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1 Introduction

Let us recall that a linear operator L acting from a Banach space F into another Banach
space I satisfies the Fredholm property if its image is closed, the dimension of its kernel and
the codimension of its image are finite. As a consequence, the equation Lu = f is solvable
if and only if ¢;(f) = 0 for a finite number of functionals ¢; from the dual space F*. These
properties of Fredholm operators are widely used in many methods of linear and nonlinear
analysis.

Elliptic problems in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are fulfilled (see e.g. [1], [7], [11], [13]). This is the main result of the theory of linear elliptic
equations. In the case of unbounded domains, these conditions may not be sufficient and the
Fredholm property may not be satisfied. For instance, Laplace operator, Lu = Au, in R?
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does not satisfy the Fredholm property when considered in Holder spaces, L : C?T*(R%) —
C*(R%), or in Sobolev spaces, L : H*(R?) — L*(R%).

Linear elliptic equations in unbounded domains satisfy the Fredholm property if and only
if, in addition to the conditions stated above, limiting operators are invertible (see [14]). In
some trivial cases, limiting operators can be explicitly constructed. For instance, if

Lu = a(zx)u” 4+ b(x)u" + c¢(x)u, = €R,
where the coefficients of the operator have limits at infinity,

e = ml—l>rziloo a(x), b:t - :vl—1>I:Eoo b(l’), = wl—l>r:iloo C(ZL’),

the limiting operators are given by:

Liu = aiu" -+ biu/ + cqu.

Since the coefficients are constants, the essential spectrum of the operator, that is the set of
complex numbers A for which the operator L — A fails to satisfy the Fredholm property, can
be explicitly found by virtue of the Fourier transform:

Ae(6) = —a & +byil+cy, LER.

Invertibility of limiting operators is equivalent to the condition that the essential spectrum
does not contain the origin.

In the case of general elliptic problems, the same assertions hold true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, these conditions may not be explicitly written.

In the case of non-Fredholm operators the usual solvability conditions may not be appli-
cable and solvability conditions are, in general, unknown. There are some classes of operators
for which solvability relations are derived. Let us illustrate them with the following example.
Consider the problem

Lu=Au+au=f (1.1)

in RY, where a is a positive constant. Such operator L coincides with its limiting operators.
The homogeneous equation has a nonzero bounded solution. Hence the Fredholm property
is not satisfied. However, since the operator has constant coefficients, we can apply the
Fourier transform and find the solution explicitly. Solvability conditions can be formulated
as follows. If f € L?(R%) and zf € L'(R?), then there exist a solution of this equation in
H?(RY) if and only if

etpT
f(z), ) =0, pESda a.e.
< o (2m)% / agre) v

(see [21]). Here and further down S¢ stands for the sphere in R? of radius r centered at
the origin. Hence, though the operator does not satisfy the Fredholm property, solvability



relations are formulated in similarly. However, this similarity is only formal because the
range of the operator is not closed.
In the case of the operator with a potential,

Lu = Au+ a(z)u = f,

Fourier transform is not directly applicable. Nevertheless, solvability relations in R? can
be derived by a rather sophisticated application of the theory of self-adjoint operators (see
[19]). As before, solvability conditions are formulated in terms of orthogonality to solutions
of the homogeneous adjoint equation. There are several other examples of linear elliptic non
Fredholm operators for which solvability conditions can be derived (see [14], [15], [19],
[20], [21]).

Solvability relations play a significant role in the analysis of nonlinear elliptic problems.
In the case of non-Fredholm operators, in spite of some progress in understanding of lin-
ear equations, there exist only few examples where nonlinear non-Fredholm operators are
analyzed (see [6], [16], [21], [22]).

In the present work we consider another class of stationary nonlinear systems of equations,
for which the Fredholm property may not be satisfied:

d? d
Wuj + bkﬂ + apuy + / Gr(x —y)Fe(ui(y), us(y), ..., un(y),y)dy = 0, (1.2)
Q

dx
with ap, >0, by € R, by #0, 1 <k < N, N > 2 and x € ). Here and further down the
vector function
w = (uy, Uy, ..., uy)’ € RV, (1.3)

For the simplicity of presentation we restrict ourselves to the one dimensional case (the
multidimensional case will be treated in our forthcoming paper). Thus, 2 is a domain on
the real line. Work [8] deals with a single equation anologous to system (1.2) above. In
population dynamics the integro-differential equations describe models with intra-specific
competition and nonlocal consumption of resources (see e.g. [2], [3]). The studies of the
systems of integro- differential equations are of interest to us in the context of the complicated
biological systems, where wuy(x,t), k = 1,..., N denote the cell densities for various groups
of cells in the organism. We use the explicit form of the solvability conditions and study
the existence of solutions of such nonlinear systems. We would like especially to emphasize
that the solutions of the integro-differential equations with the drift term are relevant to the
understanding of the emergence and propagation of patterns in the theory of speciation (see
[17]). The solvability of the linear equation involving the Laplace operator with the drift
term was treated in [20], see also [4]. In the case of the vanishing drift terms, namely when
by =0, 1 <k < N, the system analogous to (1.2) was treated in [16] and [22]. Weak
solutions of the Dirichlet and Neumann problems with drift were considered in [12].



2 Formulation of the results

Our technical assumptions are analogous to the ones of the [8], adapted to the work with
vector functions. It is also more complicated to work in the Sobolev spaces for vector
functions, especially in the problem on the finite interval with periodic boundary conditions
when the constraints are imposed on some of the components. The nonlinear parts of system
(1.2) will satisfy the following regularity conditions.

Assumption 1. Let 1 < k < N. Functions Fy(u,z) : RY x Q — R are satisfying the
Caratheodory condition (see [10]), such that

N
ZF u, ) < Klulgy +h(x) for ueRY z€Q (2.1)
k=1

with a constant K > 0 and h(x) : @ — R*,  h(z) € L*(Q). Moreover, they are Lipschitz
continuous functions, such that for any u® e RN, 2z € Q-

N
Z — Fi(u®,2))? < Llu™ — u® g, (2.2)

k=1
with a constant L > 0.

Here and below the norm of a vector function given by (1.3) is

Note that the solvability of a local elliptic problem in a bounded domain in R was studied in
[5], where the nonlinear function was allowed to have a sublinear growth. For the purpose of
the study of the existence of solutions of (1.2), we introduce the auxiliary system of equations
with 1 < k < N as

d2uk duk
——— —bi—— —apup, = | Gp(z —y)Fp(vi(y), va(y), .., on (y), y)dy. (2.3)
dx dx O
We denote (f1(z), fo(z) = [ f1(x) fo(x)dx, with a slight abuse of notations when these

functions are not square mtegrable like for example those involved in orthogonality condition
(5.5) below. In the first part of the article we consider the case of the whole real line, Q2 = R,
such that the appropriate Sobolev space is equipped with the norm

?¢||?

— (2.4)

1602wy <= 1612 + '

L2(R)



For a vector function given by (1.3), we have

N N
d2uk
ey = 3 Nl = 3 { ol + |
k=1

k=1

;(R)}. (2.5)

Let us also use the norm
||u||%2(R,RN) = Z ||Uk||i2(R)-
k=1

Due to Assumption 1 above, we are not allowed to consider the higher powers of the non-
linearities, than the first one, which is restrictive from the point of view of the applications.
But this guarantees that our nonlinear vector function is a bounded and continuous map
from L?(2,RY) to L*(©2,RY). The main issue for the problem above is that in the absence
of the drift terms we were dealing with the self-adjoint, non Fredholm operators

—p —ay : Hz(R) — Lz(R), ap > 0,

which was the obstacle to solve our system. The similar situations but in linear problems,
both self- adjoint and non self-adjoint involving non Fredholm differential operators have
been treated extensively in recent years (see [14], [15], [19], [20], [21]). However, the
situation is different when the constants in the drift terms b, # 0. For 1 < k < N, the
operators

d> d
b
dx? dx
with ap > 0 and b, € R, by # 0 involved in the left side of system (2.3) are non-selfadjoint.
By virtue of the standard Fourier transform, it can be easily verified that the essential spectra
of the operators L, ;,  are given by

Lo b k= — —a,: H*R)— L*R) (2.6)

Mo b, k(p) =p* —ar —ibyp, peER.

Evidently, when a;, > 0 the operators L, ; 5 are Fredholm, since their essential spectra stay
away from the origin. But for a;, = 0 our operators L, ; r do not satisfy the Fredholm prop-
erty since the origin belongs to their essential spectra. We manage to prove that under the
reasonable technical assumptions system (2.3) defines a map T, : H*(R,RY) — H*(R,RY),
which is a strict contraction.

Theorem 1. Let Q =R, N >2 1 <[ < N-1, 1< k<N, b €R, b #0 and
Gi(z) R = R, Gi(z) € LY(R) and Assumption 1 holds.
I) Let a. > 0 for 1 < k <.

II) Let a, = 0 for 1 +1 < k < N, in addition 2G(x) € L*(R), orthogonality relations (5.5)
hold and 2/t N, ,L < 1 with N, , defined by (5.4) below. Then the map v — T, v = u on
H?(R,RY) defined by system (2.3) has a unique fized point v'®®), which is the only solution
of the system of equations (1.2) in H*(R,RY).
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The fized point v\*® is nontrivial provided that for some 1 < k < N the intersection of

—

supports of the Fourier transforms of functions suppFy(0,z) N suppé\k s a set of nonzero
Lebesgue measure in R.

Note that in the case I) of the theorem above, when a; > 0, as distinct from part I)
of Assumption 2 of [22], the orthogonality relations are not needed. Related to system
(1.2) on the real line, we consider the sequence of approximate systems of equations with
meN, 1<Ek<N, ap >0, by € R, b # 0, namely

dzu(m) du(m) . 00 . - -
bt + agul >+/ Grom(@— ) Fu(ul™ (), u™ (), .., w5 (), y)dy = 0. (2.7)

Each sequence of kernels {Gy ,,(z)},n_; converges to Gy(x) as m — oo in the appropriate
function spaces discussed further down. We will prove that, under the certain technical
assumptions, each of systems (2.7) admits a unique solution u™ (z) € H?(R,R"), limiting
system (1.2) has a unique solution u(r) € H*(R,R"Y), and u™ () — u(z) in H*(R,RY) as
m — 0o, which is the so-called existence of solutions in the sense of sequences. In this case,
the solvability conditions can be formulated for the iterated kernels Gy ,,. They imply the
convergence of the kernels in terms of the Fourier transforms (see the Appendix) and, as a
consequence, the convergence of the solutions (Theorems 2, 4). Similar ideas in the sense of
standard Schrodinger type operators were exploited in [18]. Our second main statement is
as follows.

1<I<N-1,1<kE<N, b eR, b #0, me

Theorem 2. Let Q =R, N > 2,
z) € LY(R) are such that Gy (z) — Gi(z) in L'(R) as m — oo.

N, Gem(z) :R =R, Gpm(z) € L
Let Assumption 1 hold.

I) Let a, > 0 for 1 <k <.

II) Let aj, = 0 for 1 +1 < k < N. Assume that 2Gy, ,(z) € L'(R), 2Ggm(r) — 2Gi(x) in
LY(R) as m — oo, orthogonality relations (5.11) hold along with upper bound (5.12). Then
each system (2.7) admits a unique solution u™ (z) € H?(R,RY), and limiting problem (1.2)
possesses a unique solution u(z) € H*(R,RY), such that u™ (z) — u(x) in HX(R,RY) as
m — 0o.

The unique solution u™ (x) of each system (2.7) is nontrivial provided that for some 1 < k <

—

N the intersection of supports of the Fourier transforms of functions suppFy (0, x) ﬂsuppC/Jk,\m
is a set of nonzero Lebesque measure in R. Analogously, the unique solution u(z) of limiting

system (1.2) does not vanish identically if suppFy(0, x) NsuppGy, is a set of nonzero Lebesgue
measure in R for a certain 1 < k < N.

In the second part of the work we consider the analogous system on the finite interval
with periodic boundary conditions, i.e. © = I := [0, 27| and the appropriate functional
space is

HXI) = {v(x) : T = R | v(x),0"(z) € LX), v(0) =v(2r), v'(0)=v'(27)},
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aiming at uy(z) € H*(I), 1 < k <. For the technical purposes, we introduce the following
auxiliary constrained subspace

Hy(I) = {v(z) € H*(I) | (v(x), 1) 22y = 0} (2.8)

The aim is to have u(x) € HZ(I), I +1 < k < N. The constrained subspace (2.8) is a
Hilbert space as well (see e.g. Chapter 2.1 of [9]). The resulting space used for proving the
existence in the sense of sequences of solutions u(z) : I — RY of system (1.2) will be the
direct sum of the spaces given above, namely

HZ(I,RY) = @ H*(I) &30y H(1).

The corresponding Sobolev norm is given by

N
[ ul ?{E(I,RN) = Z{||Uk||2L2(1) + ||u/k/||%2(l)}a
k=1

where u(z) : I — RY. Another useful norm is given by

N
HUH%Z(I,RN) = Z HukH%Z(I)-
k=1

Let us prove that system (2.3) in this situation defines a map 7, : H*(I,RY) — H2(I,RY),
which will be a strict contraction under the given technical assumptions.

Theorem 3. Let Q =1, N > 2, 1
Gk(x) 1 — R, Gk(SL’) c LOO(I), Gk(O
Assumption 1 holds.

I) Let a. > 0 for 1 < k <.

II) Let a = 0 for 1+ 1 < k < N, orthogonality conditions (5.27) hold and 2+/7TN,, »L < 1,
where N, is defined by (5.26). Then the map Topv = u on H2(I,RY) defined by system
(2.8) possesses a unique fized point v the only solution of the system of equations (1.2)
in H2(I,RN).

The fized point v is nontrivial provided that the Fourier coefficients Gy, Fy,(0,z), # 0 for
a certain 1 < k < N and for somen € Z.

<I<N-1, 1< k<N, b €R, b #0 and
) = Gp(27), Fi(u,0) = Fy(u,2m) for u € RY and

Remark 1. We use the constrained subspace HZ(I) involved in the direct sum of spaces
d? d

H?(I,RY), such that the Fredholm operators —T5 bkd— t H3(I) — L*(I), have the trivial
x x

kernels.



To study the existence in the sense of sequences of solutions for our integro- differential
system on the interval I, we consider the sequence of iterated systems of equations, analo-
gously to the whole real line case with m e N, 1 < k < N, a, > 0, by € R, by # 0, such
that

Pu™  du)” m [ (m) - (m) (m)
o e SURO +/ Grm (T —y)Fr(ui™ (y), us (y), s uy (y), y)dy = 0. (2.9)
0

Our final main proposition is as follows.

Theorem 4. Let Q =1, N>2 1 <[I<N-1,1<EkE<N, b €R, by #0, m €
N, Gpm(x) : I =5 R, Gpm(0) = Gem(27), Grm(z) € L>®(I) are such that Ggm(x) — G(x)
in L°(I) as m — oo, Fj(u,0) = Fy(u,27) for u € RN. Let Assumption 1 hold.

I) Let a. > 0 for 1 < k <.

II) Let ap, = 0 for l+1 < k < N. Assume that orthogonality conditions (5.33) hold along
with estimate from above (5.34) Then each system (2.9) has a unique solution u'™ (z) €
H2(I,RN) and the limiting system of equations (1.2) admits a unique solution u(z) €
H2(I,RN), such that u™ (x) — u(x) in H*(I,RY) as m — oco.

The unique solution u™ (z) of each system (2.9) is nontrivial provided that the Fourier
coefficients G mnFi(0,2), # 0 for a certain 1 < k < N and some n € Z. Analogously, the

unique solution u(x) of the limiting system of equations (1.2) does not vanish identically if
GrnFr(0,2), # 0 for some 1 <k < N and a certain n € Z.

Remark 2. Note that in the article we work with real valued vector functions by virtue of the
assumptions on Fy(u,x), Grm(z) and Gg(z) involved in the nonlocal terms of the iterated
and limiting systems of equations discussed above.

Remark 3. The importance of Theorems 2 and 4 above is the continuous dependence of
solutions with respect to the integral kernels.

3 The Whole Real Line Case

Proof of Theorem 1. Let us first suppose that in the case of = R for some v € H*(R,RY)
there exist two solutions u()?) € H?(R,R"N) of system (2.3). Then their difference w(z) :=
uM(z) —u®(z) € H*(R,RY) will be a solution of the homogeneous system of equations

Py duy
dx? ar

—akwkzo, 1§]€§N

Since the operator L, j defined in (2.6) acting on the whole real line does not possess any
nontrivial square integrable zero modes, w(z) = 0 on R.



We choose arbitrarily v(z) € H*(R,RY). Let us apply the standard Fourier transform
(5.1) to both sides of (2.3). This yields

_ Gr(p)fi
an(p) = \/2WM, 1<k<N, (3.1)
p? — a — ibyp
where j?k(p) denotes the Fourier image of Fi.(v(x),z). Evidently, for 1 < k < N, we have the
estimates from above

|@(p)] < V27N, o, &l fo(p)]  and  |p*@(p)| < V27N, b, &l o (D)),

where N, j < oo by means of Lemma 5 of the Appendix without any orthogonality
relations for ax > 0 and under orthogonality condition (5.5) when a; = 0. This enables us
to estimate the norm

lullZr 2y = Z{Hw M Ze + 1@ (P)72 e }<Z47T b, el Fe(v(2), )12y

which is finite due to (2.1) of Assumption 1 because |v(z)|gy € L?(R). Hence, for an arbitrary
v(z) € H?(R,RY) there exists a unique solution u(z) € H%(R,RY) of system (2.3), such
that its Fourier image is given by (3.1) and the map T, : H*(R,RY) — H%*(R,RY) is well
defined. This allows us to choose arbitrarily v):®(z) € H%(R,RY), such that their images
uD® =T, 013 ¢ H2(R RY). Clearly,

—

— Aoy r — ) @)
u,(j)(p) — Vor Gr(p) fy (P) 7 u,(f)(p) _ @M 1<k<N,

p? — ay — ibkp p? — ay — ibkp’

where f{"(p) and f{?(p) stand for the Fourier transforms of F,(v®(z), z) and Fj,(v® (z), z)
respectively. Thus, for 1 < k < N, we easily obtain

—_—

WD) — <p>} < VBN bk

— /\

Pl (p) — pPu (p)

< V2TNg b,k

For the appropriate norms of vector functions we arrive at

D) - 120

N
) — @ g gy < ATNZ Y N Fe(0 (@), 2) = Fu(0® (@), 2)| 72
k=1

Note that v,gl)’(Q) (r) € H*(R) C L*(R) via the Sobolev embedding. Condition (2.2) yields

N
YV (), 2) = F(0®(2),2) oy < L0 = o2 zmy-



Therefore,
]|Ta7bv(1) — a,bv(z)HH?(R,RN) S 2\/7_TNCL’ bLH’U(l) — U(2)HH2(R,RN)

and the constant in the right side of this inequality is less than one as assumed. Hence, by
means of the Fixed Point Theorem, there exists a unique vector function v(** € H?(R,RY)
with the property T, ,v(®" = v(@ which is the only solution of system (1.2) in H?(R, RY).
Suppose v(®?) (x) = 0 identically on the real line. This will contradict to our assumption
that for a certain 1 < k£ < N, the Fourier transforms of Gx(z) and F}(0,x) do not vanish on
a set of nonzero Lebesgue measure in R. [ |

Let us turn our attention to showing the existence in the sense of sequences of the
solutions for our system of integro-differential equations on the real line.

Proof of Theorem 2. By virtue of the result of Theorem 1 above, each system (2.7) has
a unique solution ™ (z) € H*(R,RY), m € N. Limiting system (1.2) possesses a unique
solution u(z) € H?*(R,RY) by means of Lemma 6 below along with Theorem 1. Let us
apply the standard Fourier transform (5.1) to both sides of (1.2) and (2.7), which yields for
1<k<N, meN

Gilp) = VarCIBC) ) /o Crnin) (32)
D ay — 10Ep p* — a — ibyp

where @5 (p) and @y, (p) denote the Fourier images of Fy(u(x), ) and Fy(u™(z), ) respec-
tively. Apparently,

e G Gi(p) _
u — : -
k() k(P ' P2 — ay — zbkp pz — ag — ibgp Lw(R)\%(p)\
Gk m ) o o
p — Qf — 'lbkp Lo°(R) |S0k,m (p) Pk (p)|
Therefore,
Grmlp)  Gi(p)

ul™ — k]| 2wy < 1 (u(@), 2) || 2+

p?—ap —ibp  p? — a — ibyp

L>(R)
G .
| Gl B (@), ) — F(u(e), o) e,
pT—ar — Zbkp L (R)

By virtue of inequality (2.2) of Assumption 1, we derive

DI E(u) (@), 2) = Fi(u(@), 2)|F2m < LIu™ (@) = w(@)] 2@ ey, (3.3)
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Clearly, u,ﬁm)(x), ur(z) € H*(R) € L¥(R) for 1 < k < N, m € N due to the Sobolev
embedding. Therefore, we arrive at
N

[ (@) = u(@) | 22z g <47TZ

2

p? —ak—zbkp p? — a — ibgp

1P (u(@), @)l 72+
L>(R)

2
r | M| E21 @) = )l
such that [|u™ (z) — u(:)s)||%2(R,RN) <

Gim®)  Gilp)
p?—ap —ibyp  p? — a —ibgp

N

4m
e(2—c¢) Z
k=1
By virtue of inequality (2.1) of Assumption 1, we have Fy(u(x),z) € L*(R), 1 < k < N for
u(r) € H?(R,RY). This implies that
u™(z) = u(z), m— oo (3.4)

in L2(R, RY) via the result of Lemma 6 of the Appendix. Evidently, for 1 <k < N, m € N,
we have

2

1P (u@), 2)72 ) -
Lee(R)

@(p) = \/_M 2l (p) = \/_kam( )Phom(p)

PP —ap—ibgp’ T F P? — ay, — ibgp
Therefore,
s P2Grm p°G, _
) - )| < Vo | Ol ) G+
PP —ax—ibp P —ak — ibp|| o)
TN Prm\P) — Pre(D)|-
p_%_mpm®|k<> ]
By virtue of (3.3), for 1 <k < N, m € N, we arrive at
2ul™ dPuy, PG (p) P*Gi(p)
— F
‘ dx? dz? || 2k PP —ar—ibp  p* — ax — ibep LR )H R(u(2), 2)| L2+
P Grm(p m
+¢%~7—i—il— D™ () ~ u(@)llae
b —ar — Zbkp L>®(R)
By means of the result of Lemma 6 of the Appendix along with (3.4), we derive that
d? (m) d?u
% - in L2(R,RY) as m — oco. Definition (2.5) of the norm gives us that u™(z) —
x x

u(r) in H*(R,RY) as m — oo.

Let us assume that the solution u™(z) of system (2.7) studied above vanishes on the
real line for a certain m € N. This will contradict to our assumption that the Fourier images
of Gim(z) and Fj(0,z) are nontrivial on a set of nonzero Lebesgue measure in R. The
analogous argument holds for the solution u(x) of limiting system (1.2). |

11



4 The Problem on the Finite Interval

Proof of Theorem 3. Apparently, each operator involved in the left side of system (2.3)

d? d

pre Rk

where 1 <k < N, a; >0, by € R, b, # 0 is Fredholm, non-selfadjoint, its set of eigenvalues
is given by

Lo b k= — ap:  H*(I) — L*(I), (4.1)

Aa, b, k(N) = n? —a, —ibyn, neZ (4.2)
Vor
will use the similar ideas in the constrained subspace (2.8) instead of H?*(I). Evidently,
the eigenvalues of each operator £, ; 5 are simple, as distinct from the analogous situation
without the drift term, when the eigenvalues corresponding to n # 0 have the multiplicity
of two (see [16]).

Let us first suppose that for some v(z) € H2(I,R") there exist two solutions u()?)(x) €
H?(I,RN) of system (2.3) with Q = I. Then the vector function w(z) := u™(z) — u®(z) €
H2(I,RY) will be a solution of the homogeneous system of equations

and its eigenfunctions are the standard Fourier harmonics n € Z. When a, = 0, we

dzwk dwk
_— t_p—E =0, 1<k<N.
dx? e R -
But the operator L,  x : H?*(I) — L*(I), a; > 0 discussed above does not possess
nontrivial zero modes. Hence, w(z) vanishes in I.
We choose arbitrarily v(z) € H?(I,RY) and apply the Fourier transform (5.23) to system
(2.3) considered on the interval I. This yields

Uy = V2T —— 2 f’“, L NP, = V2t f’“; ., 1<k<N necZ (4.3)

n? — ap — ibpn n? — ap — ibpn

with fi,, = Fr(v(z),z),. Thus, we obtain
[Upn| < V2N b, &l frnl,  [PPukn] < V2N b k] frnl,

where N, , r < oo under the given auxiliary assumptions by virtue of Lemma 7 of the
Appendix. Hence,

lull 2 ) :Z[ > lueal*+ Z n ukn\2] < 4N bZHFk )20y < 00

k) 1 n=—oo n=—oo

due to (2.1) of Assumption 1 for |v(x)|gx € L*(I). Thus, for any v(z) € H>(I,RY) there
exists a unique u(x) € H?(I,RY) solving system (2.3) with its Fourier transform given by
(4.3) and the map 7,5 : H*(I,RY) — H?(I,R") is well defined.
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Let us consider arbitrary 2 (x) € H?(I,RY) with their images under the map dis-
cussed above uV)? = 7, ,01):@ ¢ H2(I RY). By applying the Fourier transform (5.23), we
easily derive

G (1) G (2)
WY = /or k, f’”f Cu? = Vor i f’”f , 1<k<N, nezZ,
kin n? — ap — tbpn kn n? — ap — tbpn

with f,ijy)L = F.(v9)(z),2),, j =1,2. Hence,

1 2 1 2
) —uP | <V2ING b Kl FD = £, P l) — a2 < V2ENG b lf) — £,

Therefore,

N

||u<1>—u<2>||zgu,m=z[ S u®P Y el - @) <

k=1 n=—oo n=-—oo

N
<ArNG Y IE (M (2),2) = Fo(o® (@), 2) | 2.

k=1

Clearly, vk M@ () € HX(I) c L>(I), 1 < k < N due to the Sobolev embedding. By virtue
of (2.2) we easily arrive at

||Ta,bv(1) — Ta,bv(2)||Hc2,(I,RN) S 2\/7_1'./\/:17 bLH'U(l) — U(z)HHcQ(I,RN)a

with the constant in the right side of this estimate less than one as assumed. Thus, the Fixed
Point Theorem yields the existence and uniqueness of a vector function v € H2(I,RN),
satisfying 7,,0®" = v(@% which is the only solution of system (1.2) in H2(I,RY). Sup-
pose v(@)(x) = 0 1dentlcally in I. This gives us the contradiction to the assumption that
GrnFi(0,2), # 0 for some 1 < k < N and a certain n € Z. [ |

We proceed to establishing the final main statement of the article.

Proof of Theorem 4. Apparently, the limiting kernels Gi(z), 1 < k < N are also periodic
on the interval I (see the argument of Lemma 8 of the Appendix). Each system (2.9) has a
unique solution u™ (), m € N belonging to H2(I,RY) by virtue of Theorem 3 above. The
limiting system of equations (1.2) admits a unique solution u(x), which belongs to H2(I, R")
by means of Lemma 8 of the Appendix along with Theorem 3.

Let us apply Fourier transform (5.23) to both sides of systems (1.2) and (2.9). This yields

(m)
G n n m G ,m,n n
Ukp = V 2 i gpk7, 5 U]gm) =27 k SOk’ s (44)

n? — Qp — ’Lbkn n? — ap — zbkn

13



where 1 < £k < N, n € Z, m € N with ¢, and ¢,§’jﬁ denoting the Fourier images of
Fy.(u(r),z) and Fj(u™(x),r) respectively under transform (5.23). We easily obtain the
upper bound

Gk,m,n - Gk,n
n? —ap —ibyn  n? — ay — ibgn

|u](::1) - uk,n| < V2m |90k,n|+

Tl

Gk,m,n

+V27 || : i) — ronl.
n? —ap —ibgn || "
Hence,
Gk’m’n Gk,’ﬂ

ul™ — wel| 2y < V270

[E5 (u(), )| 20y +

n? —ap —ibpn  n? —a, — ibyn

[

Gk‘,m,n

n? — ap — ibpn

+V2r | B (w™ (x), 2) — Fi(u(z), z)|| 20)-

[

By virtue of bound (2.2) of Assumption 1, we arrive at

D (™ (@), 2) = Fp(u(z), o)) < LIu™ (@) = w(@)]] 2 mv)- (4.5)

Note that u{™ (z), u(z) € H(I) C L=(I) via the Sobolev embedding. Evidently,

2
1P (u@), 2)|72 )+

[

Gk‘,m,n Gk,n

N
[ul™ () — (@) |22 mn) < 47 Y
k=1

n? —a, —ibpn  n?—a, — ibyn

2
an [Néf?f’] L™ (2) — u(@) Zags v,

IN

Thus, we derive ||u™ (z) — U(@H%%[,RN)

4m al
= e(2—¢) Z

k=1

2
1P (u(@), @)l 72r)-

[

Gk‘,m,n Gk,n

n? —a, —ibyn n?—a, — ibpn

Clearly, F(u(z),z) € L*(I), 1 <k < N for u(x) € H2(I,R") by means of bound (2.1) of
Assumption 1. Lemma 8 below implies that

™ (z) = u(z), m — oo (4.6)
in L*(I,RY). Obviously,

2 2
n Gk‘,m,n n Gk,”

|n2u,(:;) — n?uy,| < V21

|(pk,n|+

[

n? —ap —ibpn  n? —ap — ibpn
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/ nsz m,n m
+v 27 2 — |S01(§n) _(pk,n|
n? — ap —ibn || "
By means of (4.5), we obtain
d2u,(€m) d?uy, n2Gr.mn n?Gi.n

< V27

L3(I)

+V 27

[E% (u(), )| L2y +

[

dx? dx?

n? —ap —ibyn  n? —a; — ibpn

2
n Gk,m,n

Llut™ — ull p2(r .-

[

n? — ap — ibyn
d?u™  dPu
[ % _
dx? dx?
Hence, u™(z) — u(z) in the H?(1,RY) norm as m — oc.
Suppose that u™(z) = 0 identically in the interval I for some m € N. This gives us
a contradiction to the assumption that Gy, F%(0,2), # 0 for some 1 < k < N and a
certain n € Z. The analogous argument holds for the solution u(z) of the limiting system of
equations (1.2). [ |

Lemma 8 of the Appendix along with (4.6) give us as m — oo in L*(I,RY).

5 Appendix

Let Gi(x) be a function, Gi(z) : R — R, for which we denote its standard Fourier transform
using the hat symbol as

G = —/ Gr(z)e P dx, € R, 5.1
such that ]
|G|l m) < —=IGrll 1) (5.2)

V21

1 o~ -
and G (z) = \/—2_7r / Gr(q)e'"dq, x € R. For the technical purposes we define the auxiliary

quantities

Gi(p) P*Gi(p) HLOO(R)}, (5.3)

N, = mam{”—,” 7 H—
ok p? —ap —ibgpliLe®)’  11p? —aj, — ibyp

with ap > 0, by € R, by #0, 1 <k < N, N > 2. Let Ny s , stand for (5.3) when a
vanishes. Under the conditions of Lemma 5 below, quantities (5.3) will be finite. This will
enable us to define

Na, b= maxlSkSNNa, b, k< O0. (54)

The technical lemmas below are the adaptations of the ones established in [8] for the studies
of the single integro-differential equation with drift, analogous to system (1.2). We provide
them for the convenience of the readers.
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Lemma 5. Let N > 2, 1 <k <N, b € R, b # 0 and Gi(z) : R = R, Gi(z) € L'(R)
and 1 <[ < N —1.

a) Let ap, > 0 for 1 <k <1. Then N,  r < 0.

b) Let aj, = 0 for |+ 1 < k < N and in addition zGy(x) € L*(R). Then Ny p, 1 < 0o if and
only if

(Gr(z), 1) 2@ =0 (5.5)
holds.
Proof. First of all, let us observe that in both cases a) and b) of our lemma the boundedness of
Gi(p) P*G(p) P’Gi(p)

—— yields the boundedness of . Indeed, we can write

P — ap — ibyp p* — ap — ibp p* — ap — ibyp
as the following sum
~ Gi(p) ~ pGilp)
_ 4+ 5.6
Gilo) + P ar— b P — a — ibp (56)

Evidently, the first term in (5.6) is bounded by means of (5.2) since Gy(z) € L'(R) as
assumed. The third term in (5.6) can be estimated from above in the absolute value via
(5.2) as

bl |Pl1G(p)| 1
< Ge(2)|| 11w < o0.
Vot o = el
i 2G)
Thus, & € L°(R) implies that w € L*°(R). To obtain the result of
p* — ax — ibgp p* — ag — ibep
the part a) of the lemma, we need to estimate
G(P)|

(5.7)

V= a)? + 0

Apparently, the numerator of (5.7) can be bounded from above by virtue of (5.2) and the
denominator in (5.7) can be easily estimated below by a finite, positive constant, such that

Grl(p)

————— < C|Gi(z < 00.
Gl < ClGu) e

Here and further down C will denote a finite, positive constant. This yields that under the
given conditions, when a; > 0 we have N, 3 r < oo. In the case of a;, = 0, we express

@@=@m+f“ﬁ%m

0

such that

Gilp) _ Gil) PG
p*—ibyp  p(p—iby)  p(p —iby)

(5.8)
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By means of definition (5.1) of the standard Fourier transform, we easily estimate

'de(p) |2Gr(2) || L1 ().

1
<
dp '_\/ﬂ

Hence, we derive

opde(S ds ||93Gk(95)||L1(R)

p(p — iby) V2| by |
via the one of our assumptions. Therefore, the expression in the left side of (5.8) is bounded
if and only if @(0) = 0, which equivalent to orthogonality condition (5.5). |

For the purpose of the study of systems (2.7), we define the following auxiliary expressions
. G G
= [ e @Y
p? = ak — Zbkp re®’ p? —ay, —ibypllLem)
with ap > 0, by € R, by # 0 and m € N. Under the assumptions of Lemma 6 below,
expressions (5.9) will be finite. This will allow us to define
Néing = max1§k<NN( g < 00, (510)

where m € N. We have the following technical statement.
Lemma 6. Let N > 2, 1 <k <N, b €R, by # 0 and G pm(z) : R > R, Gpm(z) € LY(R),
such that Gy (x) = Gr(z) in LY(R) asm — oo and 1 <[ < N —1.
a) Let ap, > 0 for 1 <k <I.
b) Let ar, =0 for 1 +1 < k < N and additionally xGy,,,(x) € L'(R), such that xGy, () —
rGy(z) in LY(R) as m — oo and

(ka( ) )LQ(R =0, me N. (511)

We also assume that
2V/aN"L <1—¢ (5.12)

holds for all m € N as well with some fired 0 < e < 1. Then, for all 1 < k < N, we have

Crom(p) . Gr(p)

— 5.13
P —an—ibp P —an—ibp (5.13)

2Gr 2G,
P km(p) P k(p) ., m — 00 (5.14)

p?—ap —ibp P — ap —ibyp
in L>*(R), such that

Grom Gr

‘ . k, (p) ' - k(p) : : m — oo, (5‘15)
P? = ap = i@ 1P — ak = 10kD || oo ()

17



2(/;\m 207,
‘ P Cimlp) H—2 P Cip) . m oo, (5.16)
p* — ap — ibyp Loo(R) p* — ap — ibyp L (R)
Moreover,
2/AN, oL < 1 —c. (5.17)
Proof. Obviously, for all 1 < k < N, we have
—_— — 1
1Gkm(p) = Cr(P) 2@ < —=lGrm(z) = Ci(@)llr@) = 0, m = o0, (5.18)
2 —_— . —
as assumed. Let us prove that (5.13) implies (5.14). Indeed, P [Gjm(p) C;k(p)] can be
P — ax — ogp
written as the sum
— = Giom Gr  [Grmlp) = G
(Grm(p) — Ge(p)] + ax e (P) () + zbkp[ k() k(p)] (5.19)

P2 —ap —ibgp P2 — ag — ibgp p? — ay — ibgp

The first term in (5.19) tends to zero as m — oo in the L>(R) norm by virtue of (5.18).
The third term in (5.19) can be bounded from above in the absolute value as

PlICrn®) = GeD) _ i~ A
, < ||Grm(p) — Ge(P)|l L ®),
\/(p2—ak)2+b%p2 |Gem(p) k(D) Lo~ r)

hence it converges to zero as m — oo in the L*(R) norm via (5.18) as well. Therefore, the
statement of (5.13) yields (5.14). Evidently, (5.15) and (5.16) will follow from the statements
of (5.13) and (5.14) respectively by virtue of the triangle inequality.

First we prove (5.13) in the case a) when a; > 0. Then one needs to estimate

b |

Grom(p) — Gr(p)
Vi —ar + i

Apparently, the denominator in fraction (5.20) can be bounded from below by a positive
constant and the numerator in (5.20) can be estimated from above by means of (5.18). This
gives us the result of (5.13) when the constant ay, is positive.

Then let us turn our attention to establishing (5.13) in the case b) when a; = 0. Hence,
we have orthogonality relations (5.11). Let us prove that the analogous statement will hold
in the limit. Indeed,

(Gr(2), D2w)| = [(Gr(®) = Grm (), D r2w)| < |Grm(z) — Gr(@)|[ L1 @) — 0

(5.20)

as m — oo due to the one of our assumptions. Therefore,

(Gk(l‘), 1)L2(R) = 0, 1< k < N. (521)
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We express

P dGrom(3)

k(s)ds, Grm(p) = Gem(0) —i—/ Tds,
0

S

Gilr) = Gu(0) + |

0

where 1 <k < N, m € N. By means of (5.21) and (5.11), we obtain
Gr(0)=0, Gum(0)=0, 1<k<N, meN.

Thus,

— —~ de m(8) dé\. (s)
Gonln) G || W[ 52 ds

PP —ibp  p? —ibp| p(p — ibx)
From the definition of the standard Fourier transform (5.1) we easily derive

(5.22)

'd@\m(p) _ dGx(p) (2) — 2Gr ()| L1 w)-

< 2Grm
dp dp ‘ - \/27?” “
This enables us to obtain the upper bound on the right side of (5.22) by

|2Ghm(x) — 2G(2) || 1 ()
vV 27T|bk‘

as assumed, which proves (5.13) when a;, = 0. Apparently, under our conditions

— 0, m — oo,

Na7b7k<OO, N(mg’k<00, m € N, 1§/€§N, ap > 0, bkER, bk;é()

by virtue of the result of Lemma 5 above. We have bounds (5.12). A trivial limiting argument
using (5.15) and (5.16) yields (5.17). [ |

Let the function Gi(z) : I — R, Gk(0) = Gi(27) and its Fourier transform on the
finite interval is defined as

27 —inx
Gy = Gz de, néeZ 5.23
k, i k() NG (5.23)
and Gi(z) = Z Gkvn\e/ﬁ. Evidently, we have the estimate from above

1Grnllie < (@)l 1) (5.24)

Similarly to the whole real line case, we will use

Gk,n

n? — ap — ibpn

n2Gk7n

n? — ap — zbkn

N b, k= max{

lm} (5.25)

[
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forap >0, by € R, b #0, 1 <k <N, N > 2. Let Ny p, & stand for (5.25) when a; = 0.
Under the conditions of Lemma 7 below, expressions (5.25) will be finite. This will allow us
to define

./\/’a7 b= maxlngNNa, b, k< O0. (526)

We have the following trivial statement.

Lemma 7. Let N > 2, 1 <k < N, by € R, by # 0 and Gg(z) : I — R, Gi(z) €
L>(I), Gx(0) = Gx(27) and 1 <I < N —1.

a) Let ap > 0 for 1 <k <1. Then N, 4, < o0.

b) If ap, =0 for 1 +1 <k < N. Then Ny s, r < o0 if and only if

(Gr(@), Dr2ry = 0. (5.27)

Gk,n

n? — ap — zbkn

Proof. Clearly, in both cases a) and b) of our lemma the boundedness of

. . n2Gk n n2 Gk n .
implies the boundedness of ’ Indeed, d can be easily expressed
s n? — ap — ibpn n? — ap — ibpn
Gk n nGk n
Grn+a ’, + b — 5.28
k, n? — ap — ibpn M2 — ap — ibpn ( )

Obviously, the first term in (5.28) can be trivially estimated from above via (5.24) for G(x) €
L>=(I) € LY(I). The third term in (5.28) can be bounded from above by means of (5.24) as
well, namely

|b|

]Gl 1

7 < |Ggnl £ —=||Gi(x < 00.
o —ap i = el = gl Gl
7’L2Gk7n

n? — ap — ibyn n? — ap — ibyn
part a) of the lemma, we need to consider

€ [*°. To establish the statement of the

€ [ yields

Hence,

|Gk,n|
\/(n2 —ap)?+ binz.

(5.29)

Apparently, the denominator in (5.29) can be estimated from below by a positive constant
and the numerator in (5.29) can be trivially treated by virtue of (5.24). Thus, N, p < 00
when a;, > 0. To prove the result of the part b), we observe that

Gk,n

e (5.30)
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is bounded if and only if Gy = 0, which is equivalent to orthogonality relation (5.27). In
this case (5.30) can be easily bounded from above by

1 ||Gk(if)||L1(1)< 1 [|Gr(@) |
V2m o\ /n2+02 T V27 | |

by means of (5.24) and the one of our assumptions. |

In order to treat systems (2.9), we define for the technical purposes

Gk,m,n

n? — ap — zbkn

2
n Gk‘,m,n

N o ma:x{

lw}, (5.31)

where a;, > 0, by € R, by # 0 and m € N. Under the conditions of Lemma 8 below,
quantities (5.31) will be finite. This will enable us to define

n? — ap — ibpn

[

NI = mazicean NG, ) (5.32)
with m € N. Our final auxiliary statement is as follows.

Lemma 8. Let N > 2, 1 <k <N, b € R, by #0 and Grm(x) : I - R, Ggn(0)
Grm(2m), Grm(z) € L>(I), such that Gy m,m(x) — Gi(z) in L>®(I) as m — oo and 1 <
N —1.

a) Let aj, > 0 for 1 <k <.
b) Let ap =0 forl+ 1 < k < N and additionally

<

(Gem(), )2y =0, meN. (5.33)
Let us also assume that
2y/aNL<1—¢ (5.34)
holds for all m € N as well with a certain fited 0 < € < 1. Then, for all1 < k < N, we have
kan Gkn
— — ’ — 5.35
n? —ap —ibpn  n? —ap — ibpn’ e, (5-35)
n2kan n2Gkn
— ’ — 5.36
n? —ap —ibyn N2 —ap — ibpn’ e (5-36)
m 1>, such that
kan Gkn
— — ’ — 5.37
n? — aj — thpn ||, n? — ap — ibpn ||’ e, (5.37)
H2kan nszn
— ’ — 0. 5.38
n? — QA — zbkn [0 n? — ap — zbkn l°°’ m e ( )
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Moreover,
27N, WL <1—c¢. (5.39)

Proof. Evidently, under the given conditions, the limiting kernel functions Gy (z), 1 <k < N
are periodic as well. Indeed, we derive

|Gk (0) = G (2m)| < [G1(0) = Ghm (0)| 4 |Gl (27) — G (2m) | < 2|[Ghm () — G () | oo (1) = O

when m — oo due to the one of our assumptions. Hence, G1(0) = G(27) with 1 <k < N
holds. Apparently,

1

|Grmn — Grnllie < —=IGrm — GkHLl(I) <V27||Grym — GkHLoo(]) — 0, m — oo (5.40)
V2

as assumed. We observe that the statements of (5.35) and (5.36) yield (5.37) and (5.38)

respectively by means of the triangle inequality. Let us show that (5.35) yields (5.36). For

this purpose, we write — , as
n? — ai — ibyn

Gk,m,n - Gk,n

n? — Qp — zbkn

n[Gk,m,n - Gk,n]

n? — ap — zbkn )

The first term in (5.41) converges to zero in the [ norm as m — oo due to estimate (5.40).
The third term in (5.41) can be estimated from above in the absolute value as

|bk||n||Gk,m,n - Gk,n| <
V(2 —ap)2+bn?

H Gk‘,m,n — Gk,n||l°° .

Therefore, it tends to zero as m — oo in the {* norm via (5.40) as well. This proves that
(5.35) implies (5.36).
First we prove (5.35) in the case a) when a; > 0. Let us consider the expression
‘Gk,m,n - Gk,n|
V(% = a)? +02n?

(5.42)

Evidently, the denominator of (5.42) can be estimated from below by a positive constant
and the numerator bounded from above by virtue of (5.40). This implies (5.35) for ax > 0.

Then we turn our attention to establishing (5.35) in the case b) when a, = 0. By virtue
of the one of our assumptions, we have orthogonality conditions (5.33). Let us show that
the analogous relations hold in the limit. Indeed,

(Gr(2), D) 2ny| = [(Gr(2) = Grm(®), 1) 2| < 27| Grom(x) — Gi()|| Loy — 0, m — 00

as assumed. Hence,



which is equivalent to G o = 0. Clearly, G0 =0, 1 <k < N, m € N due to orthogonality
relations (5.33). Then by virtue of (5.40), we arrive at

_ V2r||Grm(z) — Gi(2)| (1)
= | by | .

Gk,m,n - Gk,n
n(n — iby)

The norm in the right side of this estimate converges to zero as m — oco. Thus, (5.35) holds
when a; = 0 as well. Apparently, under the given conditions

Ny rn<oo, N . <oco, meN, 1<k<N, @20, bheR, b #0

by means of the result of Lemma 7 above. We have inequality (5.34). A trivial limiting
argument using (5.37) and (5.38) yields (5.39). u
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