the
thermodynamic limit at an intermediate or the final stage.

One of the most important axiomatic frameworks for the study of such idealized infinite
systems is the so-called algebraic approach to quantum mechanics based on operator al-
gebras. Indeed, after having been heavily used from as early as the 1960s on, in particular
for the quantum statistical description of quantum systems in thermal equilibrium (see, for
example, [16, 28, 14]), the benefits of this framework have again started to unfold more
recently in the physically much more general situation of open quantum systems out of equi-
librium. Although the most interesting phenomena which emerge on the macroscopic level
are not restricted to systems in thermal equilibrium but, quite the contrary, often occur out of
equilibrium, our general theoretical understanding of nonequilibrium order and phase transi-
tions is substantially less developed since, in particular, the effect of the dynamics becomes
much more important out of equilibrium.

Most of the rather scarce mathematically rigorous results have been obtained for the
so-called nonequilibrium steady states (NESSs) introduced by Ruelle in [27] by means of
scattering theory on the algebra of observables. An important role in the construction of
such NESSs is played by the so-called quasifree fermionic systems, and this is true not only
because of their mathematical accessibility but also when it comes to real physical appli-
cations. Indeed, from a mathematical point of view, these systems allow for a simple and
powerful representation independent description since scattering theory on the fermionic
algebra of observables boils down to scattering theory on the underlying 1-particle Hilbert
space over which the fermionic algebra is constructed. This restriction of the dynamics to the
1-particle sector opens the way for a rigorous mathematical analysis of many purely quan-
tum mechanical properties which are of fundamental physical interest. But, beyond their
importance due to their mathematical accessibility, quasifree fermionic systems effectively
describe nature: aside from the various electronic systems in their independent electron ap-
proximation, they also play an important role in the rigorous approach to physically realizable
spin systems. An important member of the family of Heisenberg spin chains is the so-called
XY model, introduced in 1961 in [21] (see also [24] for the so-called isotropic case), for which
a physical realization has already been identified in the late 1960s (see [15] for example).
The impact of the XY model on the experimental, numerical, theoretical, and mathematical
research activity in the field of low-dimensional magnetic systems is ongoing ever since (see
[23] for example).

In the present paper, we consider a 1-dimensional quantum mechanical system whose
configuration space is the 2-sided infinite discrete line Z and whose algebra of observables
is the CAR (canonical anticommutation relations) algebra over the 1-particle Hilbert space
of the square-summable functions over Z. Using scattering theory on the 1-particle Hilbert
space, we then introduce a class of states over the CAR algebra which we call the class
of right mover/left mover states (R/L movers). For a given Hamiltonian on the 1-particle
Hilbert space, an R/L mover is specified by a 2-point operator whose main part consists of
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a mixture of two independent species stemming from the asymptotic right and left side of Z,
carrying the inverse temperatures 55 and 3, respectively, of the right and left reservoir with
configuration spaces

Zp ={r€Zlz>zp+1}, (1)
Zy ={x€Z|x<xp,—1}, (2)

where zp, x; € Z are fixed and satisfy z; < xi. Moreover, the finite piece
Zg ={zve€Zl|x, <x<uzg} (3)

containing ng := zp — xz; + 1 > 1 sites, plays the role of the configuration space of the
confined sample. The prototypical example of such an R/L-mover is the NESS constructed
as the large time limit of the averaged trajectory of a time-evolved initial state which is the
decoupled product of three thermal equilibrium states over the corresponding configuration
spaces (as somewhat degenerate examples, thermal equilibrium states and ground states
are also covered by our setting). The first rigorous construction of such a NESS by means
of time-dependent scattering theory has been carried out in [11] for the XY model (see also
[5] for the special case of the so-called isotropic XY model [or XX model] using different
asymptotic approximation methods) and, to the best of our knowledge, very few models
have been rigorously studied within the framework of Ruelle’s scattering approach since
then (see, for example, [22, 10, 7, 8, 9]). The setting of the present paper, being thus kept,
at various places, at a mathematically rather general level in order to highlight the structural
dependence on the different ingredients (and in view of future generalizations), allows for the
study of more general and not necessarily gauge-invariant fermionic systems covering and
generalizing several well-known models of spin chains (as, for example, the NESS for the
XY model from [11], the Suzuki model, etc.). Furthermore, under the additional assumption
of translation invariance of the Hamiltonian (whose breaking will be studied elsewhere, but
see also [7, 8, 9]) and substantially generalizing the approach of [11], the 2-point operator
of the R/L mover is explicitly linked to the asymptotic velocity of the system allowing for a
rigorous and detailed study of the heat flux in general quasifree R/L mover systems whose
sample is coupled to the reservoirs through short range forces across the boundaries. As a
consequence of the structural form of the heat flux, we obtain strict positivity of the entropy
production, i.e., thermodynamical nontriviality, for the whole class of such quasifree R/L
mover systems.

The paper is organized as follows.

Section 2 (Infinite fermionic systems) We introduce the framework for the systems to
be studied, i.e., the CAR algebra of observables, its selfdual generalization, the quasifree
dynamics generated by selfdual Hamiltonians, and the states on the observable algebra with
their corresponding 2-point operators.

Section 3 (Right mover/left mover states) In order to be able to define R/L movers, we
introduce the asymptotic projections for the underlying right/left geometry and general Fermi
functions. The class of R/L mover 2-point operators is defined under simple assumptions on
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the selfdual Hamiltonian and for general so-called initial 2-point operators. We also discuss
thermal equilibrium and ground states with respect to this framework and the special case
of states with gauge-invariant 2-point operators which frequently occurs in practice.

Section 4 (Nonequilibrium steady states) This section is devoted to the definition and the
construction of NESSs, in the nonequilibrium setting at hand, using Ruelle’s time-dependent
scattering approach. This class of states serves as the main motivation for the introduction
of the R/L movers of Section 3.

Section 5 (Asymptotic velocity) Using the fundamental assumption of translation invari-
ance for the selfdual Hamiltonian, we rigorously determine the asymptotic velocity of the
system. The latter is the key ingredient of the so-called R/L mover generator which, together
with the selfdual Hamiltonian, determines the main part of the 2-point operator of the R/L
mover.

Section 6 (Heat flux) We introduce the notion of heat flux and entropy production rate in
the R/L mover state. Under the additional assumption that the range of the selfdual Hamil-
tonian is bounded by the size of the sample, i.e., that there is no direct coupling between
the two reservoirs, the R/L mover heat flux is explicitly determined in general and for typical
special cases appearing in practice. We also provide examples of several well-known mod-
els of spin chains covered by the formalism and explicitly determine instances of new ones.
Moreover, under suitable monotonicity conditions on the Fermi function, we prove that the
R/L mover heat flux is nonvanishing and the entropy production strictly positive, i.e., that the
system under consideration is thermodynamically nontrivial.

Appendix A (Spectral theory) We present a brief summary of the somewhat different
approach to spectral theory used in the main body of the paper. Due to the attempt to be,
at least conceptually, self-contained, we rather explicitly carry out most of the necessary
arguments in this appendix (and also in the main body of the text).

Appendix B (Matrix multiplication operators) Based on Appendix A, we study the func-
tional calculus for the matrix multiplication operators describing selfdual translation invariant
observables and derive a criterion for their absolute continuity.

Appendix C (Real trigonometric polynomials) We carry out the computations in the ring of
real trigonometric polynomials which, in particular, are needed in the study of the examples
in Section 6.

Appendix D (Heat flux contributions) This appendix contains some of the lengthy com-
putations from the proof of the main theorem.

Appendix E (Hamiltonian densities) We display the selfdual second quantization of the
local first, second, and third Pauli coefficient of H in the fermionic and the spin picture (the
selfdual second quantization of the zeroth Pauli coefficient of H is given in the main body of
the paper).

2 Infinite fermionic systems

In this section, we introduce the operator algebraic setting used to describe the fermionic
system under consideration whose extension is infinite. Recall that, in the operator algebraic
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approach to quantum statistical mechanics, the three fundamental ingredients of a physical
system, i.e., the observables, the time evolution, and the states, are given by a C*-algebra,
by a 1-parameter group of x-automorphisms, and by normalized positive linear functionals on
the observable algebra, respectively (see [16, 28, 14] for example). In order to introduce the
notation, let H be any separable complex Hilbert space and let £(#) stand for the bounded
linear operators on H. Moreover, £L*(H), L' (H), and £°(#) denote the compact operators,
the trace class operators, and the operators of finite rank on #, respectively, and || - ||, stands
for the trace norm on £'(#). Furthermore, if a;; € L(H) for all i,5 € (1,2), we denote by

A = [ayl; e € L(H @ H) the operator on H © H whose entries are given by a,;, where
here and in the following, for all =,y € Z with = < y, we set
z,x+1,...,y}, x<uy,
(x,y) = ¢ J - (4)
{«}, T =y.

Instead of using the standard basis, it is often useful to expand with respect to the Pauli
matrices, i.e., if a, € L(H) for all a € (0, 3), we define the operator A € L(H & H) by

A = ay0q + ao, (5)

where {0y, 0,,0,,05} C C*** stands for the Pauli basis of C*** which consists of the usual
Pauli matrices o, 0y, 03 € C**? and the identity o, € C**?,

10 01 0 —i 1 0
0'02—|:O 1}, 01:—{1 O]’ 02:_[1 O}’ 03:—{0 _1}. (6)

Here and in the following, for all n € N := {1,2,...}, we denote by C"*" the complex n x n
matrices and by C*" the skew-symmetric complex n x n matrices. Moreover, a € L(H)?
and o € (C¥?*)* are written as a := [a,,a,a3] and o := [0y, 04,05, and we set ao :=
a,01+a,05+as05, where, forall b € £(#) and all M € C*** having entries m,; with 4, j € (1,2),
the operator bM € L(H @ H) is defined by (bA),; := m,;b for all 4,5 € (1,2) (and we have
(bM)(cN) = (be)(MN) for all b, c € L(H) and M, N € C***). Conversely, any A € L(H & H)
can be written uniquely in the form (5) which we call the Pauli expansion of A. Moreover, if
A, B € L(H @ H) have the Pauli expansions A = ayo, + ac and B = byo, + bo, respectively,
their product has the Pauli expansion

AB = (agby + ab)og + (agh + aby + ia A b)o, (7)

where we set ab := a;b; + ayby + asbs, agh := [agby, agby, agbs], aby = [a,by, asby, asby]|, and the
vector a A b € L(H)” is given by (a Ab); := 3,5 €inasby for all i € (1,3), and e, with
i,7,k € (1, 3) is the usual Levi-Civita symbol. Of course, all the foregoing considerations can
be analogously applied to the case of antilinear operators which we denote by £(#). Finally,
¢*(z) will stand for the usual separable complex Hilbert space of square-summable complex-
valued functions on Z, and for elements A and B in the various sets in question below, the
commutator and the anticommutator of A and B are denoted as usual by [A, B] := AB— BA
and {A, B} := AB + BA, respectively.
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In the following, we will make use of the so-called selfdual setting. For our case, the
1-particle Hilbert space in the selfdual setting is the direct sum of the usual 1-particle Hilbert
space with itself. Here and there, we will make brief remarks about this underlying general
framework.

Definition 1 (Observables)

(a) The 1-particle position Hilbert space and its doubling are defined by

h = (*(2), (8)
H=hdh. 9)
Abusing notation, the usual scalar products, the corresponding induced norms (as well

as the corresponding operator norms) on both by and $) are all denoted by (-, -) and || - ||,
respectively.

(b) Let the map ¢ € L(h) be given by (f := [ forall f € b, where f is the usual complex
conjugation of f. The antiunitary involutionT € L($), defined by the block anti-diagonal
lifting of ¢ to $) as

I':=(oy, (10)

is called the conjugation of $).
(c) The algebra of observables, denoted by %, is defined to be the CAR algebra over |,

A := CAR(h). (11)

The generators are denoted, as usual, by 1, a(f), and a*(f) for all f € b (and the
C™-norm of 2, as many other norms within their context, by || - ||).

(d) The complex linear map B : $ — U, defined, forall F .= f, & f, € $, by

B(F) = a"(f1) +a((f2), (12)

satisfies the selfdual CARs
B*(F) = B(I'F), (13)
{B*(F),B(G)} = (F,G)1. (14)

The elements B(F) for all F' € $) are called the selfdual generators of 2.

(e) The complex linear map b : £L'($H) — A, called the selfdual second quantization, is
defined, for all A € £°($)), by

b(A) =) B(Gi)B"(F)), (15)
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where m € N and {F;,G;},cqm C $ are such that A .= 3" (F,, -)G,. Moreover, for
all A € £'(9), the selfdual second quantization is defined by

b(A) := lim b(A,), (16)

n—o0

where the sequence (A,),cn in £L°($) is such thatlim,,_,. ||[A — A,]||; = 0.

Remark 2 The algebra of observables 2l is x-isomorphic to SDC($,T), the completed (with
respect to the C*-norm) selfdual CAR algebra over $ and I'. The selfdual setting is a very
useful general framework which has been introduced and developed in [1, 2, 4] for general
$ and I' not necessarily of the form (9) and (10) (see there for a more detailed description
of the selfdual objects used in the following). In particular, the selfdual setting allows for the
description of general non gauge-invariant quasifree fermionic systems such as, for example,
the prominent XY model from [21] whose Hamiltonian density has the form

(1+7) 01”0V 4 (1 =) 057", (17)
where the superscripts denote the sites in Z of the local Hilbert space of the spin chain
on which the Pauli matrices act. In order to establish a bridge between the spin picture
and the fermionic picture, the generalization from [3] of the Jordan-Wigner transformation
for 1-dimensional systems whose configuration space extends infinitely in both directions
makes use of the so-called crossed product of the algebra 3 of the Pauli spins over Z (a
Glimm or UHF [i.e., uniformly hyperfinite] algebra as is 2l) by the involutive automorphism
a € Aut(®B) describing the rotation around the 3-axis by an angle of = of the observables on
the nonpositive sites (and, thereby, makes it mathematically rigorous for the Jordan-Wigner
transformation to be anchored at minus infinity). Up to x-isomorphism equivalence, it is given
by the C*-subalgebra

{ Lvé) a<BA>] "“’B 6‘1‘} S (18)

where 33°*? stands for the C*-algebra of all 2 x 2 matrices with entries in 3 (with respect
to the naturally generalized matrix operations and the Hilbert C*-module norm). Using this
bridge, (17) can be expressed in the fermionic picture and becomes (up to a global prefactor)

Uplyi F Qpi1Gy + Y (Agap 1 + Apyay), (19)

where we set a, := a(d,) and a, := a*(d,) for all x € Z. In order to treat the anisotropic
case v # 0, i.e., the case in which there is an asymmetry between the first and the second
term in (17), the selfdual setting is most natural since gauge invariance is broken in (19).
Hence, due to the presence of the v-term, the anisotropy Hamiltonian acquires non-diagonal
components with respect to $ = h @ h (see Example 67 in Section 6). In many respects, the
truly anisotropic XY model is substantially more complicated than the isotropic one (see [9]
for example).
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Remark 3 For all F' € 9, the selfdual generator B(F') € 2 has the norm (see [4])

1
B(F :—\/F2+ F||* = |(F,TF)J, 20
1B(F)|l 7 (Pal W 15 = I( )| (20)
from which we can infer that
1
—|F|| < |(|B(F)| <||F|. 21
ﬁll | < [[B(F)]| < [|F|| (21)

Furthermore, the selfdual second quantization (15) is well-defined since b(A) does not de-
pend on the choice of the functions Fy,...,G,, € $ which represent A ¢ £°($). As to (16),
the limit exists and is independent of the sequence (A,,).cy in £°(5) which approximates
A € £'($) in the trace norm (such a sequence exists since £°($) is dense in £'($) with
respect to the trace norm). Moreover, for all A € £'($), it holds that b(A)* = b(A*) (and
L£'($) is a 2-sided *-ideal of £L(9)). If A € £($) satisfies the condition [ AT' = —A*, we have

1
7 1Al = o) < A (22)

If, in addition, A is selfadjoint, we even have ||b(A)| = || A]||;.

In the following, the set of x-automorphisms on the algebra of observables 2l is denoted
by Aut(21).

The so-called Bogoliubov x-automorphism to be defined next play an important role in
the theory of quasifree fermionic systems.

Definition 4 (Bogoliubov x-automorphism)

(a) A unitary operator U € L($)) is called a Bogoliubov operator if [U,T'] = 0.

(b) LetU € L($) be a Bogoliubov operator. The x-automorphism t,; € Aut(2) defined, for
allF € $, by

T(B(F)) := B(UF), (23)
and suitably extended to the whole of 2, is called the Bogoliubov x-automorphism

(induced by U ).

Remark 5 Note that 7;; preserves the properties of Definition 1 (d), i.e., B’ := ;0B : § — A
is complex linear and satisfies the selfdual CARs (13)-(14).

The following 1-particle Hilbert space isometries will be frequently used in the sequel.
Definition 6 (Isometries)

(a) The (right) translation 6 € L(h) is defined by (0f)(x) := f(x — 1) for all f € b and all
x € Z. Its lifting to $) is given by the Bogoliubov operator © := o, € L($).
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(b) The parity £ € L(b) is defined by ({f)(z) := f(—=z) forall f € h and all x € Z.
(c) Forall o € R, the Bogoliubov operator U, € L($) defined by
U, :=e“l1de 1, (24)
is called a gauge transformation.

In the following, the map 7 : R — Aut(2A), written as t — 7', is called a dynamics on 2L if it
is a group homomorphism between the additive group R and the group Aut(2() (with respect
to composition) and if, for all A € 2, the map R > ¢t — 7'(A4) € A is continuous with respect
to the C*-norm on 2l (the pair (2, 7) is a sometimes called a C*-dynamical system).

Definition 7 (Quasifree dynamics)
(a) An operator H € L($)) Is called a selfdual observable if

H* = H, (25)
IHT = —H. (26)

(b) Let H € L($) be a selfdual observable. The dynamics v : R — Aut(2() defined, for all
teRandall F € $, by

' (B(F)) :== B(e"F), (27)

and suitably extended to the whole of 2, is called the quasifree dynamics (generated
by H) and H is called a Hamiltonian.

Remark 8 Due to (25)-(26), the map R > t — 7' € Aut(A) given by (27) is a 1-parameter
group of Bogoliubov x-automorphisms induced by the 1-parameter group of Bogoliubov op-
erators R 3 ¢t — ¢ € £($) (see (50) in the proof of Proposition 17 (b) below).

The following class of operators characterizes the expectation values of all the quadratic
observables in the states we are interested in. The set of states over the observable algebra
20 is denoted by &.

Definition 9 (2-point operator) An operatorT € L($)) having the properties

T =T, (28)
ITr=1-T, (29)
0<T<1, (30)

is called a 2-point operator.
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e

(123456) (123546) (123645)

Figure 1: Some of the 15 pairings for m = 3. The total number of intersections I relates to
the signature of the permutation 7 as sgn(w) = (—1)".

Remark 10 Since, by definition, a state w € &, is a normalized positive linear functional on
2, (21) yields |w(B*(F)B(G))| < ||F||||G]| for all F,G € $. Hence, the map $ x $ > (F,G) —
w(B*(F)B(G)) € Cis a bounded sesquilinear form on $ x $ and Riesz’s lemma implies that
there exists a unique T' € L($) such that, for all F, G € $, we have

w(B*(F)B(G)) = (F,TG). (31)

Moreover, due to the positivity of w, we get T" > 0 and, hence, T* = T'. Since w is normalized,
(13)-(14) yield I'TT = 1 —T. Finally, since T" > 0, we have I'TT > 0, i.e., 1 =T > 0, and
it follows that the operator 7' which characterizes the 2-point function in (31) is a 2-point
operator. If w € &, satisfies (31) for a 2-point operator T' € L($), we use the notation wy.

We next introduce the class of quasifree states, i.e., the states in & whose many-point
correlation functions factorize in Pfaffian form. For this purpose, recall that, for all m € N, the
Pfaffian pf : C*"**™ — C is defined, for all A € C*"**™, by

pf(A):== Y sen(m) [[ Arei-nae (32)

TEPo, ie(1,m)

where the sum is running over all the (2m)!/(2™m!) pairings of the set (1,2m), i.e., Py, :=
{m € 8,y |m(20—1) < w(2i+1) forall i € (1,m—1) and 7(2i—1) < 7(2¢) for all i € (1,m)}, and
S,,, stands for the symmetric group on (1,2m), i.e., the set of all bijections (permutations)
(1,2m) — (1,2m), see Figure 1. Moreover, for all n € N, we denote by A = [a;;]; jc1.) the
matrix A € C"*" with entries a;; € Cforall i, j € (1,n).

Definition 11 (Quasifree state) Let w, € & be a state with 2-point operator T' € L($). If,
foralln € N and all {F;},c ., € %, it holds that

WT(HzE(ln) B(ﬂ)) _ {pf([WT(B(E)B(FJ'))]i,je(l,m())a Zicvjzn, )

the state wy is called the quasifree state (induced by T ).
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3 Right mover/left mover states

In this section, we introduce the R/L mover states whose definition is based on the geometric
decomposition of the configuration space into a right part, a central part, and a left part. To
begin with, this decomposition gives rise to the so-called R/L mover generator whose role
is to specify the temperatures carried by the R/L movers stemming from the corresponding
reservoirs.

In the following, let £>°(Z) stand for the usual complex Banach space of bounded complex-
valued functions on Z. For all u € ¢°(Z), the multiplication operator m[u] € £(h) is defined,
forall f € b, by

mlulf = uf. (34)

In view of the Pauli expansion (5), we also write m[v] := [m[v,], m[vs], m[vs]] € L(b)? for all
v = [vy, 09, 03] € £°(Z)>. Moreover, for all M C R, we denote by 1,, the usual characteristic
function of M, and we use the abbreviations 1, := 15 , 15 := 15, and 1 := 15, and
1, := 1 for all A € R. Finally, for all n € N, the family {P,,..., P, } C L($) is called an
orthogonal family of projections if P,P; = ¢, ;P, for all i, j € (1,n), where, for all r,s € R, we

denote by ¢, ; the usual Kronecker symbol. If, in addition, > """ | P, = 1, the family is said to
be complete.

Definition 12 (1-sided projections) The operators q;,qr € L(h) defined by

qr = m[1], (35)
qr == m[lg], (36)

and their liftings to $ by Q; := q; 0, and Qp := qro, are called the 1-sided projections.

Remark 13 Setting q5 := m[lg] € L(h) and Qg := gg0y, it follows that {Q;,Qs, Qr} C L($)
is a complete orthogonal family of orthogonal projections.

In the following, if H € £($) is a Hamiltonian, we denote by 1,.(H),1,.(H),1,,(H) € L($)
the orthogonal projections onto the singularly continuous, the absolutely continuous, and
the pure point subspace of H, respectively. Moreover, we denote by spec(H) and eig(H) the

spectrum and the set of all eigenvalues of H. Finally, for all x, A € {L, S, R}, we write
HH = QK,HQH7 (37)
HH)\ = QHHQ)\' (38)
In the course of our study, one or several of the following conditions on the Hamiltonian

of the system will be used. For the case of a translation invariant system, i.e., if Assumption
14 (b) holds, we will also rely on further conditions which we will discuss in Section 5.
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Assumption 14 (Hamiltonian) Let H € L($)) be a Hamiltonian.

(@) 1,.(H)=0

(b) [H,©] =0

() Hir € L(9)

(d) Hpp =0

(e) H# 21 forall z€ C

Remark 15 If Assumption 14 (e) does not hold, i.e., if there exists z € C such that H = 21,
(25)-(26) imply that z = 0.

In the following, s — lim stands for the limit with respect to the strong operator topology

on L($).
In order to define the R/L mover states, we make use of the large time asymptotic behav-
ior of the 1-sided projections.

Definition 16 (Asymptotic projections) Let H < L($)) be a Hamiltonian satisfying As-
sumption 14 (c) and let 5;, Br € R be the inverse reservoir temperatures.

(a) The operators P;, Pr € L($)), defined by

P, :=s—lim e_itHQLeitHlac(H), (39)
t—o0

Pp :=s—lim efitHQReitHlac(H), (40)
t—o00

are called the asymptotic projections (for H ).
(b) The operator A € L($), defined by

A = B P + BrPhr, (41)
is called the R/L mover generator (for H and (5, 5r).

In the following, we call Kronecker basis of h the complete orthonormal system {6, },c7 <
b, where, for all y € Z, the function ¢, < b is defined by ¢,(z) := 4,, for all z,y € Z. We
also define p,, € £°($) by p,, = (0,, )6, € L°(h) for all z,y € Z. Moreover, the domain,
the range, and the kernel of a given map will be denoted by dom, ran , ker, respectively. For
any separable complex Hilbert space #, the commutant of any A C L(H) is defined by
A = {A € L(H)|[A,B] = 0forall B € A}. Furthermore, B(R) stands for the Borel func-
tions and M(RR) for the Borel sets on R as given in Definition 75 (c) (we frequently refer to
the appendices in the following). For any M € M(R), we denote by |V | the (non-complete)
Borel-Lebesgue measure of M. Finally, for all M C R, we set —M :={—z |z € M}.
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Proposition 17 (Asymptotic projections) Let H € L($)) be a Hamiltonian satisfying As-
sumption 14 (c). Then:

(a) The asymptotic projections P, P, € L($) exist. Moreover, {P;, Pz} is a (not neces-
sarily complete) orthogonal family of orthogonal projections satisfying

P+ Pp=1,.(H). (42)

(b) Forallk € {L, R}, we have
[PK7 H] = O’ (43)
[P.,T]=0. (44)

(c) If, in addition, Assumption 14 (b) is satisfied, we also have

[P, 0] =0. (45)

Proof. (a) Let dom(uy) :== {A € L($)]| s — lim,_,.. e A1, (H) exists} be the so-called
wave algebra (see [12] for example) and let the so-called the wave morphism py; : dom(puy) C
L($) — L($) be defined, for all A € dom(ug), by

pp(A) =s—lime ™A1, (H). (46)

t—o0

Due to Remark 13, we can write
H=H,+Hs+Hr+Hyg+ Hg,, + Hpsg + Hsp+ Hyp + Hpy, (47)

from which it follows that Q; H = H; + H; s+ H,pand HQ; = H; + Hg; + Hg;. Hence, due
to Assumption 14 (¢) (and since £°($) is a 2-sided *-ideal of £($), too), we get

Qr,H] = Hpg+ Hpg — (Hgp + Hpp)
e L'(9), (48)

where we used that H, s € £°($)) since Qg € £°($) (and analogously for [Qx, H] € £L'($)).
Hence, the Kato-Rosenblum theorem from the trace class approach to scattering theory
implies that Q;, Qr € dom(ug), i.e., we get the first conclusion of part (a).

We next show that {P;, Pz} C L($) is an orthogonal family of orthogonal projections
(which, in general, is incomplete). For this purpose, we note that, since Q> = Q° = Q.
for all x € {L, R} due to Remark 13, since uy is an algebra homomorphism, and since
p(AY) = pg(A)* forall A € dom(uy) for which A* € dom(uy) (note that, in general, .y is not
a x-algebra homomorphism because dom(u ) is not a x-algebra), we find that P, = uy(Q,.)
is an orthogonal projection for all x € {L, R}. Moreover, since Q;Qr = 0, we also get
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P, Pr = 0. Finally, since Q; + Qr = 1 — Q4 and since uy(Qg) = 0 because we know that
Qs € LY($H) C LZ(H) C ker(puy), we get

Py + Pr=pg(1) — pu(Qs)
= 1ac(H)' (49)

(b) If B € ran (ug), there exists A € £($) such that B = uy(A) and, since the strong
limit is translation invariant, we get B = puy(e 7 Ae*") for all s € R. Hence, e " Be'*" =
e (A = py(e " Ae*™) = Bfor all s € R and it follows that ran (uy) € {H}' (we
actually know that ran (uy) = {B € {H}'|1,.(H)B = Bl,.(H) = B}), i.e., we get (43). As
for (44), we first note that Lemma 83 (a) and Remark 85 yield T'Ey(e,)I" = Ergr(Ce,) =
E_p(e_;) = Ey(e) for all t € R, where, for all ¢ € R, the function e, € B(R) is defined
by e,(z) := ¢"* for all 2 € R (and E, stands for resolution of the identity of the selfadjoint
operator A as discussed in Appendix A), i.e., we get, for all ¢t € R,

[ T] = 0. (50)
Moreover, we also note that, for all x € {L, R},

[@x, T =0. (51)

Finally, since the absolutely continuous subspace of H is given by ran (1,.(H)) = {F €
D (F,1y(H)F) = 0forall M € M(R) with |[M| = 0}, since, again due to Lemma 83 (a)
and Remark 85, we can write that (I'F,1,,(H)I'F) = (TEx(1))I'F, F) = (F,1_,,(H)F) for
all M € M(R) and all F' € $, and since the Borel-Lebesgue measure is reflexion invariant,
i.e., since —M € M(R) and |-M| = |M| for all M € M(R), we get I'F' € ran(1,.(H))
for all F € ran(1,.(H)). This implies that 1,.(H)I'1,.(H) = I'l,.(H), and since the (anti-
linear) adjoints of 1,.(H)T'1,.(H),T'1,.(H) € £L($) are given by 1,.(H)I'1,.(H) and 1,.(H)T,
respectively, we get

[1ac(H), T = 0. (52)

Hence, using (50)-(52), we arrive at (44).

(c) We first note that Assumption 14 (b) and the proof of Lemma 83 (d) imply that
(x(H),8] = 0 for all x € B(R). Hence, since ¢, € B(R) for all ¢ € R and since we know
that 1,.(H) = Ey(1,, ) for some M, € M(R), we get [, 0] = 0 for all t € R and
[1,.(H),08] = 0. This implies that, for all x € {L, R},

Now, since [Q,, 0] = [q,, 0o, for all x € {L, R} and since [q;,0] = —p,, 1., € L’(h) and
(47 0] = Papans1 € L0(H), we get [Q,, O] € L7(H) C ker(uy) as in part (). O

In the following, we also denote by ¢ the parity operation from Definition 6 (b) when
applied to a function y : M — C, where M C R satisfies M = —M. Moreover, the even and
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odd parts of such a x are written as

Ev(x) = %(X +&X), (54)
0d(p) = 5 (x ~ &) (55)
In order to define our L/R mover states, we introduce the following class of functions.
Definition 18 (Fermi function) /fp € B(R) has the properties
p =0,
p) =73,

Ev(

| = D

it is called a Fermi function.

Remark 19 Since p = Ev(p) + Od(p) for all p € B(R) and since B(R) is a x-algebra due to
Definition 75 (b), p is a Fermi function if and only if there exists an odd function 1 € B(R)
with —1 < u < 1suchthat p = (1+ pu)/2.

The following assumption will be used at the end of Section 6.

Assumption 20 (Strict positivity) Let p € B(R) be a Fermi function and let 3;, fr € R be
the inverse reservoir temperatures.

(@) p(x) > ply) forall x,y € R withx >y
(b) p'(z) > ¢ for some ¢ > 0 and almost all z € R

(c) BL < Br

Remark 21 Due to Lebesgue’s theorem on the differentiability of monotone functions, o’
exists almost everywhere on R if Assumption 20 (a) holds.

For the following, recall that, since $) is a separable Hilbert space, eig(H) is a countable
subset of R, and we write

eig(H) = {Ai}icr, (58)

where the index set I is empty, finite, or countably infinite (in the following notations, we stick
to the case of a countably infinite number of eigenvalues, i.e., we set I = N). Also recall
Definition 16 (b) for the R/L generator A.

With the help of the asymptotic projections and the class of Fermi functions, we next
define what we call the R/L mover states.
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Definition 22 (R/L mover state) Let H € L($)) be a Hamiltonian satisfying Assumption 14
(a) and (c). Moreover, let T, € L($)) be a 2-point operator, called the initial 2-point operator,
let p € B(R) be a Fermi function, and let 3;, Br € R be the inverse reservoir temperatures.

(a) An operatorT € L($)) of the formT :=T,.+T,,, whereT,.,T,, € L($) are given by

Toe = p(AH)1,.(H), (59)
Tpi= Y. L(H)T,1,(H), (60)
Aeeig(H)

is called an R/L mover 2-point operator (for H, T,,, p, and 5;, r). Moreover, the right
hand side of (60) is defined by s — limy .. 3~,,c 1 ny 1n, () To 1y, (H).

(b) A state whose 2-point operator is an R/L mover 2-point operator is called an R/L mover
State.

Remark 23 First, note that (59) is well-defined since, due to Proposition 17 (a) and (43), we
have A* = A and [A, H] = 0, i.e., AH is selfadjoint. As for (60), since, for all N € N, we
have xy := 1g,, .2y € B(R) and [xy|e < 1, we get B —limy_ Xy = legm) € B(R) and,
hence, Proposition 76 (b) yields

SN—_}Cl)Om X~ (H) = Leigm) (H). (61)
Moreover, since xn(H) = > ;ci vy 1y, (H) and since {1, (H)}en is an orthogonal family of
orthogonal projections, we can write ||y y(H)F — x, (H)F|* = D e (M+1.N) 115, (H)F||? for all
N,M e Nwith N > M and all F € . Hence, due to (61), 3", 1,41 I1x, (H) F||* vanishes
for sufficiently large N and M, i.e., the series >, |1, (H) F||* := Timy_,o0 > g ay 115, (H) FJ?
converges absolutely and, hence, unconditionally. Settting Sk := > ;. w, 1A7T(Z,>(H)T0 1A,,(1->(H) €

L(®) forall N € Nand all € Sy, where Sy denotes the symmetric group of N, we can write,
forall N, M € Nwith N > M, all 7 € Sy, and all F' € $, that

ISRE = STFIP = 3 I, (M)l (H)F|P
1€(M+1,N)

<ILIPF Y0 I, (E)FIP, (62)

i€(M+1,N)

where we used that, for all # € Sy, the family {1,  (H)}ien is again an orthogonal family

of orthogonal projections. Since the series ), ||1AZ,(1LI)FH2 is unconditionally convergent,
the right hand side of (62) vanishes for sufficiently large NV and M. Hence, the strong limit
of (SN)nen €xists for all 7 € Sy. Since, in addition, we know that it is independent of «, the
notation on the right hand side of (60) is well-motivated.
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Remark 24 Due to Proposition 17 (a), (43), and (361) in the proof of Lemma 83 (c), we can
write p(AH) = p(BLH Py, + BrH Pr) = p(BLH) P, + p(BrH) Pr + p(0)(1 — 1,.(H)). Hence, we
get

Tac—p(AH) - _%1pp(H)7 (63)

where we used Assumption 14 (a), the fact that the family {1,,,(H),1,.(H),1,.(H)} is a com-
plete orthogonal family of orthogonal projections, and p(0) = 1/2 from (57).

Proposition 25 (R/L mover 2-point operator) Let H € L($) be a Hamiltonian satisfying
Assumption 14 (a) and (c), T, € L($)) an initial 2-point operator, p € B(R) a Fermi function,
and 5;, Br € R the inverse reservoir temperatures. Moreover, letT € L($) be the R/L mover
2-point operator for H, Ty, p, and (., Br. Then:

(a) T is a 2-point operator.

(b) [T,H] =0
Proof. (a) We have to verify (28)-(30) for T' = T,.+1,,, where T,. and T,,, are defined in (59)
and (60), respectively. As for (28), we first note that, due to (357) from Lemma 83 (d),

[Lac(H), p(AH)] = 0, (64)

where we used that 1,.(H) = E(1,,, ) for some M,. € M(R) as in the proof of Proposition
17 (b) (and that [A, H] = 0 as discussed at the beginning of Remark 23). Hence, we get
T,. = 1,.(H)p(AH) = T,.. As for the selfadjointness of 7,,,, since 7, = s —limy_,, Sy,
where Sy = > .o n I (H)Tp 1y, (H) € L(H) forall N € N, and since Sy = Sy for all
N € N, we have (T,,,F,G) = (F,T,,G) = limy_,.(SyF,G) = (T,,,F,G) forall F,G € %, i.e.,
T,, = T,,. Hence, T satisfies (28). As for (29), using Lemma 83 (a), Remark 85, and applying
(44) and (56)-(57), we get Tp(AH)T = Erapr(Cp) = E-an(p) = Ean(1 - p) = 1 — p(AH).
Hence, with the help of (52), we get

I'T, I =1,,(H) =T, (65)

As for the contribution 7,

since we know that 1,,,(H) = Ey(legm), (61) yields

Lp(H) = > 1,(H), (66)

Aeeig(H)

where we used the notation 3, .. Ia(H) := s — limy o > ;e g vy 1y, (H) (and, as in Re-
mark 23, we note that the strong convergence of the corresponding series is unconditional).
Next, using again Lemma 83 (a) and (b), we get, for all A € eig(H),

1, (H)D =1_,(H). (67)
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Moreover, since H(I'F) = -I'HF = —\(I'F) for all F' € ran (1,(H)) with F' # 0 (and, hence,
['F # 0 because ||T'F| = ||F|| for all F € $), we find

cig(H) = —eig(H). (68)
Therefore, using (67), the property (29) for T;, (68), and (66), we get

PT,0 =s —lim 3 1, (H)(1 = Ty)lo,, (H)

1, (H)-T

pp*

(69)

pp

Due to Assumption 14 (a), we have 1 = 1,.(H) + 1,,(H) and, hence, T also satisfies (29).
Finally, we turn to (30). Using (64), we get, for all ' € §,

(B, ToeF) = (1o(H)F, p(AH) 1, (H) F), (70)
(F,T,,F) = lim | <Z >(1Ai(H)F, Tyl (H)F). (71)

Hence, with the help of (56) and Proposition 76 (a) for p(AH) in (70), and (30) for T in (71),
we arrive at ' > 0. Furthermore, since, as shown above, (28) and (29) hold for 7', we can
write (F,(1 —T)F) = (F,TTTF) = (ITF,I'F) = (TF,TTF) > 0 for all F € 9, i.e., we also
find T < 1.

(b) With the help of the first part in the proof of Lemma 83 (d), we can write [T,., H] =
p(AH)[1,.(H),H| + [p(AH), H|1,.(H) = 0. Moreover, for all A € eig(H), Remark 85 yields
H1,(H) = Ey(k1lgen 1) = AL (H) and [H,1,(H)] = 0 and, hence, for all ' € $, we get

[Ty, HIF = lim_ ';V)[lAi(H)TolAi(H),H]F
1e(1,

= lim ) [1, (H)TyLy (), A1JF
1€(1,N)

= 0. (72)
0

We next give some examples of important states which fit into the foregoing framework of
R/L mover states. However, the prototypical example of a non degenerate R/L mover state
will be treated separately in Section 4.

Example 26 (Thermal equilibrium state) Let H be a Hamiltonian satisfying Assumption
14 (a) and (c). Moreover, set 5, := 3 and 3, := [ for some 3 € R, let p be a Fermi function,
and let the initial 2-point operator be defined by T, := p(B8H) (it can be verified as in the
proof of Proposition 25 (a) that T, is indeed a 2-point operator). Then, the R/L mover 2-point
operatorT (for H, T, p, and 3., Br) has the form

T = p(BH), (73)
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where we made use of Lemma 83 (c) yielding T,. = Egp1, (m)(p)lac(H) = p(BH)1,.(H).
Moreover, with the help of Lemma 83 (d) and (66), we getT,, = p(5H)1,,(H). The so-called
(1, B)-KMS state, or thermal equilibrium state, where T is the quasifree dynamics generated
by H from Definition 7 (b) and where [ plays the role of an inverse physical temperature
(if 3 > 0 and the Boltzmann constant ky set to unity), is the quasifree state whose 2-point
operator has the form (73) and the Fermi function is given, for all x € R, by the classical
Fermi-Dirac (Pauli) distribution

1

= ) 74
1+e® (74)

p(x) :

Moreover, the (t, 3)-KMS state is unique if 1,(H) = 0 (see [2] for the foregoing and other
sufficient conditions).

Note that, in contrast to the gauge-invariant case discussed next (which frequently occurs
in practice), there is a minus sign in (74) (see Lemma 28 (d) below).

Definition 27 (Gauge invariance) A state w € &y is called gauge-invariant if it is invariant
under the 1-parameter group of Bogoliubov x-automorphisms R > ¢ — 7, € Aut(2() in-
duced by the 1-parameter group of Bogoliubov operators R > ¢ +— U, € L($) given in
Definition 6 (c), i.e., ifw o 7; = w forall ¢ € R.

Gauge invariance leads to the following properties.
Lemma 28 (Gauge-invariant 2-point operator) LetT € L($). Then:
(a) Ifw € &y is a gauge-invariant state with 2-point operatorT’, we have, for all ¢ € R,
[T,U,] =0. (75)

Any T € L($) satisfying (75) is called gauge-invariant.

(b) T is a gauge-invariant 2-point operator if and only if there exists an operator s € L(h)
with 0 < s < 1 such that

T=(1-5s)®(sC. (76)

(c) If w € & is a state with 2-point operator T and if n € &y satisfies, for some s € L()
witho0 < s<1landall f,g €,

n(a*(flalg)) = (g,sf), (77)
we have, for all F,G € $,
w(B*(F)B(G)) = n(B"(F)B(G)), (78)

if and only if T' has the form (76).
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(d) LetT = p(BH), where p € B(R) has the form (74), H € L($) is a Hamiltonian, and
B € R\ {0}. If T is gauge invariant, there exists h € L(b) with h* = h such that
H =h & (—Chq). (79)
Moreover, if (79) holds, T has the form (76) and

s = p(—Bh). (80)

Remark 29 Note that, if s € £(h) with 0 < s < 1 and if w, € & is a state having the property
ws(a™(f)a(g)) = (g,sf) for all f,g € b, we have, for all F,G € 9, that

ws(B*(F)B(G)) = wr(B*(F)B(G)), (81)
where wy € & is a state whose 2-point operator 7' € £($)) has the form (76).
Proof. (a) Since w(ry (B*(F)B(G))) = w(B"(F)B(G)) forall ¢ € Rand all F,G € ), (31)

yields [T, U,] = 0 for all ¢ € R.
(b) If we write T' = [t,;]; ic(1.2), Where t;; € L(b) for all i, j € (1,2), (75) is equivalent to

t1p =0, (82)
o1 =0, (83)
since [T, U, = 2isin(yp) tO _812] for all ¢ € R. Moreover, since T is a 2-point operator, it
21

satisfies (28), (29), and (30), respectively equivalent to t}; = t1, t3y = ta9, and tis = ty;, t0
lyg =1— Ctnfa (84)
gy = —Ctmg} (85)

and to the two conditions that, for all f;, f, € b,

0 < (fi,tinfi +tiafo) + (fortar fi + 1t fo), (86)
0 < (fi, I =ti)fi —tiafo) = (for tnfr — (1 = t22) f2)- (87)

Hence, setting s :== 1 —t;; € L(h), (82)-(85) are equivalentto 7' = (1 — s) & (s¢. Moreover,
(86) and (87) are equivalentto 0 < s < 1.
(c) Note that (78) is equivalent to the condition that, for all f;, f5, 91,9, € b,

(fi,tiig1 +t12g2) + (fo, targr + taag2) = (f1, (1 = 8)g1) + (Cg2, 5C f2), (88)

where we used the same notation as in part (b). Hence, plugging f, = g, = 0 into (88), we
gett;; = 1 — s, and (84) implies that t,, = (s¢. Moreover, plugging f, = g; = 0 into (88),
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we get t1, = 0, and (85) yields ¢,; = 0. Conversely, if T has the form (76), since s* = s and
(f,Cg) = (g,Cf) forall f,g € b, (88) is satisfied.

(d) If T satisfies (75), part (b) implies that there exists s € £(h) with 0 < s < 1 such that
T has the form (76). Next, note that p : R — (0,1) is strictly monotonically increasing and
let p~' : (0,1) — R be its inverse function (i.e., p~'(z) = log(z/(1 — z)) for all z € (0,1)).
Since 1 = Egpy(1,ecsmy) and since spec(8H) C [—|B|r, |8|r], where r := || H||, we can write

T = By (pi_js1r31)- Defining ¥ € B(R) by (x) := p~*(x) for all = € [o(~|B]r), p(|6|r)] and
Y(z) :=0forallxz € R\ [p(—|B5|r), p(|5]r)], Lemma 83 (b) yields, on one hand,

W(T) = Esp (4 o (pL 511, 181m))
s (89

where we used that 1o (p1(_ 5 81,1) = #11[—r15,- ON the other hand, since, for all x € B(R)
and all selfadjoint a,b € L(h), we have x(a @ b) = x(a) ® x(b) (which can be proven as, for
example, in the proof of Lemma 83 (c)), we get ¥(T') = ¢¥((1 — s) B (sC) = (1 — s) DY ((s(),
i.e., H is block diagonal. Hence, writing H = [h;;]; ;e 2 and setting h := hy; € L(h), the
fact that H* = H implies that h* = h. Moreover, since 'HI' = —H (which is equivalent to
hay = —Chy1¢ and hyy = —Chy5(), we get hyy = —Ch(, i.e., H has the form (79).

Moreover, if H is given by (79) for some h € L(h) with 1™ = h, (56)-(57) imply

T = Egp(p) & E_penc(p)
= Egn(1 = £p) ® E_penc(p)

= (1 — Egn(€p)) ® CE_pn(p)C

= (1 = E_gu(p)) ® CE_gu(p)C, (90)
where we used that (x(a)¢ = (¢x)(Ca() for all selfadjoint a € L(h) and all x € B(R) (which
follows from Lemma 83 (a) for the case A = a © 0) and Remark 85 for {p = p_;. O

Example 30 (Ground state) Let H be as in Example 26. The so-called T-ground state is
the quasifree state whose 2-point operator has the form (73) (with 8 = 1), where the Fermi
function, denoted by p.., is given by

1
Poo = 1(0700) + 5 ].0. (91)
Moreover, the T-ground state is unique if 1,(H) = 0 (if 1,(H) # 0, a 2-point operator of the
form T = 1) (H) + 1o(H)S1,(H), where S € L($) is any 2-point operator, specifies a
T-ground state, see [6]). Furthermore, note that B — limg_, ., p(3-) = p, Where p is given by
(74). Hence, Proposition 76 (b) yields

B—00

ie., if 1o(H) = 0, the 2-point operator of the unique (t, 3)-KMS state converges strongly to
the 2-point operator of the unique T-ground state.
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4 Nonequilibrium steady states

In this section, we construct a special class of R/L movers, the so-called nonequilibrium
steady states (NESSs) discussed in the introduction. They serve as the main motivation for
the introduction of the R/L mover states in the foregoing section.

For the following, recall the definitions (37)-(38) from Section 3.

Definition 31 (Initial system) Let H € L($)) be a Hamiltonian, let p € B(R) be a Fermi
function, and let 5;, Br € R the inverse reservoir temperatures. Moreover, let 55 € R be the
inverse sample temperature.

(a) The operator H, € L($), defined by
HO 2:HL+H5'+HR, (93)

is called the initial Hamiltonian (for H ).
(b) The quasifree dynamics generated by H, € L(%) is called the initial dynamics.
(c) The quasifree state w, € &y whose 2-point operator T, € L($) has the form

Ty == p(AgH,), (94)
where A, € L($)) is defined by

Ay = BQL + BsQs + BrQr, (95)
is called the initial state (for p and S;, Bs, Br)-

Remark 32 Since, due to Remark 13, the family {Q;, Qs, Qr} C L($) is a complete orthog-
onal family of orthogonal projections and since [Q,.,I'] = 0 for all k € {L, S, R}, the operators
H;, Hg, Hp, and H, are selfdual observables. Moreover, AjH, € L($)) is selfadjoint and, as
in the proof of Proposition 25 (a), property (57), Definition 77, Lemma 83 (a), and Remark
85 yield that 7, is a 2-point operator.

For the setting at hand, the NESS discussed in the introduction is defined as follows.

Definition 33 (NESS) Let H € L($)) be a Hamiltonian, let p € B(R) be a Fermi function,
and let 5;,8r € R be the inverse reservoir temperatures. Moreover, let 33 € R be the
inverse sample temperature, let w, € &y be the initial state for p and (;, g, Br, and let
R >t 7" € Aut(2) be the quasifree dynamics generated by H. The state w € &y defined,
forall A € A, by

t

w(A) = lim ~ [ ds wp(r(A)), (96)

t—oo t 0

is called the NESS (for H, p, and (;, Bg, Or).



Heat flux in quasifree R/L mover systems 23

Remark 34 The general definition stems from [27] and defines the NESSs as the limit points
in the weak-x topology of the net defined by the ergodic mean between 0 and ¢t > 0 of the
given initial state time-evolved by the dynamics of interest (note that, due to the Banach-
Alaoglu theorem, the set of such NESSs is not empty). In general, the averaging procedure
enables us to treat a nonvanishing contribution to the point spectrum of the Hamiltonian
which generates the full time evolution (see Theorem 36 below).

The following ingredients from the time-dependent approach to Hilbert space scattering
theory will be used for the construction of our NESS.

Definition 35 (Wave operators) Let H € L($)) be a Hamiltonian satisfying Assumption 14
(c) and let H, € L($)) be the initial Hamiltonian for H.
(a) The operator W € L(%)), defined by
W =s—lim e "oe"™1, (H), (97)

t—o00
is called the wave operator (for H and H,).
(b) The operators W, Wy € L($), defined by

WL ‘=35 — lim e_itHLQLeitHlac(H>7 (98)
t—o00

Wy = s — lim e HrQ el 1 (H), (99)
t—o00

are called the partial wave operators (for H and H;, and H and Hp, respectively).

For the following, let us denote by AP(R) the complex-valued functions on R which
are almost-periodic (in the sense of H. Bohr). Also recall the definitions of the asymptotic
projections P;, P, and of the R/L mover generator A from Definition 16. Moreover, for all
A = [a]ijeqq € ", the Euclidean matrix norm is denoted by Al := (3, 1.0 ")

Theorem 36 (NESS) Let H € L($) be a Hamiltonian satisfying Assumption 14 (a) and (c),
let p € B(R) be a Fermi function, and let 3, 5r € R be the inverse reservoir temperatures.
Moreover, let B4 € R be the inverse sample temperature, let w, € Ey be the initial state for
pand B, Bs, Br, and letR > t — 1* € Aut(2) be the quasifree dynamics generated by H.
Then:

(a) The NESSw € &, for H, p, and 1, B, Br exists.
(b) The 2-point operatorT € L($)) of w is given by

T =T, +T,, (100)

where T,.,T,, € L($) are defined by
Toe := p(AH)1,.(H), (101)
Tpi= Y L(H)T,1,(H). (102)

Aeeig(H)
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Proof. (a) We start off by studying (96) for elements of 2 of the form HZe 1.2n) B(F;) for all
n € Nand all {F;};c12, € 9. Since w is quasifree, the expectation value W|th respect to wy
of such elements propagated in time by means of the quasifree dynamics generated by H
has the Pfaffian factorization property from Definiton 11, i.e.,

wo( Ty ™ (BUFD)) = pEQAD)), (103)

where, for all n € N and all {F}};c1 2, € $, the entries of the matrix-valued map 2 : R —
C**" are defined, for all i, j € (1,2n) and all t € R, by

Q,:(t) :== (D" F,, Ty F). 104
J J

In the following, let n € N and {F;},c(1 2,y € $ be fixed. Since, due to Assumption 14 (a), we
canwrite 1 = 1,.(H) + 1,,(H) € L($), we have, for all 7,j € (1,2n) and all t € R, that

§;(t) = Qi (1) + Qi (6) + Q5 (1) + 27 (), (105)

where the entries of the matrix-valued maps Q°*, Q% QP* P’ : R — C*"**" are defined, for
alli,j € (1,2n) and all t € R, by

O (1) = ("Moo (H)TF, Tye ™ 1,.(H) Fy), (106)
QP(t) == ("1, (H)TF;, Toe""1,,(H)F}), (107)
(1) = ("M, (H)TF, Ty 1,0 (H) F)), (108)
QP (t) == ("1, (H)T'F;, Ty 1,,,(H) F}), (109)

and we used (50) and (52). We next study the large time averages of (106)-(109).

As for (106), since the family {Q,Qgs, Qr} C L($) is complete, we can insert 1 = Q, +
Qs + Qg in front of the propagators on both sides of (106). Hence, for all i, € (1,2n) and
all t € R, we get

Qi) = > Q) (110)

ke{L,S,R}

where, for all x € {L, S, R}, the entries of the matrix-valued maps Q***: R — C***" are
defined, for all 7, j € (1,2n) and all ¢ € R, by
Q" (1) = (Que™ Lao(H)TF;, TyQue™ 1, (H) Fy), (111)

J

and we used that, since [Q,., AgHy| = [Q., B H; + fsHg + SrHg] = 0 for all « € {L, S, R},
Lemma 83 (d) yields [Q,,, Ty] = 0 for all x € {L, S, R}. In order to determine the large time
limit of Q" we note that, again due to Lemma 83 (d), we have [¢ o T;] = 0 forall t € R
since [Hy, AgHy| = 0. Hence, for all i, j € (1,2n) and all t € R, we can write

Q;qu,L(t> = (e_itHOQLeitHlac(H)F*FwT()e_itHUQLeitHlac<H)F')

J

= (e Que o (H)TF;, p(BLHp)e ™ Qre™ 1, (H) Fy), (112)

J
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where we used that p(AyHy)Q 1 = p(BrH;)Q, which follows from Lemma 83 (c). Since, due
to Assumption 14 (c), we have

HQp—QH =—(Hps+ Hpg)
e L'(9), (113)

the Kato-Rosenblum theorem guarantees the existence of the partial wave operator 1, as
in the proof of Proposition 17 (a). Moreover, the Kato-Rosenblum theorem also implies the
existence of the wave operator W € £(§) given by

Wy =s—lime "™ Q, "1, (Hy). (114)

t—o00

Hence, since the adjoint property for wave operators yields W} = W;, since Remark 85 and
the intertwining property for wave operators imply that W; p(5,H,) = p(8,H)W;, and since
the chain rule for wave operators results in W; W, = P,, we get, for all i, j € (1,2n),

lim Q?j’L (1)

t—o00

= (WLFFia/O<6LHL)WLFj)
= (I'F, WiP(@LHL)WLFj)
= (FFi7P<5LH)W£WLFj)
= (FFi,ﬂ<5LH)PLFj)- (115)

Interchanging L and R, we also get lim, ., Q¢""(t) = (I'F}, p(BrH)PrF;) for all i, j € (1,2n).
Moreover, since, for all i, 5 € (1,2n) and all ¢t € R, we have

Q5 (1)) < 1 ToQse™ Lo (H) E || Bl (116)

and since T,Qs € £°($3), we know that lim,_, ., Q?j’s(t) = 0 for all i,5 € (1,2n). Therefore,
(110), (115), and the foregoing arguments yield, for all i, j € (1, 2n),

Jim 05 (2) = (U, (o 5,H) P, + p(5iH) Pa) )
= (F‘anp(AH)]-ac(H)F)? (117)

J
where, in the last equality, we used Lemma 83 (c) and (42).

We next turn to (107). First, we note that, since § is separable, there exists a se-
quence (ny)ven € £°($) of orthogonal projections satisfying [ny, H] = 0 for all N € N and
s — limy_,o 7y = 1,,(H) (pick an orthonormal basis {£, },cy of eigenvectors of H for the
closed subspace ran (1,,(H)) of § and set ny 1= > ) vy (En, ) E, € L£($) for all N € N).
Inserting 1 = 1y + (1 —ny) for any N € N after the second propagator on the right hand side
of (107), we get, for all i, j € (1,2n), allt € R,and all N € N,

a ap,N ap,N|
Qijp(t) = Qi]p (t) + Qi]p (t), (118)
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where the entries of the matrix-valued maps Q*¥, QM. R — C***" are defined, for all
i,j€(1,2n),all N e N,and all t € R, by

Q) = (Moo (H)CE, Toe ™ L, (H)E), (119)
g () = (eitHlac<H)FFi’ ToeitH(l - nN)lpp(H)F )- (120)

ij j
Using that [y, H] = 0 for all N € N and Lemma 83 (d) for (119), we get, for all i, j € (1, 2n),
all N e N,and all ¢t € R,

PN ()] < Iy Toe™ Lo (H)TF ||| Fl, (121)

QP ()] < (11 = n) L (HDF I T F - (122)

As above, since nyT, € £°($) for all N € N, (121) implies that lim, ., Q{?"(t) = 0 for all

i,j € (1,2n) and all N € N. Moreover, limy_,, Q7" (t) = 0 for all i,j € (1,2n) and all t € R
due to (122). Hence, for all 7, 5 € (1,2n), we get

lim Q{7 (t) = 0. (123)

t—o00

The term (108) is treated analogously leading to lim,_,., ;' (t) = 0 for all 4, j € (1,2n).

We finally turn to (109). Setting xn := >_,.c 1 v 1a, (H) for all N € N, we know from (61)
in Remark 23 and from 1,,(H) = leg (H) that s — limy_,o xy = 1,,(H). Next, we define
the entries of the matrix-valued map Q> : R — C**", for all 4,5 € (1,2n), all N € N, and
allt € R, by

QPN () = (e Y NTF, Ty v F)), (124)

and we note QZP’N € AP(R) for all 4,5 € (1,2n) and all N € N because (124) defines a

trigonometric polynomial on R due to the fact that "1, (H) = "1, (H) for all t € R and all
A € eig(H). Moreover, since, for all i, j € (1,2n), all N € N, and all ¢ € R, we have

™ () = O] < I TollxvF5lH e = Lp(E)V BN+ ITOHIEN e — Lp(E))E;ll, - (125)
and since the sequence (||xx F||) vey is bounded for all F' € $, we get, for all i, j € (1, 2n),

dim [OFPY — Q| =0, (126)
which implies that 2} € AP(R) for all 4, j € (1,2n) since AP(R) is closed with respect to the
norm | - | (given in (344) of Appendix A). Since the argument of the Pfaffian on the right
hand side of (103) has the form Q(t) = A + QFP(¢) for all t € R, where the entries of the
matrix A** € C*"**" are defined by the right hand side of (117), i.e., for all i, j € (1,2n), by
Ajj = (TF, p(AH)1,.(H)Fy), (127)

J

since the Pfaffian is a polynomial function of the entries of the matrix on which it acts, and
since AP(R) is an algebra (with respect to the usual pointwise addition, scalar multiplication,
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and multiplication), the function ¥ : R — C, defined by 9J(¢) := pf(A** + Q" (¢)) for all ¢ € R,
satisfies ¥ € AP(R). Therefore, we know that the large time average lim,_, ., fotdsﬁ(s)/t
exists, and we want to show that it is equal to the large time average of (103). To this end,
let the entries of the range of the linear map C***" 5 A4 = [aij]i,j€<172n> — A% e C2?" be
Using Hadamard’s inequality |det(A4)| < Hig<1,n>(zje - |a,]| )1/2 forall A € C™" and the
Cayley-Muir lemma (pf(A))* = det(A) for all A € (CQ”XQ" we get |pf(A)| < |A|5 forall A €
C2*" Hence, since the function [0, c0) 3 7 — " € R is monotonically increasing, we know
that |pf(A) — pf(B)| < |A — Bly(|Al, + |Bl, + 1)" for all A, B € C2"**" (see [29] for example)
Moreover, we note that pf(A) = pf(A®) due to (32) and that |A%|3 = 2> seiony i< la;;)* <

2| A3 for all A € C*"**". Hence, since, for all t € R, we have |Q(t)|, < C, and |A““+Qpp( ), <
Cy, where C = [|To[|(32; IEPIF) and Cy == V(S jeqom MG + CF)'72, we
get, forall t € R,

IPE(2(1)) — pE(A™ + Q7 (1))] < C(IQ™ () — A™ ]y + Q7 ()]2 + [ (@) 2), (128)

1,j€(1,2n)

where C := v2(1+/2(C; + Cy))". Therefore, since the right hand side of (128) vanishes for
t — oo, its large time average also vanishes and we get

t

1 s .1
lim n ds w0<Hi€<172n> T (B(FZ))) = lim n ds pf(Q(s))

t—o00 0 t—o0 0
1 t

= lim - [ dspf(A"™ + Q% (s)). (129)
t—o00 0

Finally, we have to show that the limit on the right hand side of (96) exists for all A € 1.
Let A € 2 be fixed. Since, by definition, 2l is the completion (with respect to the C*-norm
|- ||) of the x-algebra generated by the selfdual generators from Definition 1 (d), there exists a
sequence (P,),cy Of polynomials in these generators such that lim,,_,. ||[A— P,|| = 0. For all
B € 2, defining the function F; : (0,00) — C by Fj(t) fo dswy(7°(B))/t for all t € (0, 00)
and noting that |wy(7*(B))| < ||B| for all t € R and all B € 2, we get, for all ¢, € R and all
n € N,

|[Fa(t) = Fa(t)] < 2llA = Bl + [Fp, () = Fp, (£)]. (130)

Hence, since the limit for ¢ — oo of I (t) exists for all n € N due to (129), (130) implies the
existence of the desired limit on the right hand side of (96).

(b) Let F\, F, € $ be fixed. Due to (96), (129), and (31), we have

(I'Fy, TF,y) = w(B(F)B(F))

— lim 1 ds wo(7°(B(Fy)B(Fy)))

t—oo t 0

1 t
= (LR p(AH)L(H)Fy) + Jim ¢ [ as o) (131)
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where we recall that Q)% from (109) satisfies Q7% € AP(R) and that the limit on the right hand
side of (131) thus exists. Moreover, we have, for allt € R™ := (0,00) and all N € N,

1 t
L [asemin = 3 CRLESL, R
0

ne(l,N)
+ Z Y ) — (T, 1 (H) Tyl (H)F), (132)
n,me(1,N)
n;ém
from which it follows that, for all N € N,
1 t
s = pp,N _
tllglo ¢/, ds Q75 (s) (FFD Zné(LN) 1An(H)T01/\n(H>F2)‘ (133)

Hence, due to (133), and since (126) implies that the sequence of functions Rt > ¢ —
[yds QN (s)/t converges, for N — oo, uniformly in t € R' to the function R™ > ¢ —

fotds Q4%(s)/t, the limit operations for ¢t — oo and N — oo can be interchanged and the
second term on the right hand side of (131) becomes

1 1 [
lim = [ ds Q%(s) = lim = [ ds lim Q%" (s)
t—o00 0 t—oo t 0 N—oo
¢

1
= lim lim = [ ds Q%™ (s)
t—oo N—ooo { 0
¢

1
= lim lim = [ ds Q%™ (s)
N—oot—oo t 0

— lim (FFl, > 1An(H)T01An(H)F2>

N—o00
= (PR YD, WEDTL(H)E), (134

where, in the last equality, we used Definition 22 (a). O

Remark 37 Due to Assumption 14 (c¢),we have H — Hy = H; g+ Hg;, + Hrs+ Hsr + Hyp +
Hp, € £L1($). Hence, the Kato-Rosenblum theorem again implies the existence of the wave
operator W € L($)) from Definition 35 (a). Moreover, as in the proof of Theorem 36 (b) (or
by noting that W = W, + W5 and by using Lemma 83 (c)), inserting 1 = ¢"*oe 0 for all
t € Rin front of 7}, in (106) and using that [e‘itHO,TO] =0 for all t € R directly leads to

T,, = W*T,W. (135)

5 Asymptotic velocity

In this section, we implement translation invariance and study its consequences. In particu-
lar, we construct the so-called asymptotic velocity and derive the action of the R/L generator
as a matrix multiplication operator.
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In the following, we will resort to the usual Fourier Hilbert space isomorphism § between
the 1-particle position Hilbert space h over Z and the 1-particle momentum Hilbert space h
over T := [—m, 7] defined by

b := L*(T). (136)

Here and in the following, for all p € R with p > 1, we denote by L”(T) the space of equiv-
alence classes of functions ¢ : T — C which are measurable with respect to M(T) and for
which ||? is integrable with respect to the Borel-Lebesgue measure (and analogously if T is
replaced by another subinterval of R). As usual, the equivalence relation identifies functions
which coincide almost everywhere with respect to the Borel-Lebesgue measure (i.e., on the
complement of a subset of a set of Borel-Lebesgue measure zero). Moreover, M(T) is de-
fined to be the restriction of M(R) to T, i.e., we have M(T) := {MNT|M € M(R)} = {M C
T|M € M(R)}, and we recall that M(RR) is given in Definition 75 (c). Abusing notation, for
all M € M(T), we write |M]| for the (restriction to M(T) of the) Borel-Lebesgue measure of
M. Moreover, we denote by L>°(T) the space of equivalence classes of functions ¢ : T — C
which are measurable with respect to M(T) and almost everywhere bounded on T, and the
norm on L>(T) is denoted by || - || -

For all f € h, the Fourier transform is given by the limit (in §) ff := limy_,, ZMSN f(z)e,,

where, for all z € Z, the plane wave functions e, € § are given by e, (k) := ™™ for all k T,
Furthermore, for all f € h and all a € L(h), we set [ := §f € h and a := faf* € L(h) and,
sometimes, we also write ¢ := f'p forall o € h. On H = b & b, we define § := fo, : H — 9,

where the doubled 1-particle momentum Hilbert space is given by
H:=hab, (137)

andwe set [ := FF € Hforall F € §and A := FAF* € £(H) for all A € £($) (the usual
scalar products and the corresponding induced norms and operator norms, on both h and
$, are again all denoted by (-,-) and || - ||, respectively).

Furthermore, similarly to (34) on position space, for all v € L*(T), the multiplication
operator m[u] € £(h) on momentum space is defined by m[u]y := uy for all ¢ € h. Moreover,
for all u := [uy, uy, us] € L(T)*, we define m[u] € L(h)* by

mlu] = [mlw], mup], mus]], (138)

and we note that, for all ® € § on which it is defined, the operator U := mlug)oy + m[u]o
(using the same matrix operator notation as the one introduced in (5)) satisfies the bound

U] < Cyl|®]], (139)

where we set Cyy = 3 o3 [[ta | (in particular, if U is defined on the whole of 9, we have

o~

U € L($)). Finally, for all w € L>(T), we denote the real, imaginary, even, and odd part of u
(defined almost everywhere) by Re(u), Im(u), Ev(u), and Od(u), respectively.

We next determine the properties of the Pauli coefficients specifying a translation invari-
ant Hamiltonian in momentum space.
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Proposition 38 (Translation invariance) Let H € L($)) be a Hamiltonian satisfying As-
sumption 14 (b). Then:

(a) There existu, € L™(T) and u = [uy, uy, uz] € L=(T)* such that
H = mluolog + mlu]o. (140)
(b) Forall o € (0,3), we have
Im(u,) = 0. (141)

Moreover, the even and odd parts have the properties, for all o € (0,2),

Ev(u,)

0, (142)
Od(us) = 0.

0

Proof. (a) Let us first note that, since the Hamiltonian can be written in the form H =
hooo + ho with the Pauli coefficients hy, € £(h) and h := [hy, hy, hs] € L(H)?, (25) and (26)
respectively yield, for all « € (0, 3),

ho = ha, (144)

~J=he, a€0,2),
ChoC = { he a=3. (143)

On the other hand, Assumption 14 (b) implies, for all « € (0, 3), that
[, 6] = 0. (146)
Hence, we know (see [13] for example) that, for all « € (0, 3), there exist u, € L™ (T) with
he = mu,], (147)

i.e., we can write H = mlug]o, + m[u]o, where we set u := [u,, u,, uz] € L=(T)°.
(b) Using (144) and (147), we have u, = u, for all o € (0,3), where ¢ is the complex
conjugation of ¢ € h. Moreover, since f(f = £ f for all f € b, we get, for all « € (0, 3),

éuu _ {_ucw o€ <072>7 (148)

Uy, =3,

and we note that (£¢)(k) = ¢(—k) for all ¢ € h and almost all & € T. O
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Remark 39 Let o € (0,3). Due to a theorem by Bernstein, if, and only if, (the 27-periodic
extension of) u, is real-analytic, there exist constants C, a > 0 such that, for all z € Z,

i, ()] < Ce !, (149)

Moreover, under these conditions, the number of zeros of u, on T is finite. In Section 6, we
will study the special case for which ,, has finite support.

In the following, for all functions T > &k + u(k) € C and all k, € T, we denote by u'(k,) not
only the derivative of u with respect to k at the point &, if k, € T\ {#=} but also the one-sided
derivatives if k, € {£n} (if all the derivatives in question exist). In this sense, for all m € N,
we denote by C"™(T) the m times continuously differentiable complex-valued functions on T.
Moreover, C(T) stands for the continuous and C*(T) for the infinitely differentiable complex-
valued functions on T. The analogous notations are used if T is replaced by R and/or the
target space C by another Banach space (which is then explicitly indicated).

The following conditions will be used at various places in the sequel.

Assumption 40 (Pauli coefficient functions) Letu, € L™(T) for all « € (0, 3).

(a) Im(u,) =0 for all a € (0, 3)
(b) u, € C'(T) with u,(r) = u,(—m) and ul,(r) = ul,(—x) for all a € (0, 3)

In the following, for all m € N and all u := [uy,...,u,,] € L™(T)™ with real-valued en-
tries, we define the Euclidean norm function |u[ € L™(T) by [u| := /> icq m u? and the
generalized zero set Z, € M(T) (up to subsets of sets of Borel-Lebesgue measure zero) by

Z, = {k e T|ul(k) =0} (150)
=) 2. (151)
ie(1,m)

and we use the notation Z;, := T \ Z, € M(T). Moreover, for all i € (1, m), the functions
u; € L™>(T) are defined by

ﬂ, on 2,
;=4 lul (152)
0, on2Z,,
and we set u := [uy,...,4,] € L™(T)™. Moreover, for all u := [uy,...,u,] € L=(T)™ and

v = [vg,...,v,] € LZ(T)™ with real-valued entries, the Euclidean scalar product function
uv € L(T) is defined by uv := 3, , ., u;v; and we set u” := wu. Finally, for all uy € L(T)
and all u := [uy,...,u,] € L=(T)™, we set uqu := [uguy, . .., ugu,,] € L=(T)™.

The following functions are the basic ingredients in the diagonalization of the Hamiltonian
(see Proposition 86 and Remark 87).
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Definition 41 (Eigenvalue functions) Letu, € L™(T) and u := [uy, uy, u3] € L=(T)* satisfy
Assumption 40 (a) and (b). The eigenvalue functions e, € C(T) N C'(Z%) are defined by

ey = ug =L |ul. (153)
Moreover, we define the set Z, € M(T) by
Z,={ke Z;|e(k) =0}, (154)

and, on Z¢, we have ¢, = uy + /.

Remark 42 Since, due to Assumption 40 (b), we have v, € C(T) for all « € (1, 3), the set Z,,
is closed relative to T (and R) and, hence, Z, is open relative to T.

In the following, whenever the symbol 4+ appears several times in the same equation, the
latter stands for two equations, one of which corresponds to all the upper signs and the other
one to all the lower signs (no cross terms).

The following conditions will be used in Section 6 and Appendix B.

Assumption 43 (Zero sets) Letu, € L™(T) and u := [uy, u,, us] € L™(T)? satisfy Assump-
tion 40 (a) and (b) and let M € M(R).

(@) |2, nex! (M) =0

(b) |24 ez (M) =0

In the following, ¢°(Z) stands for the subspace of h of all the complex-valued functions on
Z with finite support. Moreover, let dom(q) be the subspace of h defined by

dom(q) = {feb| Y 2If(@) < oo}, (155)

and note that dom(q) is dense in h since the Kronecker basis satisfies {0, },cz C °(Z) C
dom(q). Moreover, let ¢ : dom(q) € h — b stand for the usual position operator on the
position space h whose action is given, for all f € dom(q) and all z € Z, by

(qf)(x) = xf(2). (156)

Recall that ¢ is unbounded since, if, for any f € dom(q) with f ¢ (°(Z), we set f, =
(f =L H)/IIf = Licnmy fIl € dom(q) for all n € N, we have [|¢f,|| > n+ 1 foralln € N.
Moreover, since f/(k; £1) € dom(q) for all f € b, where ,(z) = z for all z € R stems from
(346), we have ran (¢ +i1) = h. Hence, since, due to (156), ¢ is symmetric, the standard
criterion for selfadjointness implies that ¢* = ¢. Furthermore, its lifting to the doubled 1-
particle Hilbert space $) is defined by

dom(Q) := dom(q) ® dom(q), (157)
Q = qoo, (158)
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where, for the case of unbounded operators, we use the same matrix operator notation as
the one introduced in (5) for the bounded operators (but acting on the domain of definition
of the unbounded operator in question). From the foregoing considerations for ¢, we obtain
that dom(Q) is a dense subspace of § and that Q" = Q.

Next, let dom(p) be the subspace of h defined by

dom(p) := {¢ € AC(T) | ¢’ € h and p(r) = p(-7)}, (159)
where AC(T) stands for the complex-valued absolutely continuous functions on T. Recall
that if ¢ € AC(T), then ¢'(k) exists for almost all k € T, ¢' € L'(T), and ¢(k) = p(—7) +
fH’k]ds ¢'(s) for all k € T. Conversely, if v € L'(T), then the function T 3 k& — (k) :=
f[_mk]ds Y(s) satisfies ¢ € AC(T) and ¢'(k) = (k) for almost all & € T. Now, note that
¢ € dom(q) for all ¢ € dom(p) since, for all ¢ € dom(p) and all = € Z, we have

2(f ) (x) = —i(F"¢') (@), (160)

where we used partial integration in AC(T) (and, for example, that C'(T) € AC(T)). More-
over, we also have ff € dom(p) for all f € dom(q) because, on one hand, ff € W"*(T)
due to the fact that {y € h|f'p € dom(q)} = W*(T) ((160) also holds for p € W*(T)),
where W"?(T) stands for the usual (periodic) Sobolev space, and, on the other hand, since
we know that W'*(T) = dom(p). Hence, since {*¢ € dom(q) for all ¢ € dom(p) and since
ff € dom(p) for all f € dom(q), the restriction of the unitary operator § : h — b to dom(q) is a
bijection between dom(q) and dom(p). Therefore, dom(p) being a dense subspace of h, we
define the position operator on momentum space p : dom(p) C b — b, for all ¢ € dom(p), by

pp = —iy’. (161)

Moreover, due to (160), we can write pp = f¢f ¢ for all ¢ € dom(p) which implies that p is an

unbounded selfadjoint operator on momentum space. Finally, as for @ above, the lifting to
the doubled 1-particle momentum space ) is defined by

dom(P) := dom(p) & dom(p), (162)

P = poy, (163)

and we again get that dom(P) is a dense subspace of % and that P* = P. Moreover, § is a

bijection between dom(Q) and dom(P) and P® = FQF @ for all & € dom(P).
We now arrive at the definition of the asymptotic velocity of the system.

Definition 44 (Asymptotic velocity) Let u, € L™(T) and u = [uy, uy, u3] € L™(T)* satisfy

~

Assumption 40 (a) and define U € L($)) by

U := mluglog + mu]o. (164)
If €Ydom(P) C dom(P) for allt € R and if, for all ® € dom(P), the limit for t — oo of
e "W PP/t exists in $, the operator V : dom(P) — $ defined, for all ® € dom(P), by

1 . .
Vo = lim n e U petUo, (165)

t—o00

is called asymptotic velocity (with respect to U ).
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Remark 45 Under Assumption 40 (a), the operator U from (164) is bounded on 9 (due to
(139)) and symmetric. Hence, U* = U and the propagator ¢V is well-defined for all ¢ € R.

Under a simple regularity assumption specific to Section 6, we get the natural explicit
form of the asymptotic velocity.

Proposition 46 (Asymptotic velocity) Let u, € L™(T) and u := [uy,u,, us] € L®(T)* sat-

~

isfy Assumption 40 (a) and (b) and define U € L($)) by U := m|ug|oy + m[u]o. Then:
(a) The asymptotic velocity V' with respect to U exists and is a bounded symmetric opera-
tor on dom(P).
(b) The bounded extensionV & 5(5) of V to $ is selfadjoint and has the form

V' = mluvy)og + m[v]o, (166)
where v, € L™(T) andv € L>(T)* are defined by
Vo 1= Uy, (167)

u , w-

Proof. (a) We first want to show that €“dom(P) C dom(P) for all t € R. To this end, we
make use of Proposition 86 (a) which asserts that, for all ¢t € R,

™' = mlexp o(itug)Cylog + it mlexp o(itug) Syulo, (169)

wherethemaps R> ¢ — C, € L™(T)and R >t — S, € L™(T) are given, for all t € R, by

C, := coso(t|ul), (170)
S, := sinco(t|ul), (171)

and sinc € C*°(RR) stands for the usual cardinal sine function. In order to verify the first prop-
erty in (159) (and (162)), we note that, for all ¢ € R, the functions C, and S, are differentiable
with respect to & for all k£ € T. Moreover, for all ¢ € R, the derivatives have the form

€l = ¢ sinco(tlul) (), (172
2
Sp = —%(sinc o(t|u]) + sinc” o(t|u])) (uu'), (173)

where, in (173), we used that x sinc”(z) + 2sinc’(z) + x sinc(x) = 0 for all € R. Due to the
first part of Assumption 40 (b), (172) and (173) yield C,, S, € C'(T) for all t € R. Hence,
since C'(T) C AC(T) and since AC(T) is a x-algebra, we get from (169) that ¢V & € AC(T)?
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forallt € R and all ® € dom(P). As for the second property in (159), we note that, for all
t € R and all ® € dom(P), we have (almost everywhere in T)

(eitU(P)/ = (mlexp o(ituy) (ituoC; + Cf)]og + it mlexp o(itug ) ((itugS; + Sp)u + S;u')]o) ®
4ol (174)

where we set &' := | @ ) if & = ¢, P2. Hence, since C(T) C L>™(T) C b, the first part of

Assumption 40 (b) implies that (¢"V®)’ e HforallteRandall @ € dom(P). Finally, due to

(169) and the second part of Assumption 40 (b), we also get the third property in (159).
Next, let & € dom(P) be fixed, let the map X : R —  be defined, for all ¢ € R, by

Xt=e W petUo, (175)
and let us show that X € C*(R,$). To this end, lett € R, let s € I := [-1,1]\ {0}, and
consider the difference quotient

Xt“rS _ Xt
——— =Di;+ Dy, (176)

S

where, for all i € (1,2) and all t € R, the maps D, , : I — H are given, for all s € I, by

—isU
. 1.
Di,=e e T ptlg, (177)
S

isU
S 1
D3, = e WU p ¢ -°

S

V. (178)

Now, since U € E(ﬁ), the limit (in 5) for s — 0 of (177) yields, for all t € R,
lim D}, = —ie "'UP" . (179)

s—0
In order to determine the limit for s — 0 of (178), we make use of (174) and get, for all s € I
and all ¥ € dom(P),

isU !
pe . ! U= (m {exp o(isuyg) <u66’5 - 1%)] oo + mlexp o(isug) ((isupS, + Si)u + Ssu')]a) v

elSU_l
—1

[\ (180)
S

Moreover, since (UV) = (m[uglo, + m[u']o)¥ + UV’ for all ¥ € dom(P), we get, as above,

that UV € dom(P) for all ¥ € dom(P). Hence, for all s € I and all ¥ € dom(P), the

decomposition (180) leads to

1PU\IJH > Al (181)

1€(1,6)
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where, for all i € (1,6), the functions A; : I — R are defined, for all s € I, by

Aq(s) = Hm[(eXP o(isug)Cy — 1)uglog¥||, (182)

2(8) = ] ||m[ Joo?l, (183)

As(s) = |s][[m[up Ssulo |, (184)

Ay(s) = [Im[Ssulo ], (185)

As(s) = ||(m[(exp o(isug) S, — 1)u']o ¥, (186)
isU

Agls) = || Ly _ivw (187)

and, in (183)-(185), we used that | exp o(isug)| = 1 for all s € R. In order to estimate (182)-
(187), we next write ¥ = ¢, @ 1), for all ¥ € dom(P). As for (182)-(183), we have, for all
e (1,2)and all s € I, that A, (s)” = Y15 I fnsll*, where, for all n,i € (1,2) and all s € T,

we define f;, € b by

ff,z (exp O(ISUO) )U01/)m (1 88)

. O
foi = ?1/%* (189)
Using (172) and the bound | sinc(x)| < 1 for all z € R for (189) (which follows from the repre-
sentation sinc(z fo dA cos(Az) for all z € R), we get, foralln, i € (1, 2), that 11m5_>0 fm( )=
0forall k € T. Slnce in addition, for all n,i € (1,2), we have |f;.]> < C,|v> € L'(T) for

all s € I, where Cy := 4|lugl% and Gy = 33,0y 5 [[tallo]lunl%, Lebesgue’s dominated
convergence theorem implies that lim, ,; A,,(s) =0 for all n € (1,2). As for (184)-(186), for
alln € (3,5) and all s € I, we can write 4,,(s)* < 33 ,c1 9 >ucy lfniall®s where, for all

n € (3,5),allic(1,2),alac(1,3),andall s € I, we define £, , € b by

fia 1= sugSsugib, (190)
f4s,z‘,a = S/uawia (191)
fiia = (expol(isug)S; — 1)uq¥;. (192)
Using (173) and |sinc”(z)| < 1/3 for all z € R for (191), we get, for alln € (3,5), all i € (1,2),

and all o € (1,3), that lim,_,, f,; (k) = 0 for all £ € T. Since, in addition, for all n € (3,5), all
i € (1,2), and all « € (1,3), we have |f],.|* < C,.|v:)* € L'(T) for all s € I, where, for all

€ (1,3), we set Oy = [luglllluallze, Cra = 3 sequg lusllzollusllze)luall, and Cs o ==
4|ul ||, Lebesgue’s dominated convergence theorem again implies that lim,_,, 4,,(s) = 0 for
alln € (3,5). Moreover, we have lim,_,, Ag(s) = 0 as in (179). Finally, since, for all ¢ € R and
all s € I, we can write D3, — ie "V PU""® = ie (e Y — 1)PU"® + e "W ™V (P(e"V —
)™ /s — iPU" @), we get, forallt e Rand all s € I,

isU
. . . . -1 . .

| D5, —ie ™ PUMD|| < ||(e7 — 1) PU" | + HP LU —iPUUD
S

‘, (193)
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which, using (181) and the strong continuity of the propagator, implies that, for all ¢ € R,
lim D5, = ie U PUV . (194)
s—0 ’

Therefore, it follows from (176), (179), and (194), that the map X is differentiable in 9 at any

point in R and that its derivative X : R — $, defined, for all t € R, by X" := lim,_,o(X'"* —
X" /s, reads, for all t € R, as

Xt _ efitUU/eitUcI)’ (1 95)

where the commutator U’ : dom(P) — § is defined by U'® := —i(UP® — PU®) for all
¢ € dom(P). Since, for all € dom(P), we have

U'® = (mluglog + mu']o)®, (196)

(139) implies that.||U’<I>||.§ CU/|[<I>|| fo.r all® ¢ dpm(P) with C- ::.Za?<073> l|luL,||~- Moreover,
since, as above, X' — X' = e (e 1)U "D+ e VU " (Y ~1)d for all 5,t € R,
we get, for all s,¢ € R,

I [ Res

(e —1)2|. (197)

The strong continuity of the propagator and (197) now imply that X e C(R,fq), i.e., we find
that X € C'(R, $) as desired.
We next want to compute the limit (in $) for ¢t — oo of X*/t. In order to do so, we note that,

due to X € C(R,ﬁ) and (195), the second fundamental theorem of Banach space-valued
Riemann integral calculus yields, for all t € R™,

t
X' =X+ / ds X°
0
t
= PP + / ds e 5V eV . (198)
0
Using (169), (196), and (7), we compute that e *Y /'Y & = (m[ug|oy+m[a’]o)® forall s € R,

where the map R > s — a® € L>(T)? has the form o* = > ica @i and, foralli € (1,3), the
maps R > s — af € L°(T)® are defined, for all s € R, by

aj = Cyu, (199)
ay = 250,S,(u "), (200)
a§ = 25°S? (uu)u. (201)

As for (199), since for all i € (1,2), all a € (1,3), and all t € R", the Riemann integral
fgds Cysul; exists in b due to the fact that X € C(R, $), since, for all i € (1,2), all a € (1, 3),
all k € T, and all t € R", the Riemann integral fotds Cos(k)ul,(k)p; (k) exists in C, and
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since every sequence which converges in b to a limit has a subsequence which converges
pointwise always everywhere to the same limit, we get, for all t € R,

/0 s (m[af]o)® =t (m[Syu']o)®. (202)

The terms (200) and (201) are treated analogously. We find, for all ¢ € R,
/Otds (mla3]o)® = t*(m[SF (u A u')]o)®, (203)
/0 ds (mlag]o)® = t (m[(1 — Sy,)(i)ii]o)®, (204)

where @ is given after (152). Hence, using (198) and (202)-(204), we get, for all t € R*,
X' po ) ) 5 / .
= = 4 (mluglog)® + (m[S]o)® + HmIS (u A )]o)® + (ml(1 - Sy) (@t )ilo).
(205)

Since, on Z,, the fourth and fifth term on the right hand side of (205) satisfy ¢S} (u A u') =
(1 — Sy,) (') = 0 whereas, for the third term, we have S,,u' = v’ on Z,, we decompose the
latter as Syu’ = 15 u' + Sy 1zcu’. Hence, we get, for all ¢t € R,

Xt
1% = (nluilo + nl1z o) + Gl yilo)) | < 3 B, (208)

ie(1,4)

where, for all i € (1,4), we define B; : R" — R, for all t ¢ R, by

By(t) := —HP@\Ia (207)
By(t) := H( [Saelzcu]o) @], (208)
By(t) := t]|(m[Sf (u A u)]o) @], (209)
B,(t) = || (m[Sy(au))o) |- (210)

Setting ® = ¢, © ¢, and proceeding as above, we have, for all n € (2,4) and all t € R™, that
B,(t)* <33 e Yoacns l9niall®, where, for all n € (2,4), all i € (1,2), all a € (1,3), and

allt € RY, we define ¢/, , € h by

gé,i,a = S2t125u:1§0i7 (211)
gé,i,a = tSt2 Z Eaﬁ'yuﬂu;wh (212)
ﬁ77€<173>

gfl,z’,a = Szt(ﬂu/)ﬂagpi. (213)
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Since, for all z € R\ {0}, we have lim,_, sinc(tz) = 0 and lim,_, . tsinc?(tz) = 0, we get, for
alln € (2,4), alli € (1,2), and all a € (1, 3), that lim,_,, g}, (k) = 0 for all k € T. Moreover,
for all n € (2,4), all i € (1,2), and all a € (1,3), we have |gh;.|> < Dnales]”> € L'(T) for all
t € R, where, for all a € (1,3), we set D, := |lu,||% and, using |i,| < 1 for all a € (1,3),
we also have Dy, = 27 4 [[W)]15% and Dy, := 3,004 lusl3 (independent of a).
Hence, Lebesgue’s dominated convergence theorem again implies that lim,_, . B,,(¢) = 0 for
all n € (2,4) and since lim,_,., B;(t) = 0 holds, too, (206) yields the limit in § for t — oo of
X'/t, i.e., we get, for all ® € dom(P),

t

V& = lim £

t—o00

= (m[vglog + mlv]o)®, (214)

where v, € L*(T) and v € L*(T)® are defined by v, := ug and v := 15 v’ + 1 (@) .

Finally, due to (214) and (139), V' is a bounded operator on dom(P) and, due to Assump-
tion 40 (a), V is also symmetric.

(b) Since V' is bounded on the dense domain dom(P), we know that the unique bounded
extension of V to § is givenby V := V" ¢ 5(5). Moreover, since V' is symmetric due to part
(a),i.e., since V C V", wegetV =V™ C V™ = V" and, hence, V" = V. Finally, since the
right hand side of (214) defines a bounded operator on §, the uniqueness of the bounded
extension implies that the action of V on §) is also given by (214). O

Remark 47 Using the usual group homomorphism between SU(2) and SO(3) which, for all
0 €R,alla=[a,aya5) € R with 3, 5 af = 1, and all z € R’, is given by

¢ 120 (36)e'2) = (R(a, 0)z)o, (215)

where R(a,0)x := (ax)a + cos(d)(z — (ax)a) + sin(f)a A x stands for the positive rotation of
by the angle ¢ around the axis a, we obtain the geometric interpretation of (199)-(201).

The following condition will be used in the sequel.

Assumption 48 (Asymptotic velocity) Let H € L($)) be a Hamiltonian satisfying Assump-
tion 14 (b), let the Pauli coefficient functions u, € L°(T) and v € L>(T)* of H satisfy
Assumption 40 (b), and let V & 5(5) be the bounded extension of the asymptotic velocity
with respect to H.

(@) 0 ¢ eig(V)

In the following, we use the sign function sign : R — {—1,0, 1} which is defined according
to the convention that sign(z) := —1 if x < 0, sign(0) := 0, and sign(z) := 1 if z > 0.
Moreover, recall Definition 16 (b) for the R/L generator A, Definition 41 for ¢, and define the
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mean inverse temperature 5 € R and (half) the affinity 6 € R, driving the heat flux between
the reservoirs, by

g = w, (216)
5= w 217)

The R/L generator has the following form.

Proposition 49 (R/L generator) Let H € L($)) be a Hamiltonian satisfying Assumption 14
(b) and let the Pauli coefficient functions u, € L®(T) andu € L>(T)* of H satisfy Assumption
40 (b). Moreover, let the bounded extensionV ¢ 5(5) of the asymptotic velocity with respect
to H satisfy Assumption 48 (a) and let 5;, Br € R be the inverse reservoir temperatures.
Then:

(a) In momentum space, the R/L generator for H and ;, 5, has the form

A = (81 + dsign(V))1,.(H). (218)

(b) The sign function of the asymptotic velocity can be written as

sign(V') = m[wyloy + mlw]o, (219)

where w, € L™(T) andw € L>(T)* are defined by

1 |signo 6,+ + sign o BL, on Zga (220)
Wy = =
079 signo f, +signo f_, on Z,,
1 | (signoel, —signoe’ ), on Zg, (221)
2 (sign0f+ —Signof_)u,, on z,,

and f, € L>(T) is defined by f, := uj & |u/|.
In the following proof, sr — lim stands for the convergence in the strong resolvent sense.

Proof. (a) We first note that, due to (42), the R/L generator can be written as
A= Blac(H) + 5PRL) (222)

where Py, := Pr — P, € L($). Since f, := (1 — 1,) — sign[,€ (°(Z), we have m|[f,] € L°(h)
and, hence, using (35)-(36) and (39)-(40), we get

Py, =s —lime " (m[1x — 1 ]og)e1,.(H)
t—o0

=s—lim e_itH(m[sign[z]ao)eitHlac(H), (223)

t—o0
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where, with (46), we used that £°($) C ker(uy), i.e., we have py(m[fylo,) = 0. In or-
der to express (223) be means of the position operator in momentum space, we use the
unigueness property of the resolution of the identity stated in Theorem 80 (a) and define
the map E™ : B(R) — L($) by E™(x) := mx|z]o, for all x € B(R). In order to obtain
E™ = E,, Theorem 80 (a) asserts that it is enough to verify that £™(x,) = @ since E™
is a resolution of the identity. Using (351)-(352), we have dom(E™ (k,)) = ran (E™(k_;)) =
{mlr_11z]/i ®mlc_i [z fa | fi, fo € b} = dom(Q) because ran (m[x_; [z]) = dom(q), i.e.,
forall F = f, & f, € dom(Q), there exists G = ¢, & g, € H with FF = E™(x_;)G, and
E™ (k) F = E™(k)E™(k_1)G = E™(k15_)G = (m[(k16_1) [2]00)G = m[ry[z]m]k_1 [z]g1 ©
mlri[zlm[k_11z]92 = qf1 ® qf; = QF. Therefore, since sign € B(R), (223) and Theorem 80
(a) imply that

Prp =5 - lim e_itHsign(Q) M1, (H). (224)

—00

Note that, here and at various other analogous places, we could have used Theorem 80 (b)
and Remark 81 instead of Theorem 80 (a) (see the proof of Lemma 83 (c) for example).
Applying Lemma 82to # = $, K = H,and U = §, we get B = P and §Eq(x)§ = Ep(x) for
all y € B(R) if A = Q and, likewise, B = H and E (x)3* = Eg(x)forall x € B(R)if A= H.
Hence, since e, € C,(R) for all t € R (where e,(z) := ¢ for all z € R stems from Theorem
80 (b)) and using that there exists M,. € M(R) such that 1,.(H) = Ey (1, ), (224) leads to

ISRL =s—lim e_itﬁsign(P) eitﬁlac(fl). (225)
t—o00
Now, recall from the proof of Proposition 46 (a) that eitﬁdom(P) C dom(P) for all t € R.
Hence, for all t € R*, we set dom(V") := dom(P), we define the operator V* : dom(V") — $,
for all ® € dom(V*), by

1 A PS
Vid = Ze_ltHPeltH(I), (226)

and we note that V" is unbounded for all t € R* (since, for all t € R and all n € N, we have
V'@, || > V2(n + 1)/t, where @, := ¢ f @ f, € dom(P) and f, € dom(q) is given after
(156)). In order to express (225) be means of (226), we again use Lemma 82 for H = K = 6,
U=e " forallt e R, and A = P, and obtain B = tV' and e " Ep(x)e"” = E, +(x) for all
t € R" and all y € B(R). Moreover, Remark 85 yields E,«(y) = E,«(x,) for allt € R" and
all y € B(R) and, hence, we get

Ppy = s — lim sign(V')1,.(H), (227)

t—o0

where we used that sign, = sign for all t € R*. Since dom(V*) = dom(P) forall t € R\ {0},

since dom(P) is a core for V because the closure of V' is equal to the bounded extension V/
of V, and since lim,_,., V'® = V& for all ® € dom(P) , due to Proposition 46, we have

st —lim V' = V. (228)

t—o0
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Finally, since sign = ry — 1(_s0] — 1(—0,0)» Where ry is the unity function from (345), we have
sign(V') = By« (sign) = 1— Epe (1) — Epe(1 ) Hence, since we know that, under As-

(—oo
sumption 48 (a) (which is equwalent to Ev(l{o}) , (228) implies s — limy_, o, By (100 g) =
Ey(1(—oo) @and s —lim,_, o B«(1 o)) = Bp (1o )) we arrive at
s — lim sign(V") = sign(V). (229)
t—o0

(b) Using Proposition 86 (b) and the Pauli coefficient functions v, € L*>(T) and v €
L>(T)? of V from (167)-(168), we can write sign(V) = m[wy|o, + m[w]o, where w, € L®(T)
and w € L>(T)* are given by

1

Wy 1= §(Sign o (vg + [v|) + sign o (vy — |v])), (230)
1

w = §(sign o (vg + |v]) — sign o (vy — [v|))7, (231)

and we have v, = u; and

232
lu'|, on Z,. (232)

[au'|, on Zg,
-]
In order to simplify (230)-(231), we make the decomposition T = (Z, N Z;) U (£, N Z,) U
(Z5N Z5) U (25N Z,), where we have Z, N Z5 = {k € Z;|(uw')(k) = 0} and Z,N Z, =
{k € Z,||u|(k) = 0}. As for (230), we get w, = sign o uy on Z, N Z¢ and Z, N Z,. Moreover,
making the further decomposition Z;NZ; = (2, N Z;) U(Z;NZ,)_with (Z;NZ;,), = {k €
Zin 25| £ (uwu')(k) > 0}, we can write, on Z5 N Z,

(sign o (ug + |au'|) + sign o (ug — |au']))

l\DI»—

Wy =

1 {sign o (ug + au') + signo (ug — au'), on (Z5N2Zy),,

2 | sign o (ug — @) + sign o (ug + au'), on (Z5N Z<)_
1
= E(sign oel, +signoel), (233)

where we recall from Definition 41 that ¢/, = ug + @w’ on Z¢. On the other hand, on Z5N Z,,

we can write w, = (sign o (ug + |u'|) + sign o (uy — |u']))/2. Hence, since €/, = uj on Z, N Z;

and since f. = u, £ |u'| = uy on Z, N Z,, we arrive at (220). As for (231), we first note that
sign o (au')a, on Z;N Z;,

u/

]

| on Z;,N2Z,, (234)
0, on2Z,.
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Hence,w=0o0n Z,N Z; and Z,N Z, and, on Z; N Z,, we have

1
w = §(sign o (ug + |au']) — sign o (uy — |au']))sign o (du')
1 (sign o (ugy + @) — sign o (ug — au'))@, on (Z5N2g),,
2 | —(sign o (uy — au’) — sign o (up + @u')) G, on (25N Z°)_
1
= E(sign oe!, —signoel ). (235)
Moreover, on Z; N Z,, we have w = (signo f, — sign o fﬁ)z:’/Q. Therefore, we arrive at (221)
as above. O
6 Heat flux

In this section, we determine the expectation value of the macroscopic heat flux observable
in general R/L mover states. Moreover, we prove strict positivity of the entropy production in
such states and provide examples of physically important models for such systems.

In the following, we make use of the selfdual second quantization b introduced in Defini-
tion 1 (e). Moreover, for any separable complex Hilbert space H, we denote by tr : £1(’H) —
C the usual trace on £'(#) (as a special case, the same notation will be used on C"*" for
alln e N) and, forall A € L(H), we set Re(A4) := (A+ A%)/2 and Im(A) := (A — A™)/(2i).

Definition 50 (R/L mover heat flux) Let H € L($)) be a Hamiltonian satisfying Assumption
14 (a) and (c), and let T, € L($) be an initial 2-point operator, p € B(R) a Fermi function,
and 5;, Br € R the inverse reservoir temperatures. Moreover, let T € L($) be the R/L mover
2-point operator for H, Ty, p, and (3., Br, and let w; € £y be an R/L mover state.

(a) The 1-particle observable ® € L£'($) describing the heat flux from the left reservoir into
the sample is defined by
1d
2dt|,_,

M, e (236)

(b) The R/L mover heat flux is defined to be the expectation value of the macroscopic heat
flux observable in the R/L mover state wy, i.e.,

J = wp(b(P)). (237)

Moreover, we set J,, .= —tr(T,,®) and J,. := —tr(1,.P).
(c) The entropy production rate o € R in the R/L mover state is defined by

0= (Br — fr)J. (238)
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Remark 51 Since, for all s € R\ {0}, we have (e*"H e ™" — H,)/s —i[H, H,| = ([(¢"" —
1)/s —iH|H, — H[(e®" —1)/s —iH])e ™" +i[H, H;](e ™" — 1) and (" — 1)/s — iH|| <
|H||(e*1 — 1), the map ¥ : R — £(5), defined by U’ := — e H, e "7 /2 for all t € R, has
a well-defined derivative with respect to the operator norm at all points ¢t € R, i.e., due to the
factthat H € £(9), the limit defining the derivative in (236) exists with respect to the uniform
topology on L($)) (note that, since spec(H) is compact and since the exponential series
converges compactly, the estimate of Proposition 76 (a) leads to the same conclusion).

Remark 52 Applying Remark 13, the 1-particle heat flux observable reads

@ =~ [H H)] (239)
=—Im(H(Hs + Hpg)). (240)

Hence, since H;» € £'($) by Assumption 14 (c), we get ® € £'(£) as stated in Definition
50 (a). Moreover, (239), and (26) for H and (51), respectively, imply

" = O, (241)
IoT = —, (242)

i.e., ¢ is a selfdual observable. Next, we know (see [2]) that, if T" € L($)) is a 2-point operator,
wr € Ey a state with 2-point operator 7', and A € £'($)) with AT = —A*, we have

wr(b(A)) = —tr(TA), (243)

where b(A) € 2 is the selfdual second quantization of A from Definition 1 (e). Due to (241)-
(242) and the fact that U° = & and ¥* = " ®e " for all t € R, where ¥ stems from Remark
51 (and the dot stands for the derivative with respect to t), we have ¥’ € £'(§), (I')* = ¥,
and T'U'T" = —¥' for all t € R. Hence, (243) yields, for all t € R,

wr(b(¥") = —tr(e T @)
= (b(®), (244)

where we used the cyclicity of the trace, [T, H] = 0 from Proposition 25 (b), and the first part
of the proof of Lemma 83 (d). Therefore, the R/L mover heat flux (237) is independent of the
choice t = 0 in (236).

Remark 53 Since wy(A") = wp(A) for all A € &, (241) and the fact that b(A)* = b(A") for all
A e L£'($) from Remark 3 imply that .J € R.

Remark 54 Let us denote by J; the expectation value in the R/L mover state of the macro-
scopic heat flux observable b(®) whose 1-particle observable ®; describes the heat flux
from the right reservoir into the sample, i.e., @ is defined as in (236) but with H; replaced
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by Hy. Setting Q := H — (H; + Hy), we get Q € £'($9) due to (47) and Assumption 14 (c).
Moreover, since ® + ¢, = i[H, Q)]/2, (243) and Proposition 25 (b) yield

T+ Jg = —%tr(T[H, Q)

= ([T, H]Q)
— 0, (245)

i.e., we obtain the first law of thermodynamics in the R/L mover state. Moreover, due to
(245), the definition of the entropy production rate from (238) boils down to the usual one,
i.e., we have 0 = —(8.J + BrJg).

In the following, we make use of Assumption 14 (d) which means that there is no direct
coupling between the two reservoirs, i.e., that the range of the Hamiltonian is bounded by
the finite number ng of the sites in the configuration space Zg of the confined sample. This
assumption is physically meaningful since the coupling interaction of a real physical sample
to a thermal reservoir usually acts by short-range forces across the boundaries of the sample
(for a lattice spacing of the order of 10~ '“m and a sample dimension of the order of 10 *m
[see [30] for example], we get ng ~ 10°). Under the additional Assumption 14 (d), the
Hamiltonian can be written as follows.

Lemma 55 (Finite range) Let H € L($) be a Hamiltonian satisfying Assumption 14 (b), (d),
alnd (e) and let uy € L®(T) and u = [uy, uy, us] € L(T)? be the Pauli coefficient functions of
H. Then, there existst v € (1,ng) such that the Pauli coefficients of H read, for all « € (0, 3),

h:{ ~2 5 1 T (n) T (07), a € (0,2),
“ Re(i3(0))1 + 23, (1, Re(ts(n)) Re(8"), o =3.

The smallest number v such that (246) holds is called the range of the Hamiltonian H .

(246)

Proof. Recall that the Pauli coefficients h, € £(h) and h = [hy, hy, hs] € L(h)* of the Hamil-
tonian H = hyo, + ho satisfy (144)-(145). Therefore, since Q,. = q.0, for all « € {L, S, R},
Assumption 14 (d) is equivalent to the fact that, for all o € (0, 3),

qrhaqr = 0. (247)
Using Assumption 14 (b), which is equivalent to the fact that, for all « € (0, 3),
[he, 0] = 0, (248)

and using that 6, = 6”5, and (#*)* = # “ forall = € Z (where we set#° := 1 and 6§ := ()"
for all z € N), we can write, for all z € Z;, all y € Zg, and all a € (0,3), that (0,_,, h,0) =
(02, hady) = (a4, haqrdy) = (64, qrLhaqrd,) = 0, and then, with (144), that (6,_,, h,dy) = 0,
too. Moreover, we have x —y > ng+1 > 2forallz € Zpand ally € Z;, and any z € Z
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with z > ng + 1 can be written as z = x — y with x € Zy and y € Z; (and analogously if
z < —(ng+ 1)). Hence, since, for all a € (0, 3), the function «,, € b is given, for all = € Z, by

ﬂa(l’) = (em>m[ua]eo)
= (0z, hado), (249)

we get u,(z) = 0 for all « € (0,3) and all x € Z with |x| > ng + 1. Therefore, there exists a
smallest number v € (1,ng) such that, for all « € (0,3) and all x € Z with |z| > v + 1,

Uy (z) =0, (250)

and v = 0 is excluded due to Assumption 14 (e). Hence, (250) implies that, for all o € (0, 3)
and all y € Z, we have h,d, = 07h,0g = 073 (., ) Ua(T)00 = 3 c( ) Ua(2)070,, LE., WE
get, for all a € (0, 3),

ho= Y i (2)0" (251)
xE(—v,v)
=i1,(0)1+2 Y Refiiy(n)f") (252)
ne(l,v)
_ =23 e Im(ta(n)) Im(0"),  « € (0,2), (253)
Re(i3(0)1 +23,c1,) Re(iz(n)) Re(0"), o =3,

where we used (144) for (252) and (145) for (253). O

Remark 56 Let A € £'($) with TAT = —A*. Then, for all B € 2, we define the map f :
R — A by f§ := ®W/2Be N2 for g)l ¢ € R, where the exponential is defined through its
absolutely convergent series with respect to the C*-norm of 2. Hence, the Cauchy product
in A yields (as in Remark 51) that, for all s € R\ {0},

eis%b(A) _1

— itzb(4) — ~b(A), B o i(t+5)3b(4)

t+s t
1[b(4).B] . 5

S

+ eit%b“)%[b(A), B] (e 3t _ 1) 30, (254)

Since, due to (22), we again have ||(¢"**V/2 — 1)/s — ib(A)/2|| < ||A]|; ("4 — 1), the map
fg is differentiable everywhere on R (the dot again stands for the derivative with respect to
t) and, for all ¢t € R, we get

fé - fé[b(A),B]‘ (255)

Hence, f3 is infinitely differentiable on R, and since the n-th derivative of f; at the point
s € R is bounded by || B||e*I4 || A||? for all n € N, Taylor's theorem for 21 implies that f5 is
real analytic on R. Moreover, since Definition 1 (d) and (e) imply that [b(A), B(F)] = 2B(AF)
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forall F € $and all A € £'() with TAT = —A*, the Taylor series for [r(r) in A and for the
map R >t — ™ F e fyield, forallt e R, all F € $, and all A € £($) with TAT = —A*,

eit%b(A)B<F)e—it%b(A) _ B(eitAF). (256)

Similarly, since [b(A),b(B)] = 2b([A, B)) for all A, B € £'($) with TA[' = —A" and I'BI" =
—B", the Taylor series for f,(z in 2 and for the map R > ¢ — ¢ Be ™ € £'($) yield, for all
tcRandall A, B € £'($) withTAT = —A* and BT = —B*,

RELOY b( B)e—it%b(A) = b Be ). (257)

Next, for all N € N, let us define ¢y = m[l_y ] and Qy = qyo, € £°($), and set
Hy = QnHQy for all N € N. Moreover, for all k,\ € {L,S,R} and all N € N, we
set H, y == QvH,Qy and H,, y := QyH,,Qy. Using (7), we note that all the Pauli co-
efficients of H, H,¢ are linear combinations of operators of the form ¢, h,q;hzqs, Where
a, B € (0,3) (see also (284)-(285) below). With the help of (251), we can write g, h,q.hsqs =
> e e vy Ta(@)Ws(W) (07 qL)M s, oty aprary)0 " for all a, f € (0,3). Similarly, we get
QN(thOCQL)qN(thqu>QN - ZI&E(—%W aa(x)aﬁ(y)QL(QIQL)m[lN,z,y]m[1(xL+x+y,a:R+x+y)]0I+y for
all o, € (0,3) and all N € N, where, forall N € N and all z,y € (—v,v), the function
Iy, €07(Z)is defined by 1y, = 1_n nyLi-Nta Nty L Nty Ntaty)- [T WE @assume that

we have 1y, . 1., toryaptoty) = Lo tatyontaty OF Al 2,y € (—v,v). Therefore, we can
write H, yH s n = H H) s, i.€., using (240), we get, for all N € N satisfying (258),

[Hy, HL,N] = _Qilm(HL,NHLS,N)
= —QIIm(HLHLs>
= [H, Hp], (259)

where, in the first equality, we used the fact that [Q,.,Qx] = 0 for all K € {L, S, R} and all
N € N (and Assumption 14 (d)). Now, due to (256), we note that the quasifree dynamics
generated by the local Hamiltonian Hy € £°($) on the 1-particle Hilbert space § is induced,
macroscopically, by the selfdual second quantization of H, /2 and the local macroscopic
Hamiltonian of the left reservoir is given by b(H,, v)/2. Hence, using (255), the commutator
identity after (256), (259), and (239), we get, for all N € N satisfying (258),

d itl 1 —it} !
_a eth(HN)éb(HL,N>e t30(Hy) _ b(— §[HN7 HL,N])
— b(®), (260)

i.e., the fact that macroscopic dynamics is generated by the selfdual second quantization of
Hy /2 explains the existence of the factor 1/2 in (236).
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Remark 57 Let wy € & be a gauge-invariant state with 2-point operator 7' € £($)) and let
H € L($) be a gauge-invariant Hamiltonian. Then, due to Lemma 28 (b) (and its proof),
there exist s,h € L(h) with0 < s < 1and h® = hsuchthat T = (1 — s) ® (s¢ and H =
h @& (—Ch(¢). Hence, the heat flux observable (236) has the form

1
¢ =3¢ ®(=¢w0), (261)
where ¢ € L(h) is given by ¢ := —i[h,q hq;]. Due to Assumption 14 (d), we then have
¢ = —i[qrhgs + qshqr.qrhqr] € £°(h) and, hence, ® € £°($). Moreover, ®* = & and

['®dI" = —® which implies, with (243), that

wr(b(®)) = 3 tr(sg) + 5 r(Csp0) — 5 ()

= tr(sp), (262)

where we used that (6, = ¢, for all z € Z, the commutator form of ¢, and the cyclicity of the
trace on h. Note that w,(dI'(p)) = tr(sg), where w, € & is the state defined in Remark 29
and dI' is the usual second quantization.

We next clarify the effect of Assumption 14 (d) on the assumptions used in the foregoing
sections.

Lemma 58 (Assumptions) Let H € L($)) be a Hamiltonian satisfying Assumption 14 (b),
(d), and (e). Moreover, letu, € L>(T) and u = [u,, uy, u3] € L™(T)* be the Pauli coefficient
functions of H and let us define the following mutually exclusive, exhaustive, and non-empty
cases:

ug =0, u # 0, and uu' = 0
up = 0 and uv’ # 0

ug # 0 andu =0

ug # 0, u#0, and v’ =0
uy # 0, ut/ # 0, and uj # u*
uy # 0 and u = u*

Case (263)

>N WN =

Then:

(a) In all cases, Assumptions 14 (c), 40 (a) and (b) are satisfied.
(b) We have

[1,0,0], Case 1,
[Lpp(H), 1oe(H), 1,(H)] = [0,1,0], Case 2, 3, 4, and 5, (264)
[16(H), 1 —14(H),0], Case 6,

where, in Case 6, dim(ran (15(H))) = oo but 1,(H) # 1. In particular, in all cases,
Assumption 14 (a) is satisfied.
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(c) The bounded extensionV < C(ﬁ) of the asymptotic velocity with respect to H satisfies

— {{0}, Case 1 and 6, (265)

ig(V)N{0} =
eig(V) N {0} (), Case?2, 3, 4, and 5.

In particular, in Case 2, 3, 4, and 5, Assumption 48 (a) holds.

Remark 59 If Assumption 14 (e) does not hold, Remark 15 yields H = 0, i.e., we have u, = 0
for all « € (0,3). Hence, Assumptions 14 (c), 40 (a) and (b) are satisfied. Moreover, since
1,,(H) =1and since {1,,(H),1,.(H),1,.(H)} is a complete orthogonal family of orthogonal
projections, Assumption 14 (a) is also satisfied. Finally, due to (167)-(168) (or directly from

(165)), we have V = 0, i.e., Assumption 48 (a) does not hold.

Remark 60 Since uyuy, = u' if uj = «*, the first and the third condition of Case 4 imply
uz # u* (see Case 3 in the proof of Lemma 58 (b)). Hence, the six cases are mutually
exclusive and exhaust all the possibilities.

In the following, we denote by T'P(T) the real trigonometric polynomials on T (for the
structure of this ring, see [25] for example). Note that, due to the fundamental theorem of
algebra, we have, for all v € TP(T),

card(Z,) < oo if and only if v # 0. (266)

Proof. Due to Assumption 14 (b), (d), and (e) and Lemma 55, the Pauli coefficients of H
have the form h, = m[u,] for all o € (0, 3), where the Pauli coefficient functions u, € L>(T)
and u = [uy, uy, uz] € L(T)? are given, for all a € (0,3), by

v, — ~23 e Camsin(n:), a€(0,2), (267)
€30+ 2 ne(1p) GmC0S(n:), =3,

i.e., we have u, € TP(T) for all « € (0, 3). Here, for all « € (0,2) and all = € Z, we set

Cor = Im (U, (7)), (268)
¢z := Re(tz(x)), (269)

and we note that, due to (142)-(143), we have 1, (z) = ic,, and i3(x) = c;, for all a € (0,2)
and all z € Z, respectively.

(a) In all cases, Assumption 14 (d) implies Assumption 14 (c). Moreover, since u, €
TP(T) for all o € (0, 3), Assumptions 40 (a) and (b) are satisfied.

(b) Using part (a), (385) from Remark 89 yields

~

spec(H) = ran (e, ) Uran (e_). (270)
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Moreover, for all A € R, we define p, € TP(T) by p, := det([H] — A1), where [H] €
L>(T,C**?) is the identification specified in Remark 89. Hence, for all A € R, we have

P = (ug — )\)2 - U2> (271)
and we know that \ € eig(H ) if and only if |2, | > 0 (see [17] for example), i.e., with (266),

A € eig(H ) if and only if p, = 0. (272)
Furthermore, due to Lemma 90, we can write

u? = ag + 2 Z ay, CcOS(M+), (273)

me(1,2v)

where we set a,, 1= > 3 o, for all n € (0,2v) and the coefficients a,, € R for all
a € (0,3) and all n € (0,2v) are given in Lemma 90.

Case 1 Since uu' = (u®)'/2 and since we know that {1,2sin(n),2cos(n-)},cn coOnsti-
tutes an orthonormal basis of §, (273) implies that v> = q,, and a, > 0 because u # 0.
Hence, we get e, = +,/a, and, due to (270),

spec(H) = {~ /@y, /o) (274)

Moreover, since the points +,/a, are isolated in spec(f[) ‘we know that +,/a, € eig(H) (or
by directly using (272)) and, hence, we get spec(H) = eig(H ) Therefore, since E (1, 7)) =
1,,(H), since Eg(1,e) = 1, and since {(1,,(H),1,.(H),1,.(H)} is a complete orthogonal
family of orthogonal projections, we get 1,,(H) = 1 and, hence, 1,.(H) = 1,.(H) = 0.
Since 1,(H ) §1,(H)§" for all 1 € {pp, ac, sc} (which follows from Lemma 82), we arrive at
1,,(H)=1and 1ac( )=1,.(H)=0.

Case 2 Since u # 0 due to uu’ # 0, (266) and (151) imply card(Z,) < co. Moreover,
since ¢/, = Fuu'/u| on Z;, we get Z, = {k € Z|(wu')(k) = 0} and, since uu’ € TP(T),
(266) leads to card(Z,) < oo. Therefore, Assumption 43 (a) and (b) are satisfied for M =
spec(H) € M(R) and Proposition 88 and Remark 89 yield 1,.(H) = 1. Hence, we get
Ly(H) = 1,.(H) = 0.

Case 3 We have Z, Nnei' (M) = uy' (M) for all M € M(R). Hence, there exists no
M € M(R) with spec(H) = ran(uy) € M such that Assumption 43 (a) holds (compare
with Remark 89). But note that ran (1,.(H)) = ran (1,.(m[ug)) & 1..(m[ue])) and, hence,
1ac(f[) = 1ae(mlug)) ® 1,.(mug)). Since u, € TP(T) has the form (267), we also have # 0,
and (266) yields card(Z,,) < oc. Hence, for the scalar multiplication operator mu,] € L(h),
we know that 1,.(m [ o)) = 1 (we can also readily adapt the proof of Proposition 88 by
replacing (388) by ex'(A') = ug ' (A') = (ug (A) N Z,) U (ug' (A) N Z;,) and by carrying out

the further decompositions of u; ' (A4") N ZC analogously) Hence, we get 1ac(fl) = 1 and
1, (H)=1,(H) = 0.

pp

PP(
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Case 4 Since v* € TP(T) and v* #0, (266) yields card(Zu) < co. Moreover, we have
e}, = wuy on Z; and, as in Case 3, u, € TP(T) satisfies u, # 0. Hence, (266) implies
card(Z,) < oo. Therefore, Assumption 43 (a) and (b) are satisfied for M = spec(H ) e M(R)
and Proposition 88 and Remark 89 yield 1,.(H) = 1. Hence, we get 1, (H) =1,.(H) = 0.

Case 5 Asin Case 4, we have card(Z,) < co. We next want to show that card(Z.) < oco.
To this end, we make the following three steps which require u, # 0 and u # 0 to hold only.
First, since card(Z,) < oo, there exists N € N and {a;,b;},c1ny € R with a; < b; for all
i € (1, N) such that (a;, b;) N (a;,b;) = D forall i, j € (1, N) with i # j and Z; = U,y w(ai, bs)
if u’(r) = 0and Z; = (Ujeqn (@i b)) U{—m 7} if u’(7) # 0. Leta,b € R with a < b,
let I := (a,b) C (a;,b;) for some i € (1,N), and let k € {£} be fixed. The function e, is
differentiable on I and if ¢/, = 0 on I, there exists A € R such that p, = 0 on I (see (271)).
Hence, due to (266), we get py, = \* — 2\uy + ug — u* = 0 on T. Using (142)-(143), we thus
find Auy = 0 on T which implies A = 0 since u, # 0. Hence, we arrive at p, = 0 (on T).
Second, let p € TP(T) be defined by

p = ugu® — (uu)?, (275)

and let us show that, in general, p = 0 if and only if p, = 0. If p, = 0, we have p;, =
2(uguy — uu') = 0 which implies p = —ugp, = 0. Conversely, if p = 0, there exists a
function o : Z; — {—1,1} such that u; = cuv'/|u| on Z; and, in particular, v, = ouu'/|u|
on (a;,b;) for all © € (1, N). Moreover, for all i € (1,N), there exists k; € (a;,b;) such
that ug(k;) # 0 (assuming the opposite contradicts u, # 0) and, hence, (uu')(k;) # 0. Let
i € (1, N) be fixed and let ug(k;) > 0 (the case uy(k;) < 0 is completely analogous). Since
is continuous on (a;, b;), there exists e > 0 such that (k; — e, k; +¢) C (a;,b;) and ug(k) > 0
for allk € (k; — e,k +5) Since wu’ is continuous on (a;, b;), too, if (uu’ )(k:) > (, there exists
¢’ > 0 such that (k e k;+¢) C(a;b;) and (uu)' (k) > 0forall k € (k e k; +€'). Setting
§ := min{e, '}, we get o = 1 on I, := (k; — 0, k; + &) and, hence, ¢ = 0 on I,. Then, the
first step yields p, = 0 (if (vu')(k;) < 0, we get €/, = 0 on I, and again p, = 0 from the first
step). Third, let M C Z; such that card(M) = oo (not finite) and let x € {£} be fixed. If
e/, = 0 on M, we also have p = 0 on M since p = u*¢, ¢’ on Z¢. Since p € TP(T) and since
card(M) = oo, (266) implies that p = 0. It then follows from the second step that p, = 0.
Suppose now that card(Z,) = co. Then, it follows from the third step that p, = 0 which
contradicts ug # u”. Hence, we have card(Z,) < oo and, as in Case 4, Assumption 43 (a)
and (b) are satisfied for M = Spec(A) € M(R) and Proposition 88 and Remark 89 yield

1,.(H) = 1 and, thus, 1pp(H) =1,.(H) =0.
Case 6 Since p, = 0, (272) yields 0 € eig(H ) On the other hand, we know from the
end of the first step in Case 5thatp, =0 |mpI|es A=0ifuy #0,Ii. e, eig(H ) C {0} due to

(272). Hence, we get cig(H) = {0} and L, (H H) = En(lagm) = 1o(H H). Moreover, we know

that ran (1,(H)) is infinite dimensional (see [17] for example). But, due to (270), we have
|spec(ﬁ)| > 0 because (142)-(143) and u, # 0 imply that e, are hon constant, i.e., we also
get 1,(H) # 1. We next want to apply Proposition 88 for M = spec(H) \ {0} € M(R). First,
as in Case 4, we have card(Z,) < oo and, hence, Assumption 43 (a) is satisfied. In order
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to verify Assumption 43 (b), we write Z, Ne;' (M) = {k € Z|e,(k) #0and €/ (k) = 0}.
Since ug = u” implies uquy = uu', we get €/, = +uge, /|u| on Z¢ and, hence, Z, Ney (M) C
Z,NZ,. Since uy # 0, we have, as in Case 3, that card(ZuE)) < o0, i.e., Assumption 43
(b) is satlsfled Therefore, Proposition 88 yields ran(lM(H)) C ran (1,.(H)), i.e., we have

1y (H) =1, (H)lM( [ ). On the other hand, we also have 1 = E(1 Spec ) =1,,(H H)+1,(H)
since spec(H) = {0} U M. Hence, we get 1y (H) = 1,.(H )( - 1,(H H)) = 1aC(H) since
1,.(H)1,,(H) = 0, and we arrive at 1,,(H) = 1 — (1, (H) + 1,.(H)) = O

(c) As above (see (272)), we use that O € eig(V) if and only if |Z, | > 0, where ¢, €
L>(T) is defined by ¢, := det([V]) = v3 — v* and the Pauli coefficient functions are given by
vy = up and v = (au')a on Z; and v = ' on Z,. Hence, we can write Z, = AU B, where
A, B € M(R) are defined by A := {k € Z,|p(k) = 0} and B := {k € Z,|q(k) = 0} and
where p stems from (275) and ¢ € TP(T) is given by

q:=uy —u? (276)

Case 1 Since v* = a, > 0 as in Case 1 of part (a), we have Z, = (. Hence, we get
vy=0,andv=0o0nZ; =T,i.e., V—OandOEetg(V)

Case 2 Since p € TP(T) and p = —(uv')® # 0, (266) yields card(Z,) < oo and, hence,
card(A) < oco. Moreover, since card(B) < oo because u # 0, we get card(Z, ) < oo, i.e.,
0 ¢ eig(V).

Case 3 Since u = 0, we have A = () and ¢ = ug . Hence, we get card(B) = card(Z,) =
card(Z,) and, as in Case 3 of part (a), we have card(Z,,) < oc. This implies 0 ¢ eig(V).

Case 4 We have p = uju® # 0 and, hence, card(A) < card(Z,) < cc. Since card(B) <
card(Z,) < oo, we get 0 ¢ eig(V).

Case 5 Due to the second step in Case 5 of part (a), we have p = 0 if and only if
po = ug —u’ = 0. Hence, p # 0 and card(A) < card(Z,) < oo. Since again card(B) <
card(Z,) < oo, we get 0 ¢ eig(V).

Case 6 Since p, = 0, we have p = 0 and |A| = |Z;| > 0 since u # 0, i.e., we get
0 € eig(V).

Hence, for the bounded extension V' € 5(5) of the asymptotic velocity with respect to
H to satisfy Assumptlon 48 (a) is equivalent for the Pauli coefficient functions u, € L>(T)
and u € L™(T)? of H to belong to Case 2, 3, 4 or 5, i.e., due to part (b), to the absence of
eigenvalues of H (compare also directly with (165)). !

For the following, recall from Remark 85 that, for all y € B(R) and all » € R, the function
X» € B(R) is given by x,.(z) = x(rz) for all r,x € R.

We now arrive at our main result. It asserts that the R/L mover heat flux has the following
properties.

Theorem 61 (R/L mover heat flux) Let H € L($) be a Hamiltonian satisfying Assumption
14 (b), (d), and (e) and let the bounded extension V € L($)) of the asymptotic velocity with
respect to H satisfy Assumption 48 (a). Moreover, let u, € L™(T) and v € L™(T)* be the
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Pauli coefficient functions of H, and let T € L($) be an R/L mover 2-point operator for H,
for an initial 2-point operator T, € L($), for a Fermi function p € B(R), and for the inverse
reservoir temperatures 31, fr € R. Then, the heat flux in the R/L mover state w; € &y has
the decomposition J = J,,, + J,., where:

(a) The pure point contribution satisfies .J,,, = 0.
(b) The absolutely continuous contribution is given by

1 /™ dk ,
T =5 [ G DI Ay () @77)
where Ag 5. € B(R) reads
ABL»/BR = Pr T PBro (278)

ande, e € L>(T) are defined by ¢ := v, + |u| and ¢’ := ug + '

Remark 62 If u # 0, i.e., in Case 2, 4 and 5 under Assumption 48 (a), we have have e = e
onTand ¢ = ¢ = uy + (uu')/|u| on Z5 with card(Z,) < oo (as discussed in the first step of
Case 5 of the proof of Lemma 58 (a)). Moreover, e, € C(T)NC™(T\ Z,) and |/, | < |ug|+ ||
on Z,. Therefore, due to Remark 84, the integrand of (277) satisfies |e¢'|Ag, 5. € L(T). In
Case 3, the only case with u = 0 under Assumption 48 (a), we have ¢ = e, = u, and ¢’ = v
on T = Z, (see (152)), and the same conclusion holds again.

Remark 63 Since Assumption 48 (a) is equivalent with Case 2, 3, 4, and 5 of Lemma 58,
we get, in all these cases, that 1,.(H) = 1.

Remark 64 With the help of P := (1o, +mli]o)/2 € C(ﬁ) (which is an orthogonal projection
if u # 0), we can write HV P = (mlee'Jo, + m[ee'd]o)/2 and, for all k € Z; in Case 2, 4, and
5and for all k € T in Case 3, we get tr([H*P](k)) = e(k)* and

tr([HV P)(k)) = e(k)e' (k) (279)

where we used the notation of Remark 89. This expression highlights the dependence of
the absolutely continuous contribution J,. on the asymptotic velocity V.

In the following, we set £, := 6, @ 0 for all x € Z. For all a € L(h) and all b =
[b1,bs,bs] € L(h)*, we also use the notations {a,b} := [{a,b;},{a, by}, {a,b3}] € L(h)* and
b* == bb € L(h), where the latter is defined after (7). Moreover, recall that, for all ¢ € b,
the function ¢ € b is given by ¢(z) = (F¢)(z) = (e, ). If © = [©1, po, 03] € b, we set
2(x) = [¢1(x), $s(), p3(x)] € C* forall z € Z.

Proof. Due to (240) and Assumption 14 (d), the 1-particle heat flux observable reads
® = —Im(H Hps), (280)
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i.e., we have ® € £°($) since H;s € £°($). Moreover, Definiton 50 (b) and (241)-(243)
imply that J = J,, + J,..

(a) Since we have 1,.(H) = 1 as discussed in Remark 63, we get 7,,, = 0 and, hence,
from Definition 50 (b), J,,, = 0.

(b) Since tr(AIm(B)) = (tr(AB) — tr(A*B))/(2i) for all A € £($)) and all B € £'($) and
since T, = T,. due to Proposition 25 (a), Definition 50 (b) and (280) yield

Joe = —tr(T,.P)

= Y Im((I°E,, T (QLH) T E,)). (281)

Writing 7,,. = rooo + 70 and (Q H)? = sy + so with 7y, s, € £(h) and r, s € L£(h)*, we get

Joe =2 Im(joe(x)), (282)

iEGZS

where j,. : Zg — C is defined, for all z € Zg, by
jac(x> = (6x7 (TOSO + TS)5x), (283)

and we Used that ZQE 01 (FOCE$7 (aoO'O =+ aa)(boo'o -+ bO’)FaEI) = 2((5:5, (aobo -+ ab)ém) fOI’ a”
z € Z, all ag,by € L(h), and all a,b € L(h)*. Next, we want to compute (283). First, since
QrLH = (qrhg)oy + (g h)o, we can write

so = (qpho)? + (aph)?, (284)
s = {qpho, qrh} +i(geh) A (qLh). (285)
Using (251), for all «, 8 € [0, 3] and all x € Zg, the main ingredient of (284)-(285) reads
qrhaqrhgd, = Z I (z +y)lp(z+y + 2) 06(2)Up(Y) Opysz- (286)
y,2E(—v,V)

As for r, and r, since 1,.(H) = 1 as discussed in Remark 63, (59) yields T, = p(AH).
Moreover, due to (218), the R/L mover generator reads A = 1 + 551gn( ) and (229) leads
to sign(V) = mlwy|o, + m[w)o, where w, € L=(T) and w € L>(T)? are given by (220) and
(221), respectively. We next discuss Case 2, 4, and 5 and Case 3 separately.

Case 2, 4, and 5 Since u # 0 in all these cases, we have card(Z,) < oo. Hence,
(220)-(221) yield, on Z,,,

wy = = (sign o €/, + signoe’), (287)

w = —(sign o ¢/, — sign o e’ ). (288)

N =N =
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Moreover, since H = mlug]oy + m[u]o, we get AH = m[by|o, + m[blo, where by, € L>(T) and
b € L™(T)* have the form b, := Bug + 6(woug + wu) and b := Bu + §(wou + ugw + iw A u).
Using (287)-(288) and noting that the wedge product vanishes, we get, on Z;,

by = Pug + g((sign o€l )e, + (signoe )e_), (289)

o2

b= fu+ =((signoe)e, — (signoe)e_ ). (290)

[\

A~

Since T,. = Ez5(p) (see Lemma 82), Proposition 86 (b) yields

~

T,. = mlag)oy + mla]o, (291)

where a, € L*(T) and a € L>(T)* are given by ay := (pob, +pob_)/2anda = (pob, —po
b_)b/2, and b, := b, £ |b|. Since b = (ub)u due to (290), we get, on Z,,

a0 = 5o +00), (292)
0= 5oy —p)i (293)

where p, € L>(T) is given by
ps = po ((B+ dsignocy)es). (294)

Now, plugging (286) into (284)-(285), writing the resulting expression for (283) in momentum
space, and using that 7, = m[a,] for all a € {0, 3), we get ji.(z) = >_, (. lo(z+y)lo(z+
y+ 2)G(y + z,2,y) for all 2 € Zg, where G : Z* — C is defined, for all z,y, 2 € Z , by

a(y)a(z))
io(2)uly) +iuy) Aa(z)), (295)

G(z,y,z) = ao(—z)(t(y)to(2) +
+ a(—z)(t(y)u(z) +

and we recall that a(z)a(y) for all z,y € Z stands for the real Euclidean scalar product
between i(z) € C* and u(y) € C* (see after (7)). Hence, summing over all = € Zg, we get

D dac@) = D x,2)Gly+ 2 2y), (296)

xE€Lg (y,2)eX

where the staircase type function y : Z*> — (0,ng) is defined by x(y,2) = > vez L@ +
y)1(z +y+ 2) for all y, z € Z, and the summation on the right hand side of (296) is carried
out over the set X := J,.c(1.,.., X~ ({n})N{—v,v)*. Next, let us make the decomposition X =
Uneauy (X1 U Xa,), where, for all n € (1,v), we define X, := x'({n}) N ((—v,¥) x (0,v))
and X, = x"({n}) N ({(—v,v) x (—v,—1)), see Figure 2.
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Figure 2: The set X = (J, ¢, (X1, U Xy,).
Since, for all n € (1,v), we have y + z = —n for all (y,2) € X;, and y = —n for all

(y,2) € X, (282) becomes

Joe =2 Z n Z Im(G(—n, z,—n — 2))
ne(l,y) ze(0,v—n)

+2) n > Im(G(—n+ 2z —n)). (297)
1)

ne(l,y) ze(—v,—

In order to determine the imaginary parts on the right hand side of (297), we first note
that, due to (141), we have (a, = &u, for all a € (0,3) (and the same holds for a, for all
a € (0,3) due to (292)-(293)). Moreover, (142) and (143) yield ¢a, = —a, for all & € (0, 2)
and ¢us = ug, respectively. Hence, we get @, = ilm(a,) for all @ € (0,2) and i3 = Re(us)
which implies, for all x,y, z € Z,

Im<G($v Y, Z)) = no,fm(co,yc(],fz + Cycfz) + fo(co,ycfz + CO,*Z(LCy) + Cy N (chz)% (298)

where ¢,, € Rforall « € (0,3) and all z € Z are given in (268)-(269) and we set ¢, :=
€12y Caas C3.0) € R® for all z € Z. Moreover, the diagonal matrix L € C*** is given by L :=
diag[1,1,—1] and, for all = € Z, we set 7,,, := Im(a,(x)) for all a € (0,2), 03, := Re(as(x)),
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and n, = [ Mo, N3] € R®. Hence, (297) can be written as
Joe = — /: ;Li <u1(k¢) + pa (k) + m 6238 m(@)m(/f)
A TR RO

where, for all i € (1,8), the explicit expressions of the functions p; € L>™(T) are given in
Lemma 91. Furthermore, using (267), a direct computation yields

]' !/ /
Myt g = —5(%“0 +uuw’), (300)
> = u0 (') + upuf®), (301)
1€(3,8)

where, in (408), (410), (412), and (414) of Lemma 91, we used that, for all families { f,, },.c (1.,
of functions f,, : T — R, we have >, ) 1c0—n) oK) CayiCaynit = 2 nepn ) meon-1) fn-m(K)
CaymCayn forall k € T and all oy, o, € (0,3) (that ¢, = 0 for all o € (0,2), and that all the
contributions in (410)-(415) involving a product of the form ¢, ,,¢,,,c;, add up to zero, where
n,m € (1,v) and [l € (1,v) or I = 0). Moreover, note that, due to (301), the modulus of
D icias M/ lul in (299) is bounded from above by (|uq||u'| + |ugl[ul)/2. Plugging (300)-(301)
into (299), using that e e/, = ugug + uu’ & (ug(au’) + uglul) on Z5 and that card(Z,) < oo,
(299) becomes

T dk / /
Joe = %/_ﬂ 5 (er(k)ey (k) py (k) +e_(k)e-(k)p_(k)) (302)
dk , . /
= | S es (I (p((5 -+ Bsin(el, (R))e. (). (303)
where, in (303), we also used that fe_ = —e, and é¢_ = ¢/, on Z¢ due to (142)-(143), that

(57) holds, and that e.¢/, = (¢2)'/2 on Z;. Finally, plugging e,e/, = (15, + 1z, +15  +
1z )e,€ into(303), where Z.. := {k € Z;| e, (k) > 0and ¢, (k) > 0} and Z, := {k €
Zo | +e, (k) > 0 and F¢ (k) > 0}, the integrand in (303) can be written, on Z;, as

/ . / 1 /
erep((B+dsignoey)e,) = 5 leey|(po (Brler]) —po(Brletl]))
L

+ §€+6+(P o (Bret) +po(Brey)) (304)
Since, due to Definition 18, the restriction of p to [—a,a] satisfies p € L'([—a,a]), where
a:= (14 |B] + [Brl) Xucios ltallo/2 > 0, the first fundamental theorem of calculus yields
that the function p; : [—a a] — R, defined by p,(z) := [* dip(t) for all z € [—a,a], is
absolutely continuous and an antiderivative of p almost everywhere on [—a,a]. Similarly, the
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function p, : [—a,a] — R, defined by p,(z) := [* dt p,(t) for all 2 € [—a, dl, is an antiderivative
of p; on [—a,a]. Hence, for all k € {L, R} for which B, # 0, using twice partial integration
(for absolutely continuous functions), the property e, (—7) = e (), and the fact that e ¢/ p o

(Brey) = eqp(pr o (Beei))' /B and €ypy o (Brey) = (p2 © (Bees))' /By, the integral of each
term in the second expression on the right hand side of (304) vanishes (if 5, = 0 for some

k€ {L, R}, (57) yields e, €. po (B.e,) = e, /2 = (¢2) /4). Therefore, (303) takes the form
+ + + +

Ti=5 |G 1ent, (] A, (I, (), (305)

where A; 5. € B(R) stems from (278) and, with the help of (57), we arrive at (277).

Case 3 If u =0 (and v, # 0), due to (220)-(221), (287)-(288) become w, = sign o u;, and
w = 0, respectively. Moreover, we get b, = [u, + d(sign o ug)u, and b = 0, and g =po bo
and a = 0 instead of (289)-(293). Formula (299) then reads as J,. = [7_dk ug(k)uo(k)p((8 +

dsign(ug(k)))ug(k))/(2m) and the same arguments apply to its integrand as the ones used for
(304). Hence, since we defined ¢’ = u, + @' on T, (277)-(278) also hold for Case 3. O

Remark 65 Since, for all b € L£(h) and all A = aygoy + ac € L($) with ¢y € L(h) and a =
[al, Ao, (13] c E(b) we ha.ve [A b03] [ag, b}ao + [1{@2, b} i{al, b}, [CL(), b]]a, we get

uy = 0 if and only if [H, o5] = 0, (306)

where we used (142)-(143) and the fact that [m[u,],§] = 2m[Od(u,)]é and {m[u,],{} =
2m[Ev(u,)]¢ forall « € (0, 3). Hence, in this special case, which occurs frequently in practice,
the R/L mover heat flux has the form

dk
7= | S0 Al (), (307)
Remark 66 For all z,y € Z, we have p, ,0y = (E,,-)E, + ('E,, )T'E,, p,,00 = (T'E,,")E, +
(E., )TE,, p,,00 = —i(T'E,,")E, +i(E,,- )T'E,, and p, ,03 = (E,,")E, — (I'E,,-)I'E,, where
we recall that p, , = (d,, -)d, € £°(p) forallz,y € Z and E, = §, @ 0 for all = € Z. Therefore,
the selfdual second quantization (15) yields, for all z,y € Z,

b(pry00) = aya, + ayaz, (308)
b<pa: yal) = a*a’; + a’yaam (309)
b(pryo2) = —i(aya; — a,a,), (310)
b<px,y03) - aya:c - aya?;u (31 1)

where we used the notation of Remark 2. Since, for all N € N satisfying (258), we have
g0 qn = Eerv,an) Pesin fOralln € (1,v), where ¢y stems from Remark 56, we get for
the local zeroth Pauli coefficient of H and for all NV € N satisfying (258),

b((thOQN 00 = —2i Z COn Z (a;aac—i-n - a;—&-nax)' (312)

ne(l,v) z€(—N,N—n)
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Moreover, using the generalized Jordan-Wigner transformation (see again Remark 2), we
can write, for all z € Z and all n € N,

i T x+1 x z+1
g — e, = 5070y — oo™ ), m=1,
rzYr+n z+nx T i T 41 z+n T T+ z+n
§(U§ )(Hie(l,n71> Uzg ))Ué ) — ‘7; )(Hie(l,nfD aé ))J§ ))’ nz2,
(313)

i.e., we get (generalized) Dziyaloshinskii-Moriya type interactions. For the sake of complete-
ness, we display the selfdual second quantization of the local first, second, and third Pauli
coefficient of H in the fermionic and the spin picture in Appendix E.

We next illustrate the R/L mover heat flux for two well-known examples. The first example
is the prominent XY spin chain (see Remark 2).

Example 67 (XY model) Letc,;,c30 € R. The XY model with anisotropy c,, and spatially
homogeneous exterior magnetic field c; , is specified by

ho = 0, (314)
hy =0, (315)
hy = —2c5 1Im(6), (316)
hs = c301 + Re(6). (317)

Hence, we have v = 1 and, for all c,,, c; o € R, Assumptions 14 (b), (d), and (e) are satisfied
(note that c;; = 1/2). Moreover, for all k € T, we get from (314)-(317) that uq = u; = 0,
uy(k) = —2¢y sin(k), and ug(k) = 5 + cos(k). Writing u* = ag + 2 D me(1.20) @m cOS(m-) @s in
(273), Lemma 90 (a) yields

1
ag =5+ 2c3, + C3, (318)
ap = 03,0, (31 9)
1
Ay = Z — C%l. (320)

Therefore, the function uu’' = (u*)'/2 € TP(T) satisfies uu' = 0 (i.e., Case 1 occurs) if and
only if (cy1,¢30) € {(=1/2,0),(1/2,0)} (the Ising model), i.e., due to (265), Assumption 48
(a) holds if and only if (cy1,c30) € R\ {(=1/2,0),(1/2,0)}. In these cases, Theorem 61
is applicable and, for all Fermi functions p € B(R) and all inverse reservoir temperatures
Br, Br € R, the R/L mover heat flux is given by (307). Moreover, if the Fermi function p is the
Fermi-Dirac distribution (74), we get

_1frdk sinh(8u| (k))
J = 2/7r27r ( >(k>|cosh(5|u|(l€))+cosh(6|u|(k))’ (321)

where we usedthat1/(1+e¢ *)—1/(14+eY) = sinh((z—y)/2)/(cosh((z—y)/2)+cosh((z+y)/2))
for all z,y € R. The formula (321) has been obtained in [11] for c,; € (—1/2,1/2) and
63,0 € R.
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Remark 68 Let the Pauli coefficient functions of H from Theorem 61 satisfy v, = 0 for all
a € (0,2) and ug = 1, i.e., we have Case 1 for which the proof of Lemma 58 (c) asserts that
V = 0. Since spec(Q) = spec,,(q) = Z and since ran (E,(1,)) = span {4, } and ran (Eg(1,)) =
span { E,,'E, } for all A € Z, we get spec(P) = spec,,(P) = Z and ran (Ep(1,)) = span {e, @
0,0 @ ey} for all A € Z as in the proof of Proposition 49 (a). Moreover, (226) and (205)
yield V'® = Pd/t for all ® € dom(P) and all t € R* and, with the help of Remark 85, we
get Bui(1_w0) = Ep(1_o) @and Epi(1_wo) = Ep(1_ ) for all t € R*. Hence, since
sign = Ko — ]-(700,0] — 1(,0070), we find, forall ¢t € R+,

E,,(sign) = Ep(sign). (322)

Moreover, since, on one hand, Ep(sign)e; © 0 = Ep(sign)Ep(1y)e; @ 0 = e; © 0 because
1;sign = 1, and, on the other hand, sign(V') = 0, we arrive at

s — lim sign(V") # sign(V), (323)
t—o00
i.e., in general, Proposition 49 (a) does not hold if Assumption 48 (a) is not satisfied (see
(229) at the end of the proof of Proposition 49 (a)).

The second example, introduced in [31], is a generalized form of the foregoing XY model.
The corresponding local Hamiltonians in the fermionic and the spin picture are given in
Appendix E.

Example 69 (Suzuki model) Letv € (1,ng), let {cs,}nen,y € R, and let {c;,}ne0.) € R.
The Suzuki model (also called generalized XY model or v XY model) is specified by

hy = 0, (324)
h, =0, (325)
hy==2 Y ¢, Im(6"), (326)
ne(l,v)
hy=c301+2 ) c3,Re(0"). (327)
ne(l,v)

Hence, Assumptions 14 (b) and (d) are satisfied. If at least one of the coefficients from
{eantney and {cs,}neo, IS different from zero, Assumptions 14 (e) also holds. More-
over, (324)-(327) lead to uy = u; = 0, uy(k) = —2 ZnE(l,l/) Copsin(nk), uz(k) = czo +
2> neq Cancos(nk) for all k € T, and Lemma 90 (b) yields the coefficients in (273) for
(ng sufficiently large and) v = 2,

ag = 2(03,1 + 03,2 + 03,1 + Cg,z) + 03,07 (328)
ay = 2(cg1Co0 + c31(c30 + C32)), (329)
gy = —03,1 + C%,l + 2¢31(c30 + ¢32), (330)
asz = —2(02,102,2 - 03,103,2), (331)
ay = —03,2 + C§,27 (332)
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and, for v > 3, the coefficients ay, . .., a,, are given in Lemma 90 (c). Since we have uu' =
=2 metan) May sin(m-), we get wu’ = 0 (ie., Case 1 occurs) if and only if a,, = 0 for
all m € (1,2v). The solutions of this system of 2v multivariate homogeneous quadratic
equations in 2v + 1 variables specify the Suzuki models for which Assumption 48 (a) is not
satisfied (for example, c;; = c31 = 0, co9 = ¢35, @nd any c; for the v = 2 system given by
(329)-(332)). In all the other cases, Theorem 61 is applicable and, for all Fermi functions
p € B(R) and all inverse reservoir temperatures 3, r € R, the R/L mover heat flux is again
given by (307).

Finally, we want to discuss the following example.

Example 70 (Full range 1 model) Letv =1 and{cy;,¢11,¢21,¢30,¢31} C R. The full range
1 model is specified by

ho = —2¢o 1Im(6), (333)
hy = —2¢; 1Im(6), (334)
hy = —2cy11Im(6), (335)
hs = c391 + 2c31Re(6). (336)

Hence, Assumptions 14 (b) and (d) are satisfied. If at least one of the coefficients from
{co1:¢115C21, 30,31} IS different from zero, Assumptions 14 (e) also holds. Moreover, (333)-
(336) lead to u, (k) = —2c, 1 sin(k) foralla € (0,2) and allk € T andus(k) = c39+2c5 ;1 cos(k)
for all k € T. Hence, Lemma 90 (b) yields the coefficients in (273), i.e.,

ay = 2(031 + C%,l + Cg,l) + 03,07 (337)
a; = 203,003,17 (338)
ag = _(C%,l + 03,1) + Cg,l- (339)

Hence, Case 1 occurs if and only if cso = 0 and ¢;; + 31 = c3, # 0 or sy # 0 and
c11 = c1 = ¢33 = 0. Moreover, Case 6 occurs if and only if c;o = 0, c3; = 0, and
i1+ = coy # 0. In all the other cases, Theorem 61 is applicable and, for all Fermi
functions p € B(R) and all inverse reservoir temperatures (3, r € R, the R/L mover heat
flux is given by (307) (in Case 2) and (277) (in Case 3, 4, and 5).

For the following, recall the definitions of ¢, ¢/, and A, 5 from Theorem 61 (b).
Using the additional Assumption 20 (a) and (c) leads to the strict positivity of the R/L
mover heat flux.

Theorem 71 (Nonvanishing heat flux) Let H € L($)) be a Hamiltonian satisfying Assump-
tion 14 (b), (d), and (e) and let the bounded extension V & /L(s%) of the asymptotic velocity
with respect to H satisfy Assumption 48 (a). Moreover, let u, € L™(T) and u € L=(T)* be
the Pauli coefficient functions of H, and let T € L($) be an R/L mover 2-point operator for
H, for an initial 2-point operator T, € L(%)), for a Fermi function p € B(R), and for the inverse
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reservoir temperatures 1, r € R. Moreover, let the Fermi function and the inverse temper-
atures satisfy Assumption 20 (a) and (c), respectively. Then, the heat flux in the R/L mover
State wy € &y Is nonvanishing and the heat is flowing from the left to the right reservoir,

J > 0. (340)

Proof. Under Assumption 20 (a) and (c), the difference Ay, 5. o |e| is nonnegative on T
and strictly positive on Z;. Hence, in order for (340) to hold, it is sufficient to show that
card(Z,) < oo and card(Z_) < oo since, from (305), we have

7=5 | S et (918, (341)
In order to do so, we use the same type of arguments as in the proof of Lemma 58.

Case 1 and 6 These cases are excluded due to Assumption 48 (a).

Case 2 Since e = |u| and ¢’ = @u', we have card(Z,) = card(Z,) < oo and card(Z,) <
card(Z,) + card(Z,,) < oo due to uu’ # 0.

Case 3 Since e = u, and €' = up, we have card(Z,) = card(Z,,) < oo and card(Z,) =
card(Z,,) < oo because u, = 0 if and only if uy = 0.

Case 4 We have ¢ = u, + |u| and ¢’ = u,. Suppose that there exists M C Z{ with
card(M) = oo such that e = 0 on M. It then follows that p, = 0 on M (see (271)) and, hence,
po = 0 (on T). Since u* = a, > 0, we get u2 = q, > 0 which contradicts u, # 0 (and uj, # 0)
due to (266). Hence, card(Z.) < oo. Moreover, since ¢ = u; and since v, # 0, we also get
card(Z,) < oo.

Case 5 We have ¢ = vy, + |u| and ¢’ = u;, + au'. Suppose that there exists M C Z¢
with card(M) = oo such that e = 0 on M. It then follows, as in Case 4, that p, = 0 which
contradicts uj # u® and, hence, card(Z2.) < co. Moreover, suppose also that there exists
M' C Z; with card(M') = oo such that ¢ = 0 on M'. Hence, the third step of Case 5
in the proof of Lemma 58 (b) implies p, = 0 and we again get a contradiction. Therefore,
card(Z,) < oo holds, too. O

As an immediate consequence of the Theorem 71, we get the following corollary.

Corollary 72 (Strict positivity of the entropy production rate) Under the conditions of The-
orem 71, the entropy production rate in the R/L mover state is strictly positive,

o> 0. (342)

Proof. Plug (341) into (238) and use (340). d

Remark 73 Since [A]( k)
Remark 64, we get |e(k)

[P)(k) = e(k)[P)(k) for all k € T, where P € L(%) stems from
| < |[H
ator norm on C**? induce

(&
H|(k)|, for all k € T, where | - |, stands for the usual oper-

<
d by the Euclidean vector norm on C>. Hence, since we know
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that |H| = ||H]| = esssupkeﬂ[?[](k)\o (see [13] for example), we have |e(k)| < | H]| for
all k € T. Moreover, due Remark 21 and its consequence for the integral of the deriva-
tives of monotonically increasing functions, o' exists almost everywhere in [0, 3z||H||] and

p(Brle(k)|) — p(Brle(k)]) > éﬁ'ee(g;)"dx p'(z) for all k € T. Hence, under the conditions of
Theorem 71 and the additional Assumption 20 (b), (238) and (341) yield the strictly positive

lower bound

o [Tdk o
o> 25 / reRPI(R) (343)

—T

A Spectral theory

In this appendix, we present a brief summary of the approach to spectral theory based
on [18] (see also [19]). The spectral properties used in the foregoing sections are direct
consequences of the following presentation or can be derived from it in a simple way. Since
this approach is somewhat different from the more standard ones, we precisely state the first
three claims without giving proofs (Proposition 76, Proposition 78, and Theorem 80 below).
Subsequently, we rather explicitly carry out the implications of these claims in view of their
applications to the foregoing sections.

In the following, let # stand for any separable complex Hilbert space and £(#) for the C*-
algebra of bounded operators on H. Moreover, equipped with the usual pointwise operations
and with the norm given, for all y € (*(R), by

X|oo = sup [x(z)], (344)
zeR
we denote by (*(R), C,(R), and Cy(R) the C™-algebra of bounded complex-valued functions
on R, the C*-algebra of continuous bounded complex-valued functions on R, and the (non
complete) normed x-algebra of continuous complex-valued functions on R with compact
support, respectively.

Definition 74 (Projection-valued measure) A x-algebra homomorphism E;, : Cy(R) — L(H)
is called a projection valued measure.

For the following, let xy, k_; € C,(R) and k; € C(R) be defined, for all x € R, by

Ko(z) =1, (345)

ki(x) ==z, (346)
1

K_i(x) = T (347)

where C(R) stands for the x-algebra of continuous complex-valued functions on R (equipped
with the same pointwise operations as the foregoing functions spaces). Moreover, for some
of the following notions, see also [20].
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Definition 75 (Borel functions)

(a) Let x : R — C and let (x,,).en be a sequence in (> (R). If there exists C' > 0 such that
|Xnlow < C foralln € N and iflim,,_, . x,(x) = x(z) for all x € R, we write

B —limy, = ¥, (348)

n—oo

and we say that (x,,).cn IS Borel convergent to x € (*°(R).
(b) Let F C (*°(R) be a family of functions having the following properties:

(B1) Co(R) € F
(B2) If x € (°(R) and if (x,,)nen in F is such that B — lim,,_, . x,, = x, then x € F.

The smallest such F, denoted by B(R), is called the family of bounded Borel functions.
It is a normed unital «-algebra with unity r, and C,(R) C B(R).

(c) Aset M C R is called a Borel set if 1,; € B(R). The o-algebra of all Borel sets is
denoted by M(R).

Proposition 76 (Extension to Borel functions) Let E, be a projection-valued measure.

(a) There exists a unique extension from E, to a x-algebra homomorphism E : B(R) —
L(H) on B(R). Moreover, for all x € B(R), we have

IECOI < 1X]oo (349)

and E(x) > 0 for all x € B(R) with x > 0.

(b) Let (x,)nen in B(R) be such that B — lim,,_,. x, = x for some x € (*(R). Then,
x € B(R) and the extended projection-valued measure E from (a) satisfies

s — lim E(x,) = E(x). (350)

n—oo

Proof. See [18] (and [19]). O

Definition 77 (Resolution of the identity) A x-algebra homomorphism E : B(R) — L(H)
is called a resolution of the identity if E(r,) = 1.

Proposition 78 (Extension to the identity function) Let E be a resolution of the identity
and let the dense subspace D of H be defined by

D :=ran(F(k_,)). (351)
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(a) The operator E(k,) : D — H, defined, for all ) € H, by

E(rk1)E(k_1)Y := E(ki15_1)1, (352)

and suitably extended to the whole of D, is selfadjoint.
(b) For all x € B(R) with k,x € B(R), we have

E(r1)E(x) = E(k1x)- (353)

Proof. See [18] (and [19]). O

Remark 79 Since FE is a resolution of the identity, the set C := span {E(x)¢ | x € Co(R), v €
H} is dense in ‘H. For all n € C'(R), defining the operator £(n) on C by £(n)E(x)Y := E(nx)y
for all x € Cy(R), the map C(R) > n — &(n) satisfies £(n)C C C and, on C, preserves the
linear operations and the multiplication. Moreover, we have £(77) C &(n)* for all n € C(R).
Therefore, £(n) is closable for all n € C'(R) and the closure of £(n) defines an extension of
E to C(R) which preserves the x-operation.

In the following, S(R) stands for the usual Schwartz space of rapidly decreasing functions
on R. Note that S(R) € C,(R) € B(R). Moreover, using the same notation as the one
introduced before (137), the Fourier transform of x € S(R) is denoted by x € S(R) and we
use the convention x(t) := [,dz x(z)e "*/v/2x for all t € R.

Theorem 80 (Spectral theorem) Let A be a (not necessarily bounded) selfadjoint linear
operator on H.

(a) There exists a unique resolution of the identity E such that A = E (k).

(b) On S(R), the resolution of the identity E from (a) can be expressed as an inverse
Fourier transform, i.e., for all x € S(R) and all ¢ € H, we have

B = # / at 5 (t)e 4y, (354)

where the integral is defined as a Hilbert space-valued improper Riemann integral.
Moreover, the strongly continuous unitary 1-parameter group generated by A (through
Stone’s theorem) satisfies ¢'* = E(e,) for all t € R, where ¢, € Cy(R) is given by
ey(x) =" forallt,z € R.

Proof. See [18] (and [19]). O
In the following, if we need to display the dependence on A, we sometimes use the

notation x(A) := E(x) or E4(x) := E(x) for all x € B(R). Moreover, for all (not necessarily
bounded) selfadjoint linear operators A on H, we denote by dom(A) the domain of A.
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Remark 81 Note that C;°(R) C S(R) and that the resolution of the identity is already uniquely
determined by its restriction to C;°(R) since C;°(R) is dense in Cy(R) with respect to the
norm (344) and since (349) holds.

In the following, if # and K are complex Hilbert spaces, D C Hand A : H — K a
bounded linear operator, we set AD := {AV |V € D} C K.

A first application of this formalism, used in the foregoing sections, is the following stan-
dard property.

Lemma 82 (ldentification) Let H and K be separable complex Hilbert spaces, let A a (not
necessarily bounded) selfadjoint operator on ‘H, and let U : H — K be unitary. Then:

(a) The operator B : dom(B) C K — K, defined by dom(B) := Udom(A) and B® :=
UAU*® for all ® € dom(B), is selfadjoint.

(b) The map EV : B(R) — L(K), defined by EV () := UE,(x)U" for all x € B(R), satisfies
EY = Ej.

Proof. (a) Since B is densely defined and symmetric, and since, due to the standard crite-
rion for selfadjointness, ran (B+il) = Uran (A+il) = UH = K, the operator B is selfadjoint.

(b) Note that EV is a resolution of the identity. Moreover, dom(EY (x,)) = ran (EY (k_;)) =
Uran (E4(k_;)) = Udom(A) = dom(B), where we used that dom(A) = ran ((A —i1)™") =
ran (E4(k_;)). Hence, for all ® € dom(B), there exists ¥ € H such that ® = EY(x_,)¥ and,
from (352) and Theorem 80 (a), we get

EU(’fl)@ = EU(“l)EU(“—l)‘I’
= EU(/@'l/@l)\IJ
=UE (k1k_1) UV
= UEA(Hl)U*EU(“fl)\I’
= Bo. (355)

The uniqueness property of the resolution of the identity from Theorem 80 (a) then yields
the conclusion. O

In the following, we also denote by ( the operation of complex conjugation from Definition
1 (b) when applied to y € ¢*°(R). Moreover, let (*°(R,R), Cy(R,R), and B(R,R) stand for
the bounded real-valued functions on R, the continuous real-valued functions on R with
compact support, and the smallest family of functions satisfying the conditions (B7’) and
(B2’), respectively, where (B1’) and (B2’) stand for the modified conditions (B71) and (B2)
from Definition 75 (b) in which ¢/~ (R), Cy(R), and B(R) have been replaced by (R, R),
Co(R,R), and B(R,R), respectively.

Lemma 83 (Spectral identities) Let A € £(9) be selfadjoint and x € B(R). Then:
(@) Tx(A)L = (Cx)(I'AD)
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(b) x(¥(A)) = (x o ¥)(A) forall v € B(R,R)
(c) For all orthogonal families of orthogonal projections {P,Q} C L($)) satisfying [P, A] =
@Q,A]=0andallr,s € R, we have

X(rAP 4+ sAQ)(P + Q) = x(rA)P + x(sA4)Q. (356)

(d) If B € L($) is selfadjoint, [A, B] = 0, and ¢ € B(R), we have

[X(A),¢¥(B)] = 0. (357)

Remark 84 On the right hand side of the equations in Lemma 83 (a) and (b), we used that
(x € B(R) forall x € B(R) and xo1 € B(R) forall x € B(R) and all v € B(R, R), respectively.
In order to verify these properties, we make use of the following recurrent argument which
we detail for the slightly more involved case (b) only. So, let x € Cy(R) be fixed and set

F, = {1 € (°(R,R) | x o ¢b € B(R)}. (358)

Since x o ¥ € Cy(R) for all » € Cy(R,R), we have Cy(R,R) C F,, i.e., F, satisfies (B7’).
Moreover, let (¢,,),cn b€ a sequence in F, with B — lim,,_, ., ¢,, = 1 for some v € (R, R).
Since x o ¢,, € B(R) for all n € N and since B — lim,,_,,, x © ¢, = x o ¢ because x € Cy(R),
we get x ot € B(R) (since B(R) satisfies (B2)), i.e., F, satisfies (B2’). Hence, B(R,R) C F,.
Next, let v € B(R,R) be fixed and set

G, == {x € (*(R) | x 0w € B(R)}. (359)

Since B(R,R) C F, for all x € Cy(R), the family G, satisfies (B1). Moreover, let (x,,),.cn be a
sequence in G, with B — lim,,_,, x,, = x for some x € /*(R). Hence, we get B — lim,,_,, X, ©
Y =xoyand xoy € B(R), i.e., G, satisfies (B2), too. Therefore, we arrive at B(R) C G, for
all v € B(R,R).

Remark 85 Due to the fact that £/,(1,..4)) = 1 for all selfadjoint operators A € L(#), where
spec(4) € M(R) is a (non-empty) compact subset of R, (353) yields A = E,(x11spe0(4))
because x;lgeca) € B(R) sinCe 1g,eca)y = 11_ga)lspec(a) With a := || A]| and since r,1;_, ) €
B(R) (being the limit of a Borel convergent sequence of functions in Cy(R)). Since rA =
E4() with ¢ := 1k 1gpea) € B(R) for all » € R, Lemma 83 (b) yields

X(rA) = x.(4), (360)

where we define x,.(z) := x(rz) for all y € ¢*(R) and all r,z € R, and x, € B(R) for all
x € B(R) and all » € R (by arguing as in Remark 84). Note that, using (354), a change of
variables, Remark 81, and a minimality type argument as in Remark 84 (see also the proof
of Lemma 83 (¢) and (d) below), (360) also holds for unbounded selfadjoint operators.



68 Walter H. Aschbacher

We next turn to the proof of Lemma 83. For illustration, we use the uniqueness type
argument (as in the proof of Lemma 82 (b)) for (a) and (b) and the minimality type argument
(as in Remark 84) for (c) and (d).

Proof. (a) Let us define the map E' : B(R) — L($) by E" (x) := TE4(¢x)T for all x € B(R).
In order to show that E' = E. .-, we first note that E' is a resolution of the identity because
I' € £($) is an antiunitary involution. Moreover, we have dom(E" (k;)) = ran (E" (k_;)) =
I'ran (E4(k_;)) = I'dom(A4) = $. Hence, for all FF € $, there exists G € $ such that
F = E"(k_,)G and we compute that E' (k,)F = TATF as in (355). Theorem 80 (a) then
implies that T E,(Cx)T" = Erar(x) for all x € B(R).

(b) Let v € B(R,R) and define the map E¥ : B(R) — L($)) by E¥(x) := E(x o ¥) for
all y € B(R). It then follows that E¥ is a resolution of the identity and that dom(E"(k,)) =
ran (EY(k_1)) = ran (E4(k_; o v)). Moreover, since $ = dom(A4) = ran((4 —il)™") and
since ran ((A —i1)™") C ran (E,4(k_; 0 ¢)) due to the fact that (A —i1) ™' = E,((k; — 1)) =
Ea((h_jotp)(ky —i) (ko) ) and (ky —i) '(k_y o) € B(R), we get dom(E¥ (k1)) = 9.
Hence, for all F' € $, there exists G € $ such that F = E¥(x_,)G and we compute that
E” (k1) F = Y(A)F.

(c) Let r, s € R be fixed and note that rAP + sAQ € L(9) is selfadjoint. Moreover, since
[AP, AQ] = 0, we have ¢"("AF34Q) _ (iraPitsdQ _ Jitrdp | Jitsdy g (p Q) forall ¢ € R,
where we used the (in £($)) converging) exponential series for the propagators. Hence, for
all x € S(R), (354) leads to

Erapisag(X) = Eoa(X)P + E,4(x)Q + x(0)(1 — (P +Q)). (361)

Next, let x € Cy(R) and let (x,).ey b€ a sequence in Cy°(R) C S(R) which converges
to x with respect to the norm (344) (such a sequence exists due to Remark 81). Since
Eraprsag(X) = (Era(X)P + Esa(X)@ + x(0)(1 — (P + Q))) = Erapisag(X = Xa) + Eralxn —
X)P + EsA(Xn - X)Q + (Xn(o) - X(O))(l - <P+ Q))! (349) yleldS the estimate HETAP-i-sAQ(X) -
(Era(O)P + Eaa(X)P + x(0)(1 — (P+ Q) < 2(1+ [Pl + [ QI)IX — Xulwo- Hence, (361) also
holds for all x € Cy(R). In order to show that (361) holds for all x € B(R), too, we set

F ={x € BR)|E,apisaq(x) = Era(X)P + Es4(X)Q + x(0)(1 — (P +Q))}, (362)

and F satisfies (B1) from Defintion 75 (b). Next, let (x,).ey b€ @ sequence in F with B —
lim,_,. x,, = x for some y € ¢*(R). Since x,, € B(R) for all n € N and since B(R) satisfies
(B2), we have x € B(R). Moreover, (350) yields s — lim,, ,. £ ap1sa0(Xn) = Eraprsao(X),
the analogous properties hold for E, 4 (x,,) P and E, 4(x,,)Q, and lim,,_, . x,(0)(1—(P+Q))F =
x(0)(1 — (P + Q))F for all FF € $ since (x,).en IS pointwise convergent. Hence, F also
satisfies (B2). Therefore, we get B(R) C F, i.e., (361) holds for all x € B(R). Multiplying
(361) from the right by P + @ yields (356).

(d) For all y € S(R), (354) yields

[Ea(x), B] = 0. (363)
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Now, let x € Cy(R) and let (x,).ey be a sequence in C;°(R) which converges to x with
respect to the norm (344). Hence, since [E4(x), B] = [E4(x — x»), B] for all n € N, (349)
yields ||[E4(x), B]|| < 2||B|||x — Xnloo, i-€-, (363) also holds for all x € Cy(R). In order to show
that (363) holds for all x € B(R), too, we set

Fi={x € BR)[[E(x), B] = 0}, (364)

and F satisfies (B1). In order to verify (B2), let (x,, ).y be a sequence in F with B — lim,,_, .. x,, =
x for some x € (*(R). Hence, x € B(R) and, writing again [E4(x), B] = [E4(x — x»), B] for
alln € N, we get [[[E4(x), BIF|| < [|E4(x = xu)BF | + | Bl Ea(x — x») F|| for all F € $ and

all n € N. Therefore, due to (350), we get x € F, i.e., F also satisfies (B2) which implies
B(R) C F (note that we did not use the selfadjointness of B yet). In order to show (357), we
get, as for (363), for fixed x € B(R) and all ©» € S(R),

[Ea(x), E5(¢)] = 0. (365)

Then, proceeding as before, (365) holds for all ¢ € Cy(R). Finally, setting G := {¢ €
B(R) |[Ea(x), Eg(¥)] = 0}, we verify that G satisfies (B1) and (B2) and get B(R) C G. O

B Matrix multiplication operators

In this appendix, we derive the properties of matrix multiplication operators in momentum
space used in the foregoing sections.

In the following, we make use of the notation introduced after Assumption 40 and of the
spectral theory from Appendix A. Moreover, sinc € C*(R) (the infinitely differentiable com-
plex valued functions on R) stands for the usual cardinal sine function defined by sinc(z) :=
sin(z)/x for all x € R\ {0} and sinc(0) := 1.

Proposition 86 (Functional calculus) Let uy, € L™(T) and u := [uy, us, u3] € L>(T)* sat-
isfy Assumption 40 (a) and define U € L($) by U := m[ug)oy + m[u]o. Then:

(a) Forallt € R, we have
" = mlpjlog + m[p'lo, (366)
where, for all t € R, we define p}, € L®(T) and p' € L™(T)* by
po := exp o(itug) cos ot|ul), (367)
p' = it exp o(ituy) sinc o(t|u|)u. (368)
(b) Forall x € B(R), we have

X (U) = mvg)og + m[v]o, (369)
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where v, € L™(T) and v € L>(T)* are given by

1

Vo ::§(Xoe++xoe_), (370)
1

v:zi(XoeJr—Xoe_)&, (371)

and we recall that e.. = ug + |u| € L™(T).

Proof. (a) We first note that, due to Assumption 40 (a) and Remark 45, we have U* = U. For
the following, let ¢ € R be fixed. Since m[uy|oy, m[u]o € L(ﬁ) and since [mlug|og, mu,lo,] =
0 for all @ € (1,3), we have ¢V = ¢lmwloogitmiule gng Gitmivle — jiy Py where, for
all N € N, we set Py := Zne(QN)(/i\t)n/m!)(m[u]g)n € L($) and the limit exists with re-
spect to the uniform topology on £($€). Moreover, since, due to (7), we have (m[u]o)*" =
m{|ul*"|oy and (m[u]o)*" ™ = m[jul*u]o for all n € N, we can write Py = Cy + Sy,
where Cy, Sy € L(9) are defined by Cy := >, o xy (=1)"t*"/((20)!) (m(|u|*"]oo) and Sy :=
e (D" /(20 + 1)) (m[Ju*"u]o) for all N € N. Since, for all ® = ¢, & ¢, € $ and
all N € N, we have [[m[cos o(t[u])]og® — Cx @[> = Y ;e 1 o [™ dk/2m)| £ (k) |7, where, for all
i€ (1,2) and all N € N, the function f{ € § is defined by

-1 nt2n .

£ = cos o(t|u|)p; — Z (2n)!

ne(0,N)

and since, for all i € (1,2) and almost all k& € T, we have that limy_,.. f/" (k) = 0 and
|12 < cosh®([t]]|]ullleo)|@il” € L'(T), Lebesgue’s dominated convergence theorem implies
s — limy_,, Cy = mjcoso(t|u|)]o,. Moreover, since (Cy)yey i @ Cauchy sequence with
respect to the uniform topology on £(f)), we get limy_,., Cy = mfcoso(t|ul)]oy in L(ﬁ)
Finally, for all ® = ¢, ® ¢, € $ and all N € N, we have ||m][it sinc o(t|u|)ulo® — Sy®|?

3 et Laciy J o dk/(2m) gl (k) |, where, for all i € (1,2), all a € (1,3), and all N € N,
the function g\, € b is defined by gy, := it sinco(t|ul)uap; — 13, 0n (—1)" /(20 +
DN |u|*"u, ;. Hence, the contribution Sy can be treated analogously to Cy.

(b) Let x € S(R) and plug (366)-(368) into (354). Then, forall ® = ¢, ® ¢, € 9, we get

1 1
Ey(x)® = — dtt@t+—/dtt+t—it @ (gi1 +igls — gbs), (373
v(X) \/%/R Ji® fa Jor ) (913 + 921 —1922) ® (911 +ig12 — Ga3) (373)

where, for all i € (1,2) and all a € (1,3), the maps f; : R — h and Gia R — h are defined,
for all t € R, by

fi = X(t) exp o(itug) cos o (t|ul)p;, (374)
Gi = X (1) exp o(itug) sinc o(tful)uqp;, (375)
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and we note that f;,g,, € C(R,h) for all i € (1,2) and all & € (1,3). Using the analogous
arguments as the ones which lead to (202) in the proof of Proposition 46 (a), we get

\/%/dtfl = —(x o (up+ Jul) + x o (ug — |u])) ey, (376)
1 u,, .
L/dt!f ) 500 (uo+ ul) = xo (uo — |u|))m% on Z¢.
Ver Je o 7MY 0, onz,
1

= 5 (X © (UO + |u’) —X©° ( |u|)) UaPis (377)

where we used Euler’s formula, the fact that Fourier transform is a bijection on S(R), and
the notation (152). Hence, (369)-(371) holds for all x € S(R). We next proceed by using the
minimality type argument (as in Remark 84). To this end, let x € Cy(R) and let (x,,)nen be
a sequence in C;°(R) which converges to y with respect to the norm (344). Hence, we can
write, for all ® € Handalln ¢ N,

Ey(x)® — (mlvgag +mv]o)® = Ey(x — xn)® + (m[vg(Xn — X)]oo + m[v(x, — x)]o)®,
(378)

where, for all x € B(R), we denote (370) and (371) by v,(x) and v(y), respectively. Due to
(349), the first term on the right hand side of (378) is bounded by | Ey(x — x,)®[| < [x —
Xnlso||®|| for all ® € $ and all n € N. In order to estimate the second and third term in (378),

we note that [|vy (xn = X)loe < ([I0¢n =) 0 (o + |ul)lloo + 1 (X =) 0 (uo = |ul)[l0) /2 < X = Xnl o0
for all n € N. Similarly, for all « € (1,3) and all n € N, we have ||v,(X,, — X)lloo < IX — Xnloo

since ||, ]|« < 1forall a € (1,3). Applying (139), we get, for all ¢ HandallneN,

1(m[vo(xn = )]0 + mv(xn = X)) < D alxn = Xl @l
a€(0,3)

Hence, (369)-(371) also holds for all x € C(R) (see Remark 84 for the composition of Borel
functions). In order to show that (369)-(371) also holds for all x € B(R), we again use the
minimality type argument (as in Remark 84). To this end, we set

F :={x € BR)| Ey(x) = mlvy|og + m[v]e with (370) and (371)}, (380)

and F satisfies (B1). Next, let (x,).cy be a sequence in F with B — lim,,_,., x,, = x for
some y € (*(R) and, hence, y € B(R). Making again the decomposition (378), (350)
applied to the first term on the right hand side of (378) yields s — lim,,_,.. Ey(x — x») = O.
As for the second term in (378), we have, for all ® = ¢, & ¢, € $H and all n € N, that
Imfo(xn = X)]00@l” < ey Coeary S dk/(2m)| I (k) [?/2, where, for all i € (1,2), al
o € {+1}, and all n € N, the function f, € h is given by

fio = ((Xn — X) © (ug + alul))e;. (381)
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Since the sequence (x,, ).cn iS Borel convergent to x, we get, for all i € (1,2), all 0 € {£1},
all n € N, and almost all k € T, that lim,_,, (k) = 0 and |f/,|° < 4C?p;|* € L'(T),
where the constant C' > 0 stems from Definition 75 (a). Hence, Lebesgue’s dominated
convergence theorem implies that s — lim,,_, ., m[vy(x,, — x)]og = 0. Similarly, as for the third
term on the right hand side of (378), we have, for all & = ¢, & p, € Handalln €N,
that [|m[v(x, — OIo@I” < (3/2) Cic 12 Sacirsy Sooerer) Jondk/ (27) g0 (k) ], where, for all
i€ (1,2),alac(l1,3),aloe {1}, and all n € N, the function g;,, € b is given by
Girwo = [(Xn —X) © (ug + olu|)|t,p;- We again get, foralli € (1,2), all o € (1,3), all 0 € {£1},
all n € N, and almost all ¥ € T, that lim,,_,., g/',,(k) = 0 and |g.,|* < 4C%|p;|> € L'(T),
where we used that |4, ||, < 1forall « € (1, 3). Hence, Lebesgue’s dominated convergence
theorem also implies that s — lim,,_,.. m[v(x,, — x)]o = 0. Therefore, (369)-(371) holds for x,
i.e., F also satisfies (B2), and we get B(R) C F. O

Remark 87 Instead of applying the explicit form of the propagator (366)-(368), we can also
diagonalize U with the help of its eigenvalue functions e, € L*(T) and its (not yet normal-
ized) eigenvector functions . € § given by

(I)ﬁ: = ('LL3 + |UD ) (Ul + iU/Q), (382)
s =g+ [ul, (383)

i.e., we have Ud, = mley]oy®..

In the following, we denote by L*(T,C?) the space of vector-valued functions T — C?
whose entry functions belong to L*(T). Analogously, L>(T,C**?) stands for the space of
matrix-valued functions T — C*** whose entry functions belong to L>(T). Moreover, if
f : D — Cis a function defined on D C R, we use the notation f(M) := {f(x)|x € M}
forall M C D and, for all Y C C, the preimage of Y under f is denoted by f (V) := {z ¢
D|f(x) e Y}.

The following proposition provides us with a useful sufficient condition for a matrix multi-
plication operator to be absolutely continuous on some spectral domain.

Proposition 88 (Absolute continuity) Letf u, € L>=(T) and u = [uy, uy, uz] € L(T)* satisfy
Assumption 40 (a) and (b) and define U € L($) by U := mlug|oy + m[u]o. Moreover, let
M € M(R) and let Assumption 43 (a) and (b) hold. Then,

ran (1,,(U)) C ran (1,.(U)). (384)

Remark 89 Since we know (see [17] for example) that, under the assumptions of Proposition
88, the property spec(U) = [,rspec([U](k)) holds, where [U] € L™(T,C**?) is given by
KUK* = m[[U]], where the unitary natural identification operator K € £($, L*(T, C?)) reads
as (K®)(k) = [p1(k),ps(k)] € C*forall @ = o, @ p, € % and almost all k& € T, and
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where, for all A € L>®(T,C*>*?), the multiplication operator m[A] € £(L*(T,C?)) is given by
(m[A][p1, o)) (k) := A(k)[p1(E), oo (k)] for all [¢q, o] € L*(T,C?) and almost all k € T, we get

spec(U) = | J{ex(k),e_(k)}

keT
=ran (e, ) Uran (e_). (385)

Hence, if the set M € M(R) from Proposition 88 has the property spec(U) C M, we get
e, (M) =T for all s € {#}. Moreover, ran (1,,(U)) = $ since Ey(1gecw)) = 1 (see Remark
85). Therefore, if Assumption 43 (a) and (b) hold, Proposition 88 yields that U is absolutely

continuous, i.e., that 1,.(U) = 1.

For the following, recall the definitions (150)-(154).
Proof. Since U* = U € £($) and since we know that
ran (1,.(U)) = {® € 9 | B (14)® =0 for all A € M(R) with |A| = 0}, (386)

we want to show that Ey;(14) Ey(1a)¥ = Ey(1ann)¥ = 0 for all A € M(R) with [A[ = 0 and
all & € §. To this end, using Proposition 86 (b), we write that, for all ¥ = ¢, & ¢, € $ and all

A e M(R),

1By (Lanan) U1 = (¥, Ey(Lana) )

(v,
TPID N I

ﬁG{:I:} 1€(1,2)

EPID VD VN IS X GBI

ne{i}ae (1,2) 1]6 12

DDV I -y CIEETS (387

me{ﬂ:}ze (1,2) (anar) 27

where, due to Assumption 40 (b), we have e, € C(T) and, hence, e;'(ANM) € M(T ) for all
A € M(R). Moreover, all the integrals on the right hand side of (387) exist since ¢, € f for all
i€ (1,2) and |a,|, < 1forall a € (1,3). In order to make the left hand side of (387) vanish
for all A € M(R) with |A| =0and all ¥ 9, it is sufficient to show that lez' (AN M)| =0 for
all A € M(R) with |A| = 0. In order to do so, let us stick to the case of e, in the following
(the case of e_ being completely analogous). Let us start off by making the decompositions
T=2Z,UZ;and Z; = Z, U(Z;\ Z,) (recall that Z, C Z). Hence, writing A’ := AN M and
e '(A) = el (A)NT, we get

e (A) = (ex (A) N Z,) U (e (A) N2 ) U (e (A) N (27 24)). (388)



74 Walter H. Aschbacher

Moreover, since Z° = (ZSN{—m}) U(ZEN{r}) U (Z5NT), where T := (—, 7), the last term
on the right hand side of (388) has the form

(A)yn(Zin{-mH\ 2)) U (e (A)n((Zin{mh)\ 2,))

SA)NENZ) = (e
U (e'(A) N B), (389)

where we set B := (2 NT) \ Z,. Denoting the restriction of ¢, to Z° N T by f, we have
B={keZ;NT|f (k) #0}, (390)

and B is open (in R) since B is open relative to Z¢ N T and since Z° N T is open. Since

we know that there eX|sts a countable family of compact intervals {I,},cn in R satisfying

I,N I » =0 foralln,n' € Nwithn # n’ and B = |J, .y 1., the last term in (389) reads
JAYNB= AN 1. (391)

neN

Denoting by ¢ € C'(B) the restriction of e, to B, we have ¢'(k) # 0 for all k € B. Hence,
for all £ € B, the inverse function theorem guarantees the existence of an open set U, C B
with k£ € U, and of an open set V, ;) C R with g(k) € V,, such that the restriction of g to U,

denoted by g,, is a bijection between U, and V,,. Moreover, since, for all n» € N, we have
I, € Uyer, Ux @and since 1, is compact, there exists N, e Nand {k,;,....k, n } C I, such
that I, € U,.c(1.v,y Uk, . Which implies
nBcl) U ( )N Uy, ). (392)
neN me(1,N,,)

Since, for alln € Nand all m € (1, N,,), it holds that
i (AU, ={keU lo, (k)€ ANV 1}
= i (A N Vo, ), (393)

the properties (388)-(389) and (392)-(393) yield ef(A’) C Ui€<1’5> M;, where, foralli € (1,5),
the sets K; € M(T) are defined by

K, =e (AN Z,, (394)
K, =e'(AYNZ,, (395)
Ky = (A)n((Zin{-m})\ Z,), (396)
K=l (A)n((Zin{m})\ Z,), (397)
K, gl (A V) (398)

Using Assumption 43 (a) and (b), we get |K;| = |e;' (A)N(Z,Nel (M))] < |Z,Nel' (M) =0
and |K,| < |Z, nel'(M)| = 0, respectively. Moreover, we have card(K;) € {0,1} for all
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i € (3,4). Hence, it remains to estimate (398). We first note that, since, for all » € N and
all m € (1,N,), the set V,;, is open, there exists again a countable family of compact
intervals {J,,,.,},en in R satisfying J, ., N jn7m7p/ = ( for all p,p’ € N with p # p' and
Votkn) = Upen Jnmp- Furthermore, since A" € M(R) has the property [A| < [A| = 0, we
know that, for all ¢ > 0, there exists a countable family of compact intervals {L,},n in R
such that A" C |,y L, and 3 | L,| < €. Hence, for all n € Nand all m € (1, N,,), we get

p,gEN

Furthermore, the inverse function theorem also guarantees that, for all n € N and all m €
(1, N,), the inverse of g, , denoted by h,, , satisfies b, ¢ c! (Vy(k,...)) @nd, hence, hy,
is Lipschitz continuous on the compact mterval S with a Llpschltz constant Comp > 0.
Therefore, foralln € N, allm € (1, N,,), and all p, ¢ € N, we get

sup |hknm (aj) - hkh’m (y)| S Cn,m,p|Lq|v (400)

xvye‘]n,m,meq ’
andthe set g, (JumpNLy) =y, (JompNL,) € M(T)is contained in a compact interval of
length C,, .., .| L,| (@nd C,, ., ,, is independent of ¢). Since } || < &, we get |gkn ATnmp N

L,)|=0foralln e N,allm e (1,N,), and all p, ¢ € N. Hence, using (398)-(399), we arrive at

C Real trigonometric polynomials

In this appendix, we carry out the computations of the squares in T'P(T) used in the forego-
ing sections (for more information on the structure of this ring, see [25] for example). To this
end, let v € N and, for all « € (0, 3), let u, € L>(T) be given by

{ —2 ZnE(l v) Can Sin(n ')7 o€ <Ov 2)7
Uy = ’

(401)
30+ 2 e Gmcos(n), a=3,

where c,,, € Rforall a € (0,2) and all n € (1,v) and c3,, € R for all n € (0,v) (recall that in
(267), we have v € (1,ng)).

Lemma 90 (Squares) For all o € (0, 3), the squares of u, € L*(T) from (401) read as

ul = Qoo + 2 Z Qo COS(M-), (402)

me(1,2v)

wherea,, ,, € R forallo € (0,3) and allm € (0, 2v). Moreover, setting b,, ,,, := (Ao, G3.m] € R?
for all o« € (0,2) and all m € (0,2v), we have:
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(a) Forv =1, forall « € (0,2) and all m € (0, 2),

[202,17 03,0 + 20%,1]7 m = Oa
ba,m = [07 203,003,1]a m = 17 (403)
[_0121,17 C%,l]u m =2
(b) Forv =2, forall « € (0,2) and all m € (0,4),
( [2(C?x,1 =+ Ci,z% C§,0 + 2(03,1 + 03,2) ; =0,
[2¢4,1Ca2,2(C50C31 + €31C32)], =1
2 (404)

333 3 3
I
W N — O

]
]
bam = [_Ci,lv 2¢30C32 + C31),
J
]

(c) Forallv >3, alla € (0,2) and all m € (0,2v),
( 22 e Coums G0 + 2 D ne) )y m=0,
2 Zné(l,l/—l} CamnCamnt1, 2(C30C31 + Zné(l,u—l} C3nCant1)], m=1,
2 Zne(l,u—m) CanCamtn — Zne<1,m—l> Ca,nCa,m—n>
2(30C3m + Done(ty—m) 3nC3min) T Done(tm-1) B3nCam—nls M E {2, =1},
[— ZnE(l,V—l) CanCov—n» 2€30C3,, + zneu,u—n C3nC3yn)s T =1V,
[= 2 tm—vw) CamCam—ns Danem—vw) C3nCam—n), m € {v+1,2v}
(405)

Proof. Note that 2sin(z)sin(y) = cos(z — y) — cos(z + y) and 2 cos(z) cos(y) = cos(z — y) +
cos(z + y) for all z,y € R and that, for all v > 2 and all {b, ;}, je1.) € R, we have

Z b, ; = Z b i—m + Z bii—m, (406)

1,7€(1,v) me(0,v—1) me(—v+1,—1)
ie(m+1,v) ie(1,v+m)
= Z b m—i + Z b; i (407)
me(2,v+1) me(v+2,2v)
’i6<1,m—1> i6<m—V,V>

Squaring (401) and applying (406)-(407) to the terms in the foregoing trigonometric expres-
sions whose arguments are differences (: — (i — m) = m) and sums (i + (m — i) = m),
respectively, we arrive at (403)-(405). d
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D Heat flux contributions

77

In this appendix, we collect the explicit expressions for the contributions to .J,. appearing in

the proof of Theorem 61 (b).

Lemma 91 (Expansion) Let the assumptions of Theorem 61 hold. Then, for all i € (1,8),

the functions 1; € L™ (T) appearing in (299) are given by

py = E nsin(n-) (coiConst + C1iC1nt + C21Contt + C31C3.041),
ne(l,y)
le(0,v—n)
o = — E nsin((n +m)-) (conCom + C1.0C1m + ConCom — C3.1C3.m);
n,me(1,v)
pg = —2 E nsm Slﬂ( )01,m(00,101,n+l + ContiC11 — C2,1C3 4l — C2,n+l03,l)7
n,me(1l,v)
le(0,v—n)
Py =2 E nsin((n +1)-)sin(m-) ey m(conciy + CogCim + ConCsy — C24C30),
n,m,le(1,v)
ps 1= —2 E nsin(n-) sin(m-) cgm(CoiCantt + ComtiCar + C11C3n41 + C1n4iC3y);
n,me(l,v)
lE(O v—n)

g = 2 Z nsin((n +1)-)sin(m-) ¢y, (o nCay + CoiCon — C1nC31 + C11C30),

pr=— Y ncos(n)eso(CoiCs it — ContiCsy + CLiContt — ClatiCai)
—2 E ncos(n-) cos(m )03,m(00,103,n+z — Com+1C31 + C1iCony1 — C1,n+102,z)7

g = Z ncos((n +m)-)c30(ConC3m + ComCsn — CLnCom + C1mCon)
n,me(1,v)

+2 Z ncos((n +1)-) cos(m-) cs,,,(ConCs1 + C0uCan — C1nCay + C1Con)-
n,mle(l,v)

Proof. Noting that, for all z € Z and all a € (1, 2),
dk
me =5 |5 snlke)(oy () + (1)

e =5 [ G sinke)ia (K)o, (6) = p- (1),

ma=g | 5 costko)) oy (k) — p-(1)

(408)

(409)

(410)

(411)

(412)

(413)

(414)

(415)

(416)
(417)

(418)
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plugging (298) for G(—n, z, —n — z) and G(—n + z, z, —n) into (297), using (267), and sepa-
rating the terms with respect to p, and p_, we arrive at (408)-(415). O

E Hamiltonian densities

In this appendix, we display the selfdual second quantization of the local first, second and
third Pauli coefficient of H in the fermionic and the spin picture (the selfdual second quanti-
zation of the zeroth Pauli coefficient of H is given in Remark 66).

For the following, recall that gy = m[1_y n)] € £%(h) for all N € N as defined after (257).

Lemma 92 (Hamiltonian densities) Let H € L($)) be a Hamiltonian satisfying Assumption
14 (b), (d), and (e). Then:

(a) The selfdual second quantizations of the local first, second and third Pauli coefficient
of H in the fermionic picture are given, for all N € N satifying (258), by

b(( NhIQN Ul = -2 Z Cq n Z (CL;CZIH_” - az+nam)7 (419)
ne(l,v) z€(—N,N—n)
b((QNhQ(]N 02 = -2 Z Con Z (a;a;Jrn + a:}c+na'm)7 (420)
ne(l,y) z€(—N,N—n)
b((anhsan)os) = c3p Z (2aza, — 1) +2 Z C3n Z (02000 + Aoynay)-
ze(—N,N) ne(l,y) z€(—N,N—n)
(421)

(b) In the spin picture we have, for all x € 7. and all n € N,

* %
ApQpin — Qpinly
x+1

o ‘%(
{_%(ng)(nieu,nn Uéxﬂ)) ) (HZE 1,n—1)

* ok
a:t:aern + a:ﬁ+nax

:{ ‘ﬂa(wa?ﬂ) 05 '0y" V), =1 g
2(U§x)(Hie<1,n—1> U§$+Z)) 7 — ( €(1,n—1) Hl))aé ))’ n=2

k
Gy ax—i—n + aac+n Ay

_1( ac+1 g ( ) (a:+1)) n—1
- T T+1 z+n) 2 72 " ’ ’ (424)
{_%(0§ )(Hi€<17n—1> Ui(% ! ))05 i (H (1,;n—1) :g ))Ué o )) n .

Moreover, we have 2a,a, — 1 = 73" ) for all z € Z.

x+1))

@ ]
T (429

'+ 0i0
oy ’)a§ ™) n>2

Proof. See Remark 66 and, for example, [11]. O
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